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Abstract In this paper we obtain convergence results for the fully discrete projection
method for the numerical approximation of the incompressible Navier—Stokes equa-
tions using a finite element approximation for the space discretization. We consider
two situations. In the first one, the analysis relies on the satisfaction of the inf-sup
condition for the velocity-pressure finite element spaces. After that, we study a fully
discrete fractional step method using a Poisson equation for the pressure. In this case
the velocity-pressure interpolations do not need to accomplish the inf-sup condition
and in fact we consider the case in which equal velocity-pressure interpolation is used.
Optimal convergence results in time and space have been obtained in both cases.

Mathematics Subject Classification (2000) 35Q30 - 65M12 - 65M60

1 Introduction
1.1 State of the art

The description of incompressible flow problems is determined by the Navier—Stokes
equations. The numerical approach to this system of partial difference equations is a
difficult task that has focused an active research in the last decades. The incompres-
sibility constraint couples the velocity and pressure calculation, being its numerical
solution expensive. Furthermore, the velocity and pressure interpolation spaces must
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satisfy a compatibility condition for standard discretizations such as the Galerkin
method.

This work is devoted to the analysis of the most classical pressure segregation
method. Since its appearance in the late 1960’s, with the pioneering works of Chorin
[4] and Temam [26], this method has enjoyed a widespread popularity. Its key feature is
the decoupling of the velocity and pressure calculation, yielding an important reduction
of computational cost.

Another interesting issue of the classical projection method is its inherent pressure
stability. It can be seen by numerical experimentation that equal order velocity and
pressure space approximations lead to stable systems, so that the discrete inf-sup
condition can be violated. A complete study of the machinery that makes the fully
discretized projection method stable was developed in [6] and extended in [7]. The
characterization of the stabilizer motivated the stabilization method proposed in [8,9].

The fractional step method has been studied analytically in order to prove conver-
gence and obtain error estimates. For periodic boundary conditions and a centered
finite difference space approximation Chorin proved in [5] that the convergence was
of first order in the time step size A¢, provided At = Ot h being the diameter of the
space discretization. A proof of convergence of the semi-discrete (space continuous)
projection method to a continuous solution u(#) was given by Temam (see [26]) in a
general setting.

The pioneering work of Shen [24] analyzed the semi-implicit version of the semi-
discrete projection method, i.e. taking the convective term as u”" - va"t! (see the
notation introduced below). He obtained the first error estimates for the velocity,
but in a weak norm, L2(0, T'; Lz(.Q )) (these spaces are defined later on). The proof
of the error estimates in this work is plagued by a mistake when using dual norms
which was originally observed by Guermond [15]. In [25] these errors were corrected.
Furthermore, for obtaining the pressure estimates, p; € LZ(O, T: HY(£2) /R) has to
be assumed. This requirement is not appropriate, because of the lack of compatibility
with the given data at time ¢t — 0 (see [27]).

Rannacher proposed an alternative version of the projection method in [23]. In this
new format the end-of-step velocity disappears, and the problem can be understood
as a penalized method with a lag in the evaluation of the pressure in the momentum
equation. Based on this approach, Prohl obtained sharp error estimates for the semi-
discrete in time projection method (see [22]). For instance, first order error estimates
for the velocity were obtained with a stronger norm, L°°(0, T'; LZ(Q)).

A modified scheme was proposed and analyzed by Shen [24]. It consists of introdu-
cing in the momentum equation an approximation of the pressure, more specifically,
the term V p”. This method is usually called incremental projection method. As before,
the pressure can be obtained from a Poisson equation. However, the value obtained in
this case is a correction of the pressure 8p"*! instead of the total pressure p"*!. This
scheme is also called pressure correction method. Shen obtained improved error esti-
mates for this method in [24]. Both the intermediate "' and end-of-step u"*1 velo-
cities are first order approximations to the continuous velocities in L>(0, T; L(£2)).
Error estimates for a fully discrete incremental scheme were introduced in [16,17].
Therein, the pressure is not calculated from a Poisson equation, but from a Stokes
problem. This analysis requires velocity and pressure interpolations satisfying the inf-
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sup condition for obtaining error estimates of first order in the time step size and of
optimal order in the mesh size.

1.2 Novel results, road map of the proofs and outline of the article

Even though the semi-discretized (in time) version of the classical projection method
has attracted a lot of research, its fully discretized version has not been fairly analyzed.
The present work has been carried out with the aim to perform the very first analysis of
this widely used method discretized in space using finite elements. Furthermore, at the
fully discrete level we can address questions that do not have sense at the semi-discrete
level. Probably the most salient is: is it possible to get optimal error estimates without
relying on the inf-sup condition? In order to answer this question, we have obtained
error estimates when using a pressure Poisson equation (the most appealing scheme
from a computational point of view) without relying on the inf-sup condition. Another
aspect of special interest is the analysis of the algebraic projection method (see [21]).
A main difference of this method (split at the fully discrete level) with respect to the
classical one is the fact that with this method the end-of-step velocity satisfies the full
Dirichlet boundary conditions. We point out how this fact affects the analysis.

Let us sketch the main results of this paper, and the strategy pursued for the ob-
tention of these results. We start introducing an auxiliary problem that consists of a
semi-discrete (in time) projection method with the peculiarity that the convective term
is evaluated exactly, that is, using the continuous velocity. In Sect. 4 we list optimal
convergence and stability results. Then, in Sect. 5 we compare the fully discrete pro-
jection method with this auxiliary problem, relying on the inf-sup condition. Finally,
we analyze the most widely used version of the projection method, when the pressure
is obtained from a Poisson equation, not relying on the inf-sup condition any more
(Sect. 6). The introduction of the auxiliary problem (one of the key ideas of the proof)
is justified when bounding the error related to the convective term, where H?(£2)-
stability of the semi-discrete solution is required. In Table 1 we have summarized the
main results in order to provide the reader with a road map for the subsequent analysis.

The paper is organized as follows: Assumptions for the continuous solution of the
Navier—Stokes equations are stated and some regularity properties are presented in
Sect. 2. The fractional step method to be analyzed is presented in Sect. 3. In Sect. 4 we
introduce the auxiliary problem and some convergence and stability results are stated.

Table 1 List of main results

Method Main result Label
Semi-discrete auxiliary problem Stability Lemma 1
Convergence Corollary 1

Fully discrete projection method
(with inf-sup) Convergence Corollary 2
Fully discrete projection method

(without inf-sup) Convergence Corollary 3
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Section 5 is devoted to the analysis of the fully discrete projection scheme satisfying
the inf-sup condition. The fully discrete projection scheme using a Poisson equation
for the pressure is presented in Sect. 6.

2 Problem statement and preliminaries

The evolution equations for an incompressible fluid moving in a domain £2 of R?
(d =2 or 3)in a time interval [0, T'] consists of finding a velocity u and a pressure p
such that

ou—vAu+u-Vu+Vp=f in2x(@0,7), (1a)
V-u=0 1in$ x (0,7), (1b)

u=0 onl x(0,T7T), (1¢)

u(x,0) =up in £2 x {0}. (1d)

where f is the force vector, v is the kinematic viscosity, #g the initial condition and
I' = 952. We will use 9; or a subscript 7 to denote the temporal partial derivative.

In order to obtain the weak form of problem (1) we need to introduce some notation.
We denote by L7 (£2), 1 < p < o0, the space of real functions defined on £2 with
the p-th power absolutely integrable with respect to the Lebesgue measure. The space
L°(£2) consists of essentially bounded functions in £2. The case p = 2 is of special
interest; LZ(Q) is a Hilbert space endowed with the scalar product (#, v) and its
induced norm ||u||o. The Sobolev space W7 (£2) is the space of functions in L”(§2)
whose weak derivatives of order less than or equal to m belong to L?(£2), m being
an integer and 1 < p < oo. It is a Banach space with norm denoted by || - [I, p.
When p = 2, the space Wm2(2) = H™(S2) is a Hilbert space endowed with a
scalar product and its associated norm || - ||,,. Furthermore, we denote by H(} (£2)
the space of functions of H'(£2) vanishing on I" and by H~!(£2) its dual space. In
general, duality pairings will be denoted with the symbol (-, -). We point out that the
seminorn |u|; = ||Vullp in H'(£2) is a norm in Hé (£2). From now onwards we will
not distinguish between |[u||; and || Vu|o foru € H(} (£2).

We shall often consider d-dimensional vector functions with components in one
of these spaces. We shall indicate them by boldface letters, for instance H™ (§2) =
(H™(£2)). In the next, we will not distinguish between scalar products or norms for
scalar or vector-valued functions.

Let us introduce some convenient spaces for the treatment of the incompressibility
constraint. The first one is

H(div, 2):={u e L*(2) |V -u € L*(2)},
which is a Hilbert space with norm ||u||giy = llu]lo + ||V - u]lo and
H(div, £2) :={u € H(div, 2) | n - u| = 0}.
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Convergence analysis of the fully discrete first order projection method 537

We also define the spaces whose functions are weakly divergence-free,
Jo={uel>Q)|V-u=0, n-ulr =0}, 2)
and
Ji={ueH\(2)|V u=0).

Since J is a closed subspace of L2(.Q), this space can be decomposed as Lz(.Q) =
Jo @ Jy, where

Jy ={uwel*2)|u=Vp, pec H(2)). 3)

We define P j ~as the orthogonal L?(£2)-projector onto Jg. This operator, known as
the Leray operator, is of main importance, and the basis of the original projection
methods (see [4] and [26]). It is obviously continuous in L*(2) by its definition. In
fact, for £2 being an open bounded set of class C" !, being r an integer > 1, the operator
P 7o also maps H”" (§2) into itself and is continuous with respect to || - ||, (see [28]),
that is to say, there exists a constant C > 0 such that:

[Py, vll- <Clvll, Yve H (£2). “)
We need to introduce two forms associated with the different terms of the equation

in their weak form, defined on the appropriate spaces. Let us start with the form related
to the viscous term,

a(u,v) :==v(Vu, Vv), Vu,ve H\(2).
This is a bilinear continuous form on H (1)(9), which is coercive with respect to ||-]|1.

The second form to be introduced is required for the pressure gradient and the
incompressibility constraint,

b(v,q) :=—(q,V-v), Yve H}(2), Vg e L*(2).
It is also continuous with respect to the norms ||g|lo and |[v]|;.

Finally we introduce the trilinear form associated to the convective term in its
standard form,

c(u, v, w) = /(u -Vv)-w, Va,ve HY(Q), Yw e H\(2)
2

which is also continuous and well defined on these spaces. If u € J, the form is
skew-symmetric in its two last arguments,

c(u,v,v) =0, VueJi, Yve H\().
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Let us introduce some continuity properties that will be used hereafter, (see [10]):

Cllalltllvlllwll,
Cllullollvli2llw]l1,
c(m,v, w) = | Clul2llvlliflwlo,
Cllulollvlltllwl2,
Cllull2llvllollw]l:-

The skew-symmetric form, introduced by Temam in [28],
~ 1
c(u,v,w) = E(c("’ v, w) —c(u, w, v)),

Yu € H'(2), v,w € H(l)(.Q), is also used in the following. The previous boun-
dedness properties of ¢ are also inherited by ¢. In any case the symbol ~ will be
omitted.

For the treatment of evolutionary problems, we require the following notation.
Given T > 0,1 < p < oo and X a Banach space with norm || - | x, let L?(0, T; X)
be the space of functions f : (0, T) — X such that
lfllero,7:x) = (fOT ||f(s)||§7(ds)l/’J < o0. In the case of p = 0o, we demand the
property supg—,<7 | f(s)llx < oo. These spaces will be often employed.

In addition, we define the Stokes operator

Au=—Py Au  Vue J,NH* ()
which is an unbounded positive self-adjoint closed operator onto J. The operator
A~ is the inverse of the Stokes operator A and is compact in J. Given u € J, by

definition of A, z = A~ !u is the solution of the following Stokes problem:

—Az+VE=u in$2,
V.z=0 in £, %)
z=0 onds.

When £2 is of class C2, or is a convex polygon or polyhedron (see [18]), there exists
a constant C > 0 such that

A  ulls < Clluls—2  for s =1,2. (©6)

Furthermore, from (5) it follows that (A~ u, u) = ||A~'u||?, and then it is easily seen
that

luly, = (A" u ),
for all u € Jo (remember that ||Vu||o is identified with the norm in H (1) (£2)).
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Assuming ug € H(l) and f € L0, T; H! (£2)), and if £2 is bounded and
Lipschitz continuous, problem (1) has at least one solution u € L°°(0, T'; L2(.Q)) N
L?(0, T; H\\(£2)) (see [28]).

For the convergence analysis in this paper we assume more regularity of the solution.
We assume that u(¢) and p(t) satisfy

(R1) u(r) € CO, T; J1)NL®(, T; H*(2)), p € L0, T; H'(£2))NC(0, T; L?
(£2)/R)
(R2a) @t € L™(0, T; L*(£2))
(R2b) @t € L2(0, T; H)(82)).

Assumptions (R1), (R2a) and (R2b) can be proven assuming for the data
uoe HX(2)NJy,  f(t) e L=, T; L*(2)) N L*(0, T; H' (2)),
and, if d = 3, we also need to assume
u(t) e L0, T; H'(2)),

as it is proved in [18]. The last assumption can be replaced by a condition that is
satisfied if v is large enough or if f(t) and ug are small enough for a 2 of class
C? (see [28, Theorems 3.7 and 3.8]). The next assumption will be needed in the
convergence analysis.

Assumption 1 Concerning the regularity of the data we assume that:

fec’0,T; L*(2))NL*0,T; H (2)),
fos o € L0, T; LA(£2)),
uo € H*(2)n Ji,

and, if d = 3,
u(r) e L0, T; H (R2)).

This implies the regularity properties (R1), (R2a) and (R2b). Furthermore, the follo-
wing assumption concerning the regularity of the domain £2 is used,

Assumption 2 The inverse of the Stokes operator A~ verifies the regularity property
(6), with s = 2.

If 2 is of class C? this assumption is satisfied.

In order to avoid any incompatible conditionast — 0, letus introduce the weighting
function A := min{t, #p} and its discrete counterpart A, := min{¢", o}, where 7o > 0
is fixed. It allows us to obtain error estimates without taking care of what happens near
t = 0 (see [22]).

To define the order of approximation of time integration schemes for time-dependent
partial differential equations, the following terminology is used: Given a Banach space
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X equipped with || - ||x, a continuous function f : [0,7] — X and two real
numbers 0 < p < oo and @ > 0, for a time step size At > 0, let 1" = nAt
forn =0,...,N = [T/At] — 1. A sequence {f”}f;’zl is said to be an «-th order
approximation of f in €7 (X) if there exists a constant C independent of Az such that

N I/p
(Z At f ("t — f”+1||§) < CAr.

n=1

Moreover, { f ”}Q’zl is said to be an «-th order approximation of f in £°°(X) if there
exists a constant C independent of Af and n such that

I £ — 77y < CAt®  Van=0,...,N.

For the stability result we will use the skew-symmetric (in its last two arguments)
part of the convective form c in the analysis of the fully discrete problem.

From here onwards C denotes a positive constant, not necessarily the same at
different appearances. Moreover, we denote by N = [T /At] — 1.

3 Fractional step method

Classical fractional step methods are based on the orthogonal decomposition L?(£2) =
Jo® J 3‘ [see (3) and (4)] which derives from a theorem due to Ladyzenskaya (see
[20]). This theorem is based on the classical Helmholtz decomposition of a vector
field into the sum of a solenoidal field and a gradient of a scalar function and a more
general theorem proved by De Rham (see [11]).

Hence, in the projection method an intermediate velocity obtained from the mo-
mentum equation without the pressure term is decomposed into a solenoidal field, the
velocity, and the gradient of a scalar field, the pressure. We present this method in its
semi-discrete version in time.

This procedure involves two basic steps. The first step consists of finding an inter-

mediate velocity " such that:

1
E(ﬁn_H —u") — vAﬁn_H + ﬁn—H vt = fn+1’ (7a)

a"tr=o. (7b)

In (7a) the convective term is treated implicitly. Alternatively, explicit and semi-
implicit approaches can be used. Note that the full Dirichlet boundary conditions
are imposed on " *1 The weak form of this equation is required for the numerical
approximation. Its weak formulation consists of: find "l e H (1)(9) such that

1
E(ﬁn+1 _ un’ v) +a(ﬁn+l’ v) + C(lAln+1, ﬁ"+1, v) — (fn+1’ v)’ (8)
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Yv € H(l)(.Q). Temam [28] proposed the use of the skew-symmetric form of the
convective term in (8). This form is usually assumed in order to obtain stability bounds
for the solution of implicit projection methods.

The second step of the method consists of finding an end-of-step velocity 2"+ and
a pressure p"*! such that
1

E(un-i-] _ ﬁn+1) + Vpl’l"r] — 0’ (93)

V.utl =0, (9b)

n-ut =07 (9¢)

which is equivalent to find the projection of #"*! onto the space Jo [see (2)],
wt =Py @"h.

We point out that at this step only the normal component of the velocity is prescribed.
Then, the end-of-step velocity u"*! does not satisfy the proper boundary conditions.
Hence, we infer easily from (7b) and (9c) that the pressure is satisfying on the Dirichlet
boundary an artificial Neumann condition,

n-vp'tr=o.

This is one of the most controversial points of the classical projection method. There
has been much speculation about whether the pressure p"*! is a good approximation
to the exact pressure p(t"*!) or not (see [29]). It is conjectured by Rannacher in [23]
and by Gresho in [14] that the non-physical boundary condition lives only in a narrow
boundary layer of width O(+/vAf).

The main interest of the projection method is the possible uncoupling of the pressure
from the velocity in its numerical approximation. Itis achieved by taking the divergence
of (9a), obtaining a Pressure Poisson Equation for the pressure,

1
SV, (10a)

n-vp'thr =o. (10b)

Apn+l —

Once the pressure p” ! is calculated, the end-of-step velocity is recovered from (9a).

4 Analysis of a semi-discrete projection-like problem

In this section we list some optimal convergence results and stability results for an
auxiliary problem that can be identified as a semi-discrete projection method evaluating
exactly the convective term. The proof of these results is fairly standard. We refer to
[1] for the detailed analysis of this auxiliary problem that has not been included here
for the sake of brevity. In fact, these results have been obtained pursuing the analysis
carried out by Prohl in [22] for the semi-discrete projection method with the only
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diference that now the convective term does not introduce any error to the system. In
order to obtain strong stability bounds in Lemma 1, special attention has been paid for
the regularity of the semi-discrete derivatives.

Let us start introducing the auxiliary problem at the continuous level. It consists of
finding ®"*' € H}(£2), w""' € H(div, 2) and ¢"*' € H{ (£2)/R such that,

1

E(WH —w") — A" 4@ty Vu @t = F" Y, (11a)
1

g(,u)f'l-Fl _ ﬁ)n+l) + V¢n+l — 0’ (11b)

vV.w'tl =0, (11c)

with boundary conditions

W =o, (11d)
-w

n-wt - =0. (11e)

We characterize the projection-like problem with some estimates for the auxiliary
unknowns. But first we state a new assumption concerning the regularity of the domain.

Assumption 3 Expression (4) holds for r = 2.
If £2 is of class C3 this assumption and Assumption 2 are satisfied.

Lemma 1 (Stability) Under Assumptions 1 and 2, the following stability results hold
1
max 19" 13+ 199" E + I (w! = w”*‘)uo] <C.
0<n=N ot

for At > 0 small enough. Furthermore, under Assumption 3

max ||[w", < C.
0<n<N

Remark 1 These sharp stability bounds are a key feature of our auxiliary problem and
the justification of its introduction. In the convergence analysis of the fully discrete
method developed later these properties will be exploited in order to obtain a bound
for the error related to the convective term.

We end the section with a convergence result for the projection-like system. This

result is basic for the obtention of convergence results for the fully discrete projection
method.
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Corollary 1 (Convergence) Under Assumptions 1, 2 together with the regularity
assumption 85’ f@) e L0, T; L*(£2)), the Jfollowing convergence results hold,

max {[lu(t") — "o + [lu@ T — w" o) < CAr,
0<n<N

Jmax {u("h) = @" A+ d I p@h = ¢" o) < VAL

for At > 0 small enough.

5 Convergence results satisfying the inf-sup condition

In this section we obtain optimal convergence results for the projection method with
a velocity-pressure interpolation satisfying the inf-sup condition. Furthermore, the
end-of-step velocity and the pressure are solved in a coupled way. It implies that the
end-of-step velocity is weakly divergence free. The classical first order fractional step
method, also called projection method, in its fully discretized version reads as follows:

find the solution (ﬁZH, uZH, pZH) € Vo X Yh.o X Qp, such that,

| it Antl andl
§<u2+ —ul, o) Hv(VaT Vo) de@) ! altt vy = (F @Y, vp), Ve € Vo

(12a)
1 .
§<uz+1 —a )+ (Vi y) =0, Yy, € Vio, (12b)
vV -upt g =0, Van € Q. (12¢)

where V.0, Vn,0. Qp are classical finite element approximation spaces of H (1)(.(2),
H(div, £2) and L2(£2)/R (see [3]). Let us also consider V} a finite element approxi-
mation of H'(£2).

For the analysis in this section we need Assumptions 1 and 2 stated in the previous
section and the additional assumptions on the space discretization listed below.

Let us denote by By, the discrete operator

By :Vio = Qy | (Bu(wn), qn) g, g, = b(wn. qn) (13)

Yv € V)0 and Vg, € Qj,, where QZ is the dual space of Q.

Assumption 4 There exists a constant S independent of the mesh size 4 such that

b(vp,
inf  sup (0%, G1) > Ba > 0.

qneQp veViho ” U ”Vh,() ”qh ” O/ ker B;’

We are relying on the inf-sup condition for the analysis of this section.
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Assumption 5 The discrete space V), o is a subspace of Vj, o, so that

Vo € V0.

Assumption 6 The family of finite element partitions {®p};~¢ is quasi-uniform.

This assumption is needed because if it holds the following inverse estimate (see [3])
can be used: given v, € Vo, there exists a constant C independent of the mesh size
h such that

lvalli < ¢ vl

v —llvnllo.

hill = h hilo

Assumption 7 There exists a constant C > 0 independent of 4 and At such that
At > Ch>.

The proofs of convergence results for this method rely on the auxiliary problem pro-
posed and analyzed in the previous section. We compare the solution of the fully
discrete projection method with the solution of the auxiliary problem for which we
have optimal convergence results.

Let us denote the discrete velocity and pressure errors:

~n+l _ ~n+tl ~n+1
e, =w —u, ",
n+l _  n+l _  n+l
e, =w u, -,

n+l _ n+l n+1
ra. =¢ —p

3

that are governed by the system obtained subtracting (12) from (11),

I, N R R
(S—t(eﬁ+1 — e v +v(vert vy = c@rt al ! vy —c@ ™Y, u @), vy)

(14a)

1 .
5@1}“ —&t )+ vty =0, (14b)
(V-e"* gy =o0. (14c)

Likewise, we introduce the continuous velocity errors:
~n+1 1 ~n+l1

& =u("th — ",

n+1 __ n+1 n+1
e, =ul"")—w'".

We also use the following notation for the interpolation error:

- 1. ot 1. 1
Zy(h)y = — inf [|@""" —vulo+— inf w"T = y,lo
v,€Vh0 Yn€Vn,0

+ inf [@""

1 : n+1
—vplli + inf "7 —aqullo
v,€Vi0 aneQn
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Remark 2 We note that the interpolation error introduced is related to the solution of
the auxiliary problem. This is optimal in the case of div-stable first order elements,
e.g. the P1+ — P mini-element. When using higher order elements, as the P, — Py,
further regularity on the semi-discrete unknown would allow to improve the overall
convergence rate.

Under the discrete inf-sup condition, optimal order approximations of so-lenoidal
vector fields can be achieved by means of discretely divergence free finite element

functions, that is, xj, € ker By, In fact, one has the following result (see [13]).

Lemma 2 Letu € J| and assume that discrete spaces Vy, o and Qy, satisfy Assumption 4
and 6. Then,

inf Jlu—xpl1 =C inf |lu—ovul.
xj€ker By, v, €Vh0

Moreover, under Assumption 2 we also have,

inf u—xpllo<Ch inf |u—vy|;.
xpeker By, I | vy €Vho | ”

order approximations to {u(t"“)}nzo,m, N w1th respect to the norm ass001ated to
EOO(LZ(.Q)) N ZZ(H1 (£2)) is established in the following theorem.

Theorem 1 Being valid Assumptions 1, 2, 4, 5, 6 and 1, we have

N+1 AN+1 An+1
max {|le; + + VAt
Jmax (e 15 + 112" 1) 2 Al

+Z{”en+l An+1||0 + “Al’l"r] _ e2+1|| }
+ZA: I ™15 < CA)? + Ar?),

for At > 0 small enough.

Proof Taking At(vy, — u ) as a test function in (14a), we obtain

An+1 An+1 An+1
(|| TG = eI + 1) —ed||0)+vm|| Ak

A

+ (”““1 — el w’“rl - vh) + AV V@' — ). (as)
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We combine the nonlinear terms as follows:

—C(u(tn+l), u(t"+1), vy — ’\n+1) +C(’\l’l+l ’\Z"rl’ v, — ﬁz-i‘l)

= — e, & vy — ™ — et gt v — @yt
C(An—H ~n+1 V) — n+l) C(An+1 ~n+1 vh_ﬁZ_H)

= —c(a@th, et e pe@@ ), et W —uy) —c@" ! et et

+C(1’i)n+l é:li+l ~n+1 _vh)+c(An+l é:1l+l An+1) C(Al’l+1 n+l,ﬁ)n+l_vh)

_ C(en—H wn—H An—H) _|_C(en+l ﬁ)n—i-l’ ﬁ)n+l — )
_c(en—H ﬁ)n—Q— An+1)+c(en+1’ n+l n+l _vh)'

Every nonlinear term can be appropriately bounded as follows:

1y sntl antl NP SR INPoas
—c(u("th), e, &) < Cllu@"* )||2|| e lolleg™ I

snt1
||o || AN

N 1
< CcAr? + vl

1\ an+1 An+l1 1 An+1 +1
e, e, " —vp) < Cllu@" e ol @™ — valh
/\”+] An+l 2
< CllE g+ Cla"™ — wall}

< CAP + "t — vy )3,

C(wn+1 AZ+1’ AZJrl) =0,
|

A+1A+1A+1 P RPN IR |
c(w" q " e "

IA

—vp) — vl

s+l -1 2
II" 17+ Cll™" — vy,

I /\

A+1A+1 Ant1
cey . ey Z)=0,

An+1 An+1 An+1
d , W - vh)

skl antly el
CII" llle;™ I flw”

IA

—c(ey —vplh

At sn1 2y~ nt] 2
3Vl 2T+ Cevlleg I — vl

C(An+1 ~n+1 An—i-l)

snt1
€ CII"

A n+1 An+1
l2lle,

IA

llollw Il

An+1 ~n+1
= Clle; ||o+ vieg i

< CAt: + - v||A"+l||1,

sl ety oantl
< Clle; ||o|| l@" = sl

An+1 ~n+1
< e + cllw™tt — w3

An+1 ~n+l ~n+l
C(e(; , W , W - vh)

<cA? + "t -y,
+1 antl sntl Antly antly o antl
—c@ ™ @ ety < et ol et
+1 +1 A+1 ~n+1
< Clle" 2 + Clle " ||0+ vl|lest 3,
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n+1l A~n+l

il A Ant1
c@th "t "t — vy < et

+1 +1
llw”

IA

llollw — vl
~n+1 ] 2
CAte 5 + ™™ — v, 13

A

The rest of the terms can also be bounded,

~n+1

~n+1 -1 sl 2
@ —e,w"" —vy) < —|| ey enli? +C — v llg,

i
N 1 N
v(vegt V@' — o) < gvlleg T+ ClE" T = ulf,
where Assumption 7 is used for the first inequality.

Using all these inequalities in (15), invoking the stability estimates for e"'H and
adding up fromn =0ton = N, we get

N

1 l’l
~n+1 An+1 ~n+1

5 > (0 3 = e + e —ed||o)+2vm|| 13

n=0 n=0

An+1 Ant1 2
< CAP + - van mH2 4 Zn nt_en2
n=0

+C Z Ar (et I3 + llef ™ — &7 13) + c + Z vare IHZ
n=0

<C@M)? + A + - van”‘“m ZIIA"“—eZII%
n=0

+ CZAr (et + e+t — &5+i3) (16)

Taking Af(x), — uZH) as test function in (14b) (valid due to Assumption 3), where
x5, € ker By, we obtain

+1 ot gl gt 1
(||” 13— 1E5 T 13 + et — & I3) = et — et wr = x).

The optimal approximation properties for functions x;, € ker By allow us to bound
the RHS, obtaining

1
+1 An+] +1 An+1 24 +1 A1+1
5 (nei 3 = 1&5™ 13 + e 13) = CAT, (0 + Ll — &3,

Adding up fromn =0ton = N, we get

N

Z(ue"“uo e+ g+ leyt! - ”’*‘uo)<cz<h)+ Zne’”1 e, am
n=0 n=0
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Adding (16) and (17), using the discrete Gronwall lemma (see [19]) and cancelling
some terms we obtain the error estimates for the velocity. For the pressure error we
take benefit from the inf-sup condition stated in Assumption 4, equation (14b) and the
bounds for the velocity errors. O

Theorem 1 establishes optimal convergence results for the approximated velocity when
the classical first order projection method in its fully discretized form is used.

We end our analysis with a corollary that gives the convergence results obtained for
the fully discrete fractional step method relying on the inf-sup condition. It is a direct
consequence of Corollary 1 and Theorem 1 using the triangle inequality.

Corollary 2 (Convergence) Under the assumption of Theorem 1 and the regularity
assumption 813 f(t) € L®(0, T; L>(2)) the following error estimates hold,

1 1 1 ~n+1 1 ~n+1
Jmax f ) = o + ) = @ o + VAt — i

172

N
+ hnp 1V AL (Z At|lp™*h — py*! ||3) < C@(h) + An),

n=0

for At > 0 small enough.

6 Convergence results for a stabilized scheme using the pressure Poisson
equation

In order to obtain the pressure of the system analyzed in the previous section, a Stokes-
like problem has to be solved. On the other hand, for the fractional step method studied
in this section only a simple Poisson equation must be solved. This so-called Pressure
Poisson equation is by far the most used approach, not only for its low computational
cost, but also because of its inherent stability studied in [6,7]. At the continuous level,
these two approximations are equivalent assuming some regularity properties. But at
the fully discrete level, the second procedure introduces a perturbation term in the
mass conservation equation.

In this section we analyze a fully discrete fractional step method using a Poisson
equation for the pressure. In Sect. 4 we have obtained error estimates for the auxiliary
problem at the continuous level and now we compare the fully discrete fractional step
method with the auxiliary problem. We begin the analysis of the discrete problem
stating the new assumptions we have had to use:

Assumption 8 There exist «— > 0 and a+ > 0 independent of / such that:
a_h® < At < ah’.

This assumption dictates the behaviour of Az. It could seem a very restrictive hypo-
thesis, but we will see in the following analysis that At is playing the same role as the
numerical stabilization parameter of stabilized finite element methods for which this
assumption is mandatory (see [2]).
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Assumption 9 Asin [8,9], let V@), denote the space
VO = {vy € L*(2) | v = Van. qn € On)

and define the space E, by

Ey =V, +VQ, C L*(£2).
We consider three mutually orthogonal subspaces E, ; of Ej, defined by

Eni=Vio, En2=VioNVi. Epz=V;NE,

so that

Eyn=Epn1 ®En2® Ejp 3.
Fori = 1,2, 3 we call I1; the Lz-projection of Ej, onto Ej ;, and for i # j, I1;; =

I; +I1j and Ej, ;; = Ep,; @ Ejp, j. We assume that there is a constant 8y independent
of h such that

IVanllo < BollTliz(Van)llo VYan € O,

that is to say, that the second component of the decomposition of every Vg, in E}, can
be bounded in terms of the other two. This condition can also be written in the form

b )
inf  sup —2Omd) g (18)

an€0n vyeEy 15 10nlitllgnllo —

in a similar way to the classical inf-sup condition. However, this requirement is weaker
since the space where the supremum is taken, E}, 13, is larger than in a classical case,
Vho = Ep.1. Condition (18) was analized in [8], where it was shown to be satisfied
by equal order simplicial finite element interpolations.

From the previous definitions we can easily see that,
M3(Vgn) = M (Van), (19)

for all g, € Qp, I1;,(-) being the L2-pr0jection onto the finite element space V. We
will also use the projector I1y), ;(-), that consist of the L?-projection onto the finite
element space )V, 0. The equations for the intermediate and end-of-step velocities are
(12a) and (12c¢), respectively. The difference with respect to the previous section is the
continuity equation, that now is replaced by a Pressure Poisson equation obtained by
testing (10a) with g5 € Qp, and seeking a pressure pZ+l € 9, such that

(V@™ gn) + AV prtt Vg = 0. (20)
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An alternative version of the pressure Poisson equation more appropriate for the
following analysis is obtained using (12b), which implies that

ﬁZ-Fl n—H + Atnyh (Vpn+1)
Using that in (20) we get

(V-ul ™ gn) — At(Tly, (VPrt™h, Var) + At(Vpit, V)
= (V-uj™ ) + ATy, (Vpith), Vau) = 0.

Then, the fully dlscrete method to be analyzed consists of finding u"'H

"+1 € Yp.0 and ph '€ Q) such that:

€ Vo,

(A"“—uh,vh)+v(w"“ Vo) +e@) @t v = (£, v), Q2la)

(un+1 An+1’ yh) +b(yh pn+1) — (), (21b)

(V- u”“,qh>+m(nyh (V. Van) =0, (2lc)

where we have taken the advection velocity implicitly. However, a straightforward
extension of the analysis that follows allows to obtain the same estimates for the
explicit case.

Subtracting (21) from the weak form of (11), it can be seen that the discrete errors
satisfy the following system, which holds for all (vs, y;,, gn) € Vi.o X Yho X Qn:

—(”’”rl — e vp) +(Vert V) = c@ ! ! vy)
—c@(@th), u(@" "), vp), (22a)

(e"+1 — oy (vt y) =0, (22b)

(V- e"“,qh) Ar(Ty, (Vp ™), Vau) =0, (22¢)

where we have denoted the error sequences as in the previous section. We also use the
following notation for the interpolation error:

~ I . ] I . . 1
In(hy = — inf | ®" —wvpllo+— inf Jw't! - yh||0+ lnf ”wn+ —vplh
h v,eVio Yn€Vno

+ inf ||¢"+1—qh||o+h inf, ||¢”+1—qh||1+h inf ||V¢>"+1—yh||o

qane€Qn Yn€Vno

I(h) = Oglast 7, (h).

The last term of fn (h) differs from the expression used in the previous analysis (under
the inf-sup condition). This term is of special interest, as it will be commented below.
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Again, the fact that this interpolation function depends on the auxiliary unknowns
does not affect the convergence resutls, due to Assumption 8 and Theorem 1.

Before proving the error estimates, we need a previous lemma that gives us a bound
for the pressure error. The lemma reads as follows:

Lemma 3 Under Assumption 9, the following bound holds in the range 0 <n < N:
Ivrg™o < € ( 2 In(h) + ||e"+l & o+ ||n3(Vp"“)||o)

forall At > 0.

Proof By the triangle inequality and previous definitions, we have

IVl = IV @™ = p o
< V" — T(Van)llo + 1T (Var — Vi Hllo

+ITa(Van — Vi Dllo + T3V p o
:I+H+HI+IV.

We bound these terms separately. For the first term we can easily obtain,

T < T3(Ve" ™ Hllo + T2 (V"™ — Van)llo
< I3V =yl + 19"+ — gnlly
< IVe" T — yullo + llo" ! — anlh,

forall y, € Vp.0 C Ej 12 For the second term we have,

(I?* = I (Vgn — VP ™OI3 = (Vagn — Vpi T T (Vgn — Vpithy)
= (Vgn — V"™ T (Vg — Vi) + (Ve T (Vg — V™)
=10, +1I,.

The first term is easily bounded,
I, < 16" = gl 1T (Var — Vo o
For the second term, we take y, = I1;(Vgq, — Vp"“)) in (22b), obtaining

I, = (vd;“ 1 (Vgn — Vpithy)

— (en+1 An+1 HI(VQh _ Vanrl))

A 1
—||e”+1 & ol (Vgn — Vi Hllo.

I A
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Then,

1 1 ~n+1
< |¢"" —qh||1+—||e"+ & lo.

Moreover, due to Assumption 9 we can obtain

I < CUIM (Vgn — VI lo 4+ IT3(Van — Vi Hlo)
< CI+ T13(Van)llo + ITI3(V P o)
< CA+T+ Vo™ = Vanllo + 21TV P} T Hllo).

Then, taking the infimum with respect to g, € Qj, we prove the statement of the
theorem. O

The error estimates we want to obtain are established in the next theorem:
Theorem 2 Under Assumptions 1, 2, 8, 6 and 9, we have

N+1 AN+1 ~An+1 +1
omax (lleg ™G + l1ég ||0}+ZvAr{||” 17+ le T
n=0

+z{”en+1 An+l”] + “An-i-l n+1 ”%}
+Zm VA2 < c@h)? + Ar?)

for At > 0 small enough.

Proof The first step of this proof'is similar to that in Theorem 1. We take Af (vj, — uZ+ l)
as a test function in (22a). Using some bounds from Theorem 1, invoking the stability
estimates for e”+1 and adding up fromn = O ton = N, we get

N
337 (12413 — e + 0 — i) + S vaep
n:O n=0
< CAM? + A% + van”““nl ZIIA”“ —ejllp
n=0
N
+C > Ar (g I+ el — e g) 23)
n=0

@ Springer



Convergence analysis of the fully discrete first order projection method 553

n+1

The proof goes on taking At (v;, — ) as a test function in (22b), getting

+1 An+1 +1 A+1 +1 n+l
(e 13 = 1+ 13 + el — &7 IF) + Arvry el

N =

(en-‘rl "I’l+1 wn vh)+At(Vrn+l, n+1 _vh)' (24)

We bound the first term as follows,
At
1 antl 1 1 antl2 1 2
(et =i w't — vy < ||e"+ &' llo+ Cozlw™™ = vallg.

Using Lemma 3 we can bound the second term in the RHS of (24),
(Vi gt Uh) < Vet o lw™™ — wyllo
< C(Tu(h) + ||e"+l ¢ o 4+ 1TV ™Hllo) lw" — vsllo

< CZ,(h)* + 1 ||e”+l A"“||o+ ||n3<vP”+‘>||%.

Adding up fromn =0ton = N, we get

( n+l||0 An+l||0+||en+l An+1”0)+zm(wn+1 n+l)

1
2 n=0

w.H OMZ

N
Zne"+1 ertIg + CI()? + < Zm (VR ™HIg.  25)
n=0 n=0

n+1

Now we take At (g, — ) as a test function in (22c), obtaining

AI(V en-’r] n+1)+At ||Hyho(vpn+1)”%
= AtV - eyt " — ) + AP, (VP Van)
= AV - et " — qp) — APy, (VPR vy = Van)  (26)

for any function y, € Vj.0. We bound the first term of the RHS invoking Assumption 8,

(V en+1’¢n+l _qh) — _(en+1 An—H V¢n+1 _ th) + (V An+l’¢n+l _qh)

n+1 An+l

IA

||A"“||1+C||¢”+l anlly + —

+Ch2”¢n+1 —anll},

A7 € I3
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and using the triangular inequality and Young’s inequality, we have,
—(I13, , (VP yy - th» < ||nyh0<Vp”“)||o||yh ~ Vallo
1
< 3 IMy, , (VP HIG + c ||V¢>"+l yall + C ||<z>”+l anlli-

Adding up fromn = 0ton = N, we have

N
> a0 (- ejagt) + 3 ariing, i

n=0 n=0
1 N
< gz At”AnH”l Z”enJrl An+1”%
n=0
N
+Z ||Hyh0(Vp"“)||%+cz(h)2. 27)
n=0

Taking into account the fact that Vj, o C Vj, we can easily infer that, for any function
qn € 9,

IT3(Van)llo = Ty (Van)llo < ”H:J)}h,o(VQh)HO- (28)

Summing up (23), (25) and (27), using (28) and applying Gronwall’s lemma we finally
get

e 1 Antl I antl ~nt1
* ||0+Z(| R+ et — @l ||o)+ZvAr|| R

N
+ 2 A%y, (VP THIG = CAM)? + Ar). (29)
n=0
From the first and third term of the left hand side of (29) we get the bound for || eN'H llo-
The bound for the pressure error is straightforward from Lemma 3, (28) and (29) This
completes the proof of the theorem. O

The previous a priori error estimate is optimal.

Remark 3 The new term of the interpolation error function,

hoinf V"™ — y,llo

Yn€Vno

keeps the optimality of the error bound. Nevertheless, from the previous theorem we

can infer that, if we decide to seek the end-of-step velocity u"‘H in the finite element

n+l1

space Vo (that is, to impose Dirichlet boundary conditions over u;," "), the situation
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Convergence analysis of the fully discrete first order projection method 555

gets worse. This is the case of pressure segregation methods obtained at the discrete
level. The error estimates for a first order fractional step method obtained at the dicrete
level is optimal (under Assumption 8) only for linear elements. The problem arises
from the fact that now the new interpolation term is:

hoinf  |[Ve™ — vall0.
v,,0€ V1,0

That is the approximation of a function in L?(§2) that does not have to vanish on the
boundary (in fact, its trace is not even defined, but only its normal component) by
finite element functions v, € V) o with zero trace. Let us consider a finite element
function x5, € Vj, and the unique decomposition:

Xp=Xpo+Xnr (30)

where xj o € Vj, 0 and xj, r is a finite element function that vanishes at the inner nodes.
From basic properties of finite element shape functions and local inverse inequalities
(see [12]) we can easily get:

lxn.rllo < ChY2llxnll L2 - 31)

Then, we can easily bound the error term under consideration as:

h inf V"' —villo <h inf {||V¢n+1—vh||0+Ch1/2||vh||L2(F)}'

v, €Vi0

This result does not allow to improve a 4#%/% order of accuracy in space and we are not
aware of any improved error estimate for this expression. This misbehavior would be
particularly relevant for high order incremental projection methods.

We end our analysis with a corollary that gives the convergence results obtained for
the fully discrete fractional step method using a Pressure Poisson equation.

Corollary 3 (Convergence) Under the assumptions of Theorem 2 and the regularity
assumption aff(t) € L>®(0, T; L*(2)), the following error estimates hold:

1 1 1 A+1 1 A-H
Jmax f ) = g o + ) = o + VAt — i

N 1/2
+xn+MAr(ZAt||p(t"“)— "“uo) < C@h) + An),

n=0

for At > 0 small enough.
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7 Conclusions

We have obtained optimal convergence and stability results for the fully discrete
version of the classical first order projection method. The strategy pursued is based on
the introduction of an auxiliary problem that has allowed the analysis of the final
discrete problem. Using this strategy not only optimal error estimates have been
obtained under the inf-sup condition, but also using a pressure Poisson equation
(exploiting the inherent pressure of the system that we get by introducing this equation).
As far as we know this is the first attempt for the obtention of convergence results for the
fully discrete projection method and also the first one without the inf-sup assumption.

Moreover we have infered from the numerical analysis that projection methods
obtained by splitting the discrete system, where Dirichlet boundary conditions are
applied over the the end-of-step velocity, show optimal convergence only for linear
elements.
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