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Abstract. The paper addresses a novel interface-capturing approach for two-phase flows 

governed by the five-equation diffuse interface model. To suppress the numerical diffusion of 

the interface, we introduce a primitive sub-cell reconstruction based on volume fractions in 

neighbouring cells. This reconstruction gives rise to a Riemann problem (CRP) with an 

additional contact discontinuity, so-called composite Riemann problem, which is stated on 

mixed cell faces. The CRP solution is used to calculate the numerical flux across cell faces of 

mixed cells with taking into account the interface reconstructed patterns. A hybrid HLL-

HLLC method is incorporated to approximate the solution of the CRP. The proposed 

approach is shown to effectively reduce the interface numerical diffusion without introducing 

spurious oscillations. Its performance and robustness is examined by 1D and 2D numerical 

tests.  
 

 

1 INTRODUCTION 

In this paper we consider a numerical method for compressible two-phase flow 

simulations. It is an Eulerian interface capturing method where the material interface is 

allowed to diffuse in space forming a narrow mixture zone. The diffuse zone is a typically 

numerical effect that should be minimized as much as possible in calculations. With this aim, 

many interface sharpening techniques have been developed in literature, among which are 

artificial interface compression [1], anti-diffusion correction algorithm [2], THINC scheme 

[3]. 

 Apart from these techniques there is another method which can be considered as a hybrid 

interface tracking-capturing method. Proposed in [4] for the equilibrium P-T model, this 

method involves two steps – sub-cell reconstruction and flux approximation which accounts 
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for the reconstructed interface in mixed cells. If the interface crosses the cell face, the flux is 

approximated on the solution of composite Riemann problem (CRP) [4] which, besides the 

face-related initial discontinuity in one pure fluid, involves also a point of contact with 

another fluid located at some distance from the face. In [5], the CRP solution was 

implemented in the Godunov method for the five-equations two-phase flow model of Allaire 

et al. [6]. A 1D discontinuous step-wise function is used here to approximate the volume 

fraction distribution in mixed cells in each coordinate direction. The CRP serves to take into 

account the effect of in-cell discontinuity on the numerical flux. 

 The purpose of the present paper is two-fold: to extend the approach of [4] to the five-

equation model and formalize the algorithm of sub-cell reconstruction. In the original work 

[4], the cell connectivity is separated into two types: “mixed-mixed” and “mixed-pure”. For 

each type, the sub-cell reconstruction is performed differently, with being no clear choice of 

the reconstruction pattern in the “mixed-mixed” case. We propose a simple rule for the pattern 

reconstruction based on transparent conditions.  This rule works for the both types and 

uniquely defines the reconstruction pattern by using only values of cell volume fractions. 

Moreover, an effective HLL-HLLC method is proposed to approximate the solution of the 

CRP. 

 

2 MATHEMATICAL MODEL AND BASELINE NUMERICAL METHOD  

We consider the five-equation model proposed by Allaire et al. [6] that can be written in 

the following form: 
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where z denotes the volume fraction,   is the density, u  is the velocity vector, e  is the 

specific internal energy, P  is the pressure, H  is the specific total enthalpy. In the last 

equation of the system (1) we use z instead of z1 for the sake of simplicity. This equation is in 

fact a modification of the advection equation for the volume fraction of the phase i=1. Such a 

form naturally maintains the well-balancing property when the divergence term is discretized 

as the summation of fluxes estimated with the proposed CRP interface-sharpening approach.  

The model (1) is the reduced Baer-Nunziato model with single velocity and single 

pressure for mixture derived by A.K. Kapila et al. [7]. It can be used with the equation of state 

in the form of generalized Mie-Gruneisen equation,  
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where γi  and πi are dependent on the density of the corresponding material. Allaire et al. [6] 

showed that constant pressure equilibrium is properly preserved if the isobaric closure is 

employed, P1=P2=P, in the cells containing two fluids. 

Defining 
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the following form: 
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The sound speed of each pure material is calculated by  

  /i i i ic h                                                         (4) 
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, and ih  being the phase specific 

entalphy. 

The sound speed of the mixture is calculated by 

   
2
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The system of equations (1) can be recast in the following vector form: 

 
 i

it x


 

 

f qq
s q                                                              (6) 

where q is the conservative vector, q=[ρ1z1 ρ2z2 ρu ρv ρw ρe z]
T
, s(q)=[0 0 0 0 0 0 zdiv(u)].  

The present numerical method for multi-material fluid flows is based on the Godunov 

finite volume discretization of the single-material Euler equations. We use a stationary 

computational grid consisting of non-overlapping polyhedrons (cells) that cover the 

computational domain. The spatial discretization of Eq. (6) without the source term  s q  is 

performed with the finite volume method, which yields with the explicit time marching 

scheme the following discrete equations:  
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where the subscripts i and  denote the cell and its face, respectively, Vi  is the volume of the 

i-th cell, S  is the face area, and nk, k  1, 2, 3 are the components of the outward unit normal 

to the face. Each term in the summation at the right-hand side of Eq. (7) can be expressed in 

terms of one flux vector F as follows: 

FTf
1kkn ,                                                            (8) 

 

where T is the transforming matrix from the absolute system of coordinates to a coordinate 

system associated with the face. The vector F  F(Q), Q  Tq, has the form of a locally 1D 

flux in the direction of the face outward normal, 

 

F = F(Q) =  2

1 1 1 1,  ,  ,  ,  ,  ,  
T

n n n n k n l n n nz v z v v p v v v v v E pv v z       ,               (9) 

 

where the subscripts n, k, and l indicate normal and tangential components of the velocity 

vector. Thus, the system of discrete equations takes the following form: 
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11 .                                                   (10) 

    The numerical flux Fσ depends on the state of the medium in the cells adjacent to the face  

 ( ),  i i

 

  F F z z                                                           (11) 

 

where (i) denotes a cell adjacent to the cell i across the face . The superscript in Eq. (11) 

means that the primitive vectors 1 2(       ) u v w p z z  are evaluated at the barycenter of the 

face. We use a predictor-corrector scheme with the MUSCL cell reconstruction approach to 

enhance the space-time accuracy up to the second order. 

    To approximate the numerical flux, the face-based Riemann problem solution is 

implemented: 

 ( ),  R

i i

 

 
 
 

F F Z Z Z  ,                                                         (11) 

where the superscript R indicates the Riemann problem solution, and TZ z . This solution is 

approximately defined with the HLLC method. With proper estimation of the shockwaves and 

contact wave, HLLC solver resolves discontinuities sharply, and isolated shockwaves and 

contacts exactly. The shock wave velocities Ls  (leftmost) and Rs  (rightmost) are estimated by 

the method of Einfeldt et al. [8]:   

 

   min , , min ,L L L R L Ls u c u c s u c u c      ,                         (12) 

where u  and c  are average parameters of the states on both sides and can be estimated by an 

arithmetic or Roe average, we adopt the latter in this paper. 

    The speed of the intermediate contact wave is estimated by the method of Batten et al. [9]: 
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The above flux approximation can be applied straightforwardly to solve multi-material 

fluid flow modeled by Eq. (1). Thus, calculations in the whole domain can be executed in the 

same manner, both in pure and mixed cells. We refer this straightforward extension of the 

conventional flux approximation to the multi-material case as a standard flux approximation.  

The standard flux approximation results in significant numerical smearing of material 

interfaces as it does not take into account the presence of the sharp material interface inside 

mix cells. Thus, if a non-zero mass flux appears from a mix cell to an adjacent pure cell, it 

inevitably results in non-zero mass fluxes of all components containing in the mixed cell.  

As a solution to this problem, we suggest to modify the flux approximation for those cell 

faces that border at least one mixed cell. This is realized on the base of a simple pattern of the 

sub-cell interface reconstruction with subsequent flux approximation on the solution to the 

CRP arising on the face due to this reconstruction. We call this method as CRP-based flux 

approximation.  

3 SUB-CELL RECONSTRUCTION AND CRP-BASED FLUX APPROXIMATION  

The CRP flux approximation is applied to only the mixed cells or the cells bordering a 

mixed cell. Mathematically, the mixed cell is identified by the condition 1z    ,                   

where η is a small positive number. Consider a cell and its neighbor cell with the volume 

fractions z  and nz , respectively (Fig. 1). The subscript n indicates the neighbour cell.  

Assume that at least one of these cells is mixed.    

  

  

Fig. 1. Patterns of the sub-cell interface reconstruction: 1nz z   (top), 1nz z   (bottom). 

 The interface crosses the face between the cells so that some part of the face is in the 

first component and another is located in the second component. By analogy with volume 

fraction, we introduce surface fraction z  to charterize the phase distribution on the face, and 

assume that this parameter is a function of the volume fractions in neigbouring cells, 

( , )nz z z   .  

The function ( , )x y  is defined in 0 1,  0 1x y     and should satisfy the following 

properties: 



I. Menshov, C. Zhang, P. Zakharov 

 6 

                                         

(0, ) ( ,0) 0,

(1, ) ( ,1) 1,

( , ) ,

( , ) (1 ,1 ) 1.

y x

y x

x x x

x y x y

 

 



 

 

 



   

                                                 (14) 

 

The first two conditions mean that the interface does not cross the cell face when one of 

the components vanishes in one of the cells. The third and forth describe the symmetric 

property.  

Simple choice for the function ( , )x y  is as follows
1
: 
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This function is discontinuous at points 1x y  . Another choice is a continuous function 

defined as
1
 

,   
1
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,  
1

x
if x y
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Once the surface fraction ( , )nz z z   is defined, one can suggest a simple one-

dimensional pattern of the sub-cell interface reconstruction as shown in Fig. 1. It is 

characterized by the part of the interface to be normal to the face and the part parallel to the 

face; the latter stands in the cell at a distance   from the cell face. This distance defines the 

location of the contact discontinuity in the statement of the CRP.  

The numerical flux for the mixed cell is determined by solving in the general case two 

CRPs, for the first and second component, respectively. Defining the following distances: 
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 where /h V S , /n nh V S , the numerical flux is determined as  

     

                                                 
1
 A. Serejkin, privet communication, 2021 
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   1 ,1 1 ,1 2 ,2 2 ,2, , , , , , (1 )CRP CRP

n n n nz z       F F Z Z F Z Z                            (18) 

Here we introduce the vector of primitive variables of pure components 

1 1 2(       1) U V W p Z  and  2 1 2(       0) U V W p Z , and by CRP
F  denote the CRP 

numerical flux that is introduced in the next section. Note that depending on the relation 

between the distance   and the cell size h, there are several possible situation to occur. If 

1 h   and ,1n nh  , the CRP is reduced to the conventional RP for the first component, and 

the flux across z S   is calculated with the RP solution,  

                                               1 ,1 1 ,1 1 ,1, , , ,CRP R

n n n     F Z Z F Z Z Z . 

If 
1 h   and ,1n nh  , we have the left-side CRP (the contact point is located on the left of 

the point of initial discontinuity. Oppositely, if 1 h   and ,1n nh  , it leads to the right-side 

CRP (the contact point on the right)  which can be treated as the left-side one by reversing the 

cells and changing the sign of U. The same is true of the flux across the part of the cell face 

given by (1 )z S  . Thus, to realize this approach, one needs to estimate the CRP flux; let it 

be the case of left-side CRP.  

4 CRP SOLVER 

The CRP is stated as a Cauchy IVP for the system of 1D equations with a piecewise 

constant initial data as follows:  
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ZZ
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ZZ
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

.                                                     (19) 

      

We use here subscripts A and B to distinguish different components. Depending on the 

situation, A may indicate the first component (z=1) and B – the second (z=0) or vice versa.  

 

  
 

Fig. 2. Primary and secondary waves originated in the CRP solution. 

 

     The CRP solution Z
CRP

 represents the interaction of the waves originated due to break-

up of the initial discontinuity in the material A at x  0 with the contact discontinuity located 

initially at x  . Decay of the initial discontinuity (x  0) results in a set of primary waves 
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1, ... , 5 (see Fig. 2), where 3 is the contact discontinuity, 1 and 2 correspond to the left 

shock or rarefaction wave, 4 and 5 denote the characteristics of the right rarefaction wave or 

shock wave.  

Propagating towards the material contact vc, the leftmost wave 1 interacts with the 

material contact at a point 1 1 1( , )O t x  (Fig. 2), with a set of secondary waves 1

~
λ , ... , 5

~
λ  being 

arisen. These waves interact with primary those with the formation tertiary set of waves and 

so on. The CRP solution is not self-similar and the solution along the line x  0 in the x-t 

plane Z  Z
CRP

(x0, t) is not constant. The numerical flux F should be therefore defined by 

the integral 



t

dt
t

)(
1

ZF , where t is the time step. 

To estimate this flux we use an approximate CRP solver that takes into account only 

primery and secondary waves. This solution consists of the solutions to two conventional 

RPs. One is the primary RP stated at the point O with ( )L

AZ  and ( )R

AZ as initial data for t=0. 

Another is the secondary RP stated at the point of the waves interaction O1 (Fig. 2) with ( )L

BZ  

and ave

AZ  as initial data for 1t t , where ave

AZ  is the primitive vector of the material A 

averaged over the disturbed domain in the primery RP. 

The primary and secondary RPs are solved with the HLL and HLLC approximate solvers, 

respectively. The HLL solver gives the averaged solution and flux in the disturbed region 

bounded by the leftmost and rightmost waves, Ls  and Rs : 
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
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                                                  (20) 

 

where ( )s s  F Q , and the sub- and superscript  indicate the material and the domain for 

which the vectors F  and Q  are calculated. A property of the vector   is that the integral 

( ) 0x dt


   on the solution for any closed countor in the (x,t) plane. Moreover,   is a 

continuous function for discontinuous solutions Q . The approximate CRP solver is 

constructed to meet these conditions. 

    The HLL solution represents the CRP solution for 1t t  where   is defined as 

 
( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )L ave L R ave

A A A L A A Rs s s s H s s s s H s s                            (21) 

where ( )H x  is the Heaviside function. 

    The secondary RP yields the CRP solution for 1t t . It is a self-similar problem with 

respect to 1 1( ) / ( )s x x t t   . Its approximate solution is determined by the HLLC method 
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and represented by three waves 
Ls , s , and 

Rs  and two disturbed zones:  ave

BQ  for Ls s s   

and ave

AQ  for Rs s s   . The vectors of disturbed zones are given by 
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    The vector ( )s  that represents the HLLC solution of the secondary RP is written as  
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           ( ) ( ) ( ) ( ) ( ) ( )
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B B B L
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           (22) 

 

Having the function  for the primery and secondary RP, one can approximate the numerical 

flux by applying the abovementioned integral identity to the triangle with coordinates 

1 1(0,0),  ( , ),  and (0, )x t t . This yields 

 

( )1 1 1

1

( )R

A L

t t t x
s

t t t t
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F                                              (23) 

 

This is valid if the wave interaction time is less then the time step, 1t t  . Otherwise, the 

interaction happens out the time step so that there is no need to solve the CRP; the numerical 

flux is defined by the primery RP and can be calculated as 

 

( ) ( )(0) 1 (0),    [0,1],  

(0),   .

L L

A B

c c c

if
v t v t v t

otherwise



    
      

     




F                   (24) 

 

The CRP method performs a rather radical sharpening process of the material interface. 

One can prove that in the 1D case only one mixed cell is allowed in the neighborhood of the 

material interface [5]. 

The above CRP flux approximation is obtained under the assumption that only the first 

wave interaction, between the leftmost wave and the contact, is taken into consideration; later 
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interactions are neglected. In fact, this effect of later wave interaction can be eliminated by 

imposing an additional restriction on the time step. Details are given in [5]. 

The discretization strategy for the numerical source term in the advection equation for the 

volume fraction works well when it is consistent with the base discretization of the numerical 

fluxes [6]. For consistency purpose, the same velocity as in the convective numerical flux 

must be utilized in the numerical source term [10]. This yields the following face-related 

velocity: 

 ( )1 1 1

1

R

A L

t t t x
U U s U

t t t t


  
    
    

                                             (25) 

when 1t t  , and for 1t t  , 

                              

( )

( ) ,    [0,1],  

,   .

L

A B

c

ave

A

U if
v tU

U otherwise






 



 

 

5 NUMERICAL RESULTS 

A 2D code realized the above CRP method is applied to calculate the problems of this 

section. The first is a 1D impact problem where a layered system consisting of lead and gas 

impacts over a rigid wall. The computational domain is 1 cm in length, 0 ≤ x ≤ 1 cm. Initially, 

lead is in the domain 0 < x ≤ 0. 5 cm, and gas occupies the rest of the domain. The rigid wall 

is at a position    x = 0. Lead and gas densities are 11.4 g/cm
3
 and 0.001 g/cm

3
, respectively. 

Lead and gas move to the left with a velocity of 1.2 km/s, and pressure within the whole 

domain is 1 atm. We use the Mie–Gruneisen EOS for lead and the ideal gas EOS for gas. 

Lead and gas temperatures are equal. A computational uniform grid of 1000 cells is used with 

a CFL number of 0.5. 

 

 
 

Fig. 3. Numerical results of the impact problem obtained with the CRP-based flux calculation. 

 

In the 1D case, there should not be two neighboring mixed cells; only a "mix-pure" pattern 

of the sub-cell reconstruction can exist. As mentioned above, the interface in this case is 

resolved with only one mixed cell by the CRP method. This fact is demonstrated in Fig. 3 
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where the results of calculations are shown for three different time moments. One can see that 

one-cell interface capturing is strictly maintained.  

The efficiency in capturing highly deformed interfaces is demonstrated on the problem of 

underwater air bubble collapse. The problem statement is the same as in [11]. The 

computational domain is 0 ≤ x ≤1.2 cm, 0 ≤ y ≤1.2 cm. The air bubble diameter is 0.6 cm, and 

its center is at (0.6, 0.6) cm. The EOS of air and water is taken in the form of a stiffened gas 

EOS. Periodical boundary conditions are imposed on the bottom and top boundary of the 

computational domain. The CFL number is equal to 0.5. Fig. 4 shows results of calculations 

with the CRP method on a fine grid consisting of 2000 computational cells in each direction. 

This allows capturing the formation of small scale secondary jets. One can see a narrow water 

jet that slits the bubble and hits the water from the base. 

 

 

 

 
 

Fig. 4. The underwater air bubble collapse: the formation of secondary jets. 

The density distribution, g/cm
3
 (top) and the cell type distribution (low).   

 

 

6 CONCLUSIONS 

 An Eulerian finite-volume method for two-phase fluid flows modeled by the five-

equation diffuse interface model has been considered. The method has been developed 
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as an interface capturing approach and aimed to reduce numerical smearing of 

material interfaces. 

 To achieve this goal, the sub-cell interface reconstruction procedure based on simple 

interfaces patterns has been introduced. The proposed sub-cell interface structure has 

been used for calculating the numerical flux across cell faces bordering mixed cells.  

 This is performed with the Composite Riemann Problem (CRP) that involves both a 

point of initial discontinuity and a material contact point. A hybrid HLL-HLLC 

method has been incorporated to approximate the solution of the CRP with taking into 

account multiple wave interaction. 

 The numerical flux approximation based on this CRP solution strongly reduces the 

interface smearing region. Numerical experiments have shown the reduction of the 

interface region up to one computational cell in 1D calculations and up to a few cells 

in 2D tests. 
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