ACTIVE CONTROL OF NONLINEAR BASE-ISOLATED BUILDINGS

By A. H. Barbat,' J. Rodellar,? E. P. Ryan,> and N. Molinares*

ABSTRACT: A hybrid seismic control system for building structures is considered, which combines a class of
passive nonlinear base isolator with an active control system. The active control forces are applied to the
structural base with the objective of reducing its absolute displacements. An adaptive control law is formulated
to compute the control forces to assure a form of stable behavior of the system under seismic excitation and
in the presence of uncertainties in the characteristics of the building and the base isolator. Numerical simulations
are performed to assess the effectiveness of the hybrid control system. The global behavior of the structure-
base-isolator system is such that the absolute base displacement is significantly reduced, the price paid being

a slight increase of the response of the structure.

INTRODUCTION

The main objective in the seismic design of a structure is
to keep its response within limits defined by safety, service,
and human comfort conditions. This can be achieved by ap-
plying traditional seismic design principles, which assume that
earthquakes act upon the structure across its fixed base, to
assure partial dissipation of the induced energy. Plastic de-
formation of certain members can occur and, as a result, the
structure is damaged to a certain degree.

This disadvantage can be avoided by using passive control
systems such as base isolators or a variety of energy dissi-
pation devices. Base-isolation attempts to uncouple the struc-
ture from the seismic ground motion by means of replaceable
devices, placed between the building and the foundation,
capable of absorbing part of the energy induced by earth-
quakes. Both elastomeric bearings, which are hysteretic sys-
tems, and sliding bearings, which are frictional systems (Kelly
1986; Skinner et al. 1993), are used as seismic isolators. Base-
isolation systems can provide, under certain circumstances,
a level of performance beyond normal design requirements.
The most important disadvantage of such systems is the de-
pendence of their effectiveness on the frequency of the ex-
citation. Moreover, they cannot be applied in the case of tall
or heavy structures, because of the size of the dynamic forces
involved and the risk of endangering the global stability of
the structure.

The seismic behavior of buildings can be improved by in-
corporating into the structure mechanisms equipped with ex-
ternal actuators capable of producing control forces with the
aim of reducing their seismic response. These mechanisms
are included in a closed loop governed by a computer and
they calculate in real time the control forces to be applied to
the structure as a function of the measured structural re-
sponse. Such active control systems are able to adapt them-
selves to the frequency characteristics of the seismic action
(Soong 1990), but they may require large amounts of energy
to govern the actuators.

Another class of structural control systems, referred to as
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hybrid systems, has been suggested. They combine different
passive and/or active systems with the objective of reducing
some of the limitations. One of the hybrid systems with most
interesting perspectives for buildings consists of the combi-
nation of a base isolation with an active system applying con-
trol forces to the base.

The base-isolation component can reduce by itself both the
interstory drift and the absolute accelerations of the structure.
Thus, the structure tends to behave like a rigid body, the
price paid being a significant absolute displacement of the
base. The objective of the active control component is to
reduce this displacement by means of forces applied on the
base. The active component of the system is introduced to
complement the base isolation, reacting to the absolute mo-
tion, producing a resistance scheme not attainable by purely
passive means when the structure is subjected to ground ex-
citation (Inaudi and Kelly 1990). From a practical point of
view, this hybrid scheme is appealing since it is possible to
achieve the aforementioned objective by means of a single
force, which does not exceed some acceptable limits due to
the high flexibility of base isolators. From a theoretical point
of view, the development of a control law to calculate the
active force involves difficulties associated with the nonlinear
behavior of the base isolators, with the uncertainties in the
models describing the structure-base-isolator system, and in
the seismic excitation. A robust control law for linear systems
was proposed by Kelley et al. (1987). For linear systems, the
application of predictive control was considered (Inaudi
etal. 1992), as well as a form of the bang-bang control (Inaudi
and Kelly 1991). The nonlinearity of the isolators was con-
sidered by Yang et al. (1992), assuming no uncertainties in
the structure-base model. Some experimental works with small-
scale hybrid systems were also reported (Feng et al. 1993;
Riley et al. 1992; Nagarajaiah et al. 1992).

In this paper we present a new active control law for base-
isolated structures. In subsequent sections the control prob-
lem is stated, a model of the system is described, the control
strategy is presented, and some issues concerning its imple-
mentation are discussed. Numerical examples are presented
to illustrate the effectiveness of the control strategy.

ACTIVE CONTROL PROBLEM

Consider the building with the hybrid control system illus-
trated in Fig. 1. The passive component consists of a base
isolator, while the active component provides control forces
applied on the structural base. We address the problem of
designing a feedback control law to generate the active forces.
Since the effect of these forces is additional to that of the
base isolation, it is important to understand the essential be-
havior of the structure under purely passive conditions before
defining the objective of the active control law.

When the parameters of the isolator are well tuned to the
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characteristics of the earthquake, good performance of the
structure, with a reduced interstory drift, may be expected.
Nevertheless, this desirable interstory behavior can be asso-
ciated with unacceptably high base displacements. Therefore,
the main purpose of the active control forces is to reduce
these base displacements. However, since the base and the
stories are coupled, the application of forces at the base level
can produce a negative effect, increasing the interstory drift
as compared with that of the structure with purely passive
control. Thus, the active control law has to limit this effect
as well.

Some essential difficulties in the active control problem
arise from the nonlinear behavior of the isolation system, the
uncertainties in the models describing the structure and the
isolator, and the uncertainties inherent to the seismic actions.
These difficulties are magnified by the fact that the overall
structure-base system is to be controlled by applying forces
only to the base.

In an earlier paper (Rodellar and Ryan 1993) a control
method was proposed for a class of uncertain mechanical
systems that can be decomposed into two coupled subsystems,
with feedback control on one of them. Under appropriate
assumptions, this control assures a form of so-called practical
stability. The control law has an adaptive nature that does
not require a priori knowledge of either the system param-
eters or the external excitations. The hybrid structural control
problem we are dealing with here can be cast within the
framework of this class of systems, the base being the sub-
system with control, and the structure the residual subsystem.
The objective of the active control law is essentially to drive
the displacement and velocity of the base asymptotically to
an arbitrarily small neighborhood of the equilibrium position,
while keeping the interstory drift within acceptable bounds.

SYSTEM DESCRIPTION

The structure’s dynamic behavior with the hybrid control
system can be described by means of a model composed of
two coupled systems: X, (the building or structure) and X,
(the base). It is assumed that the structure behaves linearly
due to the effect of the base isolation. The behavior of the
isolator is assumed to be nonlinear, with hysteretical and/or
frictional characteristics. The position of the structure (at time
t) is described by a vector D(r) € R", which represents the
horizontal displacements of the n degrees of freedom respect

to an inertial frame, while the displacement of the structural
base is described by a single degree of freedom with horizontal
displacement d,(¢) € R relative to the abovementioned frame.
The dynamic excitation is produced by a horizontal seismic
ground motion, characterized by an inertial displacement
function ¢t — d(¢): the function d(-) is assumed to be abso-
lutely continuous on the compact subintervals of (0, «<) and
so is differentiable almost everywhere (with derivative d =
v). A single horizontal control force u(z) acts on the structural
base. Thus, the equations of motion are

>, MD + CD + KD = CJd, + KJd,;
D(0) = D’ € R*, D(0) = V' € R" (la)
2 myd, + [c, + J7CId, + [k, + J'KINd,

— J7CD — JTKD — c,v — kd + f(d,, d,. d.v) = u:

dp(0) = dj) € R, d,(0) = v} € R (1b)

where M, C, and K = mass, damping, and stiffness matrices
of the structure, respectively, each of dimension n X n. The
vector J = rigid body motion according to the degrees of
freedom of the model (in this case it is the unit vector J =
[1,1,...,1,1]); and scalars m,, cx,, and k, = mass, damp-
ing, and stiffness of the base. The last two parameters cor-
respond to the elastic and damping forces that appear on the
base due to the linear effects of the isolator; fis an additional
horizontal force produced on the structural base by nonlin-
earities in the isolator. ‘

Before formulating the control law, the description of the
system is completed based on the following assumptions:

1. The matrices M, C. and K are positive definite with M
and K symmetric.

2. The displacement d (respectively, velocity v = d) of
the seismic ground motion is bounded (respectively, es-
sentially bounded) and so

cu(t) + k, d(t)] = v 03

for almost all ¢, v being an unknown scalar.

3. The function fis such that, for some known continuous
function ', the following holds for some (unknown)
scalar o

|f(dy. v, d(t)o(0)] = o'y (dy, ©,) 3)
for almost all ¢ and all d,, and v,,.
Remarks: Assumption | ensures that the equilibrium {0} of
the unforced system MD + CD + KD = 0 is (globally)
asymptotically stable. Assumption 3 is weak. For example,
if it is known only that f depends polynomially (of any degree)
on its first two arguments, then 3 holds with v'(d,,., v,) =
exp(VdZ + v§).
CONTROL STRATEGY
Fix m > 0, A > 0 and £ > 0 (design parameters). Write

pu(t) = md (1) + d(1) (4)

and define
(D, D, d,. py) = [1 + [¥'(d,. p, — nd,)| + di + pi
+ {ID[* + (D] (5)

The proposed control strategy is
u(t) = —k(Op,(0) + v(D(), D(2). d,(1). p()si(p(1)]  (6a)
k(r) = K[lp(D)] + (D), D(1). dy(1), pu(t)]pa(pa(1))  (6b)
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k(0) = k" (initial condition) (6¢)

where the continuous functions s,, p, are given by

1ol = 'pos if [Py = X

s\(py) = (7a)
}\ lpbv lf |ph| < }\
|Ph| — A if |Ph| = A

p(ps) = (7b)
0, if [p,| <A

The rationale for this control strategy lies in its capacity to
ensure a form of practical stability, as we show in the next
section. The intuition underpinning the strategy is as follows.
If the (continuous) saturation function s, is replaced by the
(discontinuous) signum function sgn, then, for sufficiently
large k, the control

U = _IE[P/: + MD, D, dy, pp)sgn(p,)]

ensures that the subspace {(D, D, d,, p,) € R*"*V|p, = 0}
1s attained in finite time, and the motion is subsequently con-
strained thereon: by the differential equation d, = —md, +
Pn, We conclude that d,(¢) tends exponentially to zero, with
the decay rate determined by the parameter m. By the dif-
ferential equation defining subsystem 2, and its stability in
the absence of force (by assumption 1), it follows that D(z)
and D(¢) are also asymptotic to zero, from which the stability
of the overall system results. Thus, the discontinuous strategy
with fixed gain & is closely akin to concepts in variable struc-
ture control [see, for example, Utkin (1978)]. Here, we cir-
cumvent some of the practical and technical drawbacks as-
sociated with discontinuous feedback through the adoption
of the saturation function in place of the signum function.
Synthesis of a fixed gain strategy requires a priori information
on structure parameters and disturbance sufficient for the
computation of gain k. Here, we circumvent this requirement
by adaptation.

STABILITY ANALYSIS

The overall controlled system representation on RV, N: =
2n + 3, now becomes

MD(1) + CD(tr) + KD(r) = CJ[p,(1) — md,(1)] + KJd(1);
dy(t) = —ndy(1) + palt):
pu(t)= Py(t. D(1), D(1), dy(0). pi(t). k(1));
k(t) = Kllpu(n)] + ¥(D(@), D), du(t), o)l Po(1))s
(D(0), D(0), dp(0), p,(0), k(0)) = (D, V*, dj., p}., k°)
= "€ RV (8)
where the function P, is given by
P(t, D, D, dy, pp, k): = —md, + Mp,
+ m;'[g(t. D. D, d,. p,)
= k[py + ¥(D. D. dy. p)si(pn)l]
with
g(t. D, D, d,. p,): = J7[CD + KD]
+ c,o(t) + k, d(t) — f(d,, p, — nd,, d(t), v(t))
— [e» + JTCI[ Py — md,] — [k, + J'KI]d,
Observe that, for almost all ¢ and all D, D, d,, p,
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|g([, Da Da dh- ph)| = QY(Dv D~ dha ph)

for some (unknown) constant o > 0.

Writing £(r) = (D(t), D(1), dy(1), p,(1), k(1)), system (8)
may be expressed as

£(r) = Fi(t, £(1). £(0) = & “)

where

F(§): = (D,M"'[-CD — KD + Cl[p, — nd,]

+ KJdbL pb - ndh’ P,\(t, g)’ K)\(E))
with

K\(£): = Kl|p,| + ¥(D, D, d,. p,)lon(ps)

This system satisfies the classical Carathéodory conditions
and so, for every £" € R™, the initial-value problem has a
solution and every solution can be extended into a maximal
solution (Coddington and Levinson 1953).

Theorem: Let A > 0 and &’ € R". For every maximal solution
£C) = (D, D, dy, pb K)(): [0, 0] > RV

of the initial-value problem (9) [equivalently (8)]: (1) o =
00; (2) lim, .. k(f) exists and is finite; (3) p,, (d,(¢)) and
pr(ps(t)) — 0 as t — =; (4) for some positive scalar c,
Po(VID@B]Z + D)2 — 0 as 1 — «. Proof: See Appendix
I. Remarks: The preceding result may be paraphrased as
follows: (1) Forward-time solutions are globally defined; (2)
the monotone gain function does not grow unbounded; (3)
the state of the base, characterized by the coordinates (d,,.
P»), tends asymptotically to a ball of any prescribed radius A
= AV1 + m~? > 0 centered in zero; (4) the state of the
structure, characterized by the vectors D and D, tends asymp-
totically to a ball (centred at zero), with radius proportional
to A, however, the proportionality constant depends on un-
known bounds on the system uncertainties and cannot be
calculated a priori.

It is important to emphasize the paucity of knowledge on
the system that is required a priori. From the control law, it
is apparent that parameters of the system such as masses,
damping, and stiffness need not be known to the designer.
The external seismic excitation is unknown, assuming only
that it is bounded by an unknown constant, as in (2). Re-
garding the nonlinear force f produced by the isolators, the
control strategy allows it to be unknown but bounded, modulo
arbitrary scaling, by a known continuous function as in (3).
This function enters into the control law in the definition of
the function vy in (5). The adaptive nature of the control law,
associated with the time-varying gain k(f), guarantees the
stability properties for any realization of the unknown pa-
rameters satisfying assumptions 1-3.

For the implementation of the control law, the absolute
displacement and velocity responses of the base and the struc-
ture are required as feedback information. With this infor-
mation, (6) and (7) are used to calculate the value of the
control u(t). The parameters (positive-valued) m, X, ko, and
k are open to choice by the designer. A = A1 + 77 is
the most significant quantity. It defines the guaranteed sta-
bility ball and has a primary influence on achieving the control
objective.

NUMERICAL EXAMPLES

To assess the effectiveness of the aforementioned control
law, numerical simulations are presented for two types of
base-isolated structures. In the first example, the structure is
modeled as a single-degree-of-freedom system. The second
example considers a 10-story shear building.

For the force f, we need to specify the model describing
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FIG. 2. Base-Isolation Systems: (a) New Zealand (NZ); (b) NZ with
Frictional System Connected in Series (NZ + F-SER); (c) NZ with
Frictional System Connected in Parallel (NZ + F-PAR)

the nonlinear behavior of the isolating devices. Two types of
behavior are considered, one frictional and the other hyster-
etical. In Fig. 2, three isolators are detined for different com-
binations of the two types of behavior. These are the New
Zealand (NZ) isolator [Fig. 2(a)] (Su et al. 1989), character-
ized by a purely hysteretical performance, the NZ with a
purely frictional system connected in series (NZ + F-SER)
[Fig. 2(b)], and the NZ with a purely frictional system con-
nected in parallel (NZ + F-PAR) [Fig. 2(c)].

For frictionat isolation devices, the formulation of a purely
frictional force f, was proposed by Nagarajaiah et al. (1989,
1991) by an equation

fi = —sgn()[p — Ape PHNQ (10)

where Q = force normal to the friction surface; w = friction
coefficient; B = a constant; p,,., = coefficient for high sliding
velocity; Ap = difference between p,,., and the friction coef-
ficient for low sliding velocity, which is considered to be con-
stant; and x = displacement of the base relative to the ground,
te..x =d, — d.

One way to formulate a hysteretical isolation device is to
use constitutive models defined by differential equations. In
this paper, with the purpose of illustrating the application of
the proposed contro! law, Wen’s (1976) uniaxial model is
adopted. The hysteretic force f; is expressed by the following
equation:

=1z (1)
where f* = yielding force; and z = an auxiliary variable
defined by the differential equation

dz
il A= (v, = v)z" (12)

The parameters A, v,, v, and m allow the description of the
hysteretical cycles for a wide class of materials, ranging from
elastic to elastoplastic materials (Wen 1976).

To implement the control law, the force fis required to be
bounded in the form expressed in (3). In the cases we consider
here, fis a combination (as illustrated in Fig. 2) of forces of
types defined by (8)—(10). Therefore, we consider that the
force fis bounded by a constant. This implies that the function
v'in (3), also appearing in the control law in (5), is just equal
to 1. It simplifies the implementation of the control law and,
as ultimately verified through the numerical simulations, gives
satisfactory results.

Example 1

The purpose of this example is to analyze the effectiveness
of the three hybrid control systems with the proposed control
law for.a frequency range covering a wide class of building
structures. This effectiveness is compared with that of the
corresponding purely passive systems. To do this, a single-
degree-of-freedom model with a mass of 6 x 10° kg is con-
sidered. Its stiffness is varied in such a way that the natural
period lies in the range between 0.1 s and 1.0 s. The mass of
the base is also 6 X 10° kg, and its stiffness is 1.184 x 107
N/m. The characteristics of the frictional bearings are: p =

vy
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FIG. 3. Maximum Absolute Base Displacement against Structural
Period for Single-Degree-of-Freedom Model with Passive (P) and
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FIG. 4. Maximum Relative Displacement against Structural Pe-
riod for Single-Degree-of-Freedom Model with Passive (P) and Hy-
brid (H) Control Systems
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0.1, poux = 0.185, Ap = 0.09, B = 2.0. For the hysteretic
bearings, the fSllowing parameters are used: f~ = 1.5 x 10°
N.A=10,v, =v, =05, andm = 1.

The model is subjected to the 1940 El Centro earthquake.
For each natural period considered in the analysis, the struc-
tural response is simulated solving the equations of motion
(1) by a Newmark integration method, and (10) by Runge-
Kutta scheme of the fourth order. This simulation is per-
formed for the three isolators under purely passive conditions
(active control is disconnected) and for the hybrid case (active
control is operating). The parameters associated with the con-
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trol law have been chosen: m = 1, A = 0.42, kK = 107, and
ky = 0.

The maximum response values are plotted in Figs. 3-5
against the natural period: the absolute base displacement in
Fig. 3, the displacement of the structure relative to the base
in Fig. 4, and the absolute acceleration of the structure in
Fig. 5. These figures show that the maximum absolute dis-
placement is significantly reduced by the hybrid system. This
was the main objective of the proposed control law. The price
paid is the increase of the maximum relative displacement
and the maximum absolute acceleration of the structure, which
still remain within adequate bounds. In Fig. 6 the maximum
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value of the control force is plotted against the period for the
three isolators, showing an acceptable magnitude.

Example 2

To assess the behavior of the hybrid system in a more
demanding situation, consider a 10-story building structure
as illustrated in Fig. 1. The mass of each level, including that
of the base, is 6 x 10° kg. The stiffness varies in 5 x 107
N/m between levels, from 9 X 10*® N/m at the first level to
4.5 x 10® N/m at the top level. The damping ratio is 0.05.
The characteristics of the base-isolation devices are the same
as those in the single-degree-of-freedom case.

The control law has been applied to the New Zealand base
isolator and the 1940 El Centro earthquake, considered as
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FIG. 12. Variation of Maximum Interstory Drift Ratio with Floor
Level

excitation. Figs. 7 and 8 show the time histories of the absolute
base displacement and the displacement of the top floor rel-
ative to the base for the passive and hybrid cases. Fig. 9 shows
the corresponding control force for the hybrid case. In these
three figures the parameter X\ is equal to 0.9. Fig. 7 shows
that the absolute base displacement in the hybrid case rapidly
enters into a neighborhood around zero, with a response level
much lower than the corresponding response to the passive
case. Fig. 8 shows that there is an initial period in which the
hybrid relative displacement of the top floor is higher than
the passive one, but it reduces more rapidly than in the passive
case to a neighborhood centered at zero. The behaviors ob-
served in Figs. 7 and 8 fulfill the theoretical objective of the
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control law. Fig. 9 shows that the corresponding control force
is reasonable.

As mentioned before, A is the most important parameter
in the control law, because it defines the size of the neigh-
borhood to which the controlled base response has to ap-
proach. To evaluate its influence, Figs. 10 and 11 show the
maximum values of the relative top-floor displacement and
the control force for different values of A. An increase of A
produces higher maximum values of the relative displacement
and lower maximum control forces. This is as expected, be-
cause an increase of A implies a less demanding control.

For a more detailed insight on the structural behavior, it
can be useful to examine the interstory drift ratio, which is
defined as the difference between the displacements of two
adjacent floors divided by the floor height. Fig. 12 describes
the variation of the maximum interstory drift ratio with the
floor level for the three base isolators in the purely passive
and hybrid cases. For comparison purpose, the same is shown
for the structure with the fixed base. An increase of the max-
imum values for the hybrid cases is observed as compared
with the passive cases. A similar pattern can be seen in Fig.
13. in which the maximum floor accelerations are plotted for
the same cases. Nevertheless, when considering both the
structure and the base, an improvement in the global behavior
can be recognized.

CONCLUSIONS

The hybrid control system discussed in this paper combines
a nonlinear base-isolation component with an active one ap-
plying forces at the base level. The main purpose was to
propose a new feedback controt law for the active component,
and to explore its potential through simulation examples.

The objective for the control law was posed in terms of
stability, and two very important features present in hybrid
systems have been taken into account: (1) uncertainties in
knowledge on the structure, the isolators, and the excitation;
and (2) the nonlinear behavior of the isolator devices. Re-
garding the uncertainties, knowledge of the parameters of the
base and structure model are not required in the control law,
because of its adaptive nature. Concerning the nonlinearities
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in the isolator, for illustrative purposes, a variety of hysteretic
and frictional characteristics were considered in the examples.

In the evaluation of the structural behavior, the following
variables were checked: the absolute base displacement, the
interstory drift, and the absolute acceleration of the structure.
The numerical results show that the active control force sig-
nificantly reduces the base displacement of the structure, pro-
ducing a slight increase in the structural response, with respect
to the purely passive case. However, the global structural
behavior improves when the hybrid system is used. This can
be particularly significant to excitations with predominant fre-
quencies in the range in which the purely passive base-isolated
structure has its maximum response.

The emphasis of this paper was on the adaptive control
law, with the examples illustrating its features. The results
presented show a clear potential for this control law. Its ca-
pabilities need to be more extensively assessed by means of
a systematic numerical application in a variety of operating
conditions: different structural models, isolator nonlineari-
ties, seismic excitations, etc., completed with experimental
verification.

APPENDIX |. PROOF OF THEOREM
Let V be the C' function R — [0, =) given by
1,
Vipu): =5 eips) (13)

For almost all t € R and all £ = (D, D, d,. p,. k) € R™,
we have

AV(p,), Pt €) = pi(p,)[n’ld,]
+ m, (e — k)y(D, D. dyop) + (n = m, 'K)|p,l] (14)
Defining £*: = o + m,m, it follows that

d .
7 Vpr0) = —m, k() = Kk() + (P dy(n] (15)

for almost all + € [0, w). Integration yields, with ¢, =
V(ph) + 12m, (k" = k7)?

1
— Em,, Wk(n) — k%)

0= V(p() =¢,
+ 7 f‘] Pa(pr() () |ds o
which is valid for all t € [0, w).

We briefly digress to prove a technicality. Proposition: For
some positive scalar ¢,

L pa(Pu()dil(s)|ds = ¢, fl [ pu(s)) + pR(pu(sHlds  (17)

for all t € [0, w). Proof: First observe that by the differential
equation d, = —md, + p,

()] = [dg] + [ e ipioldo = |ds)
8]

s e Dlpu(piton) ¢ Mda =[]+ an
0

e npondo .

Therefore



[ ool 1ds = (1l + an [ outputspas

+ [ oo [ e nu(pitorydods w9

Applying Holder’s inequality to the second term on the right
172

[[ooson [} e outpuondoas = ( [/ oioutsnas)

. ( = ( | ewpx<ph(o>)dcr)zds> (20)

Integrating by parts in the last term on the right

f(. e ( f(, e""m(ph(cr))dcr)2 ds

=q! J:: Pr(ps(s)) f(: e "9 (p,(a))dads 1)

We may now conclude that

[/ ouputs)) [ et (putordads = - [ oi(puas
@)

from which the claim.
Returning to the proof of the theorem and noting that

pn(Pu(D) + p(@(1) = (1 + N Dpy(pe(D) | Ps (D)
= k(1 + k(D) (23)

we now have

0= V(p) = e, — 5 mi (kD) — K°F

+ nle k(1 + Nk — KY) (24)

for all t+ € [0, w). Therefore, we see that the monotone in-
creasing function k(-) is bounded. This, in turn, implies
boundedness of V[p,(-)] and so p,(-) is bounded. It imme-
diately follows that d,(-) is bounded. By assumption 1, we
see that {0} is an asymptotically stable equilibrium of the
unforced subsystem

MD + CD + KD =0 (25)

By the boundedness of d,(-) and p,(-), it follows from the
forced equation

MD + CD + KD = CJ[p, — nd,] + KJd, (26)

that D(-) and D(-) are bounded. We have now shown that
the solution £(-) is bounded and so w = . Assertion (2) of
the theorem is now a consequence of the boundedness and
monotonicity of k(-).

To prove assertion (3), we argue as follows. Observe that

PN (D] = pu(POIN 1 po(D) 11 d (1) |
= (kN)~'|d,(0)| k(1) (27)

and so, by the boundedness of d,(-), there exists positive
scalar ¢, such that

WP ()] = c:k(2) (28)

for almost all ¢+ = 0. Writing ¢;: = m; }(k* — k°) + ¢,, we

conclude that

EV(pA) = k() + (e + Dk 29)

for almost all ¢t =

W(p,. k): = V(p,) — (1 + )k (30)

0. Therefore the function W given by

is such that

L W(pu(0. k) = k(1) = ~K, ()] (D)

for almost all + = 0. The boundedness of the solution &(-)
ensures that it has a nonempty w-limit set £2. Since the solution
approaches its w-limit set, we prove that

ea(pp(1)) > 0 as £ — = (32)

by showing that p,(p,) = 0 for all & ( Vv, d,. k) € Q.
Suppose otherwise. Then there ex1sts = (D V. d,, p,. k)
€ Q and £ > 0, such that p,(p,)!p,] > 2e. By continuity,
there exists 8 > 0 such that

|Ph - phl <$§ > E.>A(Ph)|l7h| > e (33)

Since £ is an w-limit point, there exists a sequence (¢;) with
t; — o« and

&(r) = (D(), D), du(t), pi(1). k(1)) > & (34)

as j — oo, Using assumptions 2 and 3, it is readily verified
that & > 0 and R > 0 exist such that

g — El<d > |F(L &< R (35)
We may assume § < §. By the continuity of W

W(pi(1). K@) = W(p,, B < 1 (36)

for all sufficiently large j. Let j* be such that

. Lo,
I€C) — &l <58V j>j (37)
By (8) and (35), it follows that
. )
lpo(t) — Pl <BV1E [’ L+ ﬁ] (38)

which holds for all j > j*. Therefore, using (31), we have for
all j > j*

) 1j v (B13R)
W(p,(1),k(t)) — W(p,, k) > J:f kpy(pi( ’))1Pl»(f)|d’> 3R

(39)

which contradicts (36). Therefore, p,(p,(t)) = 0 as 1 — =,
Since d,(f) = —md,(t) + p,(1), we also have p,, (d,(t)) —
0 as t — . This establishes assertion 3.

Finally, the asymptotic stability of the unforced system (25),
with (26) and assertion 3, yields assertion 5.
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APPENDIX Ill. NOTATION

The following symbols are used in this paper:

A
C

parameter of hysteretical model (12);
damping matrix of structure;

i

il
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o
=

S 3 B e R e Na o

QP

Sx

It

il

It

il

i

il

i

I

il

I

i

damping of base;

absolute displacement vector of structure;
ground displacement;

absolute displacement of base;

nonlinear force in isolator;

frictional force in isolator;

hysteretic force in isolator;

yielding force;

unit vector;

stiffness matrix of structure;

time-varying gain in control law;

stiffness of base;

initial value of gain;

scale factor in gain equation (6b);

mass matrix of structure;

parameter of hysteretical model (12);
mass of base;

linear combination of base displacement and velocity
in control law;

force normal to the friction surface in (10);
function in (7a);

time;

active control force;

ground velocity;

base displacement relative to the ground;
auxiliary variable in hysteretic model (12);
unknown scalar in (3);

coefficient in frictional model (10);
function in control law;

bounding function in (3);

bound for the excitation in (2);

weighting parameter in (4);

parameter in control law;

friction coefficient;

friction coefficient for high sliding velocity;
parameters in hysteretic model (12);
function in (7b);

base; and

structure.



