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ABSTRACT

It is necessary to construct constrained families of probability distribu-
tions when dealing with data that is unit-limited by definition, such as
rates, proportions, and probabilities. These models are widely used in
fields such as ecology, epidemiology, reliability, and economics. To make
sense of the complex real-world events, robust and adaptable statistical
methods are required across all these fields. Unit power Shanker distribu-
tion (UPSD) is a novel bounded probability distribution that we introduce
for this purpose. Key statistical properties, including the quantile func-
tion, reliability measures, moments, cuamulative distribution function, and
probability density function, are derived and studied in detail. Further-
more, the analytical links between the Tsallis entropy and other entropy
measures, such as extropy, Shannon, Rényi, and Arimoto, are clarified.
Maximum likelihood, Anderson-Darling, Cramér-von Mises, maximum
product of spacings, least squares, and variants thereof are among the
parameter estimation approaches that we examine. We assess the efficacy
of several goodness-of-fit estimation methodologies for bias and mean
squared error using a thorough Monte Carlo simulation study. The find-
ings demonstrate that, in every case, the maximum likelihood estima-
tion method outperforms the maximum product of spacings method. In
various technical and scientific settings, the UPSD offers a robust and
adaptable alternative for analyzing limited data.

OPEN ACCESS

Received: 07/04/2026
Accepted: 09/05/2026
Published: 21/07/2026

DOI
10.23967/j.rimni.2026.10.83635

Keywords:

Power Shanker distribution
bounded data modeling
simulation study

real data analysis

parameter estimation methods
Tsallis entropy

*Correspondence: I. A. Husseiny (ishusseiny@gmail.com). This is an article distributed under the terms of the Creative

Commons BY-NC-SA license


mailto:ishusseiny@gmail.com

O. A. Algasem, J. Das, I. A. Husseiny, L. M. Alamoudi, M. |. Habadi and A. M. Gemeay,
Modelling and simulation of bounded data using

S I p E D I A the unit power shanker distribution with practical applications,
Rev. int. métodos numér. calc. diseno ing. (2026). Vol.42, (5), 140

1 Introduction

Because they reveal the behavior of random variables (RVs), probability distributions play a crucial
role in statistical and data processing. They provide the mathematical groundwork for simulating real-
world phenomena, such as the durability of mechanical parts, the average wait time for a service,
the average income of a population, the average amount of precipitation, and many other societal
and environmental processes. With knowledge of distribution features, researchers and statisticians
may make informed decisions, forecast outcomes, and assess risk. In engineering, distributions are
used to evaluate the reliability of a system and the durability of a product. They help doctors predict
how long someone will live. They help financiers assess market risk. Researchers in environmental
science use them to calculate the probabilities of natural disasters such as floods and droughts. These
applications highlight why probability distributions are crucial for transforming raw data into insights
and solutions applicable across numerous scientific and industrial domains. Shanker distribution
(SD) presented by Shanker [I] as a two-component blend of an exponential distribution and a
gamma distribution. This mixture structure distribution has several advantageous characteristics,
including form, moments, and hazard rate functions, and is used to represent lifetime data. A convex
combination of the exponential distribution (with scale parameter 1) and the gamma distribution
(with shape parameter two and scale parameter 1) makes up its probability density function (PDF).
This mixed structure is thus reflected in the cumulative distribution function (CDF). Shanker [1]
demonstrates, using empirical data fitting, that the SD frequently provides a superior fit relative to
the exponential and Lindley distributions in particular datasets. The SD is employed to simulate
datasets exhibiting non-constant, rising, or bathtub-shaped hazard rates, as observed in numerous
real-data lifetime sets where simpler models prove inadequate. A discrete mixture model known as
the Poisson SD, which was studied in [2], wherein the SD functions as the mixing distribution for the
Poisson parameter. This facilitates modeling overdispersed count data, prevalent in ecology, genetics,
and thunderstorms. In the reliability domain, researchers have used truncated-Shanker and weighted-
Shanker variants to model lifetimes subject to censoring or weighting (see [3]). TSD is popular because
it outperforms the exponential and Lindley distributions. This success led to extensions like the power
SD (PSD). It has been utilized in various scientific and technical domains where lifetime or waiting-
time statistics are present. Following this, several authors extended and applied the model in various
studies (see [4-8], and [9]). The PSD, a two-parameter extension, was introduced by Shanker and
Shukla [10] to improve flexibility and accommodate more intricate lifetime data. Let X be a continuous
RV from PSD, then the CDF is given by

nx’
n”+1
where n and y are the scale and shape parameters, respectively. Also, the corresponding PDF is given
by

F(x;n,y)=1- (1 + )e"”‘y, x,7,n >0, (1)

2

n

n+1

Recently, statisticians have demonstrated increasing interest in the development and analysis of
unit distributions characterized by a single parameter, due to their simplicity, interpretability, and
extensive use in modeling bounded data, including proportions, rates, and probabilities. Within the
unit interval (0, 1), these distributions offer concise and flexible models that can capture different
skewness patterns. According to [11-13], and [14], a plethora of recent studies have shed light on this
class of models and their extensions. We propose a novel constrained model, the unit PSD (UPSD),

fsn,y) =yx™ (n+x") e 2)
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that is derived from this approach. A unit-interval transformation is used to obtain it from the PSD.
We investigate the main properties, entropy measures, and different parameter estimation methods
with full Monte Carlo simulations.

Motivations

The motivation for proposing the UPSD arises from both theoretical and practical considerations.
The main reasons are outlined as follows:

e It has been demonstrated that the conventional Shanker and PSDs, which are defined on the
positive real line (0, co), are superior at representing dependability and longevity data. The unit
interval (0, 1) is the only valid range for many real-world datasets, including rates, proportions,
probabilities, and normalized scores. As a result, a stripped-down version of the PSD is created.

e Traditional bounded models, such as the Beta, Topp-Leone, or Kumaraswamy distributions,
may fail to capture skewed or heavy-tailed behavior in some cases. As an alternative model, the
UPSD can display a variety of density and hazard rate function shapes due to its shape and
scale characteristics.

e By employing a monotonic transformation X = ¢~" on the power Shanker RV T, the resultant
model preserves the analytical tractability of the original distribution while conforming to the
unit interval. This method guarantees mathematical sophistication and clarity of interpretation.

e Reliability, PDF, and CDF are all defined explicitly in the UPSD. It applies to theoretical and
practical studies alike due to the analytical calculability of its moments, quantile function, and
entropy measures.

e Theinformation and uncertainty in the suggested model can be better understood by combining
Tsallis entropy with related measures like Shannon, Rényi, Arimoto, and extropy. This approach
establishes a connection to statistical physics and complex systems.

e Multiple estimation techniques, including maximum likelihood, Anderson-Darling, Cramér-
von Mises, maximum product of spacings, and least squares, are analyzed and compared to
provide comprehensive inferential methodologies.

e The practical value and durability of the suggested distribution are demonstrated through
extensive Monte Carlo simulation experiments that evaluate the finite-sample efficacy of
different estimators.

e For data that frequently displays skewness or unusual tail behavior, the UPSD can be used to
depict constrained phenomena in reliability engineering, hydrology, economics, biology, and the
social sciences.

The remainder of this paper is organized as follows. Section 2 introduces the formulation of the
new UPSD and derives its cumulative and probability density functions. Section 3 presents the main
statistical properties of the proposed model, including its moments, variance, skewness, kurtosis, and
quantile function. In Section 4, several reliability measures, including the survival function, hazard
rate, and cumulative hazard function are derived and analyzed. Section 5 is devoted to the study of
information-theoretic measures, where the Tsallis entropy and related entropies, such as Shannon,
Rényi, Arimoto, and extropy, are obtained and discussed. Section 6 develops a comprehensive set
of parameter estimation methods encompassing classical and modern approaches such as maxi-
mum Likelihood, Anderson—Darling, Cramér—von Mises, maximum product of spacings, and least
squares estimators. Section 7 presents an extensive Monte Carlo simulation study that evaluates the
performance of these estimators in terms of bias, mean squared error, and goodness-of-fit statistics.
Finally, Section & concludes the paper with remarks on the model’s flexibility, theoretical importance,
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and potential applications of the proposed UPSD model in various fields. Concluding remarks are
provided in Section 9.

2 Formulation of the New Model

In many applications, the observed data are constrained to the unit interval (0, 1), including
proportions, rates, normalized scores, and probabilities. A prevalent method for obtaining flexible
unit-interval models involves transforming a well-known positive support lifetime distribution via a
monotonic mapping, such as x = e™. Inspired by the versatility of the PSD on the interval (0, co),
which integrates exponential and gamma-like elements and accommodates a diverse array of shapes,
we introduce the UPSD by employing the transformation X = e ", where 7 is a RV that follows
the PSD. This transformation converts long-tailed or skewed lifespan distributions into bounded
unit-interval behavior while maintaining the shape-controlling parameters of the original model. The
resulting two-parameter family is appropriate for modeling bounded data that may display skewness
and non-standard tail behavior. Subsequently, we calculate the CDF and the PDF of the UPSD.

Theorem 1: Let X be a continuous RV from USPD(n,y). Then the CDF of X is defined as

—1(—logx)¥ 1 —1 y
F(x;n,)/)=e ( +1n_:nnj_( og ) )),n,y>0,0<x<l. (3)

Proof: We have
Fy(x)=P(X <x)=Pe"<x)=P(T=>—-logx)=1—-P(T < —logx) =1— Fy(—logx).

Using the CDF of the PSD (1) gives

—n(_ IOg x)y e*'i(*logx)i/ — (1 + 772 + T’(_ 108 X)V)e_”(_"’gx)y
14+ 1’]2 1+ 172
_ [+ + (= logx)")] e ="
= T .

This completes the proof. [

FX(x)=1—[1—(1+

Theorem 2: The corresponding PDF of the UPSD is obtained as
e " yn? (n + (= logx)”) (—log x)™'*7

xXn,y)= 4
Ssm,v) T (4)
Proof: Using the transformation X = ¢~ (so t = —log x and |dt/dx| = 1/x), the PDF of X is
dt vy n* (n + (—log x)”) (— log x)7 ! g1~ lee0?”
Sx(x) = fr(—logx) |—| = ( ) , 0<x<l (5)
X I+n)x

This completes the proof. [

Proposition 1 (Monotonicity and PDF positivity): The PDF f(x;n,y) of UPSD, which is represented
in (4), is strictly positive for every x € (0, 1). Consequently, Fy is strictly increasing on (0, 1).
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Proof: For x € (0, 1), it follows that —logx > 0, where > 0 and y > 0. All components in the
numerator of fy(x) are positive, and the denominator (1 + n?)x is likewise positive; hence, fy(x) > 0
for all x € (0, 1). The positivity of the PDF signifies that F (x) = fy(x) > 0, thereby confirming that
FY is strictly increasing on the interval (0, 1). [

Proposition 2 (Boundary behaviour of the PDF): The one-sided limits of the PDF at the boundaries
depend on y as follows:

lim £ (x) =0,
x—01

0, ify > 1,
3

lim fy(x) = § 2"

s 1— 1 + n2 »
~+o00, if0<y<1.
Hence the PDF vanishes at the left endpoint 0, while at the right endpoint 1 the PDF is finite only
wheny > 1.

Proof: Write t = —logx > 0. Then x — 0 corresponds to t — o0. Using the form
ynw(n+e)ete”
Sr(x) = N .
(I+n)e

Ify > 1then ' — 0sofy(17) = 0. If y = 1 the factor becomes constant and lim,_,,- fy(x) =
yn'/(1+n?).1If0 <y < 1 then ' — 400, s0 fy(x) — +o0o as x — 1-. This proves the claim. [J

Fig. 1 depicts the graphical characteristics of the PDF and CDF of the proposed UPSD for
different combinations of the shape parameter y and scale parameter n. Fig. | illustrates the PDF
curves of the UPSD for various parameter values. The distribution displays a diverse array of shapes,
including right-, left-, and almost symmetric forms, depending on the parameter combinations. As y
increases, the apex of the PDF shifts to the right, resulting in a distribution that gets more concentrated
around elevated values of x. More scattered and right-skewed distributions are the result of lower y
values. Distribution steepness and tail characteristics are controlled by the scale parameter 1. The
UPSD’s flexibility demonstrates its ability to suitably characterize constrained data with varying
degrees of skewness and kurtosis. As can be seen, the matching CDF curves for similar parameter
configurations in Fig. 1. The concept is backed by the fact that all curves on (0, 1) are consistently
monotone. Near the origin, lower y values cause a gradual growth, whereas near the upper end of
the unit interval, higher values hasten the accumulation of probability mass. For datasets with varying
growth patterns and rates of cumulative probability concentration, this demonstrates that the UPSD
can replicate them.

3 Statistical Properties
3.1 Moment
Let X be a RV following the UPSD. Then, The r-th moment of X about the origin is defined by

E[X"] = / X'fy(x) dx.
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— n=1,y=15

n=15y=2.
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X X

Figure 1: The PDF and CDF curves of the UPSD

Applying the transformation x = e¢™', we obtain

E[X'] = / xfw dx = / e fo(t) (—dt) = / e Fr(0) dt. (6)

oo

From (2) and (6), we have

E[Xr] _ Vnz ~ lV—lefrnV—rz dt + OC Z2V—le—an—n dt
1+ n’ 1 0 0 ‘

Taking u = ¢". Then

[o¢] 1 o0
/ tky—le—r;ry—rz dt = _/ uk—le—nu—rul/y du, k = 1’ 2.
0 Y Jo

.y

Expanding e via its Maclaurin series (which converges absolutely for all # > 0), we obtain

n
3 1 ( )n 14+ 1 ( )” (k )
ky—=1 ,—nt¥ —rt — E k u = — E I =+
/0 t]y le dl —_ I! /0 y 1+yerz du_y ' n Y k .

Y n=0 n=0 4
The series converges absolutely for every u# > 0, and the partial sums are bounded by an integrable
e ‘ < ¢ and for any fixed r, there exists N such that the tail
of the series is dominated by a convergent geometric series. Then

dominating function. Specifically,

2 o0

EX']=p, = linz > (_n? 0 [F(l +§) +nzr(2+§)}. (7)

n=0

Expression (7) denotes the r-th raw moment of the UPSD as a convergent infinite series, which
can be numerically evaluated for any fixed values of (5, y, r). For the first moment (» = 1), the mean
of the UPSD is given by

2 o D" ; )
E[X]=u = 117722(;1!) ny{r(1+§)+nr(z+;)}.

n=0
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SCIPEDIA

The variance and coefficient of variation (CV) are defined as
o
CV =—.
"
The Pearson coefficient of skewness, represented by «,, is articulated in relation to the initial three
moments as

_ EIXY = )] s = 3 + 204

1=

Var(X) = 0? = u, — uj,

Var(X)"” (2 = D)
The excess kurtosis (Fisher’s definition), denoted by «,, is
_ E[(X — )*] 3 Mo — 4 ps + 6#%#2 - 3#? _3 (8)
T Var(X)y (1, — u})? '

In Table 1, the UPSD’s initial four moments, variance, skewness, kurtosis, and coefficient of
variation are shown for different parameter combinations of n and y. These findings provide a
complete picture of how distribution parameters affect form and dispersion. Both mean and variance
are affected by n and y. As y rises and 7 stays constant, the mean shifts upward, indicating a bigger
probability mass concentration at the top of the unit interval. Conversely, increasing y decreases
variance, indicating less dispersion and higher density. Changing » affects the distribution’s magnitude
and spread, enabling better modeling of bounded datasets. Skewness results show that the UPSD
can handle positively and negatively skewed distributions depending on parameter settings. Lower
y values result in strong right-skewness, while higher values result in more symmetric or slightly left-
skewed distributions. Kurtosis results indicate that the distribution may be leptokurtic (heavy-tailed) or
platykurtic (light-tailed), proving its adaptability. The coefficient of variation decreases as y increases,
showing greater concentration around the mean.

Table 1: Numerical values of moments, variance, skewness (k,),
variation (CV) for the UPSD with different parameter values

kurtosis (k,), and coefficient of

Yy n 73 Us Us o’ Ky K Cv
0.5 0.5 0.134135 0.0889184 0.0698279 0.0588569 0.0709262 2.05799 5.96744 1.98546
0.5 0.8 0.287917 0.207102 0.1695 0.146709 0.124206 0.876084 2.197 1.22406
0.5 1. 0.38641 0.289318 0.24162 0.211841 0.140005 0.412797 1.56593 0.968331
0.5 1.2 0473266 0.366116 0.310881 0.27548 0.142135 0.0573945 1.40964 0.79661
0.5 1.5 0.579424 0.466146 0.403955 0.36269 0.130413 —0.366699 1.60498 0.623252
0.5 2. 0.703149 0.593408 0.527713 0.481949 0.0989894 —0.923086 2.52132 0.447453
0.5 2.5 0.7823 0.682999 0.619268 0.573039 0.0710051 —1.3814 3.8802 0.340621
0.5 3. 0.834747 0.747263 0.687816 0.64319 0.0504611 —1.78241 5.55716 0.269106
0.8 0.5 0.144313 0.0762645 0.0520587 0.0397318 0.0554381 1.91923 5.82724 1.63154
0.8 0.8 0.288912 0.174737 0.127302 0.101096 0.091267 0.873422 247183 1.04566
0.8 1. 0.376917 0.242824 0.182429 0.147605 0.100758 0.467425 1.87134 0.842157
0.8 1.2 0.452734 0.306483 0.236006 0.193865 0.101516 0.164825 1.68395 0.703758
0.8 1.5 0.544107 0.389945 0.309229 0.258707 0.0938921 —0.177883 1.7487 0.563158
0.8 2. 0.650647 0.498206 0.409627 0.350755 0.0748648 —0.583426 2.22673 0.420527
0.8 2.5 0.720578 0.577193 0.487257 0.424646 0.0579604 —0.873281 2.85659 0.334106
(Continued)

https://www.scipedia.com/public/Algasem_et_al_2026


https://www.scipedia.com/public/Alqasem_et_al_2026

O. A. Algasem, J. Das, I. A. Husseiny, L. M. Alamoudi, M. |. Habadi and A. M. Gemeay,
Modelling and simulation of bounded data using

S I p E D I A the unit power shanker distribution with practical applications,
Rev. int. métodos numér. calc. diseno ing. (2026). Vol.42, (5), 140
Table 1 (continued)
Yy on W Mo M3 Ha o’ K K cv
0.8 3. 0.768959 0.636403 0.548249 0.484552 0.0451055 —1.09468 3.51434 0.276192
1. 0.5 0.155556 0.072 0.044898 0.0320988 0.0478025 1.80129 5.6274 1.40553
1. 0.8 0.293887 0.161274 0.109182 0.0819783 0.0749045 0.866247 2.64243 0.931264
1. 1. 0.375 0.222222  0.15625 0.12 0.0815972 0.502769 2.07249 0.761739
1. 1.2 0.443842 0.278945 0.202074 0.158017 0.0819487 0.235398 1.86796 0.644974
1. 1.5 0.526154 0.353218 0.264957 0.211697 0.0763803 —0.0599489 1.86009 0.525264
1. 2. 0.622222 0.45 0.352 0.288889 0.0628395 —0.393606 2.1408 0.402876
1. 2.5 0.686137 0.521499 0.420348 0.351969 0.0507152 —0.618731 2.51607 0.328215
1. 3. 0.73125 0.576 0.475 0.404082 0.0412734 —0.782631 2.89061 0.277824
1.2 0.5 0.168678 0.0698251 0.0399338 0.0267657 0.0413728 1.68721 5.44099 1.20586
1.2 0.8 0.3 0.151849 0.0959665 0.0682279 0.0618491 0.864831 2.81456 0.828984
1.2 1. 0.374475 0.206931 0.136782 0.0998713 0.0666991 0.54203 2.27045 0.689663
1.2 1.2 0436945 0.25786 0.176471 0.13158 0.0669397 0.306159 2.04886 0.592128
1.2 1.5 0.511242 0.324335 0.230982 0.17652 0.0629663 0.0497598 1.98095 0.490826
1.2 2. 0.598155 0.411079 0.306795 0.241633 0.0532894 —0.231201 2.12237 0.385928
1.2 2.5 0.656643 0.475669 0.366887 0.295445 0.044489 —0.413986 2.34243 0.321216
1.2 3. 0.698564 0.525469 0.415492 0.340451 0.0374773 —0.543366 2.56266 0.277127
1.5 0.5 0.189183 0.0691443 0.0351206 0.0214232 0.033354 1.54637 5.25995 0.965364
1.5 0.8 0.309076 0.142606 0.0821372 0.0540029 0.0470776 0.877166 3.07567 0.702007
1.5 1. 0.374525 0.190595 0.115928 0.0787663 0.0503266 0.606523 2.55724 0.598988
1.5 1.2 0.428788 0.234487 0.148619 0.103567 0.0506283 0.408715 2.31206 0.524752
1.5 1.5 0.493068 0.291428 0.193419 0.138766 0.0483114 0.19619 2.17645 0.445777
1.5 2. 0.568607 0.365682 0.255843 0.190029 0.0423678 —0.0306351 2.18179 0.361998
1.5 2.5 0.620145 0.421358 0.305694 0.232796 0.0367779 —0.173581 2.26745 0.309244
1.5 3. 0.65771 0.464763 0.346438 0.268965 0.0321812 —0.272448 2.36498 0.272751
2. 0.5 0.219777 0.0717846 0.0311455 0.0164457 0.0234828 1.40252 5.20487 0.697257
2. 0.8 0.321314 0.134501 0.0684071 0.0399964 0.0312583 0.923301 3.49621 0.550241
2. 1. 0.374743 0.173724 0.0943917 0.0575992 0.0332913 0.714247 2.99867 0.486891
2. 1.2 0.418637 0.209003 0.119218 0.075108 0.0337462 0.559149 2.72473 0.438808
2. 1.5 0.470564 0.254316 0.152965 0.0998593 0.0328851 0.393028 2.52029 0.385372
2. 2. 0532045 0.313185 0.199816 0.135892 0.0301128 0.219212 2.40456 0.326157
2. 2.5 0.574664 0.357542 0.237354 0.166101 0.0273031 0.112558 2.38304 0.287536
2. 3. 0.606286 0.392466 0.268276 0.191857 0.0248826 0.0401204  2.38942 0.260178
2.5 0.5 0.243556 0.0762713 0.0297824 0.0139508 0.0169519 1.33592 5.31009 0.534578
2.5 0.8 0.329955 0.130803 0.0608118 0.0322397 0.0219324 0.978848 3.87505 0.448837
2.5 1. 0374614 0.163737 0.0817668 0.045593 0.0234015 0.808803 3.38884 0.408355
2.5 1.2 0411178 0.192972 0.101517 0.0587371 0.0239043 0.6801 3.09844 0.376017
2.5 1.5 0454468 0.230209 0.128107 0.077176  0.0236674 0.541772 2.8582 0.33851
2.5 2. 0.506023 0.278369 0.164768 0.103865 0.0223095 0.39859 2.6826  0.295172
2.5 2.5 0542128 0.314696 0.194086 0.126204 0.0207928 0.312052 2.61206 0.265984
2.5 3. 0.569207 0.343425 0.218286 0.145282 0.0194291 0.253937 2.57829 0.244881
(Continued)
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Table 1 (continued)

2

N > s M o Ky K> Cv

0.5 0.261548 0.081038 0.0296595 0.0126786 0.0126309 1.30819 5.4655 0.429701
0.8 0.336097 0.129081 0.0563296 0.0276153 0.0161199 1.03106 4.20474 0.37776

1. 0374275 0.157337 0.073813 0.0382442 0.0172545 0.886804 3.72794 0.350961
1.2 0.405494 0.182163 0.0900836 0.0485859 0.017738 0.77553 3.42939 0.328449
1.5 0.442498 0.213573 0.111783  0.0629632 0.0177686 0.655538 3.169  0.301242
2. 0486756 0.25402  0.14147  0.0836091 0.0170884 0.532187 2.96307 0.268559
2.5 0.517963 0.284509 0.165119 0.10081  0.0162233 0.45861 2.86768 0.245907
3. 0.541531 0.308667 0.184628 0.115482 0.0154113 0.40958 2.81403 0.229243

LW W W W W W MWW |

3.2 Quantile Function
Lett = —logx > 0 and s = ¢ in the CDF (3). For u € (0, 1), the quantile function Q(u) = F;"'(u)
is obtained by solving
(1 +n'+ r]s) e
1+n -
By putting y = ns yields

I+ +p)e’ =10+ u

Let

=+ +1p) = ze=+n)ue™,
Hence

z = —W( —(+7n) ue‘“*”z)),

where W denotes the Lambert W function. Since z = y + (1 + n?) > 1 + n* > 1, the appropriate
branch is W_, (the lower real branch), and therefore

p= =W (= (A ue ™),
Therefore, the quantile function is

W (= A+ ue ) — 1+ )\
Q(u):exp{—( (—( n)z:’e ) —( n)) }

For u — 0%, W_,(¢) — —o0, so the inner bracket — oo, giving Q(u) — 0. Foru — 17, ¢ —
—(1 + n®)e" " and one can check that O(u) — 1. Monotonicity follows from the strict increase of
W_, on (—1/e,0). Hence, O(u) is a proper quantile function.

0<u<l.

4 Reliability Measure

Reliability analysis is an essential application of lifespan and bounded—support models. For the
UPSD, numerous reliability measures may be calculated in closed form from its probability and
cumulative distribution functions. Let X ~ UPSD(7, y). Then the survival (reliability) function
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Fe(x) =1 — Fy(x) is

: 14+ n(n + (=logx)")) e '’ -
F(xin,y) = 1—( 57 ) = 1+772[(1+172)—(1+n(77+(— log x)"))e™ ‘°g">y].
€))
The hazard rate (or failure rate) of X is defined as
fr(x) )”72 (1 + (=logx)”) (—log x)r! o~ logx)Y
h(x;m,y) ——— = - — . (10)
Fy(x)  x[(A4+n>) — A+ 0+ (—logx)r))en-loen’]
The cumulative hazard function is defined by
7 (I+ 1) — (1 +n(n + (—logx)r))e =’
Hy(x) = — log (Fy (x)) = —log[ 7 il ’Z+ e g . (11)

Asx — 07, —logx — oo and e — 0, so Fy(x) — 1 and hy(x) — 0, indicating high
reliability near the lower bound. As x — 17, —logx — 0" and the survival function tends to 0,
implying 4 (x) — oo, corresponding to rapid failure near the upper limit of support.

Fig. 2 depicts the reliability function of the UPSD. As anticipated, all curves exhibit a mono-
tonically decreasing trend from around 1 to 0 as x increases, validating that the model satisfies the
essential reliability feature. The rate of decrease fluctuates based on the parameters n and y . Increased
values of n and y result in a more rapid decline, signifying a greater likelihood of failure in the upper
range of x, while diminished parameter values are associated with slower decay, hence indicating more
dependable systems or processes. The UPSD may replicate components or materials with different
aging or degradation characteristics within prescribed lifespans due to its adaptability. Fig. 2 shows the
same hazard rate function h(x) for identical parameter values. Hazard rate curves can take on several
shapes, such as increasing, decreasing, or bathtub-like, depending on the interplay between n and y.
For small y, the hazard function starts low and rises, implying early reliability followed by rapid failure.
High y values result in a significant increase in hazard rate toward the upper limit, indicating a rapid
decrease as the interval ends. The UPSD can represent a range of real-world reliability phenomena,
including early-life stability and wear-out systems, as it captures distinct hazard-rate behaviors.

1.0

©
&

@
3

0.8[!

— n=12,y=12 n=25y=3

N
&

n=1,y=15 — n=3,y=35

Reliability Function F(x)

o
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— n=15y=2

N
S

— n=2,y=25

o

Hazard Function h(x)
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Figure 2: The reliability curves of the UPSD
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5 Tsallis Entropy and Related Entropies

Entropy is fundamental in information theory, physics, and statistical modeling, serving as a
metric for the uncertainty or information content of a random variable. The classical measure,
introduced by Shannon [15], is extensively utilized owing to its simplicity and robust theoretical under-
pinnings. Nonetheless, for intricate or non-extensive systems, Shannon entropy may be insufficient to
characterize the fundamental uncertainty framework. To address this constraint, Tsallis [1 6] proposed
a generalized entropy that includes a non-additivity parameter, thus offering a more adaptable frame-
work for delineating uncertainty in nonlinear and coupled systems. Subsequently, various alternative
entropy measures have been introduced, such as Rényi entropy (cf. [17]), Arimoto entropy (cf. [18]),
and extropy (cf. [19]), each providing unique insights into information diversity and the quantification
of uncertainty. These entropy metrics have extensive applications in physics, engineering, biology, and
statistical inference. Examining the entropic properties of probability distributions yields profound
insights into the model’s informational content and structural intricacy. Consequently, in this section,
we formulate the equations for the Tsallis entropy and the associated entropies for the proposed UPSD
to enhance our understanding of its information-theoretic characteristics.

Tsallis Entropy
The Tsallis entropy of order g € R\ {1} for a continuous RV with density f(x) is defined as

- fyerae |,
S{,(f): 1 = q—lq'

According to the PDF (4) of UPSD. Using the transformation x = e™' (t = —log x, dx = —e™'dlt).
Then

2

o] q o]
Iq - / fT(f)qe"“—q) dt)/"( n )/ tf/(y—U(n + ty)qe—fmtye—f(l—t/) dr.
0 1+n) /)

Expanding (n+1#")? via the generalized binomial series and e~'~? by its Maclaurin expansion, then
integrating term-by-term using the Gamma function, yields a convergent double series representation:

00 00 _ =l n
/ =yql( R )qZ(q)nlIkz(_l)n(l_q)nr(q-"_k 1y _'_y)
! 1+n = k = n! (qn)q+k—%+$
Finally, the Tsallis entropy of the UPSD is given by

—1 n
(= —q) F(‘I+k— ot ;)
n (qn) ™7+

Y S N A p—
1 —y? l( 2) Zk:O(Z)nq 2

147

S{,(f) = q— 1

For integer ¢, the outer sum truncates, simplifying computation. As ¢ — 1, S, converges to the
Shannon entropy

S, = _/ Sx(x) log fy(x) dx.
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Remark 1: ( Relations between Tsallis Entropy and Other Information Measures) As a generalization
of the traditional entropy measures, the Tsallis entropy is crucial. The majority of well-known entropies
can be acquired as limiting or altered situations from its unified framework. The non-extensive parameter
g, which regulates the degree of non-additivity and sensitivity to the probability of extreme events, is what
determines this measure.

1. When q — 1, the Tsallis entropy reduces to the classical Shannon entropy,

lim S,(X) = — / £(x) Inf(x)dx = HX).

Hence, the Shannon entropy represents the extensive (additive) limit of Tsallis entropy.
2. The Rényi entropy of order q is defined as
1
R,(X) = T ln(/ [fFor dx) .
—4q
Comparing with Tsallis entropy, we have the functional relationship

R,(X) = 1= p In[1-(g—-DS,X],
and conversely,
=R _ ]
S (X) =
00 ="

Therefore, Renyi and Tsallis entropies are monotonic transformations of each other and contain
equivalent information.

3. The Arimoto entropy of order q is given by

| i
4,00 = [( [woor dx) - 1} |

It can be expressed in terms of Tsallis entropy as

1—¢
[1—(g—-DS,X)] T —1
l1—¢q )
Both Arimoto and Tsallis entropies share the same non-extensive parameter q and converge to
Shannon entropy as ¢ — 1.

A,(X) =

4. Extropy is considered a complementary dual of entropy, defined as
J(X) = —% / [ (0O dx.

1t is directly related to Tsallis entropy evaluated at ¢ = 2, namely
S,(X)=1-— / Fode = JX)= %(SZ(X) —1).

Hence, the extropy corresponds to a specific (quadratic) case of the Tsallis entropy family, empha-
sizing the concentration rather than the spread of probability mass.
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6 Estimation Methods
6.1 Method of Maximum Likelihood

The MLE approach [20] usually provides a reliable framework for estimating the parameters for a
given distribution based on observed data. Let x,, x,, . . ., X, be a random sample from the UPSD with
parameters n > 0 and y > 0. The corresponding PDF of the UPSD is given by Eq. (4). The likelihood
function, L(n, y), for the observed sample is expressed as

n

e i (4 (—logx)") (—logx)
L(n,y) = . 12
,7) H ) (12)
Taking the natural logarithm of Eq. (12), we obtain the log-likelihood function

e(n,y) =nlogy + 2nlogn —nlog(l +n*) —n Z(— log x;)" — Zlogx,

i=1 i=1

+ D log(n + (=logx)") + (¥ — 1) D_ log(— log x,). (13)

i=1 i=1

The MLEs 7 and y are obtained by solving the nonlinear equations

e =0 and ot =0.
on dy

These equations do not yield closed-form solutions and must therefore be solved numerically
using iterative optimization techniques such as the NewtonRaphson, BFGS, or NelderMead methods.
The approximate standard errors of MLE can be obtained from the inverse of the observed Fisher
information matrix, given by

-1
0%(n,y) }
n=n,y=y

a(n,y)?
6.2 Method of Anderson Darling
The method of Anderson Darling (AD) [21] provides an alternative approach for estimating the
unknown parameters for a distribution. This method is based on minimizing the Anderson Darling
statistic, which measures the discrepancy between the empirical and theoretical CDFs. The AD statistic
gives greater weight to the tails of the distribution, thereby improving the estimation performance when
tail behavior is of particular interest.

I(ﬁ’ );)71 = - |:

For a random sample x,, x,, ..., x, arranged in ascending order as x,,, < X,, < -+ < X,,, the
AndersonDarling statistic is defined as

A(xi:n) =—-—n-— l Z(zl - 1) [log F(xi:n) + log S(xn—Hl:n)] 5
n

i=1
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where F(x) denotes the CDF of the UPSD distribution given by Eq. (3), and S(x) = 1 — F(x) is
the corresponding survival function. The estimates of the unknown parameters (5, y) are obtained by
minimizing A(x,,) with respect to these parameters, that is,

(ﬁa );) = arg min A(xi:n)-
n,y>0

Since a closed-form solution is generally intractable, numerical optimization techniques are
employed to obtain the parameter estimates.

6.3 Method of Cramer von Mises

The method of Cramaér von Mises (CvM) [22] is a powerful technique for parameter estimation
that is based on minimizing the integrated squared distance between the empirical and theoretical
CDFs. For a random sample xy, x,, . . ., x, from the UPSD with CDF F(x) given in Eq. (3), the CvM
statistic is given as

1 . 2i—17
C(na )/) = m + Z |:F(xi:n; n, V) - M :| ) (14)
i=1

where x;, denotes the ith order statistic of the sample. The parameters n and y of the UPSD
distribution are then estimated by minimizing the statistic C(n, y) with respect to these parameters.

6.4 Method of Maximum Product of Spacings

The method of maximum product of spacings (MPS), introduced by [23], is another alternative
method for estimating model parameters. This method is based on the concept of maximizing the
geometric mean of the spacings between consecutive cumulative probabilities derived from the fitted
model and the ordered sample observations.

Let X1, X2, « - - » Xun D€ the ordered sample drawn from the UPSD with the CDF F(x) given in
Eq. (3). The spacings between successive cumulative probabilities are defined as

Ii(xi:n) = F(xi:n) - F(xiflzn)s l = 1721 e 3” + 13 (15)

where F(x,,) = 0 and F(x,,,,,) = 1. The MPS estimation method seeks to maximize the function

n+1

1
5, y) =g 2 log (), (16)
i=1

with respect to the unknown parameters  and y .

Equivalently, the MPS estimators (7, y) are obtained by solving
@,7) = argmax 4(1, y), (17)

where §(n,y) represents the average log-spacing between consecutive transformed order statistics
through the fitted CDF. Under regularity conditions, the MPS estimators are consistent, asymptoti-
cally normal, and efficient, sharing the same asymptotic properties as the MLE. Moreover, the MPS
method exhibits better small-sample performance and robustness, especially in situations where the
likelihood surface is irregular or flat near the optimum.
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6.5 Methods of Least Squares

The method of least squares (LS) [24] is one of the most widely used techniques for parameter
estimation, particularly when the CDF of the proposed model is available in closed form. This method
is based on minimizing the squared differences between the empirical distribution function (EDF) and
the theoretical CDF of the model. For a random sample x,, x,, ..., X, arranged in ascending order, let
x;, denote the ith order statistic. The empirical estimate of the CDF at x;, is approximated by
which provides an unbiased estimator of F(x,,).

For the proposed UPSD with CDF defined in Eq. (3), the LS estimators of the parameters n and
y can be obtained by minimizing the following objective function:

i
n+12

V)= [F(x,-;,» - ﬁ] : (18)

i=1

where F(x;,) is given in (3).

6.6 Methods of Right Tail Anderson Darling

The right-tail Anderson Darling (RTAD) estimation method [21] is a modification of the classical
AD approach, designed to assign greater weight to discrepancies in the right tail of the distribution.
This feature makes it particularly suitable for modeling datasets where large values (upper-tail
observations) play a crucial role.

Let x.,, < X5, < +-+ < X, denote the ordered sample observations from the UPSD with CDF
F(x) given in (3) and survival function S(x) = 1 — F(x). The RTAD estimation method minimizes the
statistic

R(,) =5 =2 Flx,) - % > @i~ 1) log S(x,,) (19)

6.7 Methods of Weighted Least Squares

The method of weighted least squares (WLS) introduced by [24] is a simple and efficient estimation
approach that minimizes the weighted squared differences between the theoretical CDF values and
their corresponding empirical counterparts. For the UPSD with CDF defined in Eq. (3), the WLS
estimator is obtained by minimizing the following objective function:

n

(n+1)>2(n+2) i 7
W b - - . . 4~ F xln; b - T 1 b 20
(1,7) ; e il DG 0 R (20)
where F(x.,;n,y) represents the theoretical CDF of the UPSD evaluated at the ith ordered sample
observation Xx;,, and the weights % are chosen to account for the unequal variances of the
empirical distribution function at different order statistics.

6.8 Methods of Left Tail Anderson Darling

The method of left-tail Anderson Darling (LTAD) estimator [25] is a modified version of the
classical AD technique that gives greater emphasis to the lower (left) tail of the distribution. This
adjustment is particularly suitable for datasets where the probability mass or variation is concentrated
near smaller values of the RV, as it allows better estimation performance in the left tail region.
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Let x,, < x5, < -+ < X,, denote the ordered observations from the UPSD with CDF F(x)
defined in Eq. (3). The LTAD method determines the parameter estimates by minimizing the following
objective function:

3 n 1 n )
L(1y) = =50 +2 3 Flx) = = > (21 = Dlog F(x,,),
i=1 i=1

where F(x;,) is the theoretical CDF of the UPSD evaluated at the ith order statistic. The LTAD
estimates (7, ) are obtained by solving

(7, y) =arg min L(n,y).
1n>0,y>0

Since the objective function is nonlinear and does not admit a closed-form solution, numerical
optimization techniques such as the NewtonRaphson, BEFGS, or NelderMead algorithms can be used
to obtain the estimates.

6.9 Minimum Spacing Absolute Distance

The method of minimum spacing absolute distance (MSAD) [26] is an alternative estima-
tion procedure based on the concept of spacing between consecutive cumulative probabilities. Let
Xy, Xy, - - - » Xy denote the ordered sample observations from the UPSD distribution, whose CDF
is given by Eq. (3). Define the spacings as

I, = F(xq) — F(x4.1), i=12,...,n+1,

where F(x,) = 0 and F(x,,;,) = 1. The spacings I, represent the successive differences between
theoretical probabilities under the proposed model.

The MSAD estimator minimizes the total absolute deviation of the spacings from their expected
uniform value 1/(n + 1), and is defined through the following objective function:
2l

n+1

tmy) =Y

i=1

The estimates of the parameters  and y are obtained by minimizing ¢ (5, y) with respect to these
parameters, i.e.,

I 21)

_n—i—l

(Mrisaps Vusap) = arg ng)liyllo ¢, y).

6.10 Minimum Spacing Absolute Log Distance

The method of minimum spacing absolute log distance (MSALD) which was introduced by
[26] is another spacing based estimation procedure used to estimate unknown parameter of a given
distribution. It is based on the absolute logarithmic differences between consecutive cumulative
probabilities evaluated at the ordered sample observations. Let x;, < x, < ... < X, denote the ordered
random sample from the newly proposed UPSD distribution with CDF defined in Eq. (3). Define the
spacing quantities as

IizF(xi:n)_F(xi—lzn)a i:1,25"'5n+15
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where F(x,,) = 0 and F(x,,.,) = 1. The corresponding MSALD objective function is given by

n+l1

1
T N = 1 Il_l
1, 7) g ogl,—log-—

The MSALD estimates (7, ) of the parameters are obtained by minimizing the above objective
function with respect to n and y. That is,

' . (22)

@, ];)MSALD = arg 513133 {(rYr(m,y)}.

6.11 Anderson Darling Left Tail Second Order

The Anderson Darling left-tail second-Order (ADLTS) estimation method of [27] provides an
alternative to the other estimation method, especially for modeling datasets where the lower tail
behavior plays a crucial role. Unlike the conventional AD statistic, which assigns more weight to the
tails in general, the ADLTS criterion focuses particularly on the lower tail by introducing a second-

order adjustment term. For a random sample x,, x,, ..., x, drawn from the new UPSD distribution
with F(x) given in Eq. (3), the ADLTS statistic is defined as
. l— 2i—1)
LTS =2 ) logF(x;,) + — -, 23
Z og (x.)+n§ Fo) (23)

where F(x;,) is the theoretical CDF value of the ith ordered observation. The estimation procedure
involves determining the parameter vector # = (#, ) that minimizes the above LTS statistic. That is,

éADLTS = arg ?}E% LTS(n,y), (24)

where the minimization is typically carried out numerically using iterative algorithms such as the
Nelder-Mead or BFGS optimization methods.

6.12 Kolmogorov Method

The Kolmogorov method (KM), which was studied by [27], is a widely used goodness-of-fit
technique used to find the suitability of a proposed distribution in modeling a given data set. Here, the
test statistic measures the maximum absolute deviation between the EDF and the theoretical CDF of
the fitted distribution. Mathematically, it is defined as

1<i<n n

KM = max [i — F(x,,), F(x;,) — i ; 1} : (25)

where F'(x,,) denotes the theoretical CDF of the UPSD in our study, given by Eq. (3), and x,, represents
the ordered sample observations. The KM value thus quantifies the largest discrepancy between the
observed and expected cumulative proportions. A smaller value of the Kolmogorov statistic indicates
a better fit of the proposed model to the empirical data, signifying that the proposed distribution
adequately represents the underlying data behavior. Therefore, the Kolmogorov method serves as an
effective non-parametric criterion for validating the goodness-of-fit of the new Distribution.
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6.13 Minimum Spacing Square Distance

The minimum spacing square distance (MSSD) method, which was studied by [26] is an important
measure for assessing the goodness-of-fit and uniformity of transformed data points obtained from
a proposed probability distribution. For a random sample x,, x,,...,x, drawn from the UPSD
distribution in our study, with CDF given in Eq. (3), the corresponding probability integral transform
values I, = F(x), where x;, denotes the i order statistic, are expected to be approximately uniformly
distributed over (0, 1). The MSSD statistic is then defined as

n+1 1 2
b =2 (1-17) (6)

i=1
A smaller value of ¢>(xim) indicates that the observed spacings between successive I; are close to
those expected under the uniform distribution, implying that the UPSD model provides an adequate
fit to the data. Conversely, larger values of () Suggest greater deviation from uniformity and a
poorer fit. Hence, the minimum spacing square distance serves as an important tool to evaluate the
suitability of a new model for modeling bounded data in (0, 1).

6.14 Minimum Spacing Square Log Distance

The minimum spacing square-log distance (MSSLD) estimation method [26] is based on minimiz-
ing the squared logarithmic deviation between the observed and theoretical cumulative probabilities.
For the UPSD, let x;, < x < -+ < X, denote the ordered sample from the distribution having CDF
F(x) defined in (3). The minimum spacing square-log distance (MSSLD) statistic is then expressed as

n+1 1 2
LTEDD (logl,- ~log — 1) . 27)

i=1
The MSSLD estimates of the parameters n and y of the UPSD are obtained by minimizing the
objective function W) with respect to these parameters. That is,

(1, y) = argmin W, ).

6.15 Minimum Spacing Linex Distance

The minimum spacing Linex distance (MSLD) [26] is a useful measure to assess the goodness
of fit of a proposed statistical model to an observed dataset. It is based on the concept of minimum
spacing estimation and utilizes the Linex (linearexponential) loss function, which provides asymmetric
penalization for overestimation and underestimation. For our UPSD distribution, with PDF f(x) given
in Eq. (4), the MSLD statistic is defined as

A B n+l1 1’.7% I 1 1
(o) = 2| €77 = a+1)

i=1

where I, = F(x;) — F(x,_,) denotes the ith spacing computed from the ordered random sample x;, <
Xo < +++ < X4, and F(x) is the CDF of the UPSD given in Eq. (3). The measure A(x,-;n) quantifies
the divergence between the empirical spacings and their expected uniform counterparts nlﬁ under the
fitted model.
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7 Numerical Simulation

Simulation is a common method used in statistics. It is used to give data that shows the traits of
a certain probability distribution. Simulation studies are especially useful for distributions that are
one of a kind or very complicated because they help statisticians figure out how well the distribution
works and what the real outcomes are. This section uses carefully planned experiments to see how
well the parameter estimating methods described in the estimates section work. We created datasets
that matched the theoretical framework from the last section in order to test different strategies. This
allowed us to evaluate the estimators according to the previously defined parameter conditions. We
used Monte Carlo simulations to create several datasets that follow the structural and distributional
assumptions of our model. We used a thorough assessment method based on six basic performance
criteria to compare the different estimation methods. The selected metrics seek to capture the
fundamental attributes utilized to assess the quality of an estimator. These characteristics include

e Average bias (BIAS), |Bias(T)| = * > 7—1).

L
e Mean squared errors (MSE), MSE = 1 Z;(/I\— I°.
e Mean relative errors (MRE), MRE = 1 3"/ 7—1)1.
Average absolute difference (D), Dy, = = Z,: Zj":l |F(x;;I) — F (x,-j;/I\)|.

e Maximum absolute difference (D,...), Dopax = Fi, Zfil max [F(x;I) — F (x,-,-;T)I.
=1 '

1
Average squared absolute error, ASAE = — >
n

nox=Xil

i=1 Xn—X] :

The goal of this work was to determine the optimal method for estimating parameters for our
theoretical model through extensive testing using a Monte Carlo simulation. This simulation required
the generation of numerous random samples, the collection of extensive data, and the application of
analytical techniques to analyze the data. To guarantee statistical reliability and strong conclusions
regarding the estimator’s performance, it was essential to perform numerous simulated replications to
analyze the data. We have carefully recorded the results of our extensive simulation experiments in a set
of tables called Tables 2—-6. We made detailed visual representations of the numbers in Table 2 to make
them easier to understand and help people find patterns. Table 7 presents comprehensive rankings
covering all assessment criteria. Furthermore, it provides partial ranks based on specific performance
metrics. Table 7 demonstrates that the most efficacious method for determining the estimators of our
proposed model is the MLE, followed by the MPSE.
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Table 7: Partial and overall ranks for all estimation methods of our proposed model

Parameter n  MLE ADE CVME MPSE OLSE RTADE WLSE LTADE MSADE MSALDE ADSOE KE MSSDE MSSLDE MSLNDE
n=08y=05 20 20 10 8.0 4.0 6.0 7.0 3.0 9.5 11.0 12.0 14.0 9.5 13.0 5.0 15.0
55 1.0 20 70 4.0 6.0 5.0 3.0 11.0 12.0 9.0 13.5 8.0 13.5 10.0 15.0
110 3.0 20 7.0 1.0 5.0 6.0 4.0 8.0 12.0 11.0 13.0 10.0 15.0 9.0 14.0
170 20 40 5.0 1.0 9.0 8.0 3.0 7.0 12.0 11.0 15.0 10.0 14.0 6.0 13.0
240 20 3.0 9.0 1.0 4.0 8.0 5.0 7.0 12.0 11.0 15.0 6.0 14.0 10.0 13.0
3201.0 3.0 7.0 4.0 5.0 8.0 2.0 6.0 12.0 11.0 15.0 10.0 13.0 9.0 14.0
n=15y=08520 60 20 120 1.0 4.0 13.0 5.0 7.0 8.0 9.0 14.0 11.0 10.0 3.0 15.0
55 40 1.0 100 20 7.0 12.0 3.0 5.0 13.0 11.0 9.0 8.0 14.0 6.0 15.0
110 3.0 2.0 8.0 1.0 4.0 9.5 6.0 5.0 13.0 12.0 11.0 9.5 150 7.0 14.0
170 1.0 40 7.0 3.0 6.0 9.5 2.0 5.0 12.0 11.0 13.0 8.0 14.0 9.5 15.0
240 2.5 25 85 1.0 7.0 11.0 4.0 5.0 13.0 10.0 12.0 85 150 6.0 14.0
320 1.0 20 6.0 3.0 7.0 10.5 4.0 5.0 12.0 8.5 13.0 10.5 14.0 8.5 15.0
n=25y=15 20 50 20 120 1.0 8.5 13.0 8.5 7.0 6.0 10.0 11.0 3.0 14.0 4.0 15.0
55 1.5 50 10.0 1.5 9.0 13.0 4.0 6.0 12.0 8.0 11.0 7.0 150 3.0 14.0
110 3.0 2.0 8.0 1.0 10.0 12.0 5.0 4.0 13.0 9.0 11.0 6.0 150 7.0 14.0
170 1.0 40 100 2.0 7.0 12.0 3.0 5.0 13.0 9.0 11.0 8.0 15.0 6.0 14.0
240 1.0 2.0 9.0 4.0 8.0 12.0 3.0 5.0 13.0 10.0 11.0 6.0 14.0 7.0 15.0
320 1.0 3.0 8.0 2.0 10.0 13.0 4.5 4.5 12.0 9.0 11.0 6.0 14.0 7.0 15.0
n=04,y=30 20 20 30 120 65 8.0 9.0 4.0 11.0 6.5 10.0 15.0 1.0 13.0 5.0 14.0
55 20 35 11.0 35 8.0 6.0 5.0 9.0 10.0 12.0 15.0 1.0 13.0 7.0 14.0
110 20 3.0 9.0 4.0 11.0 6.0 5.0 7.0 12.0 10.0 15.0 1.0 13.0 8.0 14.0
170 20 3.0 11.0 5.0 9.0 8.0 4.0 6.0 12.0 10.0 15.0 1.0 13.0 7.0 14.0
240 20 3.0 9.0 4.0 10.0 7.0 5.0 6.0 12.0 11.0 15.0 1.0 13.0 8.0 14.0
320 3.0 40 7.0 2.0 8.0 6.0 5.0 10.0 11.0 12.0 15.0 1.0 14.0 9.0 13.0
n=35y=02 20 60 40 120 20 9.0 14.0 5.0 10.0 8.0 7.0 11.0 1.0 13.0 3.0 15.0
55 30 50 11.0 20 120 14.0 9.0 6.0 7.0 8.0 10.0 1.0 150 4.0 13.0
110 3.0 40 120 1.0 9.0 15.0 5.0 6.0 7.0 10.0 11.0 20 140 8.0 13.0
170 3.0 50 120 1.0 13.0 14.0 4.0 7.0 8.0 9.0 11.0 20 150 6.0 10.0
240 1.0 40 11.0 3.0 120 15.0 7.0 5.0 8.0 6.0 13.0 20 140 10.0 9.0
320 1.0 6.0 100 3.0 125 15.0 5.0 4.0 7.0 8.0 14.0 20 11.0 12.5 9.0
> Ranks 71.0 940 2785 745 2440 311.5 1350 199.0  319.5 294.5 383.5 161.0 412.5  210.5 411.0
Overall Rank 1 3 9 2 8 11 4 6 12 10 13 5 15 7 14

8 Illustration with Practical Data

In this section, we analyze two practical data sets to evaluate and compare the performance
of the proposed models in explaining real-world scenarios as well as the flexibility of the proposed
model. For comparison, the following probability distributions were taken into account: UPSD, beta
distribution (BD), Topp Leone distribution (TLD) by [28], exponentiated Topp-Leone distribution
(ETLD) by [29], Kumaraswamy distribution (KD) by [30] and unit Burr-XII distribution (UBD) by
[31]. To assess the usefulness of the new model, we employ several model selection and goodness-of-
fit criteria, including the negative twice log-likelihood value (—21log/), Akaike’s Information Criterion
(AIC), Bayesian Information Criterion (BIC), Consistent Akaike’s Information Criterion (CAIC), and
Hannan—Quinn Information Criterion (HQIC). In addition, we use the Kolmogorov—Smirnov (KS),
Anderson-Darling (A), and Cramér—von Mises (CvM) test statistics along with their corresponding
p-values to evaluate the overall fit of the distributions.
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8.1 Data Set 1

This dataset represents the maximum flood level (in millions of cubic feet per second) for the
Susquehanna River at Harrisburg, Pennsylvania, over 20 four-year periods from 1890 to 1969. The
dataset was previously analyzed by [32]. The flood level data are 0.654, 0.613, 0.315, 0.449, 0.297,
0.402, 0.379, 0.423, 0.379, 0.324, 0.269, 0.740, 0.418, 0.412, 0.494, 0.416, 0.338, 0.392, 0.484, 0.265.

Table 8 presents the MLEs along with their corresponding standard errors (SEs) for the parame-
ters of the fitted models. In Table 8, P = (P,, P,) denotes the MLEs of the model parameters. On the
other hand, Table 9 summarizes the model selection criteria for the failure time dataset. Fig. 3 displays
the fitted PDFs and CDFs, respectively.

Table 8: The MLEs and SEs of the parameters for the data set |

Distribution Pl P2 SE (P1) SE (P2)
UPSD 1.3957 3.7116 0.2235 0.6604
TLD 2.2449 — 0.5019 —
ETLD 4.6079 4.0458 0.9493 1.4746
KD 3.3638 11.7932 0.6016 5.3453
BD 6.7594 9.1140 2.3542 3.1886
UBD 1.6505 4.8044 0.3713 0.9094

Table 9: The comparison statistics for the data set I

Distribution —2logf AIC BIC CAIC HQIC KS A CvM __ p-Value (KS) p-Value (A) p-Value (CvM)
UPSD —32.4001 —28.4015 —26.4100 —27.6956 —28.0127 0.1282 0.3237 0.0469 0.8974 0.9184 0.8994
TLD —14.7364 —12.7364 —11.7407 —12.5142 —12.5420 0.3351 2.8771 0.5770 0.0223 0.0321 0.0244
ETLD —27.1904 —23.1904 —21.1989 —22.4845 —22.8016 0.2063 0.8146 0.1433 0.3618 0.4689 0.4132
KD —25.7371 —21.7371 —19.7456 —21.0312 —21.3483 0.2109 0.9325 0.1636 0.3355 0.3934 0.3525
BD —28.1310 —24.1302 —22.1387 —23.4243 —23.7415 0.1988 0.7329 0.1236 0.4076 0.5301 0.4844
UBD —29.1977 —25.1977 —23.2062 —24.4918 —24.8089 0.1796 0.5998 0.0893 0.5385 0.6460 0.6446

Based on the results reported in Table 9, the UPSD distribution is identified as the best fitting
model for the first dataset in terms of all comparison criteria. Hence, the UPSD distribution can be
regarded as a more suitable and effective model compared to its competing distributions, offering a
strong alternative for modeling this dataset.

8.2 Data Set I1

The second data set used for the practical illustration concerns with the comparison of the SC 16
and P3 unit capacity factor estimation techniques and was previously reported by [33] and [34]. The
dataset is obtained as 0.853, 0.759, 0.866, 0.809, 0.717, 0.544, 0.492, 0.403, 0.344, 0.213, 0.116, 0.116,
0.092, 0.070, 0.059, 0.048, 0.036, 0.029, 0.021, 0.014, 0.011, 0.008, 0.006.

Table 10 presents the MLEs along with their corresponding SEs for the parameters of the fitted
models. In Table 10, P = (P,, P,) denotes the MLEs of the model parameters. On the other hand,
Table 11 summarizes the model selection criteria for the failure time dataset. Fig. 4 displays the fitted
PDFs and CDFs, respectively.
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Figure 3: The fitted PDFs and CDFs for the data set |
Table 10: The MLEs and SEs of the parameters for the data set 11
Distribution P1 P2 SE (P1) SE (P2)
UPSD 0.7540 0.9941 0.1331 0.1489
TLD 0.5942 — 0.1239 —
ETLD 0.4623 0.6806 0.1389 0.1717
KD 0.5043 1.1861 0.1287 0.3264
BD 0.4869 1.1679 0.1208 0.3576
UBD 1.5049 0.7848 0.2951 0.1919

Table 11: The comparison statistics for the data set 11

Distribution —2logé AIC BIC CAIC HQIC KS A CvM __ p-Value (KS) p-Value (A) p-Value (CvM)
UPSD —19.7981 —15.7984 —13.5274 —15.1984 —15.2273 0.1621 0.6977 0.1108 0.5811 0.5600 0.5378
TLD —16.2302 —14.2302 —13.0947 —14.0397 —13.9446 0.1689 1.5271 0.1734 0.3270 0.1703 0.5272
ETLD —18.7827 —14.7826 —12.5116 —14.1826 —14.2115 0.1933 0.8022 0.1369 0.4346 0.4780 0.3563
KD —19.3416 —15.3415 —13.0705 —14.7415 —14.7704 0.1789 0.6984 0.1159 0.4529 0.5592 0.5157
BD —19.2149 —15.2149 —12.9439 —14.6149 —14.6437 0.1836 0.6998 0.1189 0.4202 0.5573 0.5031
UBD —11.7456 —7.7455 —5.4746 —7.1455 —7.1744 0.2393 1.2136 0.2221 0.1433 0.2620 0.2290
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Figure 4: The fitted PDFs and CDFs for the data set I1

Based on the results reported in Table 11, the UPSD distribution is found to be the best fitting
model for the first dataset in terms of all comparison criteria. In this regard, UPSD distribution
is considered more flexible and superior to its competitors and a perfect alternative to its analyzed
competitors in this dataset.

9 Conclusion and Future Work

This work proposes and examines a novel limited probability distribution, the UPSD. The model
was created by applying a logarithmic transformation to the PSD, thereby broadening its domain to
the unit interval (0, 1). The resultant two-parameter family offers a highly adaptable framework for
modeling bounded data that display skewness or atypical tail behavior. Analytical derivations were
conducted for the CDF, PDF, moments, quantile function, and reliability measures. The analytical
tractability of the UPSD renders it a significant enhancement to the category of bounded distributions.
The paper also examined Tsallis entropy and its connections to other established entropy measures,
including Shannon, Rényi, Arimoto, and extropy. These formulations provide a better understanding
of the proposed distribution’s information-theoretic properties and uncertainty characteristics. We
developed and examined various classical and modern methods for parameter estimation, including
MLE, AD, CvM, MPS, and LS, along with their variants. A comprehensive Monte Carlo simulation
analysis was conducted to evaluate the finite-sample performance of these estimators in terms of bias,
MSE, and goodness-of-fit metrics. The findings demonstrated that the MLE method consistently
produced the most efficient and stable estimates, followed by the MPS method, thereby validating their
suitability for practical applications. The proposed UPSD model demonstrates considerable applica-
bility across various scientific and technical fields when the variable of interest is intrinsically limited to
the unit interval. Some examples are modeling proportions in biology, survival probability in reliability
studies, success rates in economics, and normalized indices in the social and environmental sciences.
The UPSD is a viable alternative to well-known distributions, such as the Beta, Kumaraswamy, and
Topp-Leone distributions, because it is flexible and easy to interpret.
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Future Work: There are many ways to build on this research. A promising direction is the
development of multivariate extensions of the UPSD, using suitable copula frameworks to model the
interdependence among bounded random variables. Another possible direction is to extend the model
to regression contexts, allowing parameters to depend on covariates to improve data fitting. You can
explore Bayesian estimation methods to combine existing information and estimate the uncertainty
in the results. Additionally, practical applications of the UPSD across diverse datasets in hydrology,
finance, reliability, and biostatistics will further validate its versatility and utility. Future research
may examine goodness-of-fit metrics, model selection criteria, and generalized entropy-based metrics
tailored to the UPSD framework. The UPSD is a stable, easy-to-analyze, and flexible tool for modeling
bounded data. This opens up many possibilities for both theoretical and practical research.
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