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Abstract. Practising structural engineers working with historic masonry structures 
need access to further developed methods to analyse and assess the structural behaviour of 
masonry vaults. The aim of this study is to evaluate methods to analyse vaulted masonry 
structures and to develop a methodology for the application of suitable methods to the 
work of practising structural engineers. A secondary aim is to use the methods studied to 
analyse and assess the structural behaviour of three Swedish church buildings of different 
types and with vaulted structures. The churches are Gökhem church, a small parish church 
built in the 12th century, and the Lund cathedral, also built in the 12th century; both 
originally in the Romanesque style but with later alterations. The third church is St 
Johannes church in Stockholm, built in the neogothic style in the late 19th century. The 
methods used are parametric graphic statics of thrust line analysis and Thrust Network 
Analysis (TNA), both based on funicular analysis. The results show the strength of using such 
methods to assess and evaluate the structural behaviour of historic vaulted masonry 
structures. They provide a pedagogical description of the structural behaviour of masonry 
vaults and the conditions that affect their load-carrying capacity. Another result is the 
implementation of a method to perform the analysis in a feasible and effective way. For the 
analysed church buildings, the results provide an understanding of their structural 
behaviour and clearly show how different variables affect the magnitude and impact of 
the thrusting force. Thrust Network Analysis has great potential to become a very effective 
method to perform advanced 3d analyses of masonry vaults but needs to be developed in order 
to enable “best fit solutions” to map the thrust network to the shape of the existing vaults. 
Such methods are under development.  
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1 INTRODUCTION 

In the work of practising structural engineers, with a focus on historic masonry buildings, 
the commissions often relate to structural problems, such as cracking, movement and 
weathering of materials, or to restoration and reconstruction. Frequently, there are arches and 
vaults in the buildings and questions concerning their structural behaviour and their impact on 
the surrounding structures are common. Structural engineers working with historic masonry 
structures need to have access to further developed methods to analyse and assess the structural 
behaviour of masonry vaults. 

The work initiated by Heyman [1], to apply limit analysis to masonry load-bearing 
structures, in combination with the rapid development in recent decades of computer-based 
methods to analyse vaulted masonry structures, has provided a frame-work that entails new 
possibilities for engineers to assess such buildings.  

The main aim of this study is to evaluate methods to analyse vaulted masonry structures. 
During the work it became evident that there was a need to develop a methodology for the 
application of suitable methods to the work of practising structural engineers. This became a 
supplementary aim. With further developed methods it is possible to make more efficient and 
safer assessments of historic masonry structures. The methods studied are based on funicular 
analyses, since they are considered suitable [1,2,3] for this field of work. The methods used are 
Thrust Network Analysis [3] and thrust line analysis using parametric graphic statics [4,5]. The 
methods are examined by using three Swedish church buildings with vaulted structures as case 
studies. A secondary aim is thus to use the studied methods to analyse and assess the structural 
behaviour of the objects in the case studies. Two types of research questions have driven the 
work; general research questions concerning the applicability of analysis methods and specific 
questions concerning the structural behaviour of the historic vaulted masonry structures in the 
case studies.  

2 METHOD  

Since the aim of the study is to investigate methods to analyse historic vaulted masonry 
structures in engineering practice, three masonry buildings have been used as cases to test and 
develop methods and ways of working. By using real structures with relevant structural 
problems that consultant engineers have encountered, it is possible to determine how applicable 
and adaptable the methods are, and their potential and the need to develop them further. In 
addition, the case studies provide knowledge of how historic masonry structures carry loads as 
well as other aspects of decisive importance for their structural behaviour. The objects chosen 
for the case studies represent three different types of historic masonry structures with vaults.  

2.1 Capture geometry  

In order to analyse the structural behaviour of vaulted masonry structures, a precise 
description of their geometry is crucial, regardless of the methods used to analyse them. To 
achieve accurate measures of the vaulted shapes, laser scanning and photo scanning were used 
[6,7], see Figure 1. The scans need to be carried out on both the intradoses and extradoses of 
the vaults, and it is also necessary to capture the dimensions of walls, pillars and other relevant 
geometric information. In many cases, insulation or other obstructing objects on the extradoses 
of the vaulted structures need to be removed or taken into account in some other way.   
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Figure 1: Left: laser-scanned point cloud of the Gökhem church; middle: meshed model of vaults and walls, 

and right: a section rendered by using the point cloud.  

2.2 Thrust Network Analysis  

Funicular force networks have been introduced [8] as an extension of the thrust line analysis 
to also include three-dimensional structures, and has been further developed into Thrust 
Network Analysis, TNA [3,9]. The Block Research Group at ETH Zürich has developed the  
RhinoVAULT software to carry out Thrust Network Analyses [10,11]. With RhinoVAULT, 
Thrust Network Analysis can be carried out within the graphic interface of Rhinoceros [12]. 
This is an advantage, as the 3d models of vaulted structures produced from the laser scans can 
be managed easily and effectively in Rhinoceros.  

 
The approach developed for the Thrust Network Analysis in this study consists of nine steps: 
1. Capture the geometry 

The geometry of the vaults is described by a point cloud generated by laser scanning. 
The point cloud is used both to create a meshed 3d model to compare with the shape of 
the thrust network, but also to calculate the loads and their distribution across the 
vaulted shape.  

2. Creating a meshed 3d model and exporting it to Rhinoceros 
The point cloud is imported into the 3DReshaper [13] software, where it is processed 
and divided into different parts in different layers to facilitate the analysis; for example, 
walls, extradoses of vaults and intradoses of vaults. A meshed 3d model is created in 
3DReshaper, exported and then imported into Rhinoceros.  

3. Calculation of loads 
The main load usually consists of the weight of the vault, determined by its volume and 
density. In some cases, heavy filling at the haunches of the vaults can provide a 
considerable load. In cases where the extradoses of the vaults are more or less covered 
by insulation or some other material, the volume of the vaults has been calculated on 
the basis of the area of the intradoses and the thickness of the vaults. The thickness can 
usually be determined by using the point cloud in combinations with an investigation in 
situ. 

4. Choice of form diagrams for Thrust Network Analysis 
The Thrust Network Analysis requires the creation of a form diagram. In this project, 
four different diagrams with different densities have been used. The shape of the vault 
should guide the choice of the form diagram and it is an advantage if the analyst has an 
understanding of how the load is carried by the vault.  
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5. Determination of points for support 
Before the height of the thrust network can be calculated, the placing of the support of 
the thrust network needs to be defined. These points represent locations where the vault 
is supported by walls or columns. In many cases, there are massive masonry walls and 
it is not at all obvious at what level and how far within the wall the vault is actually 
supported. Since the structure is statically indeterminate, it is not possible to know the 
exact location of the support and extreme possibilities therefore have to be studied to 
find  possible solutions. In this study, a framework with five to seven possible vertical 
positions in combination with three horizontal positions in a defined grid has been 
used, see example in Figure 2.  

6. Creation of force and thrust networks in RhinoVAULT  
The force and thrust networks are created by RhinoVAULT when the supports and 
form diagrams are given.  

7. Distribution of loads across the geometry of the vault 
In the Thrust Network Analysis, the total load of the vault and other loads are first 
given. The load is evenly distributed over the discreet nodes of the thrust network by 
tributary areas [14] as default. If loads should be positioned in another way, which may 
be the case with vaults of varying thickness or filling at the haunches, the load must be 
manually moved to and from the nodes that should carry more or less load.   

8. Fitting of thrust networks relative to vault geometry 
The lack of an automated “best fit” solution to map possible thrust networks on an 
existing geometry means that the shape of the network and its fitting to the shape of the 
vaults need to be carried out by manipulating the force diagram and by using a scale 
factor for the height of the thrust network. For the fitting of the network, a “target 
surface” could be used [15]. Such a target surface must also be created in order to 
achieve best fit solutions. In this study the networks have been fitted in relation to the 
complete geometry of the vaults and according to the support positions described 
above.  

9. Results of the Thrust Network Analysis 
If it is possible to find a solution to the thrust network within the geometry of the vault, 
the conditions of Heyman [1] are fulfilled and the network presents one possible 
solution for the structural behaviour of the vault, see example in Figure 2.  
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Figure 2: Left: grid for different support positions in the vertical and horizontal direction; right: Possible 

shapes and positions of thrust networks in a Thrust Network Analysis.  
 
In the available version of RhinoVAULT it is not possible to use “best fit” or “closest fit” 

solutions for thrust networks on predefined geometries. There are several studies that describe 
strategies and algorithm to carry out such analyses [15,16,17,18]. Without solutions for best 
fit analyses the possibilities to fit the thrust networks to thin complex vault geometries are 
limited, and it is also more difficult to generate the most extreme shapes in the networks that 
yield minimum and maximum horizontal thrust, respectively. On the other hand, the need to 
fit the shape of the thrust networks manually by manipulating the force networks leads to an 
improved understanding of how the structural pattern of forces is controlled within a vaulted 
structure. In some cases, there have been difficulties in finding the shapes of the networks that 
converge into a solution that fits the structural shapes. The reason for this is unknown, except 
in cases where it is simply not possible to fit a thrust network within the geometry of the 
structure. 

2.3 Thrust line analysis using parametric graphic statics  

Thrust line analysis using parametric graphic statics has been used and developed previously 
by the authors [5,7], and has been further developed within this research project. The Geogebra 
[19] software was used to build the models, see example in Figure 3. The models were used to 
examine how the thrusting force from the vaults is carried by the building’s walls and columns 
to the foundations by studying appropriate sections where the load from the vaults meets the 
surrounding structures. Parametric analysis of the vaults using the slicing technique [5] was 
also carried out in order to compare with the results from the Thrust Network Analysis.  
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Figure 3: Examples of thrust line analysis using parametric graphic statics.  

 
The approach developed for the parametric thrust line analysis in this study consists of five 

steps:  
1. Preparation of a section of the building for analysis  

The section for study is produced from the laser-scanned point cloud using Revit [20] 
or corresponding software. The sections are dimensioned at strategic places for scaling 
in Geogebra. The sections can be produced from a drawing based on the point cloud or 
directly from the point cloud, see example in Figure 1.  

2. Definition of the load-carrying structures of the building  
In the Geogebra models, the geometry of the different parts of the structure needs to be 
defined. The depth of the structure; for example, the dimensions of a pillar or the width 
of the part of a wall that contributes to the load-carrying structure, must be defined. 
Adjustments to represent different loads from walls with varying thickness or other 
loads, such as loads from a roof structure, may also be required.  

3. Determination of loads  
In the model, loads are generated from the geometry by defining the density of the 
material. Loads from vaults are provided by their magnitude, direction and point of 
application. Loads from vaults are given by the Thrust Network Analysis or an analysis 
using the slicing method.   

4. Fitting of thrust line relative to the vault geometry 
The location of the thrust line within the geometry is manipulated according to the 
objective of the analysis. Many times, it is desirable to try to fit the thrust line within 
the middle third of the structure to ensure its safety and minimise the risk of cracking.  

5. Comparisons between different load cases  
The parametric thrust line analysis enables fast comparisons between different load 
cases and their impact on the structural behaviour of the building.  

 
The combination of the results from the Thrust Network Analysis of the vaults (or pseudo-

3d analysis using the slicing method) and the models for parametric thrust line analysis by 
appropriate sections gives a description of the complete flow of forces in the analysed 
buildings. The models provide an understanding of the structural behaviour, an assessment of 
the safety margins of the load-carrying structure and an understanding of how changes in the 
load or in the structure affect the structural behaviour.  
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3 CASE STUDIES 

The case studies involved three objects: Gökhem church, Lund cathedral and St Johannes 
church in Stockholm, see Figure 4. The churches represent three different types of structures 
with masonry vaults and pose different questions concerning their structural behaviour.  

Many questions regarding the structural behaviour of the case study objects was analysed in 
the study. Here, only a few examples of results are presented.  

 

 
Figure 4: The case study objects: left: Gökhem church; middle: Lund cathedral, and right: St Johannes 

church.  

3.1 Gökhem church  

Gökhem is a small parish church built in the 12th century. The building consists of a nave, 
which was extended to the west already during medieval times, and a lower and narrower choir 
with an apse to the east. There is a sacristy and a porch at the north of the building. Originally, 
the building did not have vaults but an open roof structure. The vaults are of limestone and were 
built in the 15th century.  

The building has been the main object for testing of the different methods and comparison 
of the results. One specific question was how different factors concerning the shape of the vault 
and its meeting with the supporting wall affect the structural behaviour, and another how 
different loading situations from the roof structure affect the structural behaviour.   

2.3 Lund cathedral  

Lund cathedral was first built in the 12th century. The church has three naves, with a transept, 
a choir and an apse in the Romanesque style. It has been rebuilt and restored several times. The 
main nave has a total of six rib vaults that were constructed after a fire in 1234. The side aisles 
have eight vaults each. Buttresses were added during the 16th century. They were later removed 
during the 19th century and tie rods were installed in the main nave. In the 19th century 
restoration, the vaults of the main nave were probably  partially rebuilt and changed.  

Two questions of interest concerning the Lund cathedral is whether the former buttresses 
with flying buttresses were necessary to support the thrusting forces of the vaults and, 
consequently, if the current tie rods are equally necessary.  
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2.4 St Johannes church  

St Johannes church in Stockholm was built between 1884 and1890 in the neo-gothic style. 
It has three naves and a transept. The choir is located to the north and the tower and main 
entrance to the south. The church is constructed of brick masonry, with details such as tracery, 
mouldings and sculptures made of concrete. The church has been restored several times. In the 
restoration carried out in 1970-1974, the vaults were found to have severe cracks and extensive 
reinforcement of them was required. Measurements were made of the vault geometry and the 
cracks and a thrust line analysis was carried out. The results showed two types of damages to 
the vaults. Firstly, they lack the capacity to carry loads to the supports by the diagonal ribs; 
instead, the load is directly transferred to the adjacent arches. This has led to cracking along the 
bricks in the upper part of the vaults. This damage was not considered dangerous and was only 
repaired and not reinforced. Secondly, there was an imbalance between the lower parts of the 
vaults since the part of the vault adjacent to the walls was much steeper than the ones next to 
the crossing arches. This had led to severe cracking of the diagonal ribs and a risk of collapse. 
Reinforcements were introduced to counteract the imbalance of the structure.  

One question of interest for St Johannes church is whether it is possible to validate the 
structural analysis and the described structural behaviour that were presented during the 
restoration in the early 1970s. Furthermore, questions concerning the importance of the flying 
buttresses were studied as well as the way in which the load is carried through the structure 
from the vaults by way of columns, walls and buttresses. 

4 RESULTS 

4.1 General results  

A result of this study is the implementation of a method to carry out analyses of historic 
masonry vaults based on the funicular methods, Thrust Network Analysis and thrust line 
analysis using parametric graphic statics in a feasible and effective way for practising structural 
engineers.  

For this study the Thrust Network Analysis has been carried out using the RhinoVAULT 
software. The main purpose of RhinoVAULT today is to perform form-finding for intuitive 
creation and exploration of compression-only structures. The program is not adapted to analyse 
existing structures such as historic masonry vaults. Still, it is possible to carry out analyses of 
many vaulted structures in the current configuration of the program and many vaults have a 
shape that make it possible to find several valid solutions within their geometry. The results can 
also provide information on the structural behaviour, even though it has not been possible to fit 
thrust networks completely within their geometry. For cases where thrust networks are 
successfully found within the geometry, it is known from Heyman [1] that the shape of the 
network represents one possible load path, and this indicate that the vault has a shape that can 
carry its load by compression only. The results of the Thrust Network Analysis made within 
this project have thus been the same or more conservative than those obtained by parametric 
thrust line analysis by means of the slicing method, which was unexpected.  

In order to obtain results that are more precise, TNA solutions based on best fit algorithms 
need to be applied to get a better fit of the thrust networks to predefined geometries. These 
solutions are not implemented in RhinoVAULT today.  
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Still, TNA solutions by means of RhinoVAULTS with the methods and the way of working 
developed in this project make the analysis of the structural behaviour, thrusting forces and 
studies of how different conditions affect the results much faster than previously. Furthermore, 
the use of 3d models gives a better understanding of complex vaulted structures.  

The models for parametric thrust line analysis make it possible to connect the result of the 
analysis of the vaults to an analysis of the behaviour of the complete building.  

4.2 Case study: Gökhem church 

For the Gökhem church structural type with thick vaults it is easy to find, thrust networks 
that fit within the geometry, and consequently, show possible structural behaviours with TNA, 
see Figure 5. The parametric thrust line analysis using the slicing method gave solutions with 
lower thrust than could be found with TNA. This is possibly due to not finding networks with 
a “deep” enough solution, which would probably have been facilitated by a best fit solution.  

The analysis of the vaults of Gökhem church gives a range of valid results of thrust networks 
that fit within the geometry of the vault. To find possible solutions, the structural behaviour of 
the complete building needs to be considered to be able to disregard results that give thrusting 
forces of a magnitude and direction that cannot be supported by the walls. 

The results show three factors that interact and are decisive to the magnitude of the horizontal 
thrusting force: the weight and shape of the vault, the angle of the thrusting force at the location 
where the vault meets the supporting structure, and the height of this location, which is the 
location of the structural springing of the vault.  

 

 
Figure 5: Example of results from thrust network analysis of Gökhem church.  

4.3 Case study: Lund cathedral 

The thin geometry of the vaults in the main nave of Lund cathedral limited the possibilities 
to find thrust networks with TNA that fitted the geometry, although it was possible with 
parametric thrust line analysis and the slicing method. Despite this, it was possible to draw 
conclusions on the magnitude of the thrusting forces that arise from the vault under different 
conditions. A comparison between an “almost fit” of a TNA network and parametric thrust line 
analysis shows good conformity with respect to supporting forces.  

The analysis of a section shows that the former buttresses probably had a significant task to 
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support the thrusting forces from the vaults of the main nave. The tie rods that replaced them 
in the 19th century are thus important for the structural safety of the building. 

4.4 Case study: St Johannes church 

Since the vault of the main nave of St Johannes church has an extreme shape and is thin, it 
was not possible to find thrust networks with TNA that fitted within the geometry, or to find a 
complete solution using parametric thrust line analysis with the slicing method. The failure to 
find a TNA-based solution might be attributed to the available methods lacking a best fit 
solution, but the results indicate that the analysis made in this study, with TNA and parametric 
thrust line analysis, validates the findings from the earlier analysis that it is not possible to find 
thrust lines or thrust networks that fit completely within the geometry of the vaults.  

The analysis of a section of the church by means of parametric thrust line analysis clearly 
showed the efficiency of the buttresses and the flying buttresses to counteract different types of 
loading from the vaults and the roof structure to ensure that the forces in the inner columns of 
the church are always located at their centre, see Figure 6. The results show the strength of the 
methods used to describe and study the global force pattern and the clever structure of the flying 
buttresses to support and allocate the thrusting forces from the vaults and roof structures.  

 

 
Figure 6: An example of the flexible response of the flying buttresses to different loads. The analysis to left 

shows the case without wind loading on the roof structure, and the analysis to the right shows the case with wind 
loading. The increased thrusting force from the central nave is counteracted by the flying buttresses.  

5 CONCLUSIONS 

The development of computer-based methods to capture complex geometries and to carry 
out modelling and analyses has created entirely new possibilities to study and assess complex 
masonry structures. By using the proposed approach to carry out funicular analysis of historic 
vaulted masonry structures, it is possible to perform analyses and assessments with a reasonable 
work effort and length of normal project and achieve results of the required quality for 
practising structural engineers. The methods are efficient for the analysis of complex structures. 
The methodology also provides a pedagogical description of the structural behaviour of 
masonry vaults and the decisive factors for their load-carrying capacity. 3d models facilitate 
the perception and understanding of the analysis and results.  
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Thrust Network Analysis (TNA) has the potential to become a very useful and efficient tool 
to analyse historic masonry vaults. For this, a solution to fit the thrust networks to existing 
geometries is needed. The availability of a best fit solution is also needed to find the most 
optimal and valid shapes within the geometry of the vaults, depending on the objective of the 
analysis. Thrust Network Analysis is faster than parametric thrust line analysis by means of the 
slicing method, and provides the possibility to examine rapidly many different ways that the 
vaults can carry loads, as well as different loading situations in a sensitivity analysis.  

To carry out a thrust line-based analysis for vaulted structures, a target surface needs to be 
defined in some way. With a best fit-based solution in TNA, a target surface to which the thrust 
network can be optimised must be defined. The distance from the resulting thrust network and 
the target surface gives a measure of how well suited the given shape is to be a load-carrying 
structure for compression only. In analyses of historic masonry vaults, the analyst needs to 
know which shape is aimed at to describe the structural behaviour of the vaulted structure. The 
thrust network needs to be located within the geometry of the vaults but, in theory, there can be 
endless valid variations of its shape. The extremes are given by the flattest possible shape, with 
the network close to the intrados at the top of the vault and close to the extrados at the support 
of the vault,  and the “deepest” possible shape, with the network close to the extrados at the top 
of the vault and close to the intrados at the support of the vault. The second case gives the least 
thrusting force and represents the vault “at rest” and not affected by other forces. Many times, 
it is desirable to show that the vault has a safe shape and that it is possible to fit a thrust network 
within the middle third of the geometry. The shape of the target surface therefore needs to be 
defined according to the questions at hand. The desired shape of a target surface is often far 
from obvious for vaults with complex shapes. The shape of different target surfaces needs 
further development and definitions for future studies.  

The parametric thrust line analysis is a useful tool to study different load cases and to 
examine the load paths through the built structure to the foundations. A delimitation of possible 
structural solutions is obtained by combining thrust line analysis of sections of the buildings 
with analysis of the vaults´ thrusting forces.  
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