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ABSTRACT

This paper presents an advanced analytical solution for the fractional
fourth-order dispersive cubic nonlinear Schrödinger equation (DNLS),
a model significant for engineering applications in optical fiber systems,
quantum mechanics, and plasma physics. This work leverages the q-
homotopy analysis transform method (q-HATM) to address the chal-
lenges in modeling complex, nonlinear wave propagation in engineering
and physics applications involving fractional dynamics. By providing
highly accurate, convergent solutions, this method allows engineers and
scientists to model memory effects and higher-order dispersions more
effectively in systems like optical waveguides and plasma waves. The
demonstrated accuracy and convergence of q-HATM establish it as a
practical tool for researchers aiming to solve complex wave propagation
problems, advancing both theoretical understanding and real-world engi-
neering solutions in nonlinear optics, quantum fields, and other areas
requiring precise modeling of wave interactions.
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1 Introduction

The analytical solutions of nonlinear differential equations (NLDEs) have proven important in
the past few decades because they seem to be the foundation of the mathematical models of intricate
physical problems in many different frameworks, including mechanics, physics, chemistry, biology, and
engineering.

Numerical methods, especially those that accurately solve fractional-order equations, play an
essential role in engineering, where modeling complex systems with memory and nonlinearity is
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critical. In fields like optical communications and plasma physics, the accurate prediction of wave
propagation, stability, and dispersion is fundamental to both design and innovation. By providing a
framework to manage fractional dynamics, q-HATM allows engineers to simulate complex behaviors
in these systems, resulting in better performance predictions and enabling advancements in technolo-
gies reliant on high-precision modeling.

Several analytical and numerical methods have been developed to solve both linear and non-
linear partial differential equations, including the differential transform method (DTM) [1,2], the
perturbation methods (PM) [3,4], the Adams Bashforth Moulton method (ABMM) [5], the Laplace
decomposition method (LDM) [6,7], the variational method (VM) [8,9], the He’s polynomial method
(HPM) [10,11], the Temimi Ansari method [12,13], the natural decomposition method [14] and
others [15–17]. Among these methods, the homotopy analysis transform method (HATM) has proven
particularly effective due to its flexibility in controlling convergence. The HATM, as demonstrated in
[18], has been successfully applied to solve a wide range of linear and nonlinear problems. In [19], the
q-HATM (a modification of HATM) was introduced to improve convergence and accuracy in
fractional differential equations. This method incorporates an auxiliary parameter λ to regulate the
region of convergence, making it a valuable tool for complex systems with memory effects, as outlined
in [20]. The application of q-HATM to fractional partial differential equations has also been explored
in [21], where the method was shown to provide highly accurate solutions for fractional-order systems
with higher-order dispersions. By leveraging the fractional framework, q-HATM effectively models
systems with hereditary effects, overcoming limitations seen in classical approaches like HPM and
LDM. This flexibility makes q-HATM particularly well-suited for addressing higher-order dispersive
effects and nonlinearities.

The HATM is an approximation method that has been used extensively in solving linear and
nonlinear equations with applications in engineering, finance, economics, fundamental science, and
applied mathematics. This approach is superior to all other approximation methods due to the
inclusion of parameter λ, which regulates the region of convergence and enhances the accuracy of
the method. It is already recognized that Schrodinger’s nonlinear (NLS) equation is broadly utilized
in numerous fields of physics in the basic models of nonlinear waves [22]. It arises from the study of
the proliferation of nonlinear waves in inhomogeneous and dispersive media, for example, nonuniform
dielectric media and plasma phenomena [23–25].

The derivative cubic nonlinear Schrodinger equation (DNLS) is a dispersive model that appears
in the plasma, especially in the wave propagation description. Since Schrodinger’s nonlinear derivative
equation is one of the important integrable models, it has many vital and varied applications of
chemical, biological, and physical phenomena. and the DNLS equation is sometimes present in the
form of different nonlinear waves, it emerges in many fields of applied mathematics and many branches
of physics, such as femtosecond or sub-picosecond pulses in optical fibers [26], nonlinear Alfven waves
[27], weak nonlinear electromagnetic waves, condensed matter physics, and quantum field theory [28].

We can write the following fractional dispersive cubic nonlinear Schrodinger equation (DNLS) of
the fourth order as

i
∂αv
∂tα

+ a
∂2v
∂x2

− b
∂4v
∂x4

+ c|v|2v = 0, 0 < α ≤ 1, (1)

and the fractional nonlinear Schrodinger equation (NLSE) with dual-power law nonlinearity of fourth
order as

i
∂αv
∂tα

+ a
∂2v
∂x2

− b
∂4v
∂x4

+ c
(
v + |v|2

) = 0, (2)
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this equation is a generalized form of the nonlinear Schrödinger equation (NLS), a fundamental model
in the study of wave propagation in nonlinear and dispersive media. The NLS has been extensively
used in various fields such as quantum mechanics, nonlinear optics, plasma physics, and condensed
matter physics [29–31]. Foundational works such as Ablowitz et al. (1981) have laid the groundwork
for understanding soliton dynamics, while more recent studies, including Chabchoub et al. (2015),
explore the nonlinear Schrödinger equation in the context of optical fibers and weakly nonlinear wave
propagation [32].

The introduction of fractional derivatives in the equation allows for the modeling of systems with
memory and hereditary properties, which are important in describing complex physical processes more
accurately. Fractional derivatives offer a significant advantage by capturing memory and hereditary
effects, enabling more comprehensive and accurate modeling of complex physical systems such as those
observed in optical and plasma physics. Furthermore, the fractional framework extends the traditional
models to address non-local and history-dependent effects, which are essential for understanding
higher-order dispersive and nonlinear dynamics.

Historically, the NLS equation has been used to describe soliton dynamics in optical fibers,
wave propagation in plasmas, and many other phenomena involving nonlinear wave interactions.
The DNLS, a variant of the NLS, is particularly important in plasma physics and nonlinear optics,
where it describes phenomena like nonlinear wave propagation in inhomogeneous media [33–35]. The
fourth-order terms in the equation account for higher-order dispersive effects, which are significant in
media where such effects cannot be neglected [36,37]. Recent advancements, such as that by Babin et
al.(2005), highlight the importance of fractional and nonlinear modeling in addressing challenges in
wave dynamics and optical solitons [24].

The motivation for studying this particular form of the DNLS stems from the need to understand
complex wave dynamics in modern optical and quantum systems. With advancements in technology,
such as the development of ultra-fast and ultra-short optical pulses, higher-order effects and fractional
dynamics become increasingly relevant. The fractional order model provides a more comprehensive
framework for capturing the subtleties of wave propagation and interaction in these advanced systems.

Furthermore, the study aims to enhance analytical techniques for solving such complex equations.
The q-Homotopy Analysis Transform Method (q-HATM) is explored as a powerful tool for obtaining
approximate solutions to the fractional DNLS equation. By comparing these solutions with exact
solutions, the study not only validates the effectiveness of q-HATM but also contributes to the broader
understanding of fractional differential equations in modeling real-world physical systems.

In summary, the historical importance of the DNLS equation in modeling nonlinear wave
phenomena, combined with the modern need for accurate models incorporating memory effects,
drives the current research. This study addresses these challenges by employing fractional calculus
and advanced analytical techniques, thus contributing to both theoretical knowledge and practical
applications in physics and engineering.

The remainder of this paper is organized as follows: Section 2 provides the necessary preliminary
information, introducing the fundamental concepts of fractional calculus that underpin our approach.
In Section 3, we detail the formulation of the q-HATM as applied to the fractional fourth-order cubic
nonlinear Schrödinger equation. In Section 4, we discuss numerical results and provide comprehen-
sive comparisons between the q-HATM and other existing methods, showcasing the accuracy and
efficiency of our approach. Section 5 wraps up the work by highlighting the main conclusions and
outlining possible avenues for further investigation.
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2 Preliminaries

This portion will provide enough information to recognize the fractional calculus theory. The
term fractional calculus has been defined in a variety of ways over the past 200 years. These defi-
nitions include Hadamard fractional derivative, Grünwald-Letnikov fractional derivative, Marchaud
fractional derivative, Riesz fractional derivative, and Caputo fractional derivative.

Definition 1: The Riemann-Liouville fractional integral operator of a functional g ∈ Cμ, μ ≥ −1 is
denoted by Jα

b and defined as [38]

Jα

b g(y) = 1
�(α)

∫ y

b

(y − ζ )α−1g(ζ )dζ , y, α > 0. (3)

For g ∈ Cm
μ

, β, α > 0, γ ≥ −1 and μ ≥ −1, we can remember the next properties of the operator
Jα

b [39].

1. Jα

b g(y) exist for almost every y ∈ [b, d],

2. Jα

b Jβ

b g(y) = Jα+β

b g(y),

3. Jα

b Jβ

b g(y) = Jβ

b Jα

b g(y),

4. Jα

b (y − b)γ = �(γ + 1)

�(α + γ + 1)
(y − b)α+γ .

Definition 2: We can write Laplace transform (LT) for any function v(t) if n ∈ N as

	

{
dr

dxr
; v; s

}
= srV(s) −

∑r−1

l
sr−l−1v(l)

(
0+) , (4)

then, using the LT, the Caputo fractional derivative is obtained as follows [38]:

	
{
Dα

t v
} = sα	{v} −

∑r−1

l
sα−l−1v(l)

(
0+) , r − 1 < α ≤ r. (5)

3 Formulation of q-HATM

Here, a quick and detailed discussion of the q-HATM will be provided; refer to [19–21]. Let’s look
at the following nonlinear fractional differential equation:

Dα

t v (y, z) + Rv (y, z) + Nv (y, z) = w (y, z) , r − 1 < α ≤ r, (6)

where Dα

t = ∂α

∂tα
is the Caputo fractional derivative, R denotes the linear operator, N indicates to the

nonlinear differential operator and g(y, z) denotes the continuous functions. Using the LT to modify
the two sides of Eq. (6), we get

	
{
Dα

t v(y, z)
}+ 	 {Rv (y, z)} + 	 {Nv (y, z)} = 	 {w (y, z)} . (7)

Applying LT to Eq. (7), we get

sα	 {v} −
∑r−1

l
sα−l−1v(l) (y, 0) + 	 {Rv} + 	 {Nv} = 	 {w (y, z)}. (8)

where 	
{
Dα

t v(y, z)
} = sα	{v}−∑r−1

l sα−l−1v(l)(y, 0). At this point, the definition of a non-linear operator
may be found here:

N [Y (y, z; q)] = 	 {Υ (y, z; q)}− f (y)

s
− h (y)

s2
+ 1

sα
	 {Rr (y, z; q)}+ 1

sα
	 {NY (y, z; q)}− 1

sα
	 {w (y, z)} , (9)
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where q ∈
[

0,
1
n

]
, and Υ(y, z; q) denotes the real function of y, z and q. We may use the following to

show how the homotopy approach was created:

[1 − nq] L [r (y, z; q) − v0 (y, 0)] = λqH (y, z) N [v (y, z)] , (10)

where λ �= 0 is an accessory parameter, v0(y, 0) is an initial condition of v(y, z), r(y, z; q) is an obscure
function and H(y, z) �= 0 is depicting a nonzero accessory function. Amplification Υ(y, z; q) with
respect to q and using Taylor series, we get

ϒ (y, z, q) = v0 (y, z) +
∑∞

m=1
vm (y, z) qm, (11)

where

vm (y, z) = 1
m!

∂mΥ (y, z, q)

∂qm

∣∣∣∣
q=0

. (12)

Suppose that at q → 1
n

, the choices of λ, L, H(y, z), and v0(y, 0) cause the series (11) to converge,

then

v (y, z) = v0 (y, z) +
∑∞

m=1
vm (y, z)

(
1
n

)m

. (13)

By differentiation Eq. (10) with respect to q by m times then dividing by m! and put q = 0, we get

	 {vm(y, z) − χmvm−1(y, z)} = λH (y, z) Rm

(�vm−1

)
. (14)

Applying the inverse Laplace transform to modify both sides of Eq. (14) yields

vm (y, z) = χmvm−1 (y, z) + λH (y, z) 	−1
{
Rm

(�vm−1

)}
, (15)

where in Rm

(�vm−1

)
is shown as

Rm

(�vm−1

) = 1
(m − 1)!

∂m−1N[Υ(y, z, q)]
∂qm−1

∣∣∣∣
q=0

, (16)

where χm =
{

0, m ≤ 1,
n, m > 1

. Finally, we get v(y, z) =∑N

m=0 vm(y, z)
(

1
n

)m

.

4 Numerical Results

This section deals with the fractional dispersive cubic nonlinear Schrodinger equation (DNLS) of
the fourth order as

i
∂αv
∂tα

+ a
∂2v
∂x2

− b
∂4v
∂x4

+ c|v|2v = 0, 0 < α ≤ 1, (17)

with four initial conditions and four exact solutions as [40]

{
v(x, 0) = f (x)

v(x, t) = F(x, t)
, v = v(x, t) is a

complex valued function. If b = 0, Eq. (1) converts to standard second order (NLS) equation.
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We can write the following fractional nonlinear Schrodinger equation of the fourth order which
takes the operator form as

Dα

t v(x, t) = i
[
av2x − bv4x + cv2v∗] . (18)

Regarding the q-HATM, the Laplace operator and the general operator may be defined as

N [Υ (x, t; q)] = 	 {Υ (x, t; q)} −
(

1 − χm

n

) f (x)

s
− i

sα
	

{
a(Υ(x, t; q))2x − b(Υ(x, t; q))4x

+ cΥ2(x, t; q)
∗
Υ(x, t; q)

}
, (19)

	 {vm(x, t) − χmvm−1(x, t)} = λRm

(�vm−1

)
, (20)

respectively, where

Rm

(�vm−1

) = 	 {vm−1} −
(

1 − χm

n

)( f (x)

s

)
− i

sα
	
{

a (vm−1)2x − b (vm−1)4x + c
∑m−1

i=0

∑i

j=0
vjvi−jv∗

m−1−i

}
.

(21)

It is clear that the solution of the Eq. (20) for m ≥ 1 become

vm(x, t) = χmvm−1 + λ	−1
{
Rm

(�vm−1

)}
,

vm(x, t) = (χm + λ) vm−1 − λ
(

1 − χm

n

)
	−1

{
f (x)

s

}
− λ	−1

{(
i
sα

)
	
{
a (vm−1)2x − b (vm−1)4x

+c
∑m−1

i=0

∑i

j=0 vjvi−jv∗
m−1−i

}} . (22)

Through solving the above equation with f (x) = v(x, 0), that we can get v(x, t) =∑N

m=0 vm

(
1
n

)m

.

4.1 Application 1
The first periodic solution and initial condition for Eq. (1) may be expressed as follows:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
v (x, t) =

√
3a2

10bc
sec2

(
x

√−a
20b

)
exp

(
4ia2t
25b

)
,

a
b

< 0,

v (x, 0) =
√

3a2

10bc
sec2

(
x

√−a
20b

) . (23)
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On solving Eq. (22) by using q-HATM, we get

v(x, t) =
√

3a2

10bc
sec2

(
x

√−a
20b

)
+

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−
2i

√
6
5

cλtα
(

a2

bc

)3/2

sech2
( √

ax

2
√

5b

)
25�(α + 1)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭
(

1
n

)

−

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

2

√
6
5

cλtα
(

a2

bc

)3/2

sech2
( √

ax

2
√

5b

) (
4a2λ�(α + 1)tα + 25ib�(2α + 1)(n + λ)

)
625b�(α + 1)�(2α + 1)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭
(

1
n

)2

+ · · ·

. (24)

4.2 Application 2
The second periodic solution and initial condition for Eq. (1) may be expressed as follows:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
v(x, t) =

√
3a2

10bc
csc2

(
x

√−a
20b

)
exp

(
4ia2t
25b

)
,

a
b

< 0,

v (x, 0) =
√

3a2

10bc
csc2

(
x

√−a
20b

) . (25)

On solving Eq. (22) by using q-HATM, we get

v(x, t) =
√

3a2

10bc
csc2

(
x

√−a
20b

)
+

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

2i

√
6
5

cλtα
(

a2

bc

)3/2

csch2
( √

ax

2
√

5b

)
25�(α + 1)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭
(

1
n

)

+

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

2

√
6
5

cλtα
(

a2

bc

)3/2

csch2
( √

ax

2
√

5b

) (
4a2λ�(α + 1)tα + 25ib�(2α + 1)(n + λ)

)
625b�(α + 1)�(2α + 1)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭
(

1
n

)2

+ · · ·

. (26)

4.3 Application 3
The first hyper periodic solution and initial condition for Eq. (1) may be expressed as follows:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
v(x, t) =

√
3a2

10bc
sech2

(
x

√−a
20b

)
exp

(
4ia2t
25b

)
,

a
b

> 0,

v (x, 0) =
√

3a2

10bc
sech2

(
x

√−a
20b

) . (27)
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On solving Eq. (22) by using q-HATM, we get

v(x, t) =
√

3a2

10bc
sech2

(
x

√−a
20b

)
+

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

3i

√
3
10

cλtα
(

a2

bc

)3/2 (
cos
(√

ax√
5b

)
− 4
)

sec4

( √
ax

2
√

5b

)
25�(α + 1)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭
(

1
n

)

+

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

3

√
3

10
cλtα

(
a2

bc

)3/2

sec4

( √
ax

2
√

5b

)
5000b

⎛
⎜⎜⎝

200ib(n + λ)

(
cos
(√

ax√
5b

)
− 4
)

�(α + 1)
−
(

1
�(2α + 1)

)

× 3a2λtα
(

335 cos
(√

ax√
5b

)
− 64 cos

(
2
√

ax√
5b

)
+ cos

(
3
√

ax√
5b

)
− 200

)
sec4

( √
ax

2
√

5b

))}(
1
n

)2

+ · · ·

.

(28)

4.4 Application 4
The second hyper periodic solution and initial condition for Eq. (1) may be expressed as follows:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
v(x, t) =

√
3a2

10bc
csch2

(
x

√−a
20b

)
exp

(
4ia2t
25b

)
,

a
b

> 0,

v (x, 0) =
√

3a2

10bc
csch2

(
x

√−a
20b

) . (29)

On solving Eq. (22) by using q-HATM, we get

v(x, t) =
√

3a2

10bc
csch2

(
x

√−a
20b

)
+

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

3i

√
3
10

cλtα
(

a2

bc

)3/2 (
cos
(√

ax√
5b

)
+ 4
)

csc4

( √
ax

2
√

5b

)
25�(α + 1)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭
(

1
n

)

+

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

3

√
3

10
cλtα

(
a2

bc

)3/2

csc4

( √
ax

2
√

5b

)
5000b

⎛
⎜⎜⎝

200ib(n + λ)

(
cos
(√

ax√
5b

)
+ 4
)

�(α + 1)
−
(

1
�(2α + 1)

)

×, 3a2λtα
(

335 cos
(√

ax√
5b

)
+ 64 cos

(
2
√

ax√
5b

)
+ cos

(
3
√

ax√
5b

)
+ 200

)
csc4

( √
ax

2
√

5b

))}(
1
n

)2

+ · · ·

.

(30)

4.5 Application 5
This section deals with the fractional dispersive cubic nonlinear Schrodinger equation (DNLS) of

the fourth order as

i
∂αv
∂tα

+ a
∂2v
∂x2

− b
∂4v
∂x4

+ c
(|v| + |v|2

) = 0, 0 < α ≤ 1, (31)
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with four initial conditions and exact solutions as [41]

⎧⎪⎪⎨
⎪⎪⎩

v(x, 0) =
(

a0 + 2a0

eμx − 1

)
ei(−kx+θ)

v(x, t) =
(

a0 + 2a0

eμ(x−wt) − 1

)
ei(−kx+βt+θ)

.

We can write the following fractional nonlinear Schrodinger equation of the fourth-order which
takes the operator form as

Dα

t v(x, t) = i [av2x − bv4x + c (v + vv∗)] . (32)

On solving Eq. (22) by using q-HATM, we get

v(x, t) = v0 − ie−2ixtα

(ex − 1)
5
�(α + 1)

{−e2ix + e(1+2i)x + 2e(2+2i)x − 2e(3+2i)x − e(4+2i)x + e(5+2i)x − 11ei

+ (77 − 40i)ex+i + (77 + 40i)e4x+i − (90 − 216i)e2x+i − (90 + 216i)e3x+i − 11e5x+i
}(1

n

). (33)

5 Discussion

The key innovation of our work lies in the application of q-HATM, which provides flexible control
over the convergence of the solution series using the auxiliary parameter λ. This allows us to achieve
highly accurate approximations of the fractional DNLS, addressing limitations in prior methods such
as slow convergence or instability in fractional systems with higher-order nonlinearities. Unlike the
HPM, which struggles with controlling convergence in fractional systems, q-HATM offers a more
robust solution framework for handling fractional derivatives and higher-order dispersion terms, as
evidenced by our detailed convergence analysis and numerical results. To validate the effectiveness
of the q-HATM, we compare our solutions to exact results obtained from earlier studies by Wazwaz
[40,41] and others. Tables 1–5 below show the comparison between the q-HATM solutions and the
exact solutions for specific cases of the fractional DNLS. The absolute errors between the approximate
and exact solutions are provided to demonstrate the high accuracy of q-HATM.

Table 1: Comparison of 3rd order q-HATM and HAM for (case 1) when t = 1, n = 1, a = −1,
λ = −1, b = 10, and c = 1 where E1 = ||vExact| − |vHATM|| and E2 = ||vExact| − |vHAM||
x |vExact | |vHATM | E1 |vHAM | E2 α = 0.95 α = 0.90

−5 0.19679 0.19679 1.6121E − 9 0.19055 6.24628E − 3 0.196795 0.196793
−4 0.18783 0.18783 1.5387E − 9 0.18187 5.96185E − 3 0.187834 0.187832
−3 0.18123 0.18123 1.4847E − 9 0.17548 5.75249E − 3 0.181238 0.181236
−2 0.17671 0.17671 1.4476E − 9 0.17110 5.60892E − 3 0.176714 0.176713
−1 0.17407 0.17407 1.4260E − 9 0.16854 5.52507E − 3 0.174072 0.174070
0 0.17320 0.17320 1.4188E − 9 0.16770 5.49749E − 3 0.173203 0.173202
1 0.17407 0.17407 1.4260E − 9 0.16854 5.52507E − 3 0.174072 0.174070
2 0.17671 0.17671 1.4476E − 9 0.17110 5.60892E − 3 0.176714 0.176713
3 0.18123 0.18123 1.4847E − 9 0.17548 5.75249E − 3 0.181238 0.181236
4 0.18783 0.18783 1.5387E − 9 0.18187 5.96185E − 3 0.187834 0.187832
5 0.19679 0.19679 1.6121E − 9 0.19055 6.24628E − 3 0.196795 0.196793
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Table 2: Comparison of q-HATM and HAM for (case 2) when λ = −1, a = −1, b = 10, and c = 1

x |vEaxt | |vHATM | E1 |vHAM | E2 α = 0.95 α = 0.90

−5 1.44484 1.44484 1.1836E − 8 1.44438 4.59944E − 4 1.444838 1.444827
−4 2.22373 2.22373 1.8216E − 8 2.22303 7.02857E − 4 2.223719 2.223702
−3 3.90726 3.90726 3.2008E − 8 3.90605 1.20302E − 3 3.907233 3.907204
−2 8.71822 8.71822 7.1419E − 8 8.71595 2.26490E − 3 8.718161 8.718095
−1 34.6988 34.6988 2.8425E − 7 34.7207 2.19847E − 2 34.69857 34.69831
1 34.6988 34.6988 2.8425E − 7 34.7207 2.19847E − 2 34.69857 34.69831
2 8.71822 8.71822 7.1419E − 8 8.71595 2.26490E − 3 8.718161 8.718095
3 3.90726 3.90726 3.2008E − 8 3.90605 1.20302E − 3 3.907233 3.907204
4 2.22373 2.22373 1.8216E − 8 2.22303 7.02857E − 4 2.223719 2.223702
5 1.44484 1.44484 1.1836E − 8 1.44438 4.59944E − 4 1.444838 1.444827

Table 3: Comparison of q-HATM and HAM for (case 3) when λ = −0.1, a = 1, b = 10, and c = 1

x |vExact | |vHATM | E1 |vHAM | E2 α = 0.95 α = 0.90

−5 0.19679 0.19680 5.7831E − 6 0.19527 1.5215E − 3 0.196802 0.196802
−4 0.18783 0.18783 4.5224E − 6 0.18651 1.3232E − 3 0.187840 0.187840
−3 0.18123 0.18124 3.7378E − 6 0.18005 1.1887E − 3 0.181243 0.181243
−2 0.17671 0.17671 3.2638E − 6 0.17561 1.1020E − 3 0.176719 0.176719
−1 0.17407 0.17407 3.0095E − 6 0.17302 1.0534E − 3 0.174077 0.174077
0 0.17320 0.17320 2.9293E − 6 0.17216 1.0377E − 3 0.173208 0.173208
1 0.17407 0.17407 3.0095E − 6 0.17302 1.0534E − 3 0.174077 0.174077
2 0.17671 0.17671 3.2638E − 6 0.17561 1.1020E − 3 0.176719 0.176719
3 0.18123 0.18124 3.7378E − 6 0.18005 1.1887E − 3 0.181243 0.181243
4 0.18783 0.18783 4.5224E − 6 0.18651 1.3232E − 3 0.187840 0.187840
5 0.19679 0.19680 5.7831E − 6 0.19527 1.5215E − 3 0.196802 0.196802

The figures in this paper illustrate the accuracy and effectiveness of the q-HATM in approximating
solutions to the fractional fourth-order cubic nonlinear Schrödinger equation (DNLS). The plots and
tables compare the q-HATM results with exact solutions and other existing methods, showcasing the
performance of q-HATM under different conditions. Fig. 1a,b shows the exact solution and the q-
HATM approximation for the third-order DNLS solution for case 1 at parameters λ = −1, α = 1,
n = 1, a = −1, b = 10, and c = 1. The close agreement between the exact and q-HATM approximate
solutions demonstrates the high accuracy of q-HATM in capturing the nonlinear wave dynamics of
the system. The minor discrepancies between the two solutions, as shown in the error metrics, are
minimal, indicating the method’s reliability. Fig. 2a,b depicts the influence of the auxiliary parameter
λ on the accuracy of the solution. The λ-curve highlights how changes in λ impact convergence at
specific points, such as x = 1, confirming that optimal control over convergence is possible. Similarly,
the α-curve illustrates the behavior of the solution across different fractional orders of α, emphasizing
the versatility of the q-HATM in handling fractional dynamics.

https://www.scipedia.com/public/Hagag_et_al_2025 10



A. Hagag, Z. Alqahtani and A. Arafa,

Efficient analytic technique for fractional fourth-order

cubic nonlinear schrodinger equation,

Rev. int. métodos numér. cálc. diseño ing. (2025). Vol.41, (2), 2

Table 4: Comparison of q-HATM and HAM for (case 4) when λ = −0.001, a = 1, b = 10, and c = 1

x |vEuct | |vHATM | E1 |vHAM | E2 α = 0.95 α = 0.90

−5 0.67734 0.67734 3.1669E − 7 0.67666 6.79934E − 4 0.677341 0.677341
−4 0.90061 0.90061 1.2556E − 6 0.89926 1.34472E − 3 0.900613 0.900613
−3 1.41741 1.41742 9.7011E − 6 1.41369 3.72426E − 3 1.417429 1.417430
−2 2.92872 2.92893 2.1070E − 4 2.91122 1.75083E − 2 2.928956 2.928974
−1 11.1388 11.1877 4.8900E − 2 10.8349 3.03958E − 1 11.19221 11.19684
1 11.1388 11.1877 4.8900E − 2 10.8349 3.03958E − 1 11.19221 11.19684
2 2.92872 2.92893 2.1070E − 4 2.91122 1.75083E − 2 2.928956 2.928974
3 1.41741 1.41742 9.7011E − 6 1.41369 3.72426E − 3 1.417429 1.417430
4 0.90061 0.90061 1.2556E − 6 0.89926 1.34472E − 3 0.900613 0.900613
5 0.67734 0.67734 3.1669E − 7 0.67666 6.79934E − 4 0.677341 0.677341

Table 5: Comparison of q-HATM for (case 5) when t = 0.001, a = −1, b = 1 and c = 1

x |vExact | |vHATM | E1 α = 0.95 α = 0.90

1 1.16938 1.16511 4.2665E − 3 1.17578 1.17983
2 −1.29992 −1.30023 3.0801E − 4 −1.29935 −1.29902
3 0.313338 0.312526 8.1192E − 4 0.31478 0.31563
4 0.782071 0.782782 7.1101E − 4 0.78082 0.78008
5 −0.923472 −0.923069 4.0285E − 4 −0.92417 −0.92459
6 0.004397 0.003353 1.0441E − 3 0.00621 0.00730
7 0.909124 0.909568 4.4343E − 4 0.90835 0.90789
8 −0.760165 −0.759484 6.8133E − 4 −0.76135 −0.76206
9 −0.275279 −0.276289 1.0093E − 3 −0.27352 −0.27247
10 0.988802 0.988959 1.5752E − 4 0.98852 0.98836

Figs. 3–8 continue to illustrate cases 2 through 4, where the q-HATM is applied to solve different
periodic and hyperperiodic solutions of the DNLS. For each case, both the exact and q-HATM approx-
imations are plotted. The close alignment of the curves, particularly in Figs. 3a, 5a and 7a, reflects the
ability of q-HATM to replicate the exact wave propagation dynamics with high precision. The error
plots (e.g., Fig. 9) further confirm the accuracy, with q-HATM showing superior performance when
compared to the homotopy perturbation method (HAM) in reducing error margins.

Figs. 9 and 10 comparative plots between q-HATM and HAM demonstrate the distinct advantage
of q-HATM in producing smaller error margins. Fig. 9a,b shows the absolute difference between the
q-HATM and exact solutions for cases 1 and 2, respectively, where q-HATM consistently outperforms
HAM, particularly in capturing the peak and trough behavior of the wave functions. Similarly,
Fig. 10a,b extends this comparison to cases 3 and 4, reaffirming the greater convergence efficiency
of q-HATM across a broader range of fractional orders.
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Figure 1: 3rd order q-HATM approximate solution v(x, t) for (case 1) at λ = −1, α = 1, n−1, a = −1,
b = 10, and c = 1

Figure 2: Plot of λ-curve and plot of α-curve for (case 1) at n = 1, a = −1, b = 10, and c = 1

The figures collectively demonstrate that q-HATM is a robust and flexible method for solving
fractional nonlinear systems. It not only provides accurate solutions for the DNLS but also allows for
effective control over convergence through the auxiliary parameter λ, which is visually corroborated
by the λ- and α-curves across different cases.

From the comparison, the q-HATM produces solutions that are significantly closer to the exact
results compared to those obtained using HPM. The q-HATM not only achieves smaller error margins
but also converges faster, especially for fractional orders, where traditional methods face limitations.

Our results show that q-HATM is able to handle the fractional-order derivatives and higher-
order nonlinearities present in the DNLS more effectively than other methods. This study presents
novel solutions that have not been reported in previous literature, particularly in the context of the
fractional fourth-order cubic DNLS. Furthermore, the flexibility and control over the solution series
convergence offers a practical tool for real-world applications, such as in optical fiber systems, plasma
physics, and quantum mechanics, where precision in modeling wave propagation is critical.

https://www.scipedia.com/public/Hagag_et_al_2025 12



A. Hagag, Z. Alqahtani and A. Arafa,

Efficient analytic technique for fractional fourth-order

cubic nonlinear schrodinger equation,

Rev. int. métodos numér. cálc. diseño ing. (2025). Vol.41, (2), 2

Figure 3: 3rd order q-HATM approximate solution v(x, t) for (case 2) at λ = −0.1, α = 1, n = 1, a =
−1, b = 10, and c = 1

Figure 4: Plot of λ-curve and plot of α-curve for (case 2) at n = 1, a = −1, b = 10, and c = 1

Figure 5: 3rd order q-HATM approximate solution v(x, t) for (case 3) at λ = −0.1, α = 1, n = 1,
a = 1, b = 10, and c = 1
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Figure 6: Plot of λ-curve and plot of α-curve for (case 3) at n = 1, a = 1, b = 10, and c = 1

Figure 7: 3rd order q-HATM approximate solution v(x, t) for (case 4) at λ = −0.001, α = 1, n = 1,
a = 1, b = 1, and c = 1

Figure 8: Plot of λ-curve and plot of α-curve for (case 4) at n = 1, a = 1, b = 1, and c = 1
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Figure 9: Comparison between exact results, q-HATM and HAM at α = 1, a = −1, b = 10, c = 1, and
t = 1

Figure 10: Comparison between exact results, q-HATM and HAM at α = 1, a = −1, b = 10, c = 1,
and t = 1

6 Conclusion

In this paper, we presented a novel application of the q-HATM to solve the fractional fourth-order
dispersive cubic nonlinear Schrödinger equation (DNLS). This study demonstrated the usefulness
and robustness of the q-HATM in providing approximate solutions for complex fractional systems,
which are of great importance in quantum mechanics, plasma physics, and nonlinear optics. The key
contribution of this study is the application of q-HATM to fractional DNLS, a problem that has
not been fully explored in prior research. The q-HATM offers several advantages over traditional
methods by allowing flexible control over convergence and providing highly accurate solutions, as
confirmed by comparisons with exact results. Additionally, the detailed convergence analysis ensures
the reliability of the technique for solving fractional-order differential equations with higher-order
dispersion. The outcomes presented in this paper are not only theoretically considerable but also highly

https://www.scipedia.com/public/Hagag_et_al_2025 15



A. Hagag, Z. Alqahtani and A. Arafa,

Efficient analytic technique for fractional fourth-order

cubic nonlinear schrodinger equation,

Rev. int. métodos numér. cálc. diseño ing. (2025). Vol.41, (2), 2

applicable to real-world systems, such as soliton propagation in optical fibers and wave behavior in
plasma environments. This work provides a practical tool for researchers in these fields, advancing the
understanding and solution of fractional nonlinear systems. These applications further emphasize the
importance of fractional calculus in capturing the complexities of wave propagation, where hereditary
effects and higher-order dispersion are pivotal. Fractional models provide a more comprehensive
framework compared to classical models, particularly in addressing the challenges posed by ultra-fast
optical pulses and quantum systems.
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