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ABSTRACT

This article investigates the problem of approximating the generalized
Erdélyi-Kober fractional operator (often referred to as the Lowndes oper-
ator) using cubic splines. A method based on cubic spline interpolation
is proposed for approximating the operator on a non-uniform grid. The
convergence rate of the proposed method is proven, and its stability is
analyzed. Error bounds are established for functions in the class C4[0; b],
providing a mathematical justification for the accuracy of the approxima-
tion. The efficiency of the method is validated through practical examples
using test functions such as f (x) = x4.7 and f (x) = cos x, with
results presented in graphical and numerical forms. This approach ensures
high accuracy and flexibility in computing fractional integrals, which is
of significant importance for solving fractional models used in physics,
engineering, and other sciences. The article also provides an overview of
the role of the generalized Erdélyi-Kober operator in modern fractional
calculus and its applications.
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1 Introduction

In many cases, differential and integral equations are used to describe physical, chemical, biologi-
cal, and other real-world processes in mathematical terms. These equations represent the mathematical
models of the studied phenomen on or process. By analyzing the solutions and properties of these
model equations, it is possible to reveal characteristics of the phenomena and processes that are
difficult to determine through direct experimentation. In most cases, a model equation developed for a

1

mailto:ilina_dico@mail.ru


S. Karimov, E. Islamov and E. Shishkina,

Approximate calculation of the generalized erdélyi-Kober operator

using a cubic spline,

Rev. int. métodos numér. cálc. diseño ing. (2025). Vol.41, (4), 66

particular phenomenon or process is later found to represent many other processes as well. Therefore,
every new development in the field of differential and integral calculus holds significant practical
importance. Consequently, the rapid advancement of this field of mathematics is not coincidental but
rather a necessity driven by real-world applications.

By extending the order of derivatives and integrals to fractional values, the concept of fractional-
order calculus emerges. Fractional calculus is considered one of the important fields in modern
mathematics and is effectively used in solving various applied problems. Numerous examples of the
applications of fractional calculus are provided in the literature [1–5].

Fractional calculus and its applications have gained significant attention in mathematics, physics,
and engineering over recent decades. The generalized Erdélyi-Kober operator, as an extended form of
fractional integrals and derivatives, serves as a key tool, particularly in solving singular differential
equations [6,7]. Studies conducted in [6,8,9] demonstrate that the multidimensional generalized
Erdélyi-Kober operator is effective in solving higher-order differential equations, particularly those
involving the Bessel differential operator, such as polycaloric and polywave equations. The properties
of these operators, for instance, their application in finding exact solutions to Cauchy problems,
highlight the practical significance of fractional calculus [10,11].

The one-dimensional form of the Erdélyi-Kober operator was initially studied by Erdélyi and
Sneddon, with its applications to integral and differential equations extensively covered [12,13].
Subsequently, Lowndes generalized the operator by incorporating the Bessel function into its kernel
(termed the generalized Erdélyi-Kober operator), yielding significant results for its one-dimensional
case [14,15]. Research on multidimensional Erdélyi-Kober operators was advanced in [6], contributing
substantially to the general theory of fractional calculus. These operators are widely applied in
modeling diffusion processes, heat conduction, and mechanics of materials.

The problem of approximating the operator holds a significant place in modern computational
techniques. Traditional methods, such as those using Riemann-Liouville operators, often lead to high
computational costs and complexities [2]. The method of approximation using cubic splines, however,
provides high accuracy and flexibility on non-uniform grids [16]. This approach not only enhances
computational efficiency but also effectively handles the singular properties of fractional operators
[17]. For instance, Diethelm’s studies demonstrate the advantages of cubic splines in approximately
solving fractional differential equations [17]. Furthermore, the properties of multidimensional Erdélyi-
Kober operators, as presented in [18], when adapted for approximation using cubic splines, open new
possibilities for solving higher-order singular equations.

In many real-world problems, constructing closed-form analytical solutions is either impossible
or, even if an analytical solution is found, it may be too complex for direct use. Therefore, studying
numerical methods for solving such problems is of great importance.

For fractional-order differential equations, almost all numerical methods are, in some sense, based
on approximating fractional-order differential or integral operators using appropriate formulas. The
numerical approximation of fractional-order integrals is often based on polynomial interpolation.
Among the works in this field, the book by Oldham and Spanier [19] stands out. Reviews of various
known numerical methods for fractional-order integrals and derivatives can be found in the works of
Cai and Li [20], Li and Zeng [21], and other literature sources.

Due to the widespread applications of fractional calculus, the development of highly accu-
rate, computationally efficient, and memory-efficient numerical algorithms is becoming increasingly
important.
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In the process of solving boundary value problems for partial differential equations with singular
coefficients using transmutation operators, it becomes necessary to approximate the generalized
Erdélyi-Kober operators of fractional order. Therefore, this study investigates the problem of approx-
imating the generalized Erdélyi-Kober operator.

The following sources are noted as being closely related to the present work. In [22], the
approximation of left- and right-sided Riemann-Liouville and Riesz fractional integrals using splines
was studied. In [23], an optimal quadrature formula was developed for computing fractional-order
integrals in a Hilbert space. In [24,25], optimal quadrature formulas were constructed for the
approximate computation of fractional-order integrals in the sense of Riemann-Liouville. In [26],
the approximation of the fractional-order Erdélyi-Kober integral operator using a cubic spline was
investigated, while in [27], a detailed study was conducted on approximating this operator using
the rectangle, trapezoidal, and midpoint methods. The article [28] examines the generalized Caputo-
Katugampola fractional derivative and related examples, while also addressing the problem of its
approximate computation using the ψ-predictor-corrector method.

In conclusion, the study of approximating the generalized Erdélyi-Kober operator using cubic
splines significantly contributes to the theoretical and practical development of fractional calculus.
This approach is not only rigorously grounded mathematically but also widely applicable in fields
such as physics, engineering, and beyond, including modeling diffusion processes, heat conduction,
and material mechanics [2,7,17]. Further development of this method is expected to unlock new
possibilities in fractional calculus.

In this work, we examine the problem of approximating the generalized Erdélyi-Kober fractional
operator �α

λ,η, as presented in [14], for a function f (x) defined on an arbitrary (uniform or non-uniform)
grid:

�α

λ,ηf (x) = 2αλ1−αx−2α−2η

∫ x

0

t2η+1
(
x2 − t2

) α−1
2 Jα−1

(
λ
√

x2 − t2

)
f (t) dt, (1)

where η, α, λ ∈ R and α > 0, η ≥ −1/2, Jv (z)-is the first-kind Bessel function [29], which is defined
as follows:

Jv (z) =
( z

2

)v
∞∑

k=0

(−z2/4
)k

k! � (v + k + 1)
=

∞∑
k=0

(−1)
k
(z/2)

v+2k

k! � (v + k + 1)
, (2)

where �(α) is Euler’s gamma function.

In many cases, the following form of the generalized Erdélyi-Kober operator is used:

�α

λ,ηf (x) = 2x−2α−2η

� (α)

∫ x

0

t2η+1
(
x2 − t2

)α−1
J̄α−1

(
λ
√

x2 − t2

)
f (t) dt,

where J̄v (z)-is the Bessel-Clifford function [29], which is defined as follows:

J̄v (z) = � (v + 1) (z/2)
−vJv (z) =

∑∞

k=0

(−z2/4
)k

(v + 1)kk!
. (3)

Suppose that the approximate calculation of the Lowndes operator (1) at the given point x = b is
required.

�α

λ,ηf (x)
∣∣

x=b
= 2αλ1−αb−2α−2η

b∫
0

t2η+1
(
b2 − t2

) α−1
2 Jα−1

(
λ
√

b2 − t2

)
f (t) dt. (4)
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2 Cubic Spline Interpolation

Suppose that the integrand function f (x) in (4) is defined on the interval [0, b] and is sufficiently
smooth. The considered segment [0, b] is divided into n arbitrary small subintervals [xi, xi+1] for
i = 0, 1, . . . , n, where the function values f (xi) can be computed at the node points xi .

We replace the function y = f (x) with an interpolating spline [30], composed of piecewise-defined
polynomials connected at the points (x0, y0) , (x1, y1) , . . . , (xn, yn), and define it as follows:

f (x) ∼= s (x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

s0(x), if x ∈ [x0, x1],
s1(x), if x ∈ [x1, x2],
. . .

sn−1(x), if x ∈ [xn−1, xn],

(5)

where si (x) =
3∑

j=0

Ci,j(x − xi)
3−j, x ∈ [xi, xi+1], i = 0, 1, . . . , n − 1 represents cubic polynomials in each

small interval (Fig. 1) [30]. Here, Ci,j are the unknown coefficients of the polynomial si (x) in the small
interval [xi, xi+1] for j = 0, 1, 2, 3.

Figure 1: Cubic spline

To determine the values of the 4n coefficients Ci,j, we need to solve the following system of 4n
equations [30]:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

si(xi) = f (xi), i = 0, . . . , n − 1,
si(xi+1) = f (xi+1), i = 0, . . . , n − 1,
s′

i(xi+1) = s′
i+1(xi+1), i = 0, . . . , n − 2,

s′′
i (xi+1) = s′′

i+1(xi+1), i = 0, . . . , n − 2,
s′

0(x0) = f ′(x0), s′
n−1(xn) = f ′(xn).

(6)

Or, this is the following system of equations:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ci,3 = ϕ(xi), i = 0, . . . , n − 1,
Ci,0(xi − xi+1)

3 + Ci,1(xi − xi+1)
2 + Ci,2(xi − xi+1) + Ci,3 = ϕ(xi+1), i = 0, . . . , n − 1,

3Ci,0(xi − xi+1)
2 + 2Ci,1(xi − xi+1) + Ci,2 = Ci+1,2, i = 0, . . . , n − 2,

6Ci,0(xi − xi+1) + 2Ci,1 = Ci+1,1, i = 0, . . . , n − 2,
C0,2 = ϕ ′(x0),
3Cn−1,0(xn−1 − xn)

2 + 2Cn−1,1(xn−1 − xn) + Cn−1,2 = ϕ ′(xn).
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If the values of the function derivative at the points x = x0 and x = xn are unknown for applying
condition (6), a spline called the “Natural Spline” can be constructed using the following conditions:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

si(xi) = ϕ(xi), i = 0, . . . , n − 1,
si(xi+1) = ϕ(xi+1), i = 0, . . . , n − 1,
s′

i(xi+1) = s′
i+1(xi+1), i = 0, . . . , n − 2,

s′′
i (xi+1) = s′′

i+1(xi+1), i = 0, . . . , n − 2,
s′′

0(x0) = 0, s′′
n−1(xn) = 0.

By solving the system of Eqs. (6) using an appropriate method (e.g., the Gaussian method), we
determine the values of the unknown coefficients Ci,j (i = 0, . . . , n − 1, j = 0, . . . , 3). To express the
polynomials si (x) i = 0, . . . , n − 1 in the standard form si (x) = Ai,0x3 + Ai,1x2 + Ai,2x + Ai,3, the
coefficients Ai,j (i = 0, . . . , n − 1, j = 0, . . . , 3) are computed using the following formulas.

Ai,0 = Ci,0, i = 0, . . . , n − 1,

Ai,1 = Ci,1 − 3Ci,0xi, i = 0, . . . , n − 1,

Ai,2 = 3Ci,0x2
i − 2Ci,1xi + Ci,2, i = 0, . . . , n − 1,

Ai,3 = −Ci,0x3
i + Ci,1x2

i − Ci,2xi + Ci,3, i = 0, . . . , n − 1.

It should be noted that many modern mathematical systems already have built-in methods for
computing cubic splines. By providing function values at the mesh node points, these methods allow
constructing cubic splines, obtaining the coefficients of their piecewise polynomials, and using them
for various calculations.

Once the cubic spline (5), which approximates the function over the given interval, is determined,
the integrand function of the generalized Erdélyi-Kober fractional integral operator is replaced with
a piecewise spline defined on a mesh with n + 1 nodes. Subsequently, in the fractional integral,
the function f (x) is replaced by the spline s (x), which is then integrated. The numerical errors
in computing the generalized Erdélyi-Kober fractional integral operator mainly arise due to the
approximation of the integrand function using splines.

3 Cubic Spline Interpolation Error

Based on the theorems in [16,31], the interpolation errors of the presented spline approximations
can be estimated.

Theorem 1: If a spline s(x) satisfying conditions (6) is constructed for the function f (x) ∈ C4[a, b] on the
mesh {xi; i = 0, . . . , n; x0 = a < x1 < . . . < xn = b}, then the following inequality holds:∥∥f (m) (x) − s(m) (x)

∥∥ ≤ Cm

∥∥f (4) (x)
∥∥ h4−m (m = 0, 1, 2, 3),

where h = max
i=0,...,n−1

(xi+1 − xi),

C0 = 5
384

, C1 = 9 + √
3

216
, C2 = 3β + 1

12
, C3 = β2 + 1

2
, (7)

β is the ratio of the largest step size to the smallest step size in the mesh, β = h

min
i=0,...,n−1

(xi+1−xi)
.
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The proof of the theorem is given in [31].

If we take m = 0, then according to (7), we obtain the following estimate:

‖f (x) − s (x)‖ ≤ 5
384

∥∥f (4) (x)
∥∥ h4, (8)

where h = max
i=0,...,n−1

(xi+1 − xi).

4 Approximate Computation of the Generalized Erdélyi-Kober Operator

In this section, before performing the computations, we address the question of whether the
generalized Erdélyi-Kober operator, which is a fractional integral involving the first-kind Bessel
function in its kernel, can be approximated using cubic spline interpolation. The kernel of this integral

operator is given by K(x, t) = t2η+1
(
x2 − t2

) α−1
2 Jα−1

(
λ
√

x2 − t2
)
, where it is smoothly integrable over

any interval [0, x], x ≥ 0. The validity of this statement can be substantiated for f (x) = 1 using the
following formula provided in [29]:

�α

λ,η1 = �(η + 1)

�(α + η + 1)
J̄α+η(λx), (9)

where η, α, λ ∈ R, α > 0, η ≥ −1/2, and J̄v(z) denotes the Bessel-Clifford function. It is known that
the Bessel-Clifford function possesses derivatives of arbitrary order, i.e., it is a smooth function. Given
that for z ∈ R and v ≥ − 1

2
,
∥∥J̄v(z)

∥∥ ≤ 1 as established in [29], it follows that the boundedness of �α

λ,η1
is given by

∥∥�α

λ,η1
∥∥ ≤ �(η+1)

�(α+η+1)
.

This implies that the function K(x, t) is integrable over any subinterval of [0, x], x ∈ R+. Based
on these considerations, for a fixed value x = b, the function K(x, t) can be regarded as a single-
variable function that is integrable over any subinterval of [0, b]. This allows us to replace the function
f (x) ∈ C2[0, b] with a cubic spline s(x).

Suppose that the values of the function f (x), which is the integrand of the generalized Erdélyi-
Kober operator, are given at the node points of an arbitrary grid ω = {xi; i = 0, . . . , n; x0 = 0 <

x1 < . . . < xn = b} obtained by dividing the interval [0, b] into n subintervals. Using these given
values (xi, f (xi)) (i = 0, 1 . . . , n), we compute the cubic spline s(x)that approximates f (x) over the
interval [0, b] as described in Section 2. Then, we can approximately compute the numerical values of
the generalized Erdélyi-Kober fractional integral operator at the points x ∈ ω.

We replace the function f (x) in the generalized Erdélyi-Kober operator (1) with the spline s(x):

�α

λ,ηf (x) ∼= �α

λ,ηs (x) = 2αλ1−αx−2α−2η

x∫
0

t2η+1
(
x2 − t2

) α−1
2 Jα−1

(
λ
√

x2 − t2

)
s (t) dt, (10)

then, substituting the general form of the spline (5) into Eq. (10) for x = xr, we integrate the
corresponding spline segments for each interval [0, x1], [x1, x2], . . . , [xr−1, xr]. As a result, we obtain
the following:
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�α

λ,ηs (x)
∣∣

x=xr
= 2αλ1−αx−2α−2η

r

xr∫
0

t2η+1
(
x2

r − t2
) α−1

2 Jα−1

(
λ
√

x2
r − t2

)
s (t) dt

= 2αλ1−αx−2α−2η

r

r−1∑
i=0

xi+1∫
xi

t2η+1
(
x2

r − t2
) α−1

2 Jα−1

(
λ
√

x2
r − t2

)
si (t) dt, r = 1, . . . n.

We replace si(t) with the corresponding polynomials:

�α

λ,ηs (x)
∣∣

x=xr
= 2αλ1−αx−2α−2η

r

r−1∑
i=0

xi+1∫
xi

t2η+1
(
x2

r − t2
) α−1

2 Jα−1

(
λ
√

x2
r − t2

) 3∑
j=0

Ai,jt3−jdt

= 2αλ1−αx−2α−2η

r

r−1∑
i=0

3∑
j=0

Ai,j

xi+1∫
xi

t2η+4−j
(
x2

r − t2
) α−1

2 Jα−1

(
λ
√

x2
r − t2

)
dt, r = 1, . . . n.

By applying Eq. (2) to the final expression and performing some calculations, we obtain the
following:

�α

λ,ηs (x)
∣∣

x=xr
= 2αλ1−α

x2α+2η
r

r−1∑
i=0

3∑
j=0

Ai,j

xi+1∫
xi

t2η+4−j
(
x2

r − t2
) α−1

2

∞∑
k=0

(−1)
k

(
λ

√
x2

r −t2

2

)α−1+2k

k! � (α + k)
dt

= 2x−2α−2η

r

r−1∑
i=0

3∑
j=0

Ai,j

∞∑
k=0

(−λ2/4
)k

k! � (α + k)

xi+1∫
xi

t2η+4−j
(
x2

r − t2
)α+k−1

dt, r = 1, . . . n.

We substitute the integral variable as t2 = x2
rτ , dt = xrdτ

2
√

τ
and perform the calculations.

�α

λ,ηs (x)
∣∣

x=xr
= 2x−2α−2η

r

r−1∑
i=0

3∑
j=0

Ai,j

∞∑
k=0

(−λ2/4
)k

k! � (α + k)

(xi+1/xr)
2∫

(xi/xr)
2

(
x2

rτ
)2η+4−j(

x2
r − x2

rτ
)α+k−1 xr

2
√

τ
dτ

=
r−1∑
i=0

3∑
j=0

Ai,jx3−j
r

∞∑
k=0

(−(λxr/2)
2
)k

k! � (α + k)

(xi+1/xr)
2∫

0

τ η+2− j+1
2 (1 − τ)

α+k−1dτ

−
r−1∑
i=0

3∑
j=0

Ai,jx3−j
r

∞∑
k=0

(−(λxr/2)
2
)k

k! � (α + k)

(xi/xr)
2∫

0

τ η+2− j+1
2 (1 − τ)

α+k−1dτ , r = 1, . . . n.

Taking into account that
(

xi
xr

)2

< 1 and
(

xi+1
xr

)2

≤ 1 for i = 0, 1, . . . , r − 1 in the final formula, we

can express the integrals in both summations using the incomplete beta function:
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�α

λ,ηs (x)
∣∣

x=xr
=

r−1∑
i=0

3∑
j=0

Ai,jx3−j
r

∞∑
k=0

(−(λxr/2)
2
)k

k! � (α + k)
B

(xi+1/xr)
2

(
η + 5 − j

2
, α + k

)

−
r−1∑
i=0

3∑
j=0

Ai,jx3−j
r

∞∑
k=0

(−(λxr/2)
2
)k

k! � (α + k)
B

(xi/xr)
2

(
η + 5 − j

2
, α + k

)
. r = 1, . . . n.

where Bz (a, b) is the incomplete beta function, which is defined as follows:

Bz (a, b) =
z∫

0

ua−1(1 − u)
b−1du, 0 ≤ z ≤ 1.

By using equation Bz (a, b) = za

a 2F1 (a, 1 − b; a + 1; z) given in [32], we obtain the following:

�α

λ,ηs (x)
∣∣

x=xr
= 2

r−1∑
i=0

(
xi+1

xr

)2η+2 3∑
j=0

Ai,jKi+1,j

∞∑
k=0

(−(λxr/2)
2
)k

k! � (α + k)
2F1

(
Qj, 1 − α − k; Qj + 1;

(
xi+1

xr

)2
)

− 2
r−1∑
i=0

(
xi

xr

)2η+2 3∑
j=0

Ai,jKi,j

∞∑
k=0

(−(λxr/2)
2
)k

k! � (α + k)
2F1

(
Qj, 1 − α − k; Qj + 1;

(
xi

xr

)2
)

. r = 1, . . . n,

where Ki,j = x
3−j
i

2η−j+5
, Qj = η + 5−j

2
.

Here, 2F1 (a, b; c; z) is a hypergeometric function, defined in the following series form:

2F1 (a, b; c; z) =
∞∑

i=0

(a)n(b)n

(c)nn!
zn.

Expressing the hypergeometric function 2F1 in series form, we rewrite the final equation as follows:

�α

λ,ηs (x)
∣∣

x=xr
= 2

r−1∑
i=0

(
xi+1

xr

)2η+2 3∑
j=0

Ai,jKi+1,j

∞∑
k=0

(−(λxr/2)
2
)k

k! � (α + k)

∞∑
l=0

(
Qj

)
l
(1 − α − k)l(
Qj + 1

)
l
l!

((
xi+1

xr

)2
)l

− 2
r−1∑
i=0

(
xi

xr

)2η+2 3∑
j=0

Ai,jKi,j

∞∑
k=0

(−(λxr/2)
2
)k

k! � (α + k)

∞∑
l=0

(
Qj

)
l
(1 − α − k)l(
Qj + 1

)
l
l!

((
xi

xr

)2
)l

. r = 1, . . . n.

Using the following equality for

(1 − α − k)l = (1 − α − k + l) !
� (1 − α − k)

= � (1 − α) (1 − α)l−k

� (1 − α) (1 − α)−k

= (1 − α)l−k(
(−1)

k
/(α)k

) = (−1)
k
(1 − α)l−k(α)k,

we obtain the following:

�α

λ,ηs (x)
∣∣

x=xr
= 2

� (α)

r−1∑
i=0

(
xi+1

xr

)2η+2 3∑
j=0

Ai,jKi+1,j

∞∑
k,l=0

(
Qj

)
l
(1 − α)l−k(

Qj + 1
)

l
k! l!

((
λxr

2

)2
)k((

xi+1

xr

)2
)l

− 2
� (α)

r−1∑
i=0

(
xi

xr

)2η+2 3∑
j=0

Ai,jKi+1,j

∞∑
k,l=0

(
Qj

)
l
(1 − α)l−k(

Qj + 1
)

l
k! l!

((
λxr

2

)2
)k((

xi

xr

)2
)l

. r = 1, . . . n.
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It is known that Horn’s H3 (α, β, δ; x, y) confluent hypergeometric function [33] is defined in the
following series form:

H3 (α, β, δ, x, y) =
∞∑

m,n=0

(α)m−n(β)m

(δ)mm! n!
xmyn, |x| < 1.

Taking into account that for i = 0, . . . , r − 1,
(

xi
xr

)2

< 1 and for i = 0, . . . , r − 2,
(

xi+1
xr

)2

< 1, the

above expression can be rewritten as follows according to the last formula:

�α

λ,ηs (x)
∣∣

x=xr
= �α

λ,ηsr−1 (x)
∣∣

x=xr
+ 2

� (α)

r−2∑
i=0

(
xi+1

xr

)2η+2 3∑
j=0

Ai,jKi+1,jHα,λ (i + 1, j, r)

− 2
� (α)

r−1∑
i=0

(
xi

xr

)2η+2 3∑
j=0

Ai,jKi,jHα,λ (i, j, r) , r = 1, . . . n,

where Hα,λ (i, j, r) = H3

(
1 − α, Qj, Qj + 1,

(
xi
xr

)2

,
(

λxr
2

)2
)

.

We can write the first term �α

λ,ηsr−1 (x)
∣∣

x=xr
on the right side of the equation as follows using the

�α

λ,ηCx2β = Cx2β
� (η + β + 1)

� (α + η + β + 1)
J̄α+η+β (λx) , (11)

formula provided in literature [29]:

�α

λ,ηsr−1 (x)
∣∣

x=xr
=

3∑
j=0

�α

λ,ηAr−1,jx3−j
r =

3∑
j=0

Ar−1,jx3−j
r

�
(
Qj

)
�

(
α + Qj

) J̄α+Qj−1 (λxr) ,

here, J̄v (z) is the Bessel-Clifford function (3).

We obtained the following formula for the approximate calculation of the generalized Erdélyi-
Kober operator (Lowndes operator) using a cubic spline

�α

λ,ηs (x)
∣∣

x=xr =
3∑

j=0

Ar−1,j x3−j
r

�
(
Qj

)
�

(
α + Qj

) J̄
α+η+ 3−j

2
(λxr)

+

⎧⎪⎨
⎪⎩

0, if r = 1;

2
�(α)

r−2∑
i=0

(
xi+1

xr

)2η+2 3∑
j=0

Ai,jKi+1,jHα,λ(i + 1, j, r), if r > 1

− 2
�(α)

r−1∑
i=0

(
xi

xr

)2η+2 3∑
j=0

Ai,jKi,jHα,λ(i, j, r), r = 1, . . . , n. (12)

Using Formula (12), we numerically compute the action of the generalized Erdélyi-Kober operator
on a function given on an arbitrary grid (in tabular form).
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Instead of Formula (12), one can also use the formula

�α

λ,ηs (x)
∣∣

x=xr
= 2

� (α)

⎡
⎢⎢⎢⎣

r−1∑
i=0

(
xi+1

xr

)2η+2 3∑
j=0

Ai,jKi+1,jHα,λ (i + 1, j, r)−

−
r−1∑
i=0

(
xi

xr

)2η+2 3∑
j=0

Ai,jKi,jHα,λ (i, j, r)

⎤
⎥⎥⎥⎦ , r = 1, . . . n,

taking into account the equality

H3 (a, b, c; 1, y) = � (c) � (c − a − b)

� (c − a) � (c − b)
1F2 (c − a − b; 1 − a, c − a; −y) , Re (c − a − b) > 0,

presented in reference [34].

5 Error Analysis of the Numerical Method

It is natural for computational errors to occur in numerical methods. Knowing the approximation
errors in spline interpolation (see Section 3), we can also estimate the errors arising from the
approximate computation of generalized Erdélyi-Kober operators.

Theorem 2: If a spline s(x)satisfying condition (6) is constructed for the functionf (x) ∈ C4[0, l] on the
grid ωr = {xi; i = 0, . . . , r; x0 = 0 < x1 < . . . < xr = l} then the following estimate holds:

∥∥∥�α

λ,ηf (x)
∣∣

x=xr
− �α

λ,ηs (x)
∣∣

x=xr

∥∥∥ ≤

⎧⎪⎪⎨
⎪⎪⎩

C0h4
∥∥f (4)(x)

∥∥ (α + 1) (α + η + 1) + (λxr/2)
2

(α + 1) (η + 1)α+1

, 0 < α ≤ 1
2

,

C0h4

(η + 1)α

∥∥f (4)(x)
∥∥ , α >

1
2

,
(13)

where C0 = 5
384

, h = max
i=0,1,...,r−1

|xi+1 − xi|,
∥∥f (4)(x)

∥∥ = max
x∈[0,l]

∣∣f (4)(x)
∣∣.

Proof of Theorem 2: For the fractional order generalized Erdélyi-Kober integral operator �α

λ,ηs (x)
∣∣

x=xr

(r > 0), we determine the estimate of the approximation error as follows:

Err =
∥∥∥�α

λ,ηf (x)
∣∣

x=xr
− �α

λ,ηs (x)
∣∣

x=xr

∥∥∥ =
∥∥∥�α

λ,η (f (x) − s (x))
∣∣

x=xr

∥∥∥
=

∥∥∥∥∥∥
2x−2α−2η

r

� (α)

xr∫
0

t2η+1
(
x2

r − t2
)α−1

J̄α−1

(
λ
√

x2
r − t2

)
(f (t) − s (t)) dt

∥∥∥∥∥∥ .

First, let’s consider the case where 0 < α ≤ 1
2
. We apply the formula

J̄v−1 (x) = J̄v (x) − x2

4v (v + 1)
J̄v+1 (x) ,
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given in reference [29].

Err =
∥∥∥∥∥∥

2x−2α−2η

r

� (α)

xr∫
0

t2η+1
(
x2

r − t2
)α−1

(
J̄α

(
λ
√

x2
r − t2

)
− λ2(x2

r −t2)
4α(a+1)

J̄α+1

(
λ
√

x2
r − t2

)
)

(f (t) − s (t)) dt

∥∥∥∥∥∥

=

∥∥∥∥∥∥∥∥
2x−2α−2η

r
�(α)

xr∫
0

t2η+1
(
x2

r − t2
)α−1

J̄α

(
λ
√

x2
r − t2

)
(f (t) − s (t)) dt

− λ2x−2α−2η
r

2�(α+2)

xr∫
0

t2η+1
(
x2

r − t2
)α

J̄α+1

(
λ
√

x2
r − t2

)
(f (t) − s (t)) dt

∥∥∥∥∥∥∥∥
.

Using the property of the norm ‖A − B‖ ≤ ‖A‖ + ‖B‖, we refine the inequality:

Err ≤
∥∥∥∥∥∥

2x−2α−2η

r

� (α)

xr∫
0

t2η+1
(
x2

r − t2
)α−1

J̄α

(
λ
√

x2
r − t2

)
(f (t) − s (t)) dt

∥∥∥∥∥∥+

+
∥∥∥∥∥∥

λ2x−2α−2η

r

2� (α + 2)

xr∫
0

t2η+1
(
x2

r − t2
)α

J̄α+1

(
λ
√

x2
r − t2

)
(f (t) − s (t)) dt

∥∥∥∥∥∥
=

∥∥∥∥∥∥
2x−2α−2η

r

� (α)

r−1∑
i=0

xi+1∫
xi

t2η+1
(
x2

r − t2
)α−1

J̄α

(
λ
√

x2
r − t2

)
(f (t) − s (t)) dt

∥∥∥∥∥∥+

+
∥∥∥∥∥∥

λ2x−2α−2η

r

2� (α + 2)

r−1∑
i=0

xi+1∫
xi

t2η+1
(
x2

r − t2
)α

J̄α+1

(
λ
√

x2
r − t2

)
(f (t) − s (t)) dt

∥∥∥∥∥∥
≤ 2x−2α−2η

r

� (α)

r−1∑
i=0

xi+1∫
xi

t2η+1
(
x2

r − t2
)α−1

∥∥∥J̄α

(
λ
√

x2
r − t2

)
(f (t) − s (t))

∥∥∥ dt+

+ λ2x−2α−2η

r

2� (α + 2)

r−1∑
i=0

xi+1∫
xi

t2η+1
(
x2

r − t2
)α

∥∥∥J̄α+1

(
λ
√

x2
r − t2

)
(f (t) − s (t))

∥∥∥ dt

≤ 2x−2α−2η

r

� (α)

r−1∑
i=0

xi+1∫
xi

t2η+1
(
x2

r − t2
)α−1

∥∥∥J̄α

(
λ
√

x2
r − t2

)∥∥∥ ‖(f (t) − s (t))‖ dt+

+ λ2x−2α−2η

r

2� (α + 2)

r−1∑
i=0

xi+1∫
xi

t2η+1
(
x2

r − t2
)α

∥∥∥J̄α+1

(
λ
√

x2
r − t2

)∥∥∥ ‖(f (t) − s (t))‖ dt.

Using the fact that for the Bessel-Clifford function, for any v > − 1
2
, the inequality

∥∥J̄v (x)
∥∥ ≤ 1

holds [29], we further strengthen the above inequality:
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Err ≤ 2x−2α−2η

r

� (α)

r−1∑
i=0

xi+1∫
xi

t2η+1
(
x2

r − t2
)α−1 ‖(f (t) − s (t))‖ dt+

+ λ2x−2α−2η

r

2� (α + 2)

r−1∑
i=0

xi+1∫
xi

t2η+1
(
x2

r − t2
)α ‖(f (t) − s (t))‖ dt

≤ 2x−2α−2η

r

� (α)

r−1∑
i=0

∥∥f
(
x̃i

) − s
(
x̃i

)∥∥ xi+1∫
xi

t2η+1
(
x2

r − t2
)α−1

dt+

+ λ2x−2α−2η

r

2� (α + 2)

r−1∑
i=0

∥∥f
(
x̃i

) − s
(
x̃i

)∥∥ xi+1∫
xi

t2η+1
(
x2

r − t2
)α

dt,

where x̃i ∈ [xi, xi+1]. If we assume that
∥∥f (x̃) − s(x̃)

∥∥ = max
i=0,1,...,r−1

∥∥f (x̃i) − s(x̃i)
∥∥ holds for x̃ ∈ [0, xr],

then the next estimate of the error Err takes the following form:

Err ≤ ∥∥f
(
x̃
) − s

(
x̃
)∥∥

⎛
⎝2x−2α−2η

r

� (α)

xr∫
0

t2η+1
(
x2

r − t2
)α−1

dt + λ2x−2α−2η

r

2� (α + 2)

xr∫
0

t2η+1
(
x2

r − t2
)α

dt

⎞
⎠

= ∥∥f
(
x̃
) − s

(
x̃
)∥∥(

Iα

2,η1
∣∣

x=xr
+ λ2x2

r

4 (α + 1)
Iα+1

2,η 1
∣∣

x=xr

)
.

Here, Iα

σ ,ηf (x) is the fractional order Erdélyi-Kober operator, and Iα

σ ,ηC = C� (η + 1)

� (α + η + 1)
is the

formula valid for [29]. We have the following:

Err ≤ ∥∥f
(
x̃
) − s

(
x̃
)∥∥(

� (η + 1)

� (α + η + 1)
+ λ2x2

r� (η + 1)

4� (α + η + 2) (α + 1)

)

= ∥∥f
(
x̃
) − s

(
x̃
)∥∥(

(α + 1) (α + η + 1) + (λxr/2)
2

(α + 1) (η + 1)α+1

)
. (14)

For the estimate in (14), applying the Formula (8) gives us the following:

Err ≤ 5
384

∥∥f (4)(x̃)
∥∥ h4 (α + 1) (α + η + 1) + (λxr/2)

2

(α + 1) (η + 1)α+1

,

where h = max
i=0,1,...,r−1

|xi+1 − xi|,
∥∥f (4)(x̃)

∥∥ = max
i=0,1,...,r−1

∣∣f (4)(x̃i)
∣∣.

https://www.scipedia.com/public/Karimov_et_al_2025 12

https://www.scipedia.com/public/Karimov_et_al_2025


S. Karimov, E. Islamov and E. Shishkina,

Approximate calculation of the generalized erdélyi-Kober operator

using a cubic spline,

Rev. int. métodos numér. cálc. diseño ing. (2025). Vol.41, (4), 66

Now, let’s consider the case where α >
1
2

.

Err =
∥∥∥∥∥∥

2x−2α−2η

r

� (α)

xr∫
0

t2η+1
(
x2

r − t2
)α−1

J̄α−1

(
λ
√

x2
r − t2

)
(f (t) − s (t)) dt

∥∥∥∥∥∥
≤ 2x−2α−2η

r

� (α)

xr∫
0

t2η+1
(
x2

r − t2
)α−1

∥∥∥J̄α−1

(
λ
√

x2
r − t2

)
(f (t) − s (t))

∥∥∥ dt

≤ 2x−2α−2η

r

� (α)

xr∫
0

t2η+1
(
x2

r − t2
)α−1

∥∥∥J̄α−1

(
λ
√

x2
r − t2

)∥∥∥ ‖f (t) − s (t)‖ dt.

Using the property that for any v > −1
2

, the inequality
∥∥J̄v (x)

∥∥ ≤ 1 holds [29], we strengthen the

above inequality:

Err ≤ 2x−2α−2η

r

� (α)

xr∫
0

t2η+1
(
x2

r − t2
)α−1 ‖f (t) − s (t)‖ dt.

As in the previous case, performing some calculations, we arrive at the following result:

Err ≤ 5
∥∥f (4)(x̃)

∥∥ h4

384(η + 1)α

. �

Theorem is proved.

From the evaluation in (13), we draw the following conclusions:

1) For 0 < α ≤ 1
2

, the error estimate is directly proportional to (xr)
2. This may lead to an increase

in error for sufficiently large x = xr. In this case, it is recommended to choose h proportionally smaller

relative to
(

1
xr

)2

.

2) For sufficiently large values of η, the numerical method provides good convergence.

3) The error is directly proportional to h4, which allows for easy error control and indicates that
the method is convergent, as lim

h→0
Err = 0.

6 Checking the Stability of Numerical Methods

For the function y = f (x), the numerical value of the generalized Erdelyi-Kober operator �α

λ,ηf (x)

at the point x = l is required to be calculated. To use the cubic spline interpolation method, we need
to know the values of the function f (x) at the grid nodes ωr. Suppose that when calculating the values
of this function at the grid nodes, corresponding errors ε0, ε1, . . . , εr have occurred, and these errors
can be expressed using some function ε(x). In this case, we will be approximating the operator value
�α

λ,ηg (x) for the function g(x) = f (x) + ε(x), rather than for the function f (x). The values of the
function g(x) at the grid nodes are calculated as follows:
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g(xi) = f (xi) + ε(xi). i = 0, 1, . . . , r.

Let εs(x) be the cubic spline that interpolates the function g(x) on the mesh ωr. According to
Theorem 2, we have the following:∥∥∥�α

λ,ηg (x)
∣∣

x=xr
− �α

λ,η (εs (x))
∣∣

x=xr

∥∥∥ ≤ 5h4

384

∥∥g(4) (x)
∥∥ W , (15)

where W =
{

(α + 1)(α + η + 1) + (λxr/2)2

(α + 1)(η + 1)α + 1
, 0 < α ≤ 1

2
;

1
(η + 1)α

, α > 1
2
.

In estimate (15), we replace the function g(x) with f (x)+
ε(x), and perform the following calculation:∥∥∥�α

λ,η (f (x) + ε (x))
∣∣

x=xr
− �α

λ,η (εs (x))
∣∣

x=xr

∥∥∥ ≤ 5h4

384

∥∥f (4)(x) + ε(4) (x)
∥∥ W ,

∥∥∥�α

λ,ηf (x)
∣∣

x=xr
+ �α

λ,ηε (x)
∣∣

x=xr
− �α

λ,η (εs (x))
∣∣

x=xr

∥∥∥ ≤ 5h4

384

∥∥f (4)(x) + ε(4) (x)
∥∥ W .

According to the property of the norm ‖X‖ − ‖Y‖ ≤ ‖X + Y‖ the following inequality holds:∥∥∥�α

λ,ηf (x)
∣∣

x=xr
− �α

λ,η (εs (x))
∣∣

x=xr

∥∥∥ −
∥∥∥�α

λ,ηε (x)
∣∣

x=xr

∥∥∥
≤

∥∥∥�α

λ,ηf (x)
∣∣

x=xr
+ �α

λ,ηε (x)
∣∣

x=xr
− �α

λ,η (εs (x))
∣∣

x=xr

∥∥∥ .

From this, by further strengthening the inequality, we obtain the following:∥∥∥�α

λ,ηf (x)
∣∣

x=xr
− �α

λ,η (εs (x))
∣∣

x=xr

∥∥∥ −
∥∥∥�α

λ,ηε (x)
∣∣

x=xr

∥∥∥ ≤ 5h4

384

∥∥f (4)(x) + ε(4) (x)
∥∥ W ,

∥∥∥�α

λ,ηf (x)
∣∣

x=xr
− �α

λ,η (εs (x))
∣∣

x=xr

∥∥∥ ≤ 5h4

384

∥∥f (4)(x) + ε(4) (x)
∥∥ W +

∥∥∥�α

λ,ηε (x)
∣∣

x=xr

∥∥∥ .

As a result of the calculations similar to those in the previous paragraph, we can conclude that∥∥∥�α

λ,ηε (x)
∣∣

x=xr

∥∥∥ ≤ ‖ε (x)‖ W .

Using the property of the norm ‖X + Y‖ ≤ ‖X‖ + ‖Y‖ and the last inequality, we obtain the
following strengthened inequality:∥∥∥�α

λ,ηf (x)
∣∣

x=xr
− �α

λ,η (εs (x))
∣∣

x=xr

∥∥∥ ≤ ∥∥f (4)(x)
∥∥ W +

(
5h4

384

∥∥ε(4) (x)
∥∥ + ‖ε (x)‖

)
W . (16)

From the error estimates (3) and (16), it can be concluded that the value of the function f (x) at
the nodes of the given grid, when computed with the error ε(xi) (i = 0, 1, . . . , r), results in an increase
in the approximation error of the generalized Erdélyi-Kober operator �α

λ,ηf (x), calculated using the
cubic spline interpolation method, by an amount

Wε =
(

5h4

384

∥∥ε(4) (x)
∥∥ + ‖ε (x)‖

)
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(α + 1) (α + η + 1) + (λxr/2)
2

(α + 1) (η + 1)α+1

, 0 < α ≤ 1
2

;

1
(η + 1)α

, α >
1
2

.
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We can define the function ε(x) as a collection of linear functions εi(x), x ∈ [xi, xi+1], connecting
the points (0, ε0) and (x1, ε1), (x1, ε1) and (x2, ε2), . . . , (xn−1, εn−1) and (xn, εn) on the respective
subintervals [0, x1], [x1, x2], . . . , [xr−1, xr]. This provides a simpler form for Wε:

Wε = ‖ε(x)‖

⎧⎪⎪⎨
⎪⎪⎩

(α + 1)(α + η + 1) + (λxr/2)
2

(α + 1)(η + 1)α+1

, 0 < α ≤ 1
2

;

1
(η + 1)α

, α >
1
2

.

From the obtained results, we draw the following conclusions:

1) The computation of the function f (x) at the grid points ωr with an error ε(x), x ∈ ωr,
alters the approximation of the generalized Erdélyi-Kober operator using cubic splines by an amount
independent of h.

2) For 0 < α ≤ 1
2
, the stability of the numerical method depends on the value of xr, with the

condition ‖ε(x)‖ <
(

2
λxr

)2

ensuring stability.

3) For α > 1
2
, given that ε(x) ∼ Wε, the value of the generalized Erdélyi-Kober operator �α

λ,ηf (x) at
the point x = xr, approximated via cubic spline interpolation as �α

λ,η(sε(x))
∣∣

x=xr , is stable with respect
to the error ε(x) in determining the integrand f (x).

7 Sample Calculations

To analyze the efficiency of the numerical method, we utilize the values of the parameters
α = {0.2, 1.7, 2.5}, η = −0.5, λ = {0.2, 1.7, 2.5}, and h = {0.5, 0.1, 0.02, 0.01}. The exact solution
�α

λ,ηf (x), the approximate solution �α

λ,ηs(x), and the absolute error function

R(x) = ∣∣�α

λ,ηf (x) − �α

λ,ηs(x)
∣∣ , x ∈ ωr,

are used for this analysis.

All computations were carried out in Python using the scipy, mpmath, and math libraries with the
float64 64-bit floating-point type. For plotting the graphs, the matplotlib library was used.

To compare the results of numerical computations, analytical formulas that allow for the calcu-
lation of the exact value of the generalized Erdélyi-Kober operator are required. Below, we select test
functions for the computations (Tables 1 and 2).

Example 1. If we select the test function f (x) = x4.7, we can use the following formula, as given in
(11), to compute the exact value of the generalized Erdélyi-Kober operator:

�α

λ,ηx
4.7 = x4.7

�
(
η + 2 7

20
+ 1

)
�

(
α + η + 2 7

20
+ 1

) J̄α+η+2 7
20

(λx). (17)

We now justify this formula. In [14], the following formula is provided:

�α

κ,ηx
2βf (x) = x2β�α

κ,η+β
f (x).

By setting κ = λ and f (x) = 1 in the above formula and applying (9), we obtain:

�α

λ,ηx
2β = x2β

� (η + β + 1)

� (α + η + β + 1)
J̄α+η+β(λx).
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Table 1: We calculate the action of the generalized Erdélyi-Kober operator on the function f (x) = x4.7.
To compute the exact value of the operator, we use Formula (17)

Exact and approximate computation graph Absolute error
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Table 2: We calculate the action of the generalized Erdélyi-Kober operator on the function f (x) =
cos x. To compute the exact value of the operator, we use Formula (18)

Exact and approximate computation graph Absolute error
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By substituting β = 2 7
20

into the last formula, we obtain Formula (17).

Example 2. If we select the test function f (x) = cos x, we can utilize the following formula
provided in [29] to compute the exact value of the generalized Erdélyi-Kober operator:

�α

λ,− 1
2

cos x = �
(

1
2

)
�

(
α + 1

2

) J̄α− 1
2

(
x
√

λ2 + 1
)

. (18)

We now justify this formula. In [35], the following formula is given:∫ a

0

tv+1
(
a2 − t2

)μ/2
Jμ

(
b
√

a2 − t2

)
Iv(ct) dt = aμ+v+1bμcv

(
b2 − c2

)−(μ−v+1)/2
Jμ+v+1

(
a
√

b2 − c2

)
,

b > 0, Re μ, Re v > −1, (19)

where Iv(z) is the modified Bessel function of the first kind, defined as Iv(z) = e−vπ i/2Jv

(
eπ i/2z

)
[35]. The

following formula is also valid [36]:

Īv(x) = �(v + 1)
(x

2

)−v

Iv(x), −∞ < x < ∞. (20)

Applying Formulas (3) and (20) to (19), we obtain:∫ a

0

t2v+1
(
a2 − t2

)μ

J̄μ

(
b
√

a2 − t2

)
Īv(ct) dt = �(μ + 1)�(v + 1)

2�(μ + v + 2)
a2(μ+v+1)J̄μ+v+1

(
a
√

b2 − c2

)
,

where b > 0, Re μ > −1, Re v > −1.

By making the substitutions a = x > 0, v = η ≥ − 1
2
, μ = α − 1, α > 0, b = λ ∈ R, and c = ρ,

we derive:∫ x

0

t2η+1
(
x2 − t2

)α−1
J̄α−1

(
λ
√

x2 − t2

)
Īη(ρt) dt = �(α)�(η + 1)

2�(α + η + 1)
x2(α+η)J̄α+η

(
x
√

λ2 − ρ2

)
.

From this last equality, we obtain the result:

�α

λ,ηĪη(ρx) = �(η + 1)

�(α + η + 1)
J̄α+η

(
x
√

λ2 − ρ2

)
.

By replacing ρ with iρ, and noting that Īη(iρx) = J̄η(ρx), we obtain:

�α

λ,ηJ̄η(ρx) = �(η + 1)

�(α + η + 1)
J̄α+η

(
x
√

λ2 + ρ2

)
.

For η = − 1
2
, since J̄− 1

2
(ρx) = cos ρx, we have:

�α

λ,− 1
2
J̄− 1

2
(ρx) = �α

λ,− 1
2

cos x =
�

(
1
2

)

�

(
α + 1

2

) J̄α− 1
2

(
x
√

λ2 + ρ2

)
.

This final equality yields Formula (18) for ρ = 1.

The obtained numerical results and errors are presented in the following table (Tables 3 and 4).
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Table 3: Numerical values of the operator �α

λ,ηf (x) (η = −0.5) when f (x) = x4.7

x α λ �α

λ,ηf (x)
h = 0.1 h = 0.01

�α

λ,ηs(x) Absolute error �α

λ,ηs(x) Absolute error

1.5 1.7 2.5 0.4083551 0.4083530 2.1036 × 10−6 0.4083551 1.8275 × 10−10

1.5 2.5 1.7 0.2090830 0.2090807 2.3330 × 10−6 0.2090830 3.4352 × 10−10

3.0 1.7 2.5 −0.3356440 −0.3356436 4.2291 × 10−7 −0.3356440 2.9291 × 10−11

3.0 2.5 1.7 1.8894576 1.8894571 5.3634 × 10−7 1.8894576 4.6059 × 10−11

4.5 1.7 2.5 0.7244580 0.7244580 7.5849 × 10−8 0.7244580 1.4057 × 10−11

4.5 2.5 1.7 0.5579314 0.5579318 4.1797 × 10−7 0.5579314 4.0500 × 10−11

Table 4: Numerical values of the �α

λ,ηf (x) (η = −0.5) operator when f (x) = cos x

x α λ �α

λ,ηf (x)
h = 0.1 h = 0.01

�α

λ,ηs (x) Absolute error �α

λ,ηs (x) Absolute error

1.5 0.2 2.5 −0.7327097 −0.7317097 4.7498 × 10−8 −0.7327097 9.8567 × 10−12

1.5 2.5 0.2 0.7255687 0.7255687 4.7024 × 10−8 0.7255687 8.5889 × 10−12

3.0 0.2 2.5 0.0756358 0.0756357 7.6558 × 10−8 0.0756358 4.4855 × 10−12

3.0 2.5 0.2 0.3684999 0.3685000 2.0715 × 10−8 0.3684999 4.3990 × 10−12

4.5 0.2 2.5 0.5003536 0.5003535 3.7655 × 10−8 0.5003536 7.1206 × 10−12

4.5 2.5 0.2 0.0633754 0.0633754 3.7042 × 10−8 0.0633754 4.4367 × 10−13

8 Conclusion

The generalized Erdélyi-Kober fractional-order integral operator is a transmutation operator.
Using this operator, many complex boundary value problems involving singular coefficients for
differential equations with partial derivatives can be simplified and solved analytically with ease. This
method also allows for the numerical solution of such problems. For this, it will be necessary to develop
methods for approximating the value of the operator.

In this work, without knowing the analytical expression of the function and its properties, the
action of the generalized Erdélyi-Kober fractional-order integral operator on this function was studied
based on its given values on an arbitrary uniform grid. For this purpose, the function given on the grid
was approximated using a cubic spline. The function, given in tabular form, was replaced by the spline
determined analytically, and the value of the operator was computed. The convergence error of the
developed method was determined, and the stability estimate was obtained. The numerical method
was tested with specific examples, and the obtained results were presented in graphs and tables.

The ability to approximate functions given on a uniform grid using cubic splines in modern
mathematical systems, particularly in the Python programming language, as well as the capability
to compute the values of confluent hypergeometric functions, makes it possible to easily apply this
method in practice.
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