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Summary. The goal of this work is to develop robust and stable deep learning numerical meth-
ods for solving high-dimensional nonlinear parabolic PDE models using Deep-Galerkin /PINNs
techniques. The motivation arises from the difficulty of finding and numerically imposing the
boundary conditions, which are always delicate and critical tasks both in the classical numerical
methods and thus also in the ANN setting. The main contribution of this work is the novel
treatment of the boundary conditions in PINNs framework. The common approach consists of
assigning weights to the different terms involved in the loss function, where the selection of these
weights can be done heuristically or using optimization procedures. We introduce a new idea
that consists of taking into account the loss terms due to the boundary conditions by means of
evaluating the PDE operator restricted to the boundaries. Although this is nonfeasible in the
classical PDE solving algorithms, it is very intuitive within the PINNs framework since, using
AD, we can evaluate this operator in the boundary even if it contains normal derivatives to
such a boundary. In our approach, the boundary operators are reformulated, eliminating the
choice of the boundary loss weights. Another advantage is that in this way the value of such
addends is of the same magnitude as the interior losses. Although the proposed methodology is
general we show the solution of PDE models for challenging problems appearing the the compu-
tational finance field. In particular, we consider the derivative valuation problem in the presence
of counterparty credit risk, which includes in its formulation the so-called x-value adjustments
(XVA).

1 INTRODUCTION

Deep learning techniques are machine learning algorithms based on neural networks, also
known as artificial neural networks (ANNs). From a mathematical point of view, ANNs can
be interpreted as multiple chained compositions of affine maps with non-linear and element-
wise activation functions. Such networks are known for being universal approximators, i.e, in
theory, they are capable of representing any continuous function with a prescribed accuracy.
This property was exploited in the seminal paper [3] to introduce a technique to solve partial
differential equations (PDEs) using ANNs. The main idea behind the proposal of the authors
is to write the solution in terms of the network representation, depending on the affine map
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coefficients, known in the field as network weights. To achieve the solution approximation in
terms of the network, it can be trained to learn data from a physical law that is given by the
PDE. This leads to transforming the associate boundary value problem into a high dimensional
nonlinear optimization problem where, now, the network weights are adjusted using optimization
algorithms such as stochastic gradient descent-based methods and/or quasi-Newton methods.

Nowadays, with the advances in hardware (GPUs) and software (automatic differentiation
algorithms), the technique has gained increasing attention in the literature under the name
of physics-informed neural networks (PINNs), [4]. This discipline is rapidly advancing in re-
search, largely due to its significant advantages: it can handle nonlinear PDEs with minimal
effort, extend to moderately high dimensions, and provide highly accurate approximations of
partial derivatives of the solution, thanks to automatic differentiation in modern deep learning
frameworks; but also for many of the disadvantages it still entails, such as the limited knowl-
edge of theoretical results related to algorithm convergence, or the difficulty when imposing the
boundary conditions.

The present work aims to present a robust and stable PINN method for solving nonlinear
parabolic PDE models. We mainly focus on how to impose the boundary conditions within
the methodology, a critical and challenging task in both classical and PINN settings. The
most widely approach used to impose boundary conditions in the PINNs setting involves assign-
ing weights to the different terms involved in the loss function, where they are selected either
heuristically or through optimization. Instead, we introduce the boundary condition loss terms
through the evaluation of the PDE operator directly on the boundaries, ensuring that these
addends are of similar magnitude to the interior domain losses. Unlike classical PDE solvers,
this method is feasible in the PINNs framework due to automatic differentiation, which allows
the evaluation of the operator on the boundary, even when normal derivatives are involved.

The outline of this paper is as follows. In Section [2| we summarize the PINNs framework
for solving PDEs. Section [3] introduces our proposed methodology for imposing the boundary
conditions in the PINNS setting. Lastly, in Section [, we conduct numerical experiments applied
to selected high-dimensional boundary value problems.

2 PINNs

In this section, we present the PINNs methodology for solving PDEs. The illustration is
carried out according to the kind of models which we treat in the numerical experiments. Es-
sentially, semilinear parabolic PDEs with source term. Thus, let Q € R, d € N, be a bounded,
closed and connected domain and 7" > 0. Consider the following boundary value problem. Given
a function f € C(R) and setting d = d + 1, find u : (¢, ) € [0,T] x @ € RY — R such that

%(t,m) + Lul(t,x) — f(u(t,x)) =0, V(t,z)e (0,T) x Sol,
Blu|(t,z) — g(t,z) =0, Y (t,z) € (0,T) x 99, (1)
u(0,z) — up(z) =0, VaeQ,

where L[] is a strongly elliptic differential operator of second order in the space variables z,
and B[] is a boundary operator defined, for example, by Dirichlet and/or Neumann boundary
conditions. The goal is to approximate this unknown function u using a feed-forward neural
network, ug(t, ) := u(t, z;0), where € R are the network parameters.
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To get an approximation of the function u using a neural network, ugy, we need to find the
parameters of the network, # € RP, that yields the best approximation of , leading to a
global optimization problem that can be written in terms of the minimization of a function that
measures how good the approximation is. Such a function is commonly known as loss function.
Thus, the boundary value problem is transformed into an unconstrained optimization prob-
lem where the loss functions involve the L? error of the interior, initial and boundary residuals.
Mathematically speaking, the loss function, [7(0), is defined as

2 2 2
J(0) = Az HRgHLQ((O,T)xQ) + A8 HRgHLQ((O,T)XaQ) + Ao HRS)HLQ(Q) ,

or, equivalently,

= ! Z xr 2 xr ! B a 2 g OJE 2 X
j(@)_)\z/o /Q‘Rg(t, )7 d dt+)\3/0 /mmea, ) dmdt+/\o/ﬂ\7€9( ) dz, (2)

where
RE(t,2) == (1, ) + Llu)(t, ) — Fluwo(t, ), (t,2) € (0,T) x &, 3)
RE(t,z) == Blug](t,z) — g(t, x), (t,z) €(0,T) x 09, (4)
RS () := ug(0, z) — up(x), x €8, (5)

account for the residuals of the equation, the boundary condition and the initial condition,
respectively. The A\; € R, j € {Z,B, O}, are preset or updateable hyperparameters that allow
imposing a weight to loss term. Note that, for the computation of the residuals , , we need
to compute the neural network derivatives concerning the input space and time variables, well
defined under the premise of using sufficiently smooth activation functions. Numerically, they
are calculated with automatic differentiation. Finally, we can write the minimization problem
as follows:
Find 6* € © such that

0" = argmin 7 (0), (6)

where © C R” is the set of admissible parameters.

Except for the simple cases, the integrals appearing in must be computed numerically
using quadrature rules, [5]. For this reason, we need to select a set of training points, P =
Pz UPpUPp acting as nodes in the quadrature formulas. Thus, the training points should be
selected according to the chosen quadrature technique. Since we work with high dimensional
problems, the better choice to circumvent the curse of dimensionality is the use of random
sampling, associated with a Monte Carlo integration method. Based on this choice, we can
rewrite our loss function as:

J(0) = \tMSE7 + X\gMSEg + XoM SEp, (7)

where MSE;, j € {Z,B,0}, denotes the mean squared error function for the interior domain,
boundaries and initial condition, respectively.

Once all the aforementioned aspects have been addressed, we are in a position to apply
an optimization procedure to find the minimum of the problem @, a process referred to as
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“training”. The problem, now formulated in the parameter space of the neural network, is high
dimensional and highly non-convex, which means that the uniqueness of the solution is not
guaranteed. As a result, we can only expect to find a sufficiently low local minimum. Given
these characteristics, we employ a stochastic gradient descent-based method known as Adam to
conduct our numerical experiments.

3 PROPOSED TREATMENT OF BOUNDARY CONDITIONS

Ideally, the loss function should accurately measure how far away we are from the exact
solution and how well the boundary restrictions are satisfied, allowing the optimization algorithm
to reach a good local minimum. However, in practice, this is not always the case when applying
numerical methods. This issue persists in the case of PINNs algorithm, and previous works,
such as [6], suggest that training often prioritizes minimizing the PDE residual on the interior
domain, while neglecting boundary conditions, resulting in large errors in boundary fitting.

One of the main solutions to this problem is to introduce the lambda weights seen before,
which adjust the contribution of each loss term, see, for example, [1] and the references therein.
The optimal selection of these weights is crucial for the success of the algorithm, but it is often
problem-dependent and typically determined heuristically, as noted in [6].

In our view, the need for these factors arises because the magnitude of the loss term can
vary significantly, with some terms becoming negligible compared to others. This imbalance
can lead to poorer local minima or require extended training times. For instance, if boundary
losses are much larger than the PDE residual loss, more training time may be needed to reduce
these differences. Conversely, if boundary residuals are too small, their contribution may be
negligible, providing little value to the training process.

The arbitrary selection of loss function weights often arises due to significant differences in
magnitude among residuals, leading to potential imbalances in model training. To overcome this
issue, we propose a novel approach that reformulates the residuals associated with Dirichlet or
Neumann (including Robin and higher-order derivative) boundary conditions. Instead of using
the boundary condition itself as the residual, our technique takes the resulting PDE restricted to
the corresponding boundary as the residual. This approach ensures that the magnitude of these
residuals is comparable to that of the interior residuals once all quantities are nondimensional-
ized, thereby producing more balanced losses and mitigating the need for arbitrary weighting.
Most of the Neumann, Robin, or higher-order derivative boundary residuals can be expressed
using this approach. The process involves substituting the boundary condition directly into
the interior PDE operator, and then applying the resulting equation as the boundary residual.
However, this method of imposing Dirichlet conditions is only applicable when the Dirichlet
condition naturally emerges at the boundary.

As an example, consider a specific parabolic problem with Dirichlet and Neumann boundary
conditions, defined within the spatial domain Q = Hle [m?‘in,x?‘a"], focusing on the upper
boundaries.

+ min . max max min . max -
Fmi_(xl LT E) X x {aM  x x (g™ " g ™), =1,
and the lower boundaries

ng = (a:{”m,x’fmx) X oo X {xl”m} X e X (:cg”i",x;"“‘), i=1,---d,
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we want to find the parameters of an ANN wug to make it verify

d

8u9 8u9 aue . 2

7 bzi :0, O,T Q,

+jZ_ 99,00 g, () =0 i (0.7) x

gug—gi:O inT =0,T)xT}, i=1,...d, (8)
X
ug —h; =0 inTY=(0,T)xTY, i=1,...d,
ug —ug =0 in €,

where {aij}?’j:l CR, {b}4, CR\{0}, and g; € C(I'},R), h; € C(IV,R), i=1,...d. For ex-
ample, when defining the residuals associated with the Neumann conditions, the usual approach
is to take the condition itself as the residual, i.e.

Oug
al'i

R =20 g i=1,...d
Alternatively, in our proposal, we plug the Neumann condition into the PDE and impose the
resulting equation as a residual, obtaining

r+ _ Oug Jug .
Rel +jz: Ua a$ ij +bzgz+f(u9) i=1,---d
’ J#Z
For Dirichlet conditions, the proposed strategy can only be applied when h; verifies the PDE
and the initial condition of at the boundary F?. In such cases we can define the residual in
the same way as the residual of the PDE, i.e.,

o Ou d%u d ou
RS = MZ N b flug), i=1,...d.
=1

7j7

Because of that, such kind of Dirichlet conditions do not even need to be included as boundary
residuals. Depending on the quadrature scheme employed, it would be enough to force the
existence of interior domain collocation points on such a boundary.

In this work, to avoid adding any optimizable weights to the loss function, we pretrain the
network against the initial condition. This not only brings the magnitude of the initial condition
loss closer to the other loss terms but also offers additional benefits, such as improving and
accelerating training by starting the network from a state closer to the desired solution.

4 NUMERICAL EXPERIMENTS

In this section, we present numerical experiments to validate the proposed methodology. We
present the solution of high-dimensional nonlinear scalar PDEs that arise in the context of valu-
ing European options considering Credit Counterparty Risk (CCR), see [2]. These experiments
focus on solving the associated boundary value problem, where the goal is to find the option
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price, denoted by V : [0,T] x @ € R¥! — R. The PDE model is given by:

(A7 d d -
ov 1 0?V
ot 2 ZZPijUinSiSj 8Si@Sj
== in (0,T) x €,
d v .
— ZrRzSii + rV + f(V) = 0,
i1 05 9)
V —h; =0, inTY9, ie{1,2,...,d},
g
(;S?:o, inTF, ie{1,2,...,d},
V-—H=0, in {0} x Q,
with the nonlinear source term
f(V)=Ap(1—Rp) min{f/, 0 } +Xo(1 = Re) max{f/, 0} + sp max{f/, 0 } (10)

The initial condition H is given by the nature of the financial derivative. In this work, we present
results depending on the following payoff functions:

e the arithmetic average basket function,
1 d
H(Sl,Sg,,Sd):maX{K—d E Sl 0}, (11)

e and the worst-of function,
H(S1,Ss,...,8) = max{K - min{Sl, S, ... ,Sd},o } (12)

with K > 0 being the fixed strike price. In addition, we named h; the Dirichlet condition
associated with the chosen payoff.

Such formulation fits into problem so we can apply everything explained in Section |2[ to
solve it. To do this, we consider the general training set P = Pz U Pp U Pg, sets of sampled
points chosen for the interior domain, initial condition and boundaries, respectively. All of them
are sampled using a pseudo-random sampling procedure.

As an approximation of the solution we consider a neural network, Vp : [0,T]xQ C R+ —
R, with L hidden layers. We assume that the number of neurons per hidden layer is the same,
5. Based on the boundary value problem given in @D, we choose the network residuals taking
into account the proposal given in Section [3] to solve the aforementioned training issues. Thus,
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the residual-based closed-forms are:

5 d
ovy, 1 0%V, oVy . °
Rg_—e—— g E pij0i0;S o E RS@S +1Vo+ f(Vp), in (0,T) x Q,

j@S@S
=1 j=1 i=1
(13)
A~ d A~
o oV 9*Vy IV —
ng:_;zlpzjazaj jasas ; RS@S +T‘/b+f(‘/9) inI, k=1,...,d,
'L;ék;;ﬁk i#k
(14)
X d d 5 d 5
r 8V9 1 82‘/0 8 . +
R =0 ~a 2 L runiSSiggps — 2 iy + i A T k=l
k7T -
(15)
RS =Vp—H, in {0} x Q. (16)

We test the performance of the network trained using the PINNs methodology in the task of
approximating the solutions of 5/10-dimensional basket options with all the assets having the
same volatility and drift, and they being equally correlated.

In order to validate the accuracy of the solver, we are going to consider the risk-free problem
@ with the initial conditions and . In this case we can measure the error against
an approximate solution obtained via Monte Carlo simulation with low discrepancy sequences,
ensuring at least a maximum error of 107%. We aim to show that the boundary treatment
proposed in Section [3]is readily applicable to high dimensional problems. The model parameters
are presented in Table

Black Scholes parameters

Domain, Q [0, 200]7
Strike, K 50
Time to maturity, T 1
Volatility, o; 0.25
Repo rate, rp, 0.03
Interest rate, r 0.03
Correlation, p;; 0.65

Table 1: Parameters for basket option with 5/10 underlings.

In order to perform the numerical experiment we follow the guidelines presented in [7]. For
the network, we consider L = 4 layers and 8 = 128/256 units per layer. We apply a warm-
up to the network weights consisting on a weakly supervised pre-training against the initial
condition. The core of the training is based on the minimization of the loss function with
the residual-based expressions —.

The training set is resampled at specific iterations depending on the optimizer in use. For the
Adam optimizer, during each iteration, a sample of 6144/32768 random points is drawn from
the domain. This includes:
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e 2048/16384 points from the interior domain,
e 2048/8192 from the initial condition,
e 2048/8192 from the boundary set (randomly selected from all boundaries).

For the arithmetic average basket option, we utilized 30,000 Adam iterations with a linear
decay in the learning rate, starting at 5 x 1072 and decreasing to 5 x 107°. In the case of the
related 10-dimensional option, we retained the same number of Adam iterations, but applied a
linear decay in the learning rate from 1 x 1073 to 5 x 107°.

After the stochastic gradient descent optimization, we apply the L-BFGS optimizer to refine
the results achieved. For this, a sample of 24576/49152 random points is selected every 200
iterations, distributed as 8192/16384 from each of the same subsets used in the Adam’s case.
The maximum number of iterations for L-BFGS is capped at 15,000.

After the whole training process, we achieve an average relative error in the At-The-Money
(ATM) neighbourhood between 8.87 x 1073 and 5.08 x 1073 for all training converged in the
5 dimensional example. In practice, we found that the application of the the L-BFGS opti-
mizer does not always improve the solution achieved by the Adam optimizer, even loosing the
convergence.

These cases typically exhibit a similar trend: the loss linked to the initial conditions signifi-
cantly drops beneath the total observed loss throughout the L-BFGS optimization routine. This
anomaly is probably caused by integrating L-BFGS with mini-batch sampling, allowing certain
training samples to steer the optimizer toward suboptimal local minima.

Arithmetic average Worst-of
y (51,52) | d=5 | d=10 d=5 d=10

(50, 50) 5.02 x 1073 | 1.07 x 1072 || 1.47 x 1072 | 2.96 x 10~
(40, 50) 327 x 1073 | 4.93 x 1074 || 8.25 x 1073 | 4.08 x 1073
50, 40 3.15x 1073 | 1.14 x 1072 || 6.19 x 1073 | 3.58 x 1073
(50,40)

(60, 50) 6.96 x 1073 | 2.10 x 1072 || 1.17 x 1072 | 1.66 x 1072
(50, 60) 6.97 x 1073 | 9.29 x 1073 || 7.51 x 1073 | 2.26 x 1072

| Mean from [40,60]7 || 5.08 x 1073 [ 1.15 x 102 [[ 7.26 x 107° [ 1.92 x 10~ |

Table 2: Relative errors for the 5/10-dimensional arithmetic average and worst of put options.
We fix the values of the first two assets of the basket, while all the remaining ones are set to 50.
In addition, the average relative error achieved for 1000/10000 random values of the 5/10 assets
between 40 and 60 is added.

For the worst-of options it has been necessary to extend the number of Adam iterations to
10000 while keeping a linear decay of the learning rate with the initial and final values given
for the arithmetic case with the same dimension. The average relative errors measured in the
neighbourhood of the ATM region range between 2.19 x 1072/2.83 x 1072 and 7.26 x 1073 /1.92 x
10~2 for the 5/10-dimensional case. In contrast to the previous product, the L-BFGS application
is now stable and improves predictions by an order of magnitude. There is a deterioration of the
approximation as we move further into the Out-The-Money (OTM) region, which is expected
as the values are closer to zero; and the worst-of option shows more difficulties in the ATM
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region than the arithmetic option. Table [2| shows the relative errors obtained for specific points,
as well as the average errors given above. In addition, surface slices of the 5/10-dimensional
option value predictions are plotted in Figure [l In general, the results are rather satisfactory
and sufficient for practical applications within the financial industry.
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(a) 5-dimensional arithmetic average option
value surface computed via trained ANN.
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(c) 5-dimensional worst-of option value surface
computed via trained ANN.

(b) 10-dimensional arithmetic average option
value surface computed via trained ANN.
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(d) 10-dimensional worst-of option value sur-
face computed via trained ANN.

Figure 1: Arithmetic average and worst-of put options driven by 5/10 assets with parameters

given in Tablem Slice with S; =50, 1 = 3,...,10.
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5 CONCLUSIONS

With the universal approximation property of artificial neural networks and significant progress
in deep learning hardware, PINNs have become an effective method for solving PDEs. A major
challenge in applying PINNs is the implementation of boundary conditions, which are typically
incorporated into the loss function with weights that must be heuristically determined based on
the specific problem and its solution, as these weights are not known beforehand.

This paper introduces a new technique for managing boundary conditions in PINNs, thereby
eliminating the need for heuristic weight selection in the loss function. The proposed method
directly evaluates the differential operator at the boundaries, thereby integrating the imposed
boundary conditions naturally. This results in boundary terms that are automatically scaled to
correspond with the interior loss, removing the necessity for arbitrary weight assignments.

Our approach has been tested on several nonlinear PDE problems prevalent in computational
finance, especially those involving CCR. Nonetheless, the method is general and not limited to
any particular application area, making it suitable for use in various fields. In particular, we
applied this technique to solve boundary value problems related to the pricing of five- and ten-
dimensional European options. The solutions achieved exhibit high accuracy when compared to
established reference solutions, demonstrating the method’s efficacy.

10
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