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Summary. This paper applies the peridynamic continuum mechanics theory on a new type of material
known as harmonic-structured materials. Using the Peridigm software, rapid uniaxial elongation is sim-
ulated on a peridynamic model of a thin bimodal harmonic-structured metal sheet. Mechanical wave
initiation, propagation, and reflection, as well as fracture initiation and propagation are successfully sim-
ulated.
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1 INTRODUCTION

As society endeavours into new frontiers of possibility, the material industry and scientific community
maintain pace by finding ways to improve the ductility, strength, deformation behaviour, weight, micro-
structures, etc. of materials. One of the methods for increasing strength is to decrease the grain size
in the material, from coarse-grained (CG, dCG ≥ 10 µm) [1] down to ultra-fine-grained (UFG, dUFG ≤
1.0 µm) [1], but this method also decreases ductility [2]. A possible solution proposed is to create a
heterogeneous grain size distribution in a certain topology, creating what is denoted as a Harmonic-
structured Material (HS) [1, 3–5]; The harmonic structure consists of evenly distributed cores of CG
material inside a network of UFG material, as seen in Figure 1 on the following page. The grain sizes
should differ at least by one order of magnitude, and the elastic behaviour and chemical composition
must be the same for both UFG and CG materials.

A common tool to numerically investigate the plastic deformation behaviour of metals and alloys
under mechanical loading is using finite element simulations [6–10]. Some recent efforts in modelling the
behaviour of HS materials have also been carried out in e.g. [11–14]. However, FEM simulations based
on classical continuum mechanics models are not able to resolve accurately phenomena at microscale at
which the topology of harmonic structured materials originates. This increases the need to investigate
whether continuum modelling with can be extended to include the modelling of discrete particles, and
allow the explicit modelling of nonlocal phenomena, which inevitably influence the material behavior
under loading. This approach is called peridynamics and is a novel non-local continuum model approach,
which was developed in 2000 [15] is a non-local continuum mechanics theory based on an integral
formulation of the equations of motion. Peridynamics has been successfully used to model phenomena
at micro/nanoscale, see [16, 17] and in this paper we employ peridynamics to simulate the response of
thin bimodal harmonic-structured metal sheet to high strain uniaxial load.

2 THEORY ON HARMONIC-STRUCTURED MATERIALS

Strength is one of two key characteristics of materials [2]. It can be increased in a multitude of ways,
but is often correlated with a decrease of ductility [18], the other key characteristic of materials. One of
the methods for increasing strength is a decrease in grain size of the material, from coarse-grained (CG,
dCG ≥ 10 µm) [1] down to ultra-fine-grained (UFG, dUFG ≥ 1.0 µm) [1] microstructures, but this method
decreases the ductility significantly [2]. A proposed solution is to modify the structure heterogeneously,
by featuring both CG and UFG microstructures in a bimodal fashion [19]. The maintained ductility
originate from the coarse grains storing the lattice defects, while the UFG provide the increased strength
[5].

[5] identifies an issue in common for the common methods of fabrication, namely topological distri-
bution of coarse and fine grains. The topology of the materials is not easily reproduced and does not take
full advantage of the respective grain size characteristics. For this issue, different topology controlling
methods exist, whereof one is the method being the subject of this paper: Harmonic-Structured (HS)
materials [3]. The structure consists of regularly distributed CG cores inside a UFG shell as seen in
Figure 1 on the next page, both grain types possessing the same chemical characteristics.

The fabrication process to achieve the harmonic-structured material in a reproducible fashion is as
follows [5]:

1. Creation of spherical powder particles using plasma rotating electrode processing [20] or similar
methods.
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Figure 1: A conceptual illustration of the topology of the harmonic-structured material. A powder particle con-
sisting of a CG core surrounded by a UFG shell that upon consolidation from a continuous UFG network. Image
adopted from [14]

2. Cold working using mechanical milling or jet milling to decreases the grain size on the surface
(often denoted as the shell) of the particles.

3. Consolidation of individual powder particles into full density specimens by using some pressure-
assisted sintering technique such as spark-plasma sintering, hot isostatic pressing, or hot-roll sin-
tering, in vacuum to prevent formation of oxides.

A material type which shows an increase in strength and maintained ductility compared with its CG
equivalent is harmonic structured nickel [1]. As seen in Figure 2, the ultimate stress point is elevated
compared to both bimodal randomly distributed and CG nickel. In addition, the necking region is retained
from the CG nickel unlike for the bimodal randomly distributed nickel.

Figure 2: The stress strain curves measured in [1]. Ni-bHS40 and Ni-bR40 denotes the bimodal harmonic and
random structured topology with a 40 % fraction of UFG material. The Ni-IP is the corresponding CG nickel.
Image adopted from [1].

The deformation process consists of an initial homogeneous elastic deformation (elastic properties
of the UFG and CG materials in the HS material are the same), followed by a plasticity in the CG
regions. This initial plasticity affects the stress strain-curve moderately, changing the slope inclination
but maintaining a nearly linear behaviour during much of the stress increase, according to [5]. Knowledge
of the behaviour following yielding in the CG region is as of yet not established fully, but is believed to
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be attributed to dislocation movement [1].

3 THEORY ON PERIDYNAMICS

Peridynamics , which was developed in 2000 [15], is a non-local continuum mechanics theory based
on an integral formulation of the equations of motion. The equations of motion are valid even at dis-
continuities in the domain, making peridynamics suitable for fracture modelling [21]. The peridynamic
domain, being a continuum theory, consists of an infinite amount of material points/particles x(k), which
are individually identified using their reference/initial coordinates x(k). The material points possess a vol-
ume V(k), and a mass density ρ(x(k)), as well as a strain energy density W(k). The points can be prescribed
or subjected to body loads b(k)(x(k), t), displacements u(k)(x(k), t), or velocities u̇(k)(x(k), t).

Three different peridynamic theories exists. The so-called bond-based peridynamics is the first of
the three. It is cumbersome to use due to the lack of peridynamic formulations equivalent to classical
continuum formulations, such as the Cauchy stress tensor. In order to address such issues, state-based
peridynamics emerged [22]. The two state-based formulations are called ordinary and non-ordinary
state based peridynamics. The ordinary state-based formulation allows peridynamic equivalents of CCM
formulation, and the non-ordinary state-based formulation directly implements classical continuum de-
scriptions of material behaviour.

Denote a material point by its initial coordinate x(k), possessing a mass density ρ(k), as well as a strain
energy density W(k). The point can be subjected to body loads b(k), displacements u(k), or velocities u̇(k).
The material point interacts with all other points within a horizon δ. The set of these points, the family
of x(k), is denoted by H(k). T The strain energy density between two points x(k) and x( j) is proportional
to the force density state vector T〈x( j)−x(k)〉, which describes the net force exerted on x(k) by x( j). The
equation of motion for state-based peridynamics is then given by:

ρ(x(k))ü(x(k), t) =
∫

H(k)

(
T(x(k), t)〈x(k)−x( j)〉−T(x(k), t)〈x( j)−x(k)〉

)
dH(k)+b(x(k), t) (1)

The state vector contains only the interactions of points having a bond with x(k). When modelling
fracture, these bonds are broken by simply removing the corresponding interaction from the state vector.
Bond breaking can be defined using a threshold, on the strain energy or the physical stretch, between two
material points. These are commonly known as the critical energy, or critical stretch of the material [21].

Local damage ranges from 0 to 1, where a 0 indicates that all bonds are intact, and a 1 is equivalent to
all initial bonds being severed. Introducing the failure parameter µ, and attributing the following boolean
expression

µ =

{
1 if bond stretch below critical stretch
0 else

(2)

allows the local damage to be formulated as

ϕ(x(k), t) = 1−

∫
H(k)

µ(x( j)−x(k), t)dH(k)∫
H(k)

dH(k)
(3)

Boundary conditions are applied on volumes rather than surfaces, as is the case in classical contin-
uum mechanics. Since peridynamics is a non-local theory, the constraints cannot simply be applied on
surfaces. Instead a virtual boundary domain Rc is introduced, onto which the constraint is applied. Its
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thickness should be the same as the horizon δ [23], to make sure that the true boundary fully experiences
the value from that part of the family.

4 METHOD

The harmonic-structured domain was generated in MATLAB [24] using a matrix containing the co-
ordinates, material block ID, and volume of every node, as explained in [25]. The domain is similar in
design to [14], and consists of evenly spaced CG spheres surrounded by an UFG mesh, as seen in Fig-
ure 3. The far ends have been extended in order to contain the volumetric displacement, and are seen in
turquoise and green. Denoting x as the length, y as the width, and z as the depth, the size of the domain
measures 5.0 mm or 200 nodes in x, 1.0 mm or 40 nodes in y, and a fifth of the width (1.0/5 = 0.2) mm
or 8 nodes in z. The fraction of UFG nodes is 40 %, equivalent to the ratio found in both [14] and [1].

Figure 3: The discretised domain of the harmonic-structured material. The two blocks are illustrated in white
(CG) and red (UFG). The colours of the end sides highlights two different node sets.

For the peridynamic simulations, this paper made use of Peridigm [26]. The material model chosen
in Peridigm was the ”Elastic-plastic hardening model”. It features linear elasticity as well as linear
plasticity, the inclinations being the bulk modulus K and hardening modulus KH , respectively. The
ordinary state-based elastic plastic hardening material model is governed by seven variables shown in
Table 1.

Table 1: The variables used for specifying the elastic-plastic hardening model in Peridigm.

Density: ρ Bulk
modulus:

K Shear
modulus:

G Elasticity
modulus:

E

Poisson’s
ratio:

ν Yield
stress:

σyield Hardening
modulus:

KH

The internal code uses K and G for calculations, but engineering constants (G, E, ν) can be used
instead as they are recalculated in Peridigm into K and G. The grain material models both made use of
the critical stretch damage model, with varying magnitude. In order to mimic the ductility of the CG
material, and the more brittle behaviour of the UFG material, the stretch was arbitrarily chosen as 0.22
and 0.10 respectively, rather than calibrating the model with empirical data. The material and damage
model parameters are shown in Table 2 on the next page. Simulations were made using the Velocity
Verlet solver, described further in [25], with time steps δt = 1.78×10−13s. The initial displacement rate
of the ends of the domain were set to ±225 m/s initially, and in the second simulation ±22.5 m/s.

The simulations were carried out on the Aurora computer cluster at LUNARC, the centre for scientific
and technical computing at Lund University. The resulting data were post-processed in Paraview [27]
for graphical presentation.
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Table 2: A summary of the material parameter values used in the paper.

Parameter: Density: ρ Elasticity
modulus:
E

Poisson’s
ratio: ν

Horizon:
δ

Yield
strength:
σyield

Hardening
modulus:
KH

Critical
stretch: sc

UFG 7850 210 GPa 0.31 7.4×10−5

m
1502 MPa 4356×106 0.1

CG 7850 210 GPa 0.31 7.4×10−5

m
185 MPa 898×106 0.22

5 RESULTS AND DISCUSSION

The first simulation, with an initial displacement velocity of 2× 225 = 450 m/s produces fracture
when the initial shock wave from the displacement reaches the centre. The resulting shock wave from
the rupture propagates back towards the end sides, reflecting off the boundary-condition nodes, causing
further fracture in both end regions. The behaviour is illustrated using node damage in Figure 4 on the
following page. Here, both non-damage nodes and fully damaged (free-floating) nodes are hidden. In
Figure 6 on page 9, the material type is displayed as red for UFG and white for CG.

Initially, the damaged zone expands inwards. At t2 a Ψ-shaped region with higher damage manifests
in the centre. No rupture occurs at this time, however, it can be seen in later time steps that fracture is
initiated at the ends of the Ψ. The relatively low sc of the UFG material results in damage propagating
around the CG cores, which corresponds to the empty zones throughout the domain as non-damaged
nodes are hidden. Once the rupture is initiated in t3, it propagates inwards, resulting in three free-floating
chunks of mass. As contact is not modelled, the chunks does not interact once they have broken off from
the main domain. A closer look at the centre in Figure 6 on page 9 reveals that the fracture occurs in the
UFG material, with a core of CG material floating on its own, as well as exposed parts of CG cores along
the fracture in the bottom right part of the figure.

As the domain resolution is coarse (for example, only one node of UFG material between CG cores),
and the material models not calibrated with existing HS materials (Linear elastic-plastic model instead of
a power law model), the results cannot be used to say anything about the behaviour of real HS materials.
Ideally, a three-dimensional domain would be utilised with a larger amount of UFG nodes separating the
CG shells. Also, by applying the peridynamic theory, a continuum approximation is made. Given that the
current theory on HS materials suggest that dislocation movement plays a central role in its behaviour,
the continuum approximation might not be suitable at all. If that is the case, neither classical continuum
mechanics simulations would be able to model the fracture behaviour. If the dislocation length scales
are very small, the resource benefits of peridynamics over molecular dynamics might be lost since the
number of nodes would need to increase in order to sufficiently model the dislocations.

The second simulation, with an initial displacement velocity of 45 m/s did not produce a fracture, and
shock wave propagation is illustrated using nodal velocity magnitude in Figure 5 on page 8. Velocity
fluctuations can be seen before the centre is affected by the displacement. When the initial displacement
shock waves pass each other, destructive interference is exhibited, with an area of effect expanding with
the outward propagation of the shock waves. In the same manner as in the first simulation, the wave
fronts reflect off the far ends of the domain, creating constructive interference in velocity magnitude as
they propagate inward again. Any differences in magnitude between the UFG and CG materials are hard
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Figure 4: From top to bottom: Nodal damage at times t1 = 3.9× 10−7, t2 = 7.1× 10−7, t3 = 8.2× 10−7, and
t4 = 11.0×10−7 seconds. Nodal damage ranges from blue for low damage, to red for high damage.
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Figure 5: From top to bottom: Nodal velocity magnitude at times t1 = 2.9×10−7, t2 = 4.0×10−7, t3 = 5.6×10−7,
t4 = 8.8×10−7, and t5 = 12.0×10−7 seconds. Nodal velocity magnitude ranges from blue for low magnitude, to
red for high magnitude.
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Figure 6: The centre fracture displayed with the two material types highlighted. UFG material displayed in red,
and CG material in white. Time t = 10.3×10−7 seconds

to distinguish, and would either way be distorted due to the coarse resolution of the domain.
The wave propagation is further noted to be symmetrical around the centre, both around the X axis

and the Y axis. This is reasonable to expect since the nodes are positioned symmetrically and evenly
spaced throughout the domain. Further work could preferably make use of a domain containing random
perturbations of the nodes, in order to achieve more realistically modelled shock wave and fracture
behaviour. Research could investigate fast paced dynamic fracturing, present in manufacturing processes
such as milling or turning. Including contact modelling would further extend the research to cutting
behaviour of the processes, taking advantage of the fracture modelling seen in the first simulation.

6 CONCLUSION

Fracture and shock wave propagation in a bi-modal harmonic-structured domain subjected to high
strain rate deformation is simulated using peridynamics. At an initial displacement rate of 450 m/s, the
specimen fractures in the centre as well at the far ends. Damage is initially taking place in the harder
ultra-fine-grained material only, while the coarse-grained material remains intact. The resulting fracture
cuts through the UFG material, propagating around the CG material. A lower initial displacement rate
of 45 m/s using the same material model does not produce fracture, but a clear wave interference be-
haviour is seen. Two main shock waves travelling in the longitudinal direction, which initially produces
a destructive interference pattern, followed by a constructive interference pattern of the nodal velocity
magnitude once the shock waves recoil off the far ends of the domain.

The coarse resolution of the model domain, and the non-calibrated material model, prevent any con-
clusions from being drawn regarding the behaviour of real harmonic-structured materials. Further re-
search should focus on refining the material model of the UFG and CG materials, as well as investigating
how fracture propagation in the UFG shell and CG core is influenced by the domain resolution.
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