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Abstract. The study analyzes the dynamic behaviour and vibration attenuation of an Euler Bernoulli
beam coupled with a piezoelectric layer. The vibration attenuation is given by the shunt circuit con-
nected to the piezoelectric. This paper shows different shunt circuit impedances and how they affect
the system’s frequency response (FRF) functions. The spectral element method is used to model the
intelligent material under analysis and has its function based on the exact solution of the wave equation,
therefore, a single element is necessary to model the structure. The estimated responses for each shunt
configuration express a relationship with the passive components used in the respective circuits. In each
case, the circuit has a particular effect on FRFs.

1 INTRODUCTION

Smart materials are increasingly present in vibrational control studies and application. Those kinds of
materials use piezoelectrics (PZT) to stand out for the feasibility of adjusting vibration attenuation and
control. This potentiality from PZTs can be obtained through passive, active and hybrid control [25]. The
control of unwanted vibrations and noise can be performed with passive control PZT shunt circuit [26].
This control deals with a direct piezoelectric effect that modifies the structure’s rigidity and damping
properties with the addition of circuits with different combinations of resistive, inductive, capacitive el-
ements, and switches [11]. The piezoelectric materials allow the emergence of said intelligent materials,
because when changes occur in the state variables in a mechanical, physical domain [20]. They cause
a difference in the state variables in a physical, electrical domain and vice versa [4]. The use of smart
material gained renewed interest in applications involving vibration-based, energy harvesting, nonlinear-
ities, and in the framework of metamaterials [12, 14]. Smart metamaterials can result in adaptive and
multifunctional metamaterials.

Passive control uses external shunts circuits coupled to PZTs, which can perform vibrational without the
external power supply. Forward [10] was the pioneers in associate some piezoelectric shunts circuits
with the systems to induce vibrational control. Despite the wide variety of circuit topographies and their
respective effects, a contribution to resistive and inductive shunts was discussed by Hagood and Flotow
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[13]. The purely resistive shunts were related to structural damping bands, and resistive inductive circuits
were related to controlling modes of vibration, similar to a dynamic absorber. Shunt circuit configura-
tions that involve capacitive elements denote changes in the natural frequencies of the coupled system
[5]. Periodicity relations that involve techniques such as multi-mode [1], negative capacitance [17, 24]
and variations in the RLC circuit [16], are known to induce bandgap effects on vibrating structures.
Another variation for these capacitive, resistive and inductive shunt configurations is in the switching
element, controlling the piezoelectric’s current and voltage flow.

PZT shunts to promote vibrational control can be simulated via the finite element method (FEM), which
requires a large number of elements in the mesh [3, 11]. An alternative to FEM in dynamic simulation
and analysis is the spectral element method (SEM). This method is formulated from the wave equation’s
analytical solution, which reduces the number of elements in the simulation significantly [9, 18]. There-
fore, a single element is sufficient to model a smart material with a uniform section along its length. A
few spectral elements have been developed, like as rod, beam, plates, cables, and ongoing researches are
proposing new and improved elements [6, 7, 8, 9, 18]. Lee and Kim [19, ?] developed a spectral element
coupling the Euler-Bernoulli beam with a piezoelectric layer, and active piezoelectric. The smart beam
spectral element with passive control was proposed and demonstrated in [2, 21, 22, 23]. In this work,
the objective is to use SEM to model a smart material consisting of an aluminium beam coupled to a
PZT layer connected to the shunt circuit in the configuration of resistive, inductive, capacitive, and vari-
ations. The shunts circuits can affect the dynamic response of a beam. The results showed the circuits‘
impedance curve and the influence over the FRFs.

2 PIEZOELECTRIC MATERIALS AND SHUNT CIRCUITS

2.1 Mathematical modeling of shunted piezoelectric materials

The general expression for a linear PZT describes the conversion of mechanical energy into electrical
energy and vice versa. It can be represented in matrix form involving the vectors of the associated
variables [13, 15], given as following [

D
S

][
∈T d
dt sE

]
=

[
E
T

]
(1)

where D is the vector of electrical displacement (C/m2), T is the vector of material stresses (N/m2), E
is the vector of electrical field (V/m), S is the vector of material strains, ∈T is the matrix with dielectric
constants, sE is the the compliance matrix of the piezoceramic, and d is the matrix of piezoelectric
constants. Applying the Laplace transform in Eq. 1 and using current I and voltage V relationships to
eliminate terms E and D, the following general equation for a PZT is obtained[

I
S

][
Y E L sAd

dtL−1 sE

]
=

[
V
T

]
(2)

where Y E L is the general electric admittance, L is a diagonal matrix of piezoelectric lengths, A is the
diagonal matrix of the surfaces areas, and s is the Laplace parameter. The general electrical admittance
relation starts from the following sum of admittances

Y EL = Y D +Y SH (3)
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where Y D is the admittance of the PZT and Y SH is the admittance of the shunt circuit coupled to the PZT.
Admittances are inversely proportional to impedances Y E L = 1/ZE L, being dependent on the voltage and
current ratio involved in the system Z = V/I. Based on this information, piezoelectric compliance with
the shunt circuit produces the following relationship between mechanical stresses and strains

sS
j j

H = sE
i j[1− k2

i jZ̄
E
i

L] (4)

where sSH is the compliance of the shunt circuit coupled to the PZT, Z̄E
i

L is the matrix of non-dimensional
electrical impedance obtained by dividing the general impedance ZEL by the impedance ZD, and ki j =

di j

√
sE

j j ∈T
i is the electromechanical coupling that represents the percentage of mechanical energy con-

verted into electrical energy. The Young’s modulus of a PZT with shunt circuit is dependent on the
coupling relationships and the impedances involved. The relation to Young’s modules loaded in direc-
tion j and deflected through direction i can be expressed as

ESH
j j = ED

j j
1− ki

2
j

1− ki
2
j Z̄

E
i

L
(5)

where ESH
j j is the Young’s modulus of the shunt circuit and ED

j j is the Young’s modulus of the PZT.

2.2 Shunt circuits and impedances variations

A PZT has an internal capacitance which effects is inherent to its electromechanical property. When the
PZT acts in a passive control, its capacitance is subject to be influenced by an open circuit, a short circuit
or with an externally connected shunt circuit [13, 25]. The short circuit and open circuit impedances are

Short ZEL = 0, Open ZEL = iωCT
p (6)

where CT
p is the capacitance between the PZT surfaces perpendicular to the direction i (in constant stress).

The impedance of a shunt circuit depends on the arrangement of the components used for the circuit. In
general, shunts circuits can be classified by the predominance of resistive, inductive, capacitive and
switching elements. The impedances of the shunt circuit are associated with a resonance frequency, for
circuits with predominant resistive components the coupling factor is considered ωR, for circuits with
predominant inductance we have the relation ωL.

ωR =
√

1− k2
i j/RCT

p , ωL = 1/
√

LCT
p (7)

Figure 1 shows the main topographies of shunt circuits used to promote energy dissipation effects asso-
ciated with the vibration, noise and wave propagation attenuation.
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(a) (b) (c) (d) (e) (f)

Figure 1: Shunt circuit topographies a) pure resistive; b) pure inductive; c) pure capacitive; d) LC; e) RL; f) RLC.

Figure 1, everything inside the dashed line is the piezoelectric representation and everything outside
are the elements that make up the shunt circuit. Figure 1a shows a pure resistive shunt circuit, where,
according to Eq.3, the piezoelectric admittance Y D = iωCT

p is added to the resistor’s influence for the
following general impedance ratio

ZE L =
1

iωCT
p + 1

R

(8)

For the purely inductive circuit, we have the admittance ratio Y SH = 1/iωL, where the real part is zero.
Therefore, the general impedance ratio for the circuit in Figure 1b is

ZE L =
iωL

−ω2LCT
p +1

(9)

Capacitive shunt circuits, Figure 1c, are generally used in conjunction with other components to provide
more efficient control of the total system stiffness [4]. However, applications with negative capacitive
elements are being addressed, as they promote attenuation and bandgap effects in periodic structures [3].
A generalization for the electrical impedance of the capacitive shunt circuit is given by

ZE L =
1

iωCT
p

(10)

For circuits with inductive and capacitive elements, a predominant imaginary complex is established as
a pass-through filter. In the circuit of Figure 1d, a control range associated with the frequency with
Y SH = 1/(iωL+1/iωC) is presented for admittance in series and Y SH = 1/iωL+ iωC in parallel. Based
on this logic, the general impedance for the series and parallel circuit can be expressed as

Series ZE L =
iωL+ 1

iωC

−ω2LCT
p +

iωCT
p

iωC +1
, Paral lel ZE L =

iωL
1−ω2LC−ω2LCT

p
(11)

The RL circuit in Figure 1e is one of the most used shunts to promote passive vibration control. The
effects resulting from its coupling to periodic structures are similar to those of a mechanical absorber
without damping. Forward [10] investigated the inductive element as an absorber and observed an equiv-
alent behavior when adding extra mass to the system. However, the inductance is inversely proportional
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to the frequency of the oscillations to be attenuated. The general impedances associated with the ad-
mittances of the series Y SH = 1/(R+ iωL) and parallel Y SH = 1/iωL+ 1/R circuit are represented as
follows

Series ZE L =
R+ iωL

1−ω2LCT
p + iωRCT

p
, Paral lel ZE L =

iωRL
iωL+R−ω2RLCT

p
(12)

Similar to RL and LC circuits, the RLC shunt circuit, Figure 1f, is a complete version of electrical
components with specific properties for attenuation and vibration control. The admittances for the series
Y SH = 1/(R+ iωL+1/C) and parallel Y SH = 1/R+1/iωL+ iωC circuit form the following impedances

Series ZE L =
R+ iωL+ 1

iωC

1+ iωCT
p (R+ iωL+ 1

iωC )
, Paral lel ZE L =

iωL
iωL(iωCT

p + iωC)+ iωL
R +1

(13)

There are other variations of shunting circuits, such as switched shunt circuits (active shunt), and multi-
source circuits, both of which are built with various electrical components that conduct specific vibra-
tional control settings for the system [25].

3 SPECTRAL ELEMENT OF SMART MATERIAL

3.1 Piezoelectric beam coupling

One of the advantages of the SEM is the small number of elements needed to represent a system. Figure
2 shows the geometry and reactions that are considered in the smart material analyzed in this work.

(a) (b)

Figure 2: Beam smart representation: a) Physical structure; b) Spectral element.

Figure 2b shows the smart beam material, and the two-node spectral element with each node has the
nodal forces and displacements. An Euler-Bernoulli beam coupled with a bar which model de PZT
transducer layer is the smart beam material [9, 18]. The thickness and displacement relationships of the
beam with the PZT are defined by

up = ub−
h
2

∂w
∂x

(14)

where up and ub are the axial displacements in the piezoelectric and the beam, respectively. The trans-
verse displacement is represented by w, and h = hp + hb is the sum of the thickness of the PZT with
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that of the beam. By following the Hamilton‘s the beam and bar coupled equations of motion with with
Young’s modulus E, mass density ρ and damping c, are given as follows

EIw′′′′+ρAẅ+ cAẅ =−αü′b +βu′′′+λẅ′′+ c1ẅ′′− c4ü′b +Fw′′+ p(x, t)

EAu′′b−ρAüb− cAüb =−αẅ′+βw′′′− τ(x, t)
(15)

where

EA = EbAb +EpAp, EI = EbIb +EpIp +(1/4)EpAph2, c4 = (1/2)cpAph,

ρA = ρbAb +ρpAp, Ep =CD
11−h2

31β
S−1
33 , cA = cbAb + cpAp,

γ = (1/4)ρpAph2, α = (1/2)ρpAph, β = (1/2)E pAph, c1 = (1/4)cpAph2

(16)

Since SEM is formulated in the frequency domain the spectral element assumption is that displacements
and voltage V (t), are expressed in a spectral form by

w(x, t) =
N

∑
n

Ŵ (x,ωn)e−iωnt

u(x, t) =
N

∑
n

Û(x,ωn)e−iωnt

V (t) =
N

∑
n

V̂ (ωn)e−iωnt

(17)

By replacing the spectral components Eq.17 in the equation of motion of the smart material Eq.15, the
electromechanical equation of motion in a frequency domain is of the form

EIŴ ′′′−ω
2
ρAŴ = ω

2(−γŴ ′′+αÛ ′)+βÛ ′′′

EAÛ ′′+ω
2
ρAÛ = ω

2
αŴ ′+βŴ ′′′′

(18)

The solution of the equations of motion as a function of frequency can be performed from a general
solution for the components of spectral displacements with the following relationship

Ŵ (x) =
6

∑
i=1

a je−ik jx = g(x,ω)a

Û(x) =
6

∑
i=1

r ja je−ik jx = g(x,ω)Ra

(19)

where

g(x,ω) = [e−ik1x e−ik2x e−ik3x e−ik4x e−ik5x e−ik6x]

a = [a1 a2 a3 a4 a5 a6]
T

R = diag(
−ωk jc4− iω2k jα+ ik3

j β

−k2
j EA+ω2ρA− iωcA

)

(20)
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The eigenvalue problem is obtained from characteristic equation of the smart material motion equation
gives the wavenumbers ki(i = 1,2,3..,6) determined as

(β2−EAEI)k6 +ω
2L2(2αβ−ρAEIAEI−λEA)k4 +ω

2L4(α2
ω

4+

ρA(EA−λω
2))k2 +ω

4L6
ρA2 = 0

(21)

By considering a finite structure of length L, the spectral nodal displacements in terms of k j, satisfying
the boundary conditions of the system, can be defined by

x = H(ω)a = [Û1 Ŵ 1 θ̂1 Û2 Ŵ 2 θ̂2]
T (22)

where

H(ω) =



r1 r2 r3 r4 r5 r6
1 1 1 1 1 1
−ik1 −ik2 −ik3 −ik4 −ik5 −ik6

e−ik1Lr1 e−ik2Lr2 e−ik3Lr3 e−ik4Lr4 e−ik5Lr5 e−ik6Lr6
e−ik1Lr1 e−ik2L e−ik3L e−ik4L e−ik5L e−ik6L

−ik1e−ik1L −ik2e−ik2L −ik3e−ik3L −ik4e−ik4L −ik5e−ik5L −ik6e−ik6L

 (23)

From the dynamic interaction of each nodal component, the following dynamic stiffness matrix of the
spectral beam smart element is

S(ω) = H−1(ω)D(ω)H−1(ω) (24)

where

D(ω) =−EARKEKR+EIK2EK2− iβ(K2EKR+RKEK2)

−ω
2[ρA(E +RER)+ iα(KER+REK)−λKEK]

+iω[cA(E +RER)− c1KEK + ic4(KER+REK)]−FRER

K2 = (K = diag(ki))
2

E(ω) =
∫ L

0
gT (x,ω)g(x,ω)dx

(25)

The dynamic relationship between the beam and the PZT layer is given by S(ω).

3.2 Piezoelectric beam coupling with shunt circuit

The global electromechanical equation of motion that couple the shunt circuit to the PZT is defined in
terms of the spectral stiffness matrix with,

S(ω)x−SSH(ω)V (ω) = f (ω)

iωSSH(ω)x+ iωCT
p V (ω) = I(ω)

(26)

where SSH is the spectral stiffness matrix of the shunt circuit, x is the generalized nodal displacement,
f the generalized force, I is the current in the spectral domain,and V the voltage. Similar to the nodal
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relation in Eq. 22, the behavior of the piezoelectric with the branch circuit can be expressed with the
displacements and equivalent nodal forces. Therefore, the spectral stiffness matrix for the shunt circuit
can be assembled as follows

SSH(ω) =
[
Ne1Ŵ (x0,ω),0,−Me1Ŵ (x0,ω),−Ne2Ŵ (x0,ω),0,Me2Ŵ (x0,ω)

]T (27)

where

Ne1 = Ne2 =
k2

i jiωZE Lbpd31Ep

1+ iωCT
p ZE L Me1 = Me2 =

k2
i jiωZE Lhbpd31Ep

2+2iωCT
p ZE L (28)

The PZT’s nodal functions with shunt circuit are related to PZT coupling coefficient ki j, the width bp,
Young’s modulus Ep, and to piezoelectric constants d31. Thus, a general representation for the dynamic
behaviour of an intelligent material is shown with the following expression[

S(ω)+ω2S2
SH(

1
iω+1/ZEL )

]
x(ω) = f (ω) (29)

where ZEL is the associated impedance for each shunt circuit configuration.

4 NUMERICAL ANALYSIS

The numerical simulation demonstrates the dynamic analysis of an aluminium smart beam coupled to a
piezoelectric with different shunt circuits. The geometric properties are defined in Table1. The piezo-
electric material has a dielectric constant d31 =−175e−12(m/V ), a damping factor c = 0.1, a coupling
coefficient k31 = 0.31, and an internal capacitance CT

p = 200(nF).

Table 1: Example of the construction of one table

Properties Beam Properties Piezoelectric
Length [mm] 261.6 261.6
Width [mm] 12.7 12.7

Thickness [mm] 2.286 0.762
Young’s modulus [GPa] 71 64.9

Density [kg/m3] 2700 7600

Figure 3 shows the general impedances of each shunt configuration provided to the smart material.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3: Impedances of Smart Material for shunt circuit: a) pure R (real part); b) pure L (imaginary part); c)
short, open and negative capacitance (imaginary part); d) LC series (imaginary part); e) LC parallel (imaginary

part); f) RL series (real part); g) RL parallel (real part); h) RLC series (real part); i) RLC parallel (real part).

The resistive shunt circuit’s impedance when coupled to the PZT induce a damping effect on the structure.
Figure 3a shows that the higher the resistance greater is the dissipation. The inductive circuit showed
in Figure 3b, the dissipation effect appears at target resonant frequency. The resistive shunt circuit’s
impedance when coupled to the PZT induce a damping effect on the structure. Figure 3a shows that for
higher the resistance greater is the dissipation. The inductive circuit showed in Figure 3b, the dissipation
effect appears at target resonant frequency. The impedance in Figure 3c represents a negative capacitance
of a shunt circuit, where the relationship with the resistance is imposed with ZSH = −R/iωCneg. The
capacitive shunts circuits influence the structural rigidity and are dependent on the resonant frequency.
This dependency is also presented in the LC circuit. However, its impedances tend to more inductive
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behaviour for the topography in series (Figure 3d), and more capacitive for the topography in parallel
(Figure 3e). The shunt circuits RL and RLC of Figures 3f, 3g, 3h and 3i, show similar impedance when
associated with alike topographies. The RL circuit, also known as resonant circuits, converts to an RLC
circuit coupled with a PZT. The difference between them is adjusting stiffness, with RL limited to CT

p and
RLC limited to its own capacitor C, which can compromise the appropriate value to adjust the desired
stiffness. Figure 4 shows the frequency response functions in the smart material’s free-free boundary
condition associated with shunt circuits’ different couplings.

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4: Frequency Response Function of smart material for shunt circuit configuration: a) Pure R; b) Pure L; c)
Pure C; d) LC series; e) LC parallel; f) RL series; g) RL parallel; h) RLC series; i) RLC parallel.

Figure 4a, the coupling of a resistive shunt circuit is able to dampen the resonance peaks of the intelligent
material. The damping location (1000 Hz) is defined according to the coupling coefficient ki j and the
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piezoelectric capacitance CT
p , while the resistance value determines the damping size. Figure 4b,shows

the receptance response of the smart beam changes similar to the addition of mass on the structure. The
resonance peak located at the frequency of 1000 Hz is divided into two with close amplitudes, also seen
in the cases of the LC circuit series topography (Figure 4d), RL (Figure 4f) and RLC (Figure 4h). Hence,
the resistor circuit component influence direct in the resonance peaks and the smart beam vibration
damping. The responses influenced by the circuit shunts connected to a capacitive element change the
stiffness of the structure. Figure 4c, the firsts resonance peaks of the smart beam, between 0 and 500 Hz,
are eliminated when a negative capacitance of the circuit operated on short and open circuits condition.
In the other circuits (Figure 4d,4e,4f,4g,4h and 4i) the positive capacitance of C = 1 K nF is used, leading
to attenuation happening in a milder way.

5 CONCLUSIONS

In this article, vibration attenuation was performed by the use of circuit shunts connected to a smart
beam consisting of an aluminium beam coupled to a PZT layer. The PZT transducer is connected to
different topographies of external shunts circuits, and the effect of each one in the vibration attenuation
demonstrated. SEM was used to model the system and estimate the smart beam receptance response. The
shunt circuits used resistor, inductor and capacitor in their electrical configuration. Once the shunt was
connected to the structure, the receptance FRF shows each importance’s influence in the response. The
smart beam connected to an inductive shunt induces similar attenuation when added mass in the system.
The resistive shunt input structural damping over the beam and the capacitive shunt added some rigidity
in the smart material. In all cases, the shunt circuit has a great influence on the smart beam response.
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