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Abstract. This contribution introduces an adaptive strategy for time-stepping and solver
selection in simulations based on the Discrete Element Method with beam bond models (DEM-
BBM). In this approach, particles are connected by virtual beams capable of transmitting axial,
shear, and bending forces, enabling the simulation of both discrete and continuum mechanical
behaviour. Such capabilities are particularly relevant in crack propagation problems, where an
initially continuous structure is progressively disrupted by fracture. While DEM is traditionally
solved using explicit or semi-implicit integration schemes, certain classes of DEM-BBM
problems, such as those involving progressive fracture, can benefit from implicit methods.
These allow for longer time steps without compromising numerical stability. However, the time
step size can affect the accuracy of the solution, particularly under rapidly changing conditions.
For this reason, it must be continuously adapted based on the current state of the system, with
respect to velocities, stress distribution, and oscillatory response. Depending on the state of the
system, different solver types can be employed. When the system remains stable and the time
step is constant, direct solvers offer high efficiency. In contrast, when frequent structural
changes occur, such as during fracture development, iterative solvers are more suitable. The
proposed strategy enables dynamic transitions between solver types and time-stepping
adaptions, which improves robustness and computational performance.
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1 INTRODUCTION

The Discrete Element Method (DEM) [1] combined with the Beam Bond Model (BBM) [2]
provides a framework for simulating materials at the interface between discrete and continuum
behaviour. The material is represented by rigid particles interconnected through fictitious
beams capable of transmitting axial, shear, and bending forces. DEM-BBM is particularly
suited for problems with frequent changes in contact topology, for example bulk solids [3,4],
where such conditions typically require explicit or semi-implicit integration schemes due to
their strongly nonlinear and unpredictable nature.

This paper addresses a different class of problems, namely crack propagation in structural
components, especially in brittle materials such as concrete. In such cases, changes in the
interaction structure occur only gradually. This opens opportunities for the effective application
of implicit methods.

The focus of this contribution is placed on two aspects that are critical for efficient implicit
DEM-BBM simulations: the choice of the solver for the system of equations and the selection
of a suitable time-step size. The implicit integration is carried out using the Newmark
scheme [5], which provides a robust framework for dynamic structural analysis. Different
solver types, such as direct and iterative approaches with or without preconditioning, are
considered, since their relative efficiency depends on the current state of the system. In parallel,
the time-step size is continuously adapted to balance accuracy with computational cost,
especially in situations where sudden structural changes occur during fracture development.

The aim of this study is to demonstrate how combining adaptive solver switching with
adaptive time integration can significantly improve both robustness and computational
performance. The proposed strategy is verified on benchmark problems, and its efficiency is
compared with conventional approaches using fixed solvers and constant time-steps.

2 THEORETICAL BACKGROUND OF DEM-BBM

In the DEM, individual elements interact with each other through contacts. The motion of
the system is governed by a set of second-order differential equations,

Mii(t) + C(t)u(t) + f*(u(t)) = f*¢(t), for t =0, (1)

defined by the initial velocity v, and displacement u,, as:
u(0) =vy,, u(0)=u, (2)
and by the boundary conditions
Bu(t) = o. (3)

Where M € R™4*™d js mass matrix of the system with n; degrees of freedom (DOFs), C(t) €
R™@>Md s global dumping matrix dependent on time t. The vector u(t) € R™@ is the
displacement vector, with its time derivatives w(t) and ii(t) representing velocities and
accelerations, respectively. Vector f™(u(t))) € R™ denotes the internal forces between
individual contacts in the system. The term fé*(t) € R"d denotes the vector of external forces.
Matrix B € R™ ™™ represents the boundary conditions, corresponding to n, fixed DOFs and
o € R is zero vector.
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2.1 Mass, damping and stiffness matrix

The global mass matrix M is constructed as a block diagonal matrix consisting of individual
mass matrices for each element e:

M = diag(M;,M,, -, M,,), Q)

where n, is the number of elements. Each element mass matrix M, € R%*® is diagonal and
contains the element mass m, and the moment of inertia J, as:

M = diag(m,, me, Mg, Je, JerJe)- )
The global damping matrix C(t) is constructed according to the Rayleigh model [6] as
C(t) = aM + nK(t), (6)

where a and 1 are the mass- and stiffness-proportional damping coefficients. The matrix K(t) €
R™a*"d ig the global stiffness matrix at time t. It is obtained as the sum of the stiffness matrices
for bonded contacts K, and unbounded contacts K,,. These submatrices are assembled as

Nx

K,= » LIT/K,,T;L, %)
k=1

where the index x stands for either bonded b or unbonded u contacts and n, is the number of
corresponding contacts. The matrix L, € R12*"4 s the localisation operator that transforms the
local stiffness matrix K, , € R'2*12 into the global system, Tj, € R*?*12 is the transformation

matrix from local to global coordinates, and ()T stands for the transpose operator.

The local stiffness matrix for a bonded contact Kj ; i1s obtained from Timoshenko beam
theory [7], where a fictitious beam with a circular cross-section is introduced between the
connected elements. The radius of this beam is chosen according to the size of the connected
particles and it enables the evaluation of bond failure at the contact, which is essential for
simulating crack propagation. For unbonded contacts, K, ; a partially linearised formulation
based on experimental tests is adopted. The detailed construction of these matrices is described
in [8] and [9].

2.2 Integration schemes

In this paper, the Newmark integration scheme is employed for the time discretisation of the
governing equations of motion. The method provides a unified framework for solving second-
order differential equations and is widely used in structural dynamics. Its formulation is based
on incremental relations that update displacements and velocities at each time step. The
displacement increment Au is defined as the difference between the current and the previous
step as:

Wint+1) = AU(n) + U(p)- (®)
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From this definition, the Newmark method yields the following set of equations:
Win1) = YAy lne1) = Uy + (1 = ¥) ALy lign)
2

At
Aug,y — ﬁAt(zmll(n_,_l) = Atl,y + zn (1- Zﬁ)U(n) ©)

Mil(n41) + ConyUinrn) + KimBugy = £ — £3)
where (-) denotes the discretised time step, and At is the size of the time step. The vector f** €
R™a represents the internal forces within the system. The parameters y € (0,1) and § € (0,0.5)
are coefficients of the Newmark method and govern its numerical stability. The most common
combinations are y = 0.5, 8 = 0, which correspond to the explicit central difference method
(CDM), and y = 0.5, f = 0.25, which correspond to the implicit average constant acceleration
scheme (ACAS).

3 TIME-STEP LIMITS AND CONVERGENCE CRITERIA

The choice of the time step is critical [10] to maintain a balance between computational
stability, physical accuracy, and efficiency. In the case of CDM, the stability condition for the
integration step is analytically defined as

2
Aterie = : (10)

max

where w4, 1s the highest natural frequency of the system, obtained as the square root of the
largest eigenvalue of the matrix M~1K. Since the direct computation of eigenvalues can be
computationally expensive, a simplified diagonal estimate of the critical time step is introduced
as

(11)

where i € {1,2...n4}. The accuracy of this estimate is evaluated in Section 5.

In the case of ACAS, the time step is not restricted by stability, but excessively large steps
may suppress high-frequency responses, which can significantly reduce the accuracy of crack
propagation. Additional restrictions come from the physical nature of the system. Since the
system matrices K and C vary during the simulation, the time step must be limited to correctly
capture these changes. The first restriction is related to the maximum allowable penetration of
particles during a single step. This condition prevents particles from passing through each other
without detection and avoids sudden jumps in internal forces. It is expressed as

Um ax

At < a,, (12)

Tmin
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where v, 1s the maximum velocity in the system, 7;,,;, is the smallest particle radius, and
a, € (0,0.5) denotes the maximum admissible penetration. A smaller value of a, is required
for stiffer or more nonlinear materials.

Convergence criteria impose further restrictions on the time step during fracture events. In
particular, changes in the stiffness matrix K during crack propagation must be addressed by
reducing the step size. A line-search-like method is employed to evaluate the limiting time step
when a crack occurs,

—Umycr £ \/ l'l(zn),cr - zu(2n+1),cr (Wny,er — Wenp,lim)
Atl' = . )
m Un+1),cr

(13)

where index cr denotes the degree of freedom where cracking occurs. The limiting
displacement u,, ;;, calculated from the stress o interpolation as
Otim — O(n),cr

Unytim = Wnyer T — Au(n),cr' (14)
O(n+1),cr O(n),cr

where 0y;,,, 1s material stress limit.

The convergence criteria of the ODE system are evaluated by comparing energies. To ensure
physical accuracy, the internal energy E ™ and the external energy E°* must remain in balance
at each time step. The external energy is calculated as

Eqy = j fr()e*a(e) dt = —Z(ffét frﬁn) (Wy + Wge1)) Ay, (15

where n, is the number of evaluated time steps.
The internal energy is defined as the sum of potential energy EP, kinetic energy E*and
dissipated energy E¢. The individual components are calculated as

£, = j F(O7 du(t) ~ ZZ(fz::f £irt )" dug

L

k_
Emy =35

neg
‘. . 1 . . . .
E&) = j;) U(t)C(t)U(t) dt =~ Ez (ll;rmC(k)ll(k) + ll;rk+1>C(k)lI(k+1)) At(k).
k=1

4 ADAPTIVE DEM-BBM ALGORITHM

This section describes the global algorithm, see Algorithm 1, for solving DEM-BBM with
emphasis on adaptive procedures. The adaptive time-stepping follows the rules introduced in
Section 3, while the choice of solvers is guided by the numerical experiments presented in
Section 5.2.
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Algorithm 1: Adaptive DEM-BBM with time-step and solver control.

(Bold style indicates adaptive solver dependencies, details are described afterwards.)

1. Initialize (Geometry, Material, Boundary conditions, Primary solver settings, etc)
2. Discretize geometry and identify initial contacts

3. Construct initial matrices, evaluate At,,;; , Set njipeqr = inf
4. while t <ty

4.1. while convergence = true, set convergence = false

4.1.1. Choose solver option and time-step

4.1.2. | if large deformation or contact changes detected

4.1.2.1. | Update matrices, Set njeqr — 0

4.1.2.2. | else

4.1.2.3. | Set Nyinear = Niinear + 1

4.1.2.4. | end if

4.1.3. | perform numerical integration

4.1.4. evaluate E€xt Eint

415 |ifE®/E™ > 14 ERf™ or E®*'/E™ < 1— E"
4.1.5.1. | Set At - At/2, break to 4.1

4.1.5.2. | end if

4.1.6. evaluate stress and detect crack

4.1.7. if J(n),cr/alim > Ceol

4.1.7.1. | Set At - Aty;,, break to 4.1

4.1.7.2. | end if

4.128. if crack detected

4.1.8.1. | Set At > mAtyir, Set nar = Cstep

4.1.8.2. | end if

4.1.9. set convergence = true

4.1.10. | end while

4.2. update t — t + At, step-count, semi-results (acceleration, forces, etc.)
4.3. end while

5. Post processing (Export results, visualisation)

In step 3, At,,;; 1s evaluated according to Eq. (11), Although the stiffness matrix K changes
during the simulation, its re-evaluation is in typical crack-propagation problems not necessary,
and At..;; remains nearly constant throughout the whole simulation. In the same step, the
parameter nyi,qqr- 18 set to infinity. This parameter indicates the last change in the system.

Step 4.1.1 represents the core of the adaptive solver. The choice is made between explicit
and implicit integration. The explicit CDM solver is selected if At is smaller than m ¢; (At ¢,
where ¢;, denotes the ratio of computational cost between explicit and implicit steps, and
m € (0,1) defines the maximum fraction of At,;; allowed for the explicit solver. If the explicit
solver is chosen, the time-step is set to At = mAt ;.

For the implicit option, the internal solver is selected between direct Cholesky factorisation
and iterative methods based on the Conjugate Gradient (CG). The choice depends on both the



Radek Varga, Martin Cermak

number of degrees of freedom (DOFs) and the parameter n;;,.q,- parameter. If nearly linear
behaviour is expected (large nyineqr), €ither Cholesky factorization or CG with incomplete
Cholesky factorization are prefered, due to possibility of recycling factorizations for multiple
steps. When frequent nonlinearity is present, standard CG without preconditioning, or with a
simpler preconditioner, is applied.

Step 4.1.1 also controls the parameter n,;, which specifies the number of steps performed
with a reduced At, Once these steps are completed, the time-step is reset to its original value.

In step 4.1.5 the energy balance of the system is checked. The admissible range of energy
imbalance E/M™ | EM@* is typically set to 1%. If balance is not achieved within several
iterations, the tolerance can be increased with a corresponding warning.

In Step 4.1.7, if the stress in a bonded contact exceeds the tolerance c;;, (usually set to 1%),
the time-step is adjusted according to Eq. (13), and the step is re-evaluated.

Finally, in Step 4.1.8, if a crack is detected, the step size is set as At = mAt,,;; for the
following ¢y, steps. The parameter Cgep, representing the estimated number of steps required

for high-frequency modes to dissipate, can be evaluated as
Atcrit

C = . 17
T m (G, + 2) .

5 NUMERICAL BENCHMARKS

The following benchmarks are employed to compare the performance of the above-described
methods. All cases are based on a regular discretisation according to Figure 1, defined by the
radius of the primary elements r;. The material is assumed to be homogeneous and is
characterised by the Young’s modulus E, Poisson’s ratio v, tensile strength o,,,,, compression
strength o,,,, shear strength 7,,,, and material density p. Specific parameter values are
provided for each benchmark in the corresponding figure schemes.

Figure 1: Discretization scheme

5.1 Cantilever beam: Critical time-step estimation

The first benchmark serves to compare the critical time step At,;; obtained from Eq. (10)
with its estimation by Eq. (11). The comparison is based on scaling of the material, geometry,
and discretisation properties, see Figure 2. In this benchmark, only the original system
matrices are considered, and crack propagation is not included.
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E={100MPa, 500MPa, 1GPa, 5GPa, 10GPa, 50GPa} h=1m
v=10.25
= 2500 kg/m®
r;={0.25m, 0.1 m, 0.05m, 0.01m}
N b=1m

I={2m, 3 m, 5m, 8m}

Figure 2: Cantilever beam geometry and material parameters. Bold values indicate the fixed parameters used
in simulations, while the remaining parameters are varied.

Tables 1-3 show the comparison between the analytical and estimated values of the critical
time step for variations in geometry, material parameters, and discretisation density,
respectively. In all cases, the proposed diagonal estimate slightly overpredicts the analytical
value, with a relative error of approximately 2—3%. This behaviour is consistent across the
tested parameter ranges, demonstrating that the estimate is conservative while maintaining

good accuracy.
Table 1: Critical time step under geometry
variation

l At it At,g: | rel abs

[m] 10*[s] | 10*[s] | [%] 10 [s]

2 2.465 2.530 | 102.6 | 0.066

3 2464 | 2.530 | 102.7 | 0.066

5 2.463 2.530 | 102.7 | 0.067

8 2464 |2.530 | 102.7 | 0.067
Table 2: Critical time step under material Table 3: Critical time step under

variation discretisation variation

E Aterir At | rel abs T At it At,g: | rel abs
[MPa] | 10*[s] | 10*[s] | [%] 10[s] [m] | 10*[s] | 10*[s] | [%] 10[s]
100 7.790 | 8.001 102.7 | 0.210 0.25 | 6.226 6.325 101.6 | 0.099
500 3484 | 3.578 102.7 | 0.094 0.1 | 2.464 2.530 102.7 | 0.066
1000 | 2.464 | 2.530 102.7 | 0.066 0.05 | 1.226 1.265 103.2 | 0.039
5000 | 1.102 | 1.131 102.7 | 0.029 0.01 | 0.246 0.255 103.2 | 0.077
10000 | 0.779 | 0.800 102.7 | 0.021
50000 | 0.348 | 0.357 102.7 | 0.009

5.2 Constrained beam: Solver performance

This numerical benchmark is used to compare the performance of different numerical solvers
on the constrained beam model, see Figure 3. The comparison evaluates the duration of a single
computational step as a function of the time-step size and the system size. Both the solver
execution time and the required preprocessing (such as factorisation or preconditioner setup,
due to the possibility of reuse between steps) are considered. The tested values of time-step At
are set as mAt.;; where me {0.1,0.2,0.5,1,100,10000}. The benchmark includes the
explicit CDM, and the implicit ACAS, tested with different internal solvers including direct
factorisation, the CG method, and the Preconditioned Conjugate Gradient (PCG) method with
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an incomplete Cholesky (Ichol) preconditioner. In case of iterrative solver convergece
tolerances are set to be 10~ and 10°. Note that the multipliers larger then 1 are tested only for
implicit solver.

Fz =200 kN

4

E£=30GPa h=1m
v=0.25
= 2500 kg/m®
r7=1{0.25m, 0.125m, 0.1 m, 0.05 m, 0.075 m, 0.05 m, 0.02 m}
b=1m

I=5m

Figure 3: Constrained beam geometry and material parameters. Bold values indicate the fixed parameters
used in simulations, while the remaining parameters are varied.

The results considering the scaling parameter m are shown in Figures 4 and 5. As expected,
the explicit CDM solver provides the lowest computational time per step, but it is restricted by
the critical time step and cannot be applied with larger At. From the comparison, the ratio of
computational cost between implicit and explicit solvers ¢; , can be estimated to be on the order
of 10,

In Figure 4, the performance per single step is reported, including the cost of the LL
decomposition for Cholesky and the preconditioner setup for PCG. In this case, iterative solvers
are generally more efficient than the direct solver, since the preprocessing cost dominates.
Figure 5 presents the results for 100 steps, where recycling of the factorisation and
preconditioner is possible. In this scenario, the direct solver clearly benefits from factor reuse
and may even outperform iterative methods.

With increasing At, the computational time of iterative solvers grows due to the worsening
conditioning of the system. This effect does not influence the direct solver or the explicit
method, whose performance remains unaffected by conditioning.

10° 102
s e S o) i) A SR
@ Ty = : g
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b = o *""’
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£ 102 2 100
g —&—cg (tol=1e-03) = —s—cg (tol=1e-03)
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*g_ i cg+ichol (tol=1e-03) E iort cg+ichol (tol=1e-03)
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Figure 4: Relation between computational time and

Figures 6 and 7 show the dependence of computational cost on the number of DOFs. The

At[s]

step size At considering 1 step

Atls]

Figure 5: Relation between computational time and

step size At considering 100 steps with recycling
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explicit CDM solver is still the fastest across all tested system sizes, and the results demonstrate
that the computational cost ratio between implicit and explicit solvers remains close to ¢; o =
102,

Among implicit methods, the results for a single step (Figure 6) show that PCG with
incomplete Cholesky significantly outperforms plain CG, while the direct solver becomes
increasingly expensive with growing problem size. For 100 steps with recycling (Figure 7), the
reuse of the factorisation makes the direct solver efficient for small and medium-sized systems,
although it gradually loses competitiveness as the system size increases. PCG, on the other
hand, exhibits better scalability and therefore becomes the preferable option for large-scale
problems. The influence of solver tolerance appears only as a vertical shift of the curves,
without changing their overall trends.

=]
EN

10%f

©—cg (tol=1e-03) &
o) | cg (tol=1e-06) s
o 102 cg+ichol (tol=1e-03) g N
- i |—=—cgt+ichol (tol=1e-06) g 107
T explicit-CDM o &
g ol Choll = e
S 100 g =
£ | g 100
T L =
§ 1072} 2 &—cg (tol=1e-03)
= [ % & cg (tol=1e-06)
2 5 102 cgichol (tol=1e-03)
£ 104 g =—cgtichol (tol=1e-06)
8 5

O

~— explicit-CDM
Chall

10° 10 10° 108

108 10* 10°
DOFs

DOFs
Figure 6: Relation between computational time and Figure 7: Relation between computational time and
problem size (DOFs) considering 1 step problem size (DOFs) considering 100 steps with
recycling

5.3 Tension test: Adaptive solver comparison

In this benchmark, a tensile test with scaled material parameters is performed in order to
allow comparison of explicit and implicit solvers under the same setup. The reduction of
stiffness and strength ensures that the critical time step is sufficiently large for the explicit CDM
solver to remain stable. The material properties are defined as follows: Young’s modulus E =
30MPa, Poisson’s ratio v = 0.3, tensile strength o,},, = 2.2kPa, compression strength

Omax = 40kPa, shear strength 7,,,, = 4kPa, and density p = 2500 %. The geometry of the

specimen is shown in Figure 8. The force of total value F, = 1.5kN is spread uniformly over
one face. The damping parameters are set as @ = 10™* and n = 1075,

For the non-adaptive solver setup, the CDM is tested with a time step of At = 0.1A¢.,;; , in
case of ACAS several time step are tested At = {10"55, 5x107°s,107%5s,5%x 1074 s} total
simulation time t,,,, = 0.05 s and force is continuously applied during first 0.01 s.

The fracture evolution is illustrated in Figure 9, where debonded contacts are highlighted
in red. The failure does not initiate gradually at the loaded boundary but rather localises in the
middle section of the specimen. While minor debonding also appears near the loaded edge,
the dominant crack develops almost simultaneously across the neck due to the strongly
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dynamic loading applied in a short time interval. This results in a sudden splitting behaviour
instead of a progressive crack growth.
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Figure 8: Tension problem geometry [mm].

Figure 9: Debonded contacts (highlighted in red)

All simulations maintained the energy balance within the admissible tolerance of 1%. In
the explicit CDM method, a slight delay in the growth of internal energy can be observed
compared to the external work. This behaviour is natural for explicit integration, where
kinetic energy temporarily stores part of the input before being fully converted into internal

energy.

Both iterative (PCG with incomplete Cholesky preconditioning) and direct (Cholesky
factorisation) solvers preserve the same level of accuracy in terms of energy response.
Importantly, no cumulative error due to the iterative nature of PCG was detected, as the
energy curves remain aligned with those of the direct solver. However, for a larger time step
of At =5 x 10™* s, a noticeable deviation appears, demonstrating the loss of accuracy
caused by over-suppression of high-frequency modes.
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Figure 10: Relative energy during simulation for variety of solvers

In Figure 11, the displacement results obtained by the implicit solvers are compared with the
reference explicit scheme. The curves confirm that there is no significant difference between
the direct and iterative solvers. The loss of accuracy observed for At = 5 x 10™*s is again

10
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consistent with the energy analysis, while a gradually increasing deviation is also visible for the
smaller step At = 1 X 10~ *s. In these cases, partially different fracture patterns were obtained.
The adaptive solver, on the other hand, closely reproduces both the explicit solution and the
finest implicit reference, demonstrating its robustness with respect to displacement prediction.

Finally, Figure 12 summarises the total computational cost. The variants that failed to
provide representative results due to excessive damping suppression are indicated in red. The
adaptive solver achieves the shortest runtime across all tested configurations, showing that the
combined time-step and solver adaptation strategy leads to the most efficient solution of the
benchmark problem.
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Figure 11: Comparison of maximum displacement Figure 12: Total computation time over whole
between main explicit and implicit solvers simulation

6 CONCLUSIONS

This contribution introduced an adaptive strategy for DEM-BBM simulations that combines
solver selection with time-step control. The presented benchmarks confirmed that the adaptive
approach achieves the fastest solution times while maintaining physical accuracy and stability.
Unlike fixed explicit or implicit schemes, the adaptive solver consistently reproduced the
correct fracture behaviour and energy response, yet required significantly less computational
effort.

Although the diagonal estimate of the critical time step proved to be sufficiently accurate in
the tested cases, its reliability benefits from the regular discretisation and should be examined
further for irregular assemblies. Future work will also focus on extending the adaptive
framework to plastic materials and heterogeneous material combinations, which are crucial for
applications in civil engineering.
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