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ABSTRACT

In this article, the fundamental solutions with Lekhnitskii-like formula-

tions are implemented in the boundary element method (BEM) to calcu- OPEN ACCESS
late the Two-dimensional elastostatic field in a semi-infinite anisotropic

plane containing inclusions/holes. In addition to the source point in Received: 11/10/2024

the semi-infinite plane, four pseudo-sources are superposed to provide
traction-free conditions on the plane surface. To avoid mesh modeling
at infinity, the fundamental solutions are modified so that the displace- Published: 07/04/2025
ments/stresses at the far field automatically vanish. For modeling problems DOI

in civil engineering, loading on the plane surface can be specified as part 10.23967/j.rimni.2025.10.59576
of the boundary condition. When embedded holes are present in the half-
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plane, loading on the holes can also be applied. Using the sub-region Keywords:

technique, the elastic field in the half-plane containing inclusions can also Boundary element method
be investigated. Studies of a few examples indicate that the proposed BEM anisotropic elasticity

is a very efficient and versatile methodology to investigate many practical semi-infinite plane
problems, especially in civil engineering. inclusions/holes

1 Introduction

This article aims to investigate the elastic field of an anisotropic half-plane containing inclu-
sion(s)/hole(s) as schematically depicted in Fig. 1. Such applications in practice can be commonly
seen in material sciences (e.g., [1,2]) and geomechanics (e.g., [3,4]). In the past, various studies of these
problems have applied either analytical approaches or numerical simulations. Due to mathematical
complexities, analytical approaches are only successful for simple cases with regular geometries like
circular or elliptical inclusions/holes (e.g., [5,0]). The finite element method (FEM) has been applied to
study the interaction among multiple nanocavities (e.g., [7,8]); however, very fine meshes are required
for the FEM to ensure accurate solutions.

More examples of the FEM studying half-plane problems can be found in [9-11] for example.
Despite its generality in treating various issues, the FEM is not a good choice for modeling unbounded
domains like an infinite/semi-infinite plane. As powerful alternatives, other numerical methods include
the boundary element method (BEM), the local integration equation method (e.g., [12]), and the
radial basis function method (e.g., [13]). For studying the problem of inclusions, a combination of the
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boundary element method and the radial basis function method was applied [14]. Using the boundary
point method as an addition to the examples, Dong et al. [15] performed stress analysis of an infinite
anisotropic elastic medium with elastic inclusions. Not falling within the present scope of this article,
no further discussions about other numerical approaches are intended here.
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Arbitrary loading
Traction-free ‘[ = Mm

S
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f

Inclusions it w

Figure 1: Anisotropic half-plane containing inclusion(s)/hole(s)

As a major advantage of the BEM, only boundary discretization is needed but not for the entire
domain. This advantage is even more obvious in modeling problems of infinite/semi-infinite planes
containing inclusions/holes when the conventional domain solution techniques encounter difficulties
in modeling unbounded domains and irregular geometry of the inclusions/holes. For this advantage,
this article targets studying the stress field in an anisotropic half-plane (sometimes also referred to
as a semi-infinite plane) containing inclusions/holes. In the past, pertinent BEM works reported
in the literature mostly considered isotropic media. To name a few examples, Green’s functions of
isotropic half-planes were derived in [16,17] and implemented in their BEM analyses. Dong et al. [1§]
carried out stress analyses of elastic isotropic half-plane containing nano inhomogeneities with
surface/interface effects. Using the complex variables boundary element method, more related works
of treating isotropic half-planes can also be found in [19]. The boundary integral equation (BIE)
and the associated Green’s function for orthotropic half-plane problems were given in [20]. Related
works for treating infinite/semi-infinite anisotropic planes have remained relatively much less. Using
Lekhnitskii’s fundamental solutions [21], Tan et al. [22] employed the BEM to study the stress field
near inclusions in an infinite anisotropic matrix, where comparably large side-length of a finite domain
was taken to model infinite boundaries.

By following the one-complex function method introduced by Suo [23], Pan et al. [24] first
presented Green’s functions for anisotropic half-planes, by which the particular solutions of gravity
and far-field stresses were also derived in the work as well [25-27]. More recent works regarding the
half-plane problem can be referred to [28—32]. In the present work, Stroh’s formalism [33] is followed to
give the explicit expressions of Lekhnitskii-like fundamental solutions for anisotropic half-planes, by
which the traction-free conditions on the half-plane surface are automatically satisfied. For obtaining
Green’s functions of anisotropic half-planes, the fundamental solutions are further modified for the
corresponding displacements and stresses to vanish at far fields. All formulations are implemented in
an existing BEM code for studying the stresses on inclusions/holes in an anisotropic half-plane, where
arbitrary loading can also be prescribed on the plane surface as an option. A few numerical examples
are presented at the end for illustration of the successful implementation.
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2 Boundary Integral Equation for 2D Anisotropic Elasticity

As has been well documented in the literature, the BIE to correlate the displacements, denoted by
u;, and the tractions, denoted by ¢, between the source point P and the field point Q over the surface
S 1s expressed as

C/PuP) = [ Ui, 01(Q)ds — [ TP, Qu(Q)ds. (1)

where C; is the free terms for the source point positioned on the boundary. By use of the relation of
free body motion (i.e., letting u; = 1, #; = 0 everywhere). In Eq. (1), U; and T; represent respectively
the fundamental solution of displacements and tractions in the x;,-direction at Q due to a concentrated
load applied in the x;-direction at P in an infinite elastic body. For completeness, the formulations
presented by Lekhnitskii [21] are first outlined. In an infinite anisotropic plane, U; is given by

U: = 2Re {Z;l By Ay In (z, — Z;)} , 2)

where 4,,, B, are the material’s constants to be described later; z, and z/ are defined in terms of the
field coordinates at (x;, x,) and source coordinates at (x7, x3) by

Zp = X1+ e Xy Z = X5 X (3)

Eq. (2), Re{.} denotes taking the real part of the complex variable inside the curly bracket, and
we = (o +18,), the material’s eigenvalues, are determined from the conjugate roots to the following
characteristic equation,

auM4 - 6116,%3 + ay, + ag) Mz — Gk + ay =0, (4)

where a; is the material’s compliance coefficients. Following the usual notations of anisotropic
mechanical properties, one may determine a; in terms of the mechanical properties by

an = 1/E,, a, = —vi/E\ = —vy /Es, a6 = 0121/ E) = 0112/ G,

5
ay = 1/E,, ay = N/ Ey = 1212/ Gray g = 1/G,. )

All the definitions in Eq. (5) are for the state of plane stress. For plane strain, the compliance is
replaced by @y, redefined by

&jk == ajk - ajSak3/a33: (ja k = 15 25 6)5 (6)
where a;; are given by
ap = —V_/s/Ej = —1)3_,-/E3, a3 = 1/E33 ag; = Nias/Es = 773,12/G12- (7)
In Eq. (2), the coefficients B, and 4,, are given by
B— au//«f — Aty + aps au,ui — Aty + ap (8)
Ay — o + An /[y Anfly — Uy + A /4y )’
Re{A,} 0 1 0 177 [—8,/4n
Im{A;} . Bi o B> o, 81/4m )
Re{AjZ} Im{B,;} Re{B;} Im{B,} Re{B;} 0 ’
Im{AjZ} Im{B,;} Re{B,} Im{B,} Re{B,]} 0
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where Im{.} is to take the imaginary part of the complex variable inside the curly bracket. Observing
Eq. (2), one may notice the fundamental displacements will approach infinity when Q is placed at a far
place away from P. For the analysis of inclusions/holes in an infinite plane, the fundamental solution
of displacements in Eq. (2) must vanish at infinity such that no discretization is needed at far places.

For this purpose, the fundamental displacements, denoted here by Uj| , are modified to be

2 2 Zy — Z,
U= R—wRe {ZH B,-kA,-kln( ka k)} ; (10)

where R, is given a relatively very large value in comparison with the size of the inclusions/holes to
be analyzed. The fact, the factor R, is simply a factor associated with rigid body motion, forcing the

solutions to vanish at infinity. The corresponding solutions of tractions, denoted hereby 7| , are now

given by

2 2 ~ e —n,
o ERC {Zkzl Ajefla (zk—z’)} ) (11)

k

*
y

where 1, is given by

A M Mo
i (") (12

The tractions given above will approach null at infinity as well. Because all solutions in
Egs. (10)—(12) automatically vanish at infinity, one may apply the BIE in Eq. (1) to analyze the
stresses in an infinite plane containing holes, yet no discretization is needed to model infinity. Thus,
the formulations can be taken as Green’s functions to analyze the problems with holes in an infinite
anisotropic plane.

3 Green’s Functions for Anisotropic Half-Plane

As provided in details using the Stroh’s formulism [26], the fundamental solutions for anisotropic
half-plane are

U =2Re{Af}, (13)
{Jn} — —Im {B <, > f} ’ {012} —Im {Bf} , (14)
(o) (o))

where

f:£{<1n(z _Z/)>AT+Z2 <In(Z —7)>B“§IZT} (15)

T o a =1 o q q 2

1

P 1 Br T
== {< 7 7 > AT"‘Z; <z, 77 B_IBL,AT}- (16)

Ty
Detailed definitions of all tensors can be referred to [26]. By simplifying all tensors and making

algebraic arrangements, positions of pseudo-sources in the imaged half-plane can be described by two
parameters, namely Z,,,, defined by

2mn =Zm— Z;’ (ma h = 1’2)' (17)
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As is clear from Eq. (17), the positions of the four additional pseudo-sources for (m = 1, 2 and
n = 1, 2) are completely dependent on the material’s properties. With the superposition of the four
additional pseudo-sources, Green’s function of displacements for an anisotropic half-plane is given by

.= Ul - RZOORe {ZZI S B,4,D,Mn (1)} , (18)
where D,,, is defined by
D, = M’ D, = = (19)
— i+ [ — iy + s
Eq. (18), U; N corresponds to the solutions for an infinite anisotropic plane as given in Eq. (10).

Simply for the similarity, Fq. (10) can be considered as a Lekhnitskii-like Green’s function for an
anisotropic half-plane. By similar procedures, the solutions of tractions for anisotropic half-plane,

denoted by TU‘ » are written as

* 2 (nll’bm - nZ) Z Dmn

=T
00/2 ’ mn

%
i

The second terms in Egs. (18) and (20) are contributions of the four additional pseudo-sources
to counteract the tractions on the plane produced by the source. In addition to the condition of free
tractions on the half-plane surface, null displacements, and tractions will also be satisfied at infinity.
Thus, Egs. (18)—(20) are considered Green’s functions for modeling holes in an anisotropic half-plane.

To apply the BIE to analyze the problems of half-plane containing inclusions, considerations are
given to two separate cases, that is rigid inclusions or elastic inclusions. For modeling rigid inclusions,
one may simply constrain the hole surfaces in all directions. By solving the BIE, tractions on the hole
surfaces can thus be determined and further applied on the inclusion surfaces to analyze stresses on
the inclusions. For treating elastic inclusions, the conventional sub-region technique can be applied to
model the multiple domains. By providing auxiliary conditions on interfaces, one may solve a system
of simultaneous equations to obtain all boundary unknowns on the interfaces between the half-plane
matrix and the inclusions. From the principle of superposition, loading on the half-plane surface can
also be specified at the same time.

As a secondary step, the analysis of displacements/stresses at internal points in the half-plane
is sometimes required when all boundary unknowns on the hole surfaces are determined by solving
Eq. (1) via the standard collocation process. For the displacement analysis of internal points, the BIE
in Eq. (1) is used with the source point P located at the internal point of interest and the free term C;
set to be unity, that is

wp) = [ U] P.ou@ds - [ 1;

Here, it needs to be emphasized that the field point Q moves along the integration path of the
holes in the clockwise direction such that the outward normal is always directed toward the centers of
the holes.

For calculations of internal stresses, one needs to first compute the strains by the following BIE:

o) = [ U] (P.om@ds— [ T3] (P.0u(@ys. (22)

L (P.Ou(0Q)dS. 1)
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where
1 I, 3 Uil
o= x Do 23
iop — 2 9x, T X, ’ (23)
1 ; 2 a0 T; 2
* = — > i 24
e R T @4

By performing the partial differentiations in Eqs. (23) and (24), one obtains

. . 1 2 2 F’M
il 00/2 = l]i// 00 + ERe {Zm=l Zn:l BimDmn 2;" } ’ (25)
« " 1 2 2 A~ (nIMIN - nZ) Dmna
it 00/2 - Zﬂ 00 h ERe {Zm=l Zrt=1 Iu/im 22 - ’ (2’6)
where
Gj/'ln = A/'"'L\L;n + A/”/lj/'n’ (27)
and the /i), is defined by
N 1 1
§= . 28
Hon (Ml Mz) (28)
Eqgs. (25) and (26), U;| and T;| are defined by
i} 1 2 G,,k
U; o ERe { il By —) > (29)
1 2 My — Ny .
T = —R oGy 7 . 30
il| R. e{zk=l Mt (Zk—Z;()Z j/A} ( )

After the strains at the internal point are obtained by Eq. (23), the corresponding stresses can be
calculated using the generalized Hooke’s law for anisotropy in a straight forward manner.

4 Numerical Examples

All formulations presented in this article have been implemented in an existing BEM code,
using quadratic isoparametric elements. To illustrate the veracity as well as applicability in analyzing
practical problems, three examples are investigated by the implemented code and verified by alter-
native approaches using either ANSYS or the BEM analysis for a very large domain. For practical
applications, all analyses are for the state of plane strain.

Example 1

For providing comparative analyses for problems of half-plane to be considered later, the first
example (Example I) treats an infinitely large domain containing a semi-circular hole with radius R
= 0.5(m) at the center as shown in Fig. 2. Two models can be used to simulate this problem, namely

https://www.scipedia.com/public/Shiah_et_al_2025 6
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Model I- using the Green’s functions in Eqs. (10) and (11) for treating infinitely large domains and
Model II- using a finite enclosed domain with dimensions comparably much larger than the hole size.
Quartz is taken to be the material, that has the following principal properties (using conventional
notations),

E|1 - 345 GPa, Ezz - 516 GPa, E33 - 25 GPa, G|2 == 37 GPa,
G23 - 54 GPa, G31 - 63 GPa, Vi, = 028, Vi3 = 034, Vy3 = 0.28, (31)
Mais = 0.4, 1121 = 1122 = 0123 = 0.

Model I

Unbounded outside

X2
T Model 11

P

‘ X1

R

Enclosing outside boundaries | |

- L —
Figure 2: Models of a large domain containing a hole-Example I

To generate generally anisotropic properties, the principal axes are rotated 45° counterclockwise.
In ModelIl, the side length L = 10* R was treated to simulate the infinitely large domain. For the BEM
modeling of Model I, only 28 elements with 56 nodes were applied (Fig. 3); for Model I1, double the
number of elements were applied.

When the other one, i.e., Model I, cannot be simulated by the FEM, Model II was also simulated
using ANSYS to provide comparative results, where 3080 PLANE182 elements with 9352 nodes were
employed. Fig. 4 shows the modeling meshes of Model I by ANSYS. The hoop stresses on the upper
surface of the hole were calculated to make the plots in Fig. 5.

As expected, peak values of the hoop stresses occur at 6 = 45° and 135° except for the rapid rise-
ups at 6 = 0° and 180°, which are derived from the stress concentration at corners. In general, very ideal
agreements between both analyses are present. From the comparison, it is apparent that both BEM
analyses for either model, Model I for an infinite domain or Model I1 for a finite domain, are valid and
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reliable. In addition, the internal stresses at a few sample points along r = 0.55 m were also calculated
using Eq. (23) for Model I, where the Green’s functions U;,‘ and T;,‘ were used as substitutes. The
total displacements Ar and stresses are plotted in Figs. 6 and 7, respectively.

Figure 3: BEM modeling of Model I-Example I

Figure 4: Modeling of Model II by ANSYS-Example I

Example I1

The second example (Example IT) considers a doubly adjoined container buried underground 5
m deep in a half-plane mining of quartz (Material 3) as shown in Fig. 8. Inside the enclosure is a
semi-circular chamber, being subjected to uniform pressure P = 100 KPa. The flat surface of the
container is completely constrained. The principal axes of the quartz are rotated 30° counterclockwise.
Continuants of the composite container include (isotropic) concrete as Material 1 and (anisotropic)
Glass/Epoxy as Material 2, where the following material properties were used,

E =24.5 GPa,v = 0.17 for concrete,

E11 - 550 GPa, E22 - 21.0 GPa, E33 - ].6.0 GPa, (32)

https://www.scipedia.com/public/Shiah_et_al_2025 8
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G, = 9.7 GPa, G,; = 62.0 GPa, G;, = 8.5 GPa, for Glass/Epoxy,
U12 = 025, V13 = 0.27, V23 = 019, ,U/31q23 = 12,

Nt = Niza = Nip3 = 0.

8 Model ANSYS BEM

Il

!

o/

0 l 50 . 1(IJO l L:':O l 2('30
6 (Deg.)

Figure 5: Distribution of the hoop stresses on the upper half of the hole-Example 1

VR Model | Model II

Ar/R o —

1.00E-08 +

. B.00E-10-

men

8 6.00E-10-

Displa

4.00E-10 1

2.00E-10 4

0.00E+00

0 50 1 E)D 1 50 260
6 (Deg.)

Figure 6: Distribution of the displacements on the upper half of the hole-Example 1
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3 i
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Figure 7: Stress components calculated at internal points R = 0.55 m-Example |

X2
X

Quartz (Mat.3)

S 30°

5

i
AKX
~
%

D=5m

Figure 8: A doubly adjoined container buried underground-Example I1

For yielding generally anisotropic properties, the principal axes of the Glass/Epoxy are rotated 60°
counterclockwise. Fig. 9 shows the BEM meshes for the half-plane problem, i.e., by Model I, where
108 elements with 216 nodes were used. For providing comparative results, Model II with a very large
rectangular enclosing boundary outside is simulated by the BEM, employing 124 elements with a total
of 248 nodes.
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—— \I
PN
Material 1 \-(t,\ﬂ ’\
\_(\A( \/
A\
o ;_!‘.
\\ (1, X2)=(0.-5) I

R = 0.65m

|
Material 2 /

N ~

Material
‘-n.\ll.___ ___;‘/‘ al 3

Figure 9: BEM meshes for the half-plane problem-Example I1

It must be emphasized here that since the BEM analysis with a large finite domain has been verified
for its validity in Example I, such analysis is trusted to be a comparative approach. Otherwise, the
corresponding FEM analysis of this example will require intricate meshing to acquire convergently

accurate results for comparison. Shown in Figs. 10 and 11 are the distributions of the radial stresses
and hoop stresses on the surfaces of the upper-half enclosure.

04
T
Qo oo. O i
o R M !
¢ '.
24 !
Radius Model | Model Il |
R=0.65 o S |
R=0.55 - i !
R=0.5 o b
-4 T T T v T ¥ 1
0 50 100 150 200

6 (Deg.)

Figure 10: Radial stresses on the surfaces-Example 11

In addition, all stress components at internal points along » = 0.7 m were calculated and
plotted in Fig. 12. As can be seen from these comparisons from Figs. 10—12. The results calculated
using Model I are indeed in agreement with those by Model II.
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Figure 11: Hoop stresses on the surfaces-Example 11

8

Model | Model Il

g/P 0O —_—

o /P © T
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-1.04
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Figure 12: Stresses at internal points along » = 0.77 m-Example 11

Example 111

As the last example, Example III investigates a semi-circular hole with a radius R = 0.5 m in a
bedrock mining of quartz as schematically shown in Fig. 13. For the boundary condition, the flat
surface of the hole is fully constrained and uniform pressure spanning with width 1 is applied on the
top surface of the half-plane with a distance D from the ground of the hole. This example is to analyze
how the underground depth and the width of the applied load may affect the hoop stresses on the top
surface of the hole. BEM meshing of Model I is also shown in Fig. 13, where only 28 elements with
a total of 57 nodes were applied. To apply Model II for the analysis, an outside enclosing boundary
with 5 x 10° m in width (x;-axis) and 10° m in depth (x,-axis) is added to give a total of 44 elements
with 88 nodes applied. The principal axes of quartz are also rotated by 30° counterclockwise as
in Example II. Distributions of hoop stresses along the circumferential surface of the upper hole
calculated using both models are plotted in Fig. 14 for the case when W = 1 m. Shown in Fig. 15
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are plots of the hoop stresses varied for different depths of the hole. As can be told from a mechanical
sense, the hoop stresses decline with an increase of depth in the central region near 45°~120°, while the
trend goes reversely outside this central region. Fig. 16 plots the variation of hoop stresses for different
loading widths. Also, it is interesting to see a similar trend present in Fig. 15. That is, larger hoop
stresses for wider loading regions are only present in the central region but the trend goes reversely
outside the region. In all cases, the results calculated using both models, Model I for a half-plane and
Model II for a very large finite domain, agree with each other with negligible discrepancies observed
only near corners.

Figure 13: A semi-circular hole in the half-plane with loading on top-Example 111

Model BEM
6 | o
1

Gge/P

0 50 100 150 200
6 (Deg.)

Figure 14: Distributions of hoop stresses on the hole surface-Example 111
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Figure 15: Hoop stresses on the hole surface for various depths-Example I11
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Figure 16: Hoop stresses on the hole surface for various loading width-Example I11

5 Conclusions

In various disciplines of engineering, stress analysis of holes/inclusions in a half-plane has
attracted significant research over the years. Despite mathematical elegance, analytical approaches
cannot provide versatile analysis for complicated geometries and boundary conditions. For the elastic
analysis of holes/inclusions in an anisotropic half-plane, this paper implements the fundamental
solutions to treat problems of anisotropic half-plane, expressed as Lekhnitskii-like formulations. The
fundamental solutions are further modified to vanish at infinity such that no meshes at infinity are
required. In addition, the corresponding Somigliana’s identity for calculating internal strains inside
the anisotropic half-plane is also presented. Successful implementation of all presented formulations
is demonstrated by studying a few example cases in the end. By comparing with the alternative BEM
analysis employing a very large outside boundary to model infinity, the present half-plane analyses
appear to be not only accurate but also very efficient, especially in the modeling itself. Conclusively,
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the proposed BEM modeling of half-plane problems is very ideal to be applied to deal with various
problems in engineering when the meshing of infinite boundaries is not involved in the modeling.
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