


Although these estimators have been found to be robust, see [2] and [S], the superconvergence properties are
only proved in very few cases [6]. Actually, the choice of the sample points used in the recovery technique does
not alter the performance of the estimator [2]. Superconvergence is not observed in meshes mixing different
element types, therefore flux projection estimates should not be used with such meshes. Moreover, the recovered
solution usually shows a poor quality near the boundaries. Nevertheless, flux projection estimators are the most
popular and they have been implemented in many commercial FE codes because of their easy implementation
and practical efficiency. Flux projection estimates can be computed using only the existing framework of any
classical FE code.

Residual type estimators were first introduced by Babuska and Rheinboldt in [7]. The residual of the FE
solution is used as a source term in local boundary value problems associated with the error. These estimators
are defined by two factors: the selection of the local interpolation space (usually a bubble space for a p-refined
reference solution) and the approximation of the boundary conditions by splitting the flux jump across the edges
of the elements. Indeed, flux jump can be thought as a weak residual. These kind of estimators have a solid
theoretical background but their results have been found to be less robust than flux-projection estimates [2]. The
biggest part of the computational cost of these estimators is taken by the flux jump computation and the flux
splitting procedure. The implementation of these estimators is not widespread. This is probably because they
need computation of specific values which are useless for the general FE analysis.

Some estimators are difficult to classify into one of these groups. The estimators introduced by Ladeveze in
[8] and Ohtsubo and Kitamura in [9] build a regularized flux field and therefore they can be put into the first
class but they solve local problems associated with the residual and, consequently, they can also be seen as
residual type estimators (see [2]). These estimators present the usual disadvantages of the second family.

The estimators defined by Erikkson and Johnson in [10] cannot be classified into one of the above groups.
They are known as extrapolation type estimators. These estimators are based on the approximation of constants
appearing in the a priori error bounds. But they are rarely implemented in commercial codes. This is probably
due to the same reasons applying for residual type estimators.

A new approach to residual type estimators is introduced here. The estimates are seen as projections on
subspaces of locally-supported functions, these projections are computed by solving local problems. The
computation of flux jumps across the edges is precluded, therefore the main disadvantages of residual type
estimators do not hold. Moreover, the estimator can be applied in any kind of meshes, even if different element
types are mixed. The obtained estimate is a lower bound of the actual error. In addition, since inputs for local
problems are the same as those for the standard problem, the definition and the computation of the estimator are
easily integrated in a finite element code.

The remainder of the paper is organized as follows: Section 2 presents the model problem and notation.
Section 3 is devoted to error projection computation and some local properties of projections. In Section 4 an
interior elementwise estimator is defined. Section 5 deals with the problem of improving the estimation by
defining new projection spaces in a convenient way. In Section 6 we show some examples and demonstrate the
effectiveness of the estimator.

2. Model problem

Let us consider an elliptic problem over a bounded domain 2 C R* with a piecewise smooth boundary I’
divided into two parts 7, and 7. The boundary value problem is defined in strong form as

—V-(AVw) +bu=f in 2, (1a)

u=0 onl, (1b)
and

AVu)-n=g, onl (1c)

where « is defined on {2 and needs to be approximated. The Dirichlet boundary condition (1b) is taken
homogeneous, but, due to the linearity of (la) this is not a loss of generality, the examples will present
non-homogeneous Dirichlet boundary conditions. In order to simplify the presentation, a scalar case is
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considered in the theoretical development of the estimator. However, the extension to vectorial problems is
straightforward and plane mechanical examples with two degrees of freedom are shown in Section 6.

In order to study the weak form of the problem, equivalent to the strong form (1), several definitions are
needed. Let H'({2) denote the usual Sobolev space of functions with square-integrable derivatives and let
H’rd(.()) be such that H }}(.Q) ={weH') |w =0 on I}}. The solution u of (1) is also the weak solution of the
following integral problem: find u in led(.()) such that

a(u,v) = 1) (2)

for all v in H}d(.()), where a(-, -) and /() are given by

a(u,v):= J;) (Vo - AVu + buv) d£2 3)

and
lv):= Jn vf d2 + J; vg, dI . (4)

The Galerkin FE solution «, belongs to a finite dimensional subspace ¥, of H }d(.Q) and verifies (2) for all v
in 7,,. The goal of error estimation is to approximate a measure of the error e, defined as e :=u — u,.

If A is a symmetric positive definite matrix and & is non-negative, see Eq. (1a), then the bilinear form a(:, -) is
also symmetric positive definite and, therefore, it is a scalar product. The norm ||-|| induced by a(:, -) is called the
energy norm; for any v, |v]:=a(@,v)'"*. If Eq. (1) models a physical problem, [[v|| represents the energy
associated to the state of the system described by v. The energy norm will be used to measure the error e.

The FE solution u, is the projection of the exact solution # on ¥, according to the scalar product a(-, ), in
that sense Galerkin method is said to be optimal.

In order to have information about the distribution of error over {2, local restrictions of ||| will be used. For a
given subdomain (2, of {2 the associated local norm of the error e is

1/2
llell, := [a,te, e)1'": [fa (Ve-AVe+be2)dQ] . (5)

In the following sections, subdomains (), are chosen as the elements of the mesh which defines the
approximating space 7, (computational mesh).

3. Error projections

An error estimate should provide local information of the error in order to describe its spatial distribution. The
computation of an error estimate must also be local; that is the computation of a local restriction of the error in a
subdomain (2, only uses information in it and, eventually, in its neighborhood. Otherwise, error estimation
becomes too expensive and it could be cheaper to use a refined mesh in order to obtain a more accurate solution.
The local estimator presented in the following section is made independent of the neighbor elements by forcing
the approximation to e to vanish on the boundary. Then, in Section 5 the estimator is improved, precluding the
imposition of this artificial condition. before entering in the detailed definition of a local estimator, we discuss
error projections which are the rationale of the proposed estimator.

Since the weak equation (2) is well posed and the form a(-, -) is assumed to be linear on the first argument,
the error e is the only element of H lrd(-()) verifying

ale,v) = I(v):= ) — alu,,v) (6)

forall v in H }d({)). Eq. (6) is the weak global equation for the error. Thus, although the error is not known, its
scalar product with any given function v may be computed. That is, the projection of e on any subspace of
H }d(()) can be evaluated.



Let V, be a subspace of H, (.(2) of functions having their support in (2: they vanish elsewhere and,
consequently, on the boundary of {2, (V, is included in H 0(!2 )). The subspace V, is generated by a basis of
interpolation functions 8 ={N,, .. Nn} Reference to index k in the notation of the elements of & is omitted
when it is not necessary. The projection of e on V, is denoted by &, the element &, of V, is represented by the
column vector [&] 4 of its components on 9, the scalar product a(, *) is represented by matrix K with generic
term K, =aN,N)) (i, j= .,n) and the linear form l() is represented by vector (1 with generic term
[l] l(N ). Fmally, the prO_]CCthn &, is obtained by solving the linear system of equations

Klelg [1]. (7)
Then, the energy norm of &, can be computed in a straightforward manner by the expression
led” = [£1 3K 6] 5 = (215111 (8)

The set of subspaces V, is orthogonal with respect to a(-, -) because all subdomains (2, (the finite elements)
have intersection with measure zero. Bessel’s inequality applies and the norms of projections &, verify

2 llal’ = 2 ate,, &) < ate, o) = el )
=1 =1
where m stands for the number of elements in the mesh.

The bound given by (9) holds even locally. Indeed, as &, is the projection of e on V, according to the global
form a(-,-), the difference e g is orthogonal to &, i.e. ale — &, &) =0. Moreover, this orthogonality
condition also stands for the local form a, (-, -), i.e. a,le &, &) =0, because the support of &, is included in
£2,. Thus,

aee) alle—gl+eg.le— gl+e&)
=ai (g, &) tale g.e &)
and a lower bound for the local measure of the error is recovered
el = el < llell, - (10)

Accordingly, we deduce that a family of subspaces V, of H lrd(.()), defined over disjoint subdomains (3, (or
with null intersection), allows us to compute local projections &, such that:
¢ the norm of each ¢, is a lower bound of the local norm of the true error, see Eq. (10), and can be taken as a
local error estimator,
e defining ¢ as the sum of the &,

=2 & (11)
k=1

the global norm of ¢ is easily computed from the local projections and gets a lower bound of the global
measure of the error |le||

m
el = 2 llel? <
k=1

(12)

e both global and local approximations, ¢ and the g,’s, would be more accurate as the space V, generated by
the Vs, V.=V, ®V,®---@V,, is closer to H }:j(.()) (asymptotic behavior of Bessel inequality (9) is given
by Parseval’s equality). The global approximation & is the projection of e on V.

The functions of each subspace V, vanish on the boundary of (2,. Then, the global approximation & associated
with a family of V,’s, defined from a partition of {2 into subdomains {2, takes zero values at the points lying on
the boundary of the {2,’s. Those are called hidden points of the global approximation. In fact, we are artificially
forcing £ to be zero at these points. The space V will never approximate enough H lrd(!)) if many points of the
domain are hidden. In the following sections we define new families of subspaces related to other partitions of {2
in order to reduce these hidden points.



4. Definition of a local estimator. Interior residuals

The definition of the local subspaces V, characterizes the family of functions &. The g ’s are taken as
approximations of the local error. That is, approximations to the error inside each element (2, where the
subspace V, is defined. Local subspaces for residual type estimators have been typically defined following a
p-refinement [11-13] or an h-refinement strategy [14]. The present estimator can follow both approaches. For
the sake of simplicity we only show an h-refinement approach.

The interpolation functions N; generating V, are defined by a discretization of the element (2. We call these
meshes elementary submeshes. In order to make computations systematic and to have a simple implementation,
we describe an elementary submesh over a reference element. Generic elementary submeshes are built applying
the isoparametric transformation to this reference elementary submesh, see Fig. 1. Then, the interpolation
functions N, are associated with the nodes of the elementary submesh discretizing §2,. The nodes of the
elementary submesh lying on the boundary of (2 are not introduced in the definition of V, because the functions
of V, must vanish on the boundary.

The assembly of all the elementary submesh builds up a refined mesh discretizing the whole domain (2. The
refined mesh could be used in the computation of a more accurate reference solution u,. However, the
computation of the reference solution as a global refined problem must be avoided because of the large amount
of degrees of freedom involved.

The reference solution u, is associated with a reference error, e, := u, — u,. The reference error e, can be seen
as the projection of the actual error e on the interpolation space W generated by the global refined mesh. The
space W includes the space V (V:=V, @V, ®---®DV,) because W contains the functions N, generating each V,,
associated with the interior nodes, but also the interpolation functions associated with the nodes lying on the
boundary of each element (2,. Therefore, the projection £ of e on V is also the projection of e, on V and the
estimate given by & also undervaluates the norm of e,. The goal of the presented error estimator is to
approximate the global and local norms of e, without solving the global problem. In fact, £ (the projection of e,
on V) is already an initial estimate of e,. The global projection ¢ is the assembly of the local projections &, on
each subspace V,. Each projection ¢, is computed solving a linear system with a few degrees of freedom, thus,
with a low computational cost.

Once the subspace V, is defined by the basis 9 of interpolation functions N,, Egs. (7) and (8) are used in
order to compute ||| The computation of the residual term [[], defined in Eq. (6), is straightforward once u,
belongs to the reference space W. Then, u, can be expressed by the column vector [u,] 4 of its nodal values in
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Fig. 1. Reference elementary submesh (a) and induced elementary submeshes over regular (b) and arbitrary (c) meshes.
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the elementary submesh discretizing (2. Thus, a(u,, N,), see right-hand side of Eq. (6), is easily computed from
the product of K and [u,],. Finally, we get

=11 —-Klu,), - (13)

This expression determines the right-hand side of Eq. (7) as a function of the terms appearing in the usual FE
approach of a problem. The residual, i.e. the right-hand side of Eq. (7), does not need integration of the
approximate solution, because integrals have been carried out when K was generated.

The residual term (/] associated with a subspace V, with functions defined over an element (2 is called
interior residual. The estimator given by Eq. (7) with this definition of the V, is called interior estimator. The
interior estimator is characterized by the choice of the elementary submeshes.

It is very simple to define elementary submeshes for quadrilateral elements using a structured regular mesh of
the reference square, see Fig. 1. It is important to notice that although the elementary submesh is chosen
structured, the original computational mesh can be unstructured. These kind of submeshes verify that:

(a) they are simply defined on the reference element,

(b) they can represent the restriction of u, to {2, and

(c) they can be uniformly refined as far as the user wishes.

Computing the projection &, as described in Eq. (7) is equivalent to solving a local problem in (2,, with (2
discretized by the elementary submesh and where homogeneous Diruchlet boundary conditions are imposed on
the boundary of (2,.

The norm of ¢, increases with the ‘size’ of the associated subspace V, and the number of degrees of freedom
of the elementary submesh. A sequence of approximations based on refined submeshes has monotonic growth
on norms and it is bounded by the norm of the exact and the reference error. Therefore, as the submesh is
refined, the norm of the projections (local and global) converges to a value which is an underestimation of the
error. This underestimation could be relatively far from |l|?, and even from |le,|?, due to the fact that we are
forcing the approximate function to take zero values at the hidden points.

Many authors [11-13] solve similar local problems approximating the boundary conditions. The main idea of
those estimators is to use the discontinuity (jump) of flux across the element edges to approximate flux
(Neumann) boundary conditions for the error equation, on the boundary of each (2. Different authors use
different criteria to deduce such approximations. These approximations can be expensive because they need to
compute the solution and its derivatives in points lying on the boundary of the elements. From the point of view
of the present projection approach, it is possible to take into account the information of flux jumps across edges
by computing projections on subspaces of functions defined on subdomains including the edges. In the next
section we introduce a new family of projections based on a new partition of (2. Finally, we compute a new
error estimate combining the projections on the two families. Some compatibility conditions are imposed in
order to make this combination possible and to still get a lower bound.

5. Enrichment of the estimation. Overlapped meshing

Up to now, we have computed local projections &, of the error e on subspaces V,. We have used a partition of
{2 in subdomains (2, (k =1, ..., m, namely the elements). Each subspace V, was defined by a submesh over the
subdomain £2,. The norms of g were taken as approximations of local measures of the true error e. Local and
global approximations, &, and &, given by (8), (11) and (12), are lower bounds of the exact and reference error
norms. We realized that this approximation could be poor. We would like to add new terms to the error
estimation (9), in order to get closer to the exact error norm and still keep the lower bounding.

Since ¢ is the projection of the reference error e, on the space V, e can be uniquely expressed as the sum of &
and a function e, orthogonal to &, such that e, = £+ e;. Using the Pythagoras theorem we can write
el = lle,JI> = lle|I?, therefore the norm of e is the underestimation of the global reference error by the global
interior estimate. The goal of the enrichment of the estimation is to approximate the forgotten part of the
reference error e, and to add it to the first (interior) estimates. The function e, belongs to V*, the orthogonal
space of V, V:=V, ®V, @ - - @DV, , in the reference interpolation space W. As we want to approximate e, by a
projection, we would like to project on a subspace included in V.
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Let us consider a new partition of {2 into subdomains A, (I=1,...,m"). In order to make clear the difference
between the two partitions, subdomains denoted by A, are called patches, while {2, are the actual elements.
Every patch A, is discretized by a patch-submesh generating a subspace U, in H(',(A,). The subspaces U, are
generated in the same way as the spaces V, associated with the elements. In order to approximate the reference
error, the elements of each patch-submesh are chosen to be elements of elementary submeshes and, then also
elements of the refined global mesh generating W. Patch-submeshes and elementary-submeshes share nodes and
elements.

Since subdomains A, have zero measure intersections, subspaces U, are mutually orthogonal. The projections
of e, (or e) on the U,’s can be thought of as a new family of local approximations to e, over different domains.

Let U be the part of U, orthogonal to the interior global estimate &. Since U is a restriction of U, subject to
one linear constraint, the dimension of the subspace U, is, at least, the dimension of U, minus one. Let 7, denote
the projection of the reference error e, on 0,.

Since ¢ and each 7, are orthogonal Bessel’s inequality applies again,

lef* + [El I | = kZ lel* + 12 I I < el - (14)
= =1 =1

The orthogonality to & does not impose U, to be included in V*. Actually, a restriction of U, ensuring
orthogonality to the space V would reduce it to the null subspace. This is due to the fact that, in general, the
dimension of the subspace U, is less than the total number of nodes which are in the elements intersecting the
corresponding A,. Since we are obtaining a lower bound of the error, we prefer to impose the minimal restriction
allowing to add the new contributions to the interior estimates as is done in Eq. (14).

We have determined a new global estimate. Now, the only hidden points are the intersections of the edges of
the two families of subdomains, that is the intersections of the boundaries of the elements and the patches,
which is obviously a smaller set than all the edges of the elements.

Nevertheless, as noted previously, we also desire to compute a local estimate to determine the spatial
variation of the error. This local estimate is an approximation of ||e,||f, see Eq. (5). Therefore, the contribution of
all the patches A, overlapping element {2, must be taken into account. This contribution is not the complete ]]17,||2
but the local norm restricted to {2, namely a,(%,, 17,) = Hn,H,f Recall that , has support on A,, therefore it is zero
in {2, outside its intersection with A,. Thus, an approximation of the squared local norm of the error |le|; can be
evaluated using

lesf; + Z ol (15)

where index ! in the summation takes the values such that the patch A, overlaps the element (2,.

Notice that the local norm of 7, (restricted to A,) is easily computed using an expression similar to (8).
However, the computation of its contribution to element {2,, i.e. ||, needs to identify the elements of the
patch-submeshes belonging to (2,. This can be cumbersome. Therefore, in order to further simplify the
computations another approximation is performed. We refer to equally distribute the squared norm of 7, In,||2,
over all the elements overlapping the patch A,. That means we are approximating the quantities defined in (15)
by

[
ledie + 2 =) (16)
! !

where m, is the number of elements overlapping the patch A, and index ! has the same range of variation as in
Eq. (15). This approximation looses the lower bound property, in particular when elements with small error are
next to elements with large error. However, the computational benefits are important and the examples in the
next section show that the lower bound property is only lost in a negligible number of elements.

It is important to notice that the orthogonality condition to the interior global approximation & can be easily
implemented if the nodes of the patch-submeshes (discretization of A,) and the nodes of the elementary-
submeshes (discretization (2,) are the same. Then, the selection of the subdomains A, is induced by the
discretization of {2,. We must choose at the same time the geometry and the meshing of A, conditioned to the

7



Fig. 2. Node patch submesh (shaded) associated with the regular Fig. 3. Edge patch submesh (shaded) and elementary submeshes
elementary submeshes. defined through a quadrilateral meshing of a triangle.

meshing of (2. The orthogonality condition becomes a linear restriction on the local solution over each patch and
it can be easily imposed by a Lagrange multiplier technique.

Finally, in order to completely define the estimator, a description of the new partition and the corresponding
patch-submeshes is needed. If we consider an interior estimator as defined in Section 4, see Fig. 1, a set of
patches centered at the nodes of the original mesh can be defined as is shown in Fig. 2. Every node has an
associated A, with vertices at the centers of adjacent elements and the middle points of the edges. The
discretization of the patches is induced by the discretization of the elements. The hidden points of the total
estimation are only the centers of the interior edges of elements. The estimator induced by this geometric
definition is denoted by nodal-patch estimator.

It is possible to create an elementary-submesh and a patch definition ensuring that the hidden points of the
total estimation are a priori chosen points, for instance the nodes of the original mesh. Fig. 3 shows how such
submeshes and patches are defined. It is worth remarking that with this geometric definition, projection 7,
includes the effect of flux jump across the edge covered by the patch A,. This estimator is denoted by edge-patch
estimator.

In the definition of the estimator we have followed a particular projection strategy. In fact, we first obtain an
interior projection &, over each V, and then we use the global interior approximation & to impose a restriction for
each U,. The sum of the projections &, and %, is only a lower bound of the full projection on a global space
generated by both the two families V,’s and U,’s. The projection strategy could theoretically fail, depending both
on the definition of the submeshes and the patches, see [15] for details. Nevertheless, in the numerical examples
this pathology has never been noticed.

In the following sections we show some examples and we compare the difference of the nodal-patch estimates
and the edge-patch estimates in a simple problem.

6. Examples

The practical analysis of an error estimator is based on the study of the effectivity index. The effectivity index
is defined as the ratio of the measures of the actual and the estimated error. It can be defined either globally or
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locally. If the exact analytical solution of the problem is known, the effectivity index can be computed. If not, in
order to study the performance of the estimator, the reference error e, can replace the exact error e in the
computation of the effectivity index. The lower bound property of the estimator is equivalent to have effectivity
indexes lower than 1. The global effectivity index is lower than 1 even if it is computed using the reference
solution (the estimate undervaluates the reference error). Therefore, local effectivity indexes are expected to be
also lower than 1.

We first present a simple unidimensional problem with known analytical solution. Let us consider the ordinary
differential equation

d’u )
—— @ =6x"—3x

dx
in {2=1]0, 1[ with homogeneous Dirichlet conditions #(0) = u(1) =0. The exact solution of this problem is
u(x) = (x’ —x*)/2. We solve the problem using the FE method with regular uniform meshes. We obtain two
approximate solutions: u,, with a mesh of 20 linear (two-nodes) elements and «,, with a mesh of 15 quadratic
(three-nodes) elements. The errors e, =u — u,, and e, =u —u,, are known, therefore we can compute local
energy norms of the exact error on every element for both meshes. In the error estimation procedure, we first
compute the projection of error on interior subspaces generated by uniform element submeshes. We compute
projections for elementary submeshes defined by different numbers of subelements. Global results are shown in
Tables 1 and 2. Increasing the number of degrees of freedom in the elementary submesh the global estimate
converges very quickly to the global measure of exact error. The distributions of local error are shown in Fig. 4.
The estimates presented in Fig. 4 have been computed with coarse submeshes (5 linear elements and 2 quadratic
elements), for finer submeshes the plots of exact and approximate error distributions cannot be distinguished.
The estimated global error is a very good approximation of global norm of exact error. Although we only take
into account interior projections and nodes are hidden points, the approximation is fair. This is due to the fact
that in such simple problems, we have superconvergence phenomena. In those problems FE solutions have
better approximation properties at nodes [16]. Thus, the error is zero (or has a higher order of punctual
convergence) at nodes which are precisely the hidden points. The interior global approximation is, in this simple
case, a good one. In other words, Dirichlet homogeneous conditions on local error equations are very accurate.
Overlapped patches covering the extremes of elements would not introduce any improvement in the estimation.

The second example is a plane Laplacian problem with a simple analytical solution. We consider the L-shaped
domain {2 of Fig. 5 and we state the Laplacian equation

u  du
—+—5=4 in{)
ox ay
Table |
Global error estimates and effectivity index for unidimensional problem with linear elements
Element submesh Element submesh Global error estimate Global effectivity index
free nodes elements
2 3 0.01488 94.3%
4 5 0.015463 98.0%
8 9 0.015687 99.4%
16 17 0.015758 99.8%
Table 2
Global error estimates and effectivity index for unidimensional problem with quadratic elements
Element submesh Element submesh Global error estimate Global effectivity index
free nodes elements
3 2 7.3403 x 107° 96.80%
5 3 7.5345% 10°° 99.40%
11 6 75799 x 10 ’ 99.98%
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Fig. 4. Distribution of error measures, exact error (solid line) and estimated error (dashed line) for linear elements (left) and quadratic
elements (right).

We give Dirichlet boundary conditions on the whole boundary of {2 such that we get the analytical exact
solution u(x, y) = x" + y’. The approximate solution u, is computed using the unstructured quadrilateral mesh
shown in Fig. 5.

For this problem, error estimation is performed using both nodal and edge-patch approaches. Tables 3 and 4
show the evolution of global effectivity index with the number of elements in the element submesh for both
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Fig. 5. Distribution of the exact error.
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Table 3
Global error estimates and effectivity index for bidimensional Laplacian problem with four noded quadrilateral elements and nodal patch
submeshes

Element submesh Element submesh Global error estimate Global effectivity index
free nodes elements
9 16 0.24759 91.9%

25 36 0.25435 94.4%

49 64 0.25670 95.3%

8l 100 0.25780 95.7%
361 400 0.25934 97.5%
Table 4

Global error estimates and effectivity index for bidimensional Laplacian problem with four noded quadrilateral elements and side patch
submeshes

Element submesh Element submesh Global error estimate Global effectivity index
free nodes elements
9 12 0.23381 86.8%
41 48 0.24315 90.2%
177 92 0.24691 91.6%

node-patch and edge-patch approaches. As we can see in Tables 3 and 4, in this case, the nodal-patch approach
presents slightly better results. Anyway, in both cases the estimation fits the shape of the distribution of the local
error. In fact, Fig. 5 shows the exact error distribution over the domain. Notice the similarity with Fig. 6 where
the estimated error is presented. The represented estimation corresponds to a nodal-patch approach with
elementary submeshes of 16 elements. As a measure of the quality of the estimator we also look at local
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Fig. 6. Distribution of the estimated error.
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Fig. 7. Histogram representing the occurrences of the values of local effectivity index for the Laplacian problem (represented for the
nodal patch estimator and the elementary submesh of 16 elements).

effectivity indexes. The histogram representing the occurrences of the values of local effectivity index (Fig. 7)
shows the distribution of local underestimation and demonstrates that the spatial distribution of the local
effectivity index is quite uniform (the values are concentrated between 0.83 and 0.95). So, the equality of the
estimation is roughly the same in the whole domain. This is very important if the estimator is used in an
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Fig. 8. Distribution of the local effectivity index.
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Fig. 9. Distribution of the reference error.

adaptive procedure because the mesh optimality criteria are based on the uniform spatial distribution of the
error. Fig. 8 shows the spatial distribution of the effectivity index. Notice that, although the estimation is more
accurate in the interior of the domain, on the boundary the effectivity index is over 0.92.

This example shows that the estimator has a good behavior even in the elements near the Dirichlet boundary.
Usually, standard error estimators present problems near the boundaries [2].

The third example is a plane elastic mechanical problem (in plane strain hypothesis). Displacements of a
gravity dam under water pressure and concrete and rock weight loads are computed using FE. We prescribe
displacements along the boundary representing the edge of the concerned ground domain.

Reference error distribution and estimated error distribution are shown in Figs. 9 and 10. The error

5
]
5
|
|
I27
|
|
|
i

Fig. 10. Distribution of the estimated error.
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Fig. 11. Distribution of the Zienkiewicz Zhu estimated error.

distribution obtained with the Zienkiewicz—Zhu estimator described in [3] is shown in Fig. 11. Fig. 12 shows
histograms of local values of effectivity index for the presented estimator and for the Zienkiewicz—Zhu
estimator described in [3]. The values of the effectivity index associated with the presented estimator are
concentrated in a narrower band. A uniform bias and a little dispersion in this histogram means that the quality
of the estimation is uniform and, therefore, the estimator is well suited to an adaptive procedure. Figs. 13 and 14
represent the diswributions of the local effectivity index for the presented estimator and the Zienkiewicz—Zhu
estimator, respectively. Notice that spatial distribution of the local effectivity index for the presented estimator is
more uniform.

Effectivity index histogram

20.
|

)

number of elements

re—een

10
effectivity index

Fig. 12. Histogram representing the occurrences of the values of local effectivity index for the mechanical problem for both the presented
estimator (solid line) and the Zienkiewicz Zhu estimator described in [3] (dashed line).
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Fig. 13. Distribution of the local effectivity index for the presented estimator.

In this example, error estimation is used in an adaptive procedure. The objective is to obtain a solution with
an error in energy norm lower than the 5% of the global norm of the solution. Fig. 15 shows the sequence of
meshes created using the error estimation. We followed the remeshing criterion presented in [17] and the mesh
generator described in [18] in order to obtain new meshes given an equally distributed specific error. After the
first step, the resulting mesh gives a solution with an error of 6.5% of the solution. The goal is attained in only
two steps, the third mesh verifies the error prescription.

20.
30.
40.
50.
60.
70.
80.
90.
100.
110.
120.

l 130.
g

140.

150.
Fig. 14. Distribution of the local effectivity index for Zienkiewicz Zhu estimator described in [3].
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Fig. 15. Sequence of refined meshes leading to the optimal mesh giving 5% of relative error.

7. Conclusions

The methodology introduced in this paper provides a new approach to error estimation in FE analysis.

The presented lower bound estimator has a good performance approximating both the global value and the
shape of the error. Although it is a residual estimator, it does not need to approximate boundary conditions for
local problems. Therefore it is not necessary to compute flux jump cross the edges of each element and the error
introduced by flux splitting techniques is avoided. One of the main disadvantages of the residual estimators is
then precluded.

Moreover, the estimator is defined elementwise and it can be applied in meshes combining elements of
different shapes. The reference solution is approximated by solving local problems subject to homogeneous
Dirichlet boundary conditions. Therefore standard routines of FE codes can be used to build up each local
problem. Consequently, the estimator is easily integrated in existing codes.

Adaptive procedures using this estimator present fast convergence to optimal meshes given a specified
relative error.

Further studies about the quality and the robustness of the estimator under strong regularity conditions can be
performed following the method described in [2] and [S].

16



Following the same idea, different estimates could be found by defining the local interpolation subspaces by
higher order polynomial functions. The reference solution would be then a p-refined one and the orthogonality
conditions should be imposed in a different way.
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