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ABSTRACT

This paper presents an enhanced Least Squares Support Vector Machine
(LS-SVM) approach for meshless and accurate solution of higher-order OPEN ACCESS
boundary value problems (BVPs) that commonly arise in structural
mechanics, fluid dynamics, and other engineering fields. The discussed Received: 25/08/2025
method formulates third- and fourth-order linear and nonlinear ordi-

nary differential equations (ODEs) as data-driven optimization problems, Accepted: 21/10/2025
eliminating the need for traditional mesh-based discretization. Leveraging DOI
a Radial Basis Function (RBF) kernel and regularization-based control 10.23967/j.rimni.2025.10.72376
of model complexity, the LS-SVM captures complex solution behaviour K ds:
while maintaining stability and smoothness. The meshless nature of the .eywor’ St . i

. o . Simulation-based engineering
model ensures geometry-independence, making it suitable for irregular or LS-SVM

multi-point boundary conditions. A comparative analysis with established
machine learning techniques, including Ridge Regression (RR), classi-
cal SVM, Random Forest (RF), and Extreme Gradient Boosting (XGB),
demonstrates the competitive accuracy, robustness, and efficiency of LS-
SVM. The results highlight its potential as a promising solver for nonlinear
and multi-point problems where meshless methods are advantageous. The
results highlight its potential as a promising solver for simulation-based
workflows in computational mechanics and scientific computing, where
adaptability, generalization, and reliability are critical.
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1 Introduction

Boundary value problems (BVPs) governed by ODE are fundamental in modeling many natural
and dynamic systems across biology, economics and applied engineering. Due to their wide relevance,
finding accurate and efficient numerical methods to solve such problems has been a long standing
problem in computational mathematics. Among the earliest methods, the finite difference method
(FDM) [1] was established as a reliable tool to solve two-point BVPs for both linear and nonlinear
higher order ODEs. Later the homotopy perturbation method [2,3] was introduced to solve fourth
and sixth order cases. To generalize these methods for more complex scenarios including multi-point
boundary conditions the optimal homotopy asymptotic method was introduced by Ali et al. [4] which
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provides more accuracy and computational flexibility. Over the years many other methods have been
developed. The Adomian Decomposition Method has been widely used due to its semi-analytical
formulation and adaptability to nonlinear problems [5—7]. Several studies have further demonstrated
its efficiency and accuracy across diverse applications [8—10]. Meanwhile wavelet based methods
especially Haar and Shannon wavelet transforms [11,12] have gained popularity for their localized
resolution and multiscale capabilities. Spectral methods are known for their high accuracy have also
contributed a lot. Noteworthy among these is the work of Doha et al. [13], who applied spectral
Galerkin techniques based on Jacobi polynomials for solving third- and fifth-order problems, and
subsequently expanded this framework using Chebyshev polynomials of the third and fourth kinds
to tackle more intricate higher-order differential systems [14]. The use of shifted Jacobi collocation
techniques has further enhanced the handling of nonlinear multi-point BVPs [15]. Additionally, sinc-
collocation methods have been effectively utilized in this context, as shown by Saadatmandi and
Dehghan [16]. The variational iteration method has also proven to be a valuable strategy for both
linear and nonlinear high-order BVPs, as explored in various investigations [17—19].

Despite the effectiveness of the aforementioned numerical methods, a persistent limitation lies
in the discontinuity of the approximate solution’s derivatives, which may compromise the stability
and convergence of the solution, particularly in sensitive boundary value problems. Neural networks
(NN), a subclass of machine intelligence techniques, have emerged as promising alternatives due to
their universal function approximation capability [20-22]. These models generate smooth, analytically
differentiable solutions in closed form, making them highly suitable for problems requiring continuous
solution behavior. Neural network (NN) [23,24] based methodologies have been widely explored for
solving a broad spectrum of differential equations. These include ODE, partial differential equations
(PDEs) [25-27], fractional-order models [28—30] and integro-differential systems [31,32]. In one study,
Chakraverty and Mall [33] designed a neural network model based on regression principles to
address fourth-order linear ODEs with two-point boundary conditions. A related effort by Malek
and Shekari Beidokhti [34] combined optimization techniques with feedforward neural networks to
solve similar fourth-order BVPs. Additionally, Mai-Duy [35] utilized radial basis function neural
networks for direct solution approximation in high-order boundary value problems. Several studies
have explored advanced numerical and intelligent techniques for complex boundary value and dynamic
problems. These include higher-order numerical formulations [36,37], analytical-approximate schemes
for nonlinear wave equations [38], and neural-network-based approaches for fuzzy structural systems
[29].

However, artificial neural networks are not without drawbacks. They often require the tuning of
a large number of hyperparameters, including the number of hidden layers and neurons, which lacks a
systematic selection criterion. Additionally, the training process is computationally intensive, prone to
local minima, and often demands significant effort for convergence and generalization. An alternative
to neural networks is the Support Vector Machine (SVM) algorithm, originally proposed by Vapnik
within the framework of statistical learning theory [40]. SVM map input data into high-dimensional
feature spaces via nonlinear kernel functions and solve a convex quadratic optimization problem to
ensure global optimality. Their adoption of the structural risk minimization principle also enhances
their generalization ability. A refinement of the classical SVM framework is the Least Squares Support
Vector Machine (LS-SVM) algorithm, introduced to reduce computational complexity and improve
numerical tractability [41]. In LS-SVM, the inequality constraints of the SVM are replaced with
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equality constraints, and the loss function is reformulated as the sum of squared errors over the training
dataset. As a result, the problem reduces to solving a linear system instead of a quadratic programming
problem, significantly lowering training time while maintaining high approximation accuracy. Owing
to their favorable characteristics, LS-SVM algorithms have found successful applications across diverse
areas such as pattern classification [42], fault detection systems [43], and forecasting of time-dependent
data [44,45]. In recent years, their utility has extended into the field of scientific computing, where LS-
SVM has been effectively utilized to tackle differential equations [46,47], differential-algebraic systems
[48,49]. Physics Informed LSSVM which is another advanced form of LSSVM is introduced in [50].

However, the application of LS-SVM methods to boundary value problems remains limited. Most
existing works focus on second-order linear ODEs with two-point boundary conditions [46]. To date,
there has been limited exploration of LS-SVM techniques for higher-order and nonlinear ODEs with
two-point and multi-point boundary conditions. This gap highlights the need for further investigation
into the potential of LS-SVM algorithms to serve as efficient and accurate solvers for a broader class
of high-order boundary value problems.

2 Least Square Support Vector Machine

The training dataset is as follows {(x,,, ¥,) |x., € R", y,, € R}”Z_1 ,n = 1, where the input data is given
by {x,}"_, and the output data is given by {y,}" ,. It is assumed that the corresponding functional

relationship between the input and output variables can be represented by the following form:

y(x) =w"p(x)+b, (1)

here w and b are the model parameters and ¢ (x) is a nonlinear function that maps the input data into
a higher-dimensional feature space. The idea is to find the best solution in this space by minimizing
the difference between the model’s predictions and the actual observed data [51]. Based on this, the
primal form LS-SVM is defined by the following optimization problem [41,52]:

1 1
EILBJ (w,e) = EwTa) + zyere, (2)
subject to

yx)=o'¢(x)+b+e, m=1,273,...N,

here y is a positive regularization parameter and e, represents the error associated with the m'th
training input. In this formulation, first term acts as a regularization component that controls
the model complexity and second term penalizes the training errors. The resulting constrained
optimization problem, as shown in Eq. (2), can be efficiently solved using Lagrange multipliers.

1 1 N
L (a)a amem) - EC()TCU + Eye’re - Zam [wr(p (xm) + b + em - ym] b

m=1

(m=1,2,3,...,N). 3)

In this context, «,, are Lagrange multipliers which can take positive or negative values in the LS-
SVM framework. By applying the Karush—Kuhn-Tucker (KKT) conditions, we obtain the following:
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[ 0L
8_ =w — ZZ:I o, Q (-xm)
w
oL
A
* 4)
oL 0
=0, —yve, =VU;
de, i’
oL
o a)Tw (xm) + b - ym + em = 0
8am

After eliminating w and e,, from the system of Eq. (4), the following linear system is obtained:

®mn + V71E|1131-71 o y
= , 5
[ Iy.110 b 0 ©)
where ©,,, = K (x,,,X,) = ¢ (x,) ¢ (x,) m,n=1,2,..., N) is the mn’th entry of the kernel matrix;

Y = [yl,yz, .. .yN]T;Ol = [al,az, .. .OlN]T; Cli’ld IN*I = [1, 1, ceey 1] .
Finally, the LS-SVM model can be expressed in its dual form as follows:

Y () =D K (x,,X) +b. (6)

m=1

3 Overview and Mathematical Foundations of LS-SVM for ODE

This section provides a concise overview of the LS-SVM framework as applied to the solution
of ODEs, along with the necessary definitions. Consider, for instance, a first-order linear ODE in the
context of an initial value problem, expressed in the following general form [46]:

Y iy, xelad
—=aXx)yx)+r(x x€la,c
dx d ’ =y (7)

y(a) =4,

As described in [46], the method begins by assuming a general form for the approximate
solution:y (x) = w”¢ (x) + b, where w and b are the unknown parameters to be identified. The domain
of the solution is divided into a finite number of collocation points with a suitable collocation technique
[53]. At these points the parameters are optimized by solving a constrained optimization problem, as
in [46]. To do this the method of Lagrange multipliers is used [54], so the optimization problem can
be rewritten as a Lagrangian that combines the LS-SVM cost function with the constraints from the
first order linear ODE and the initial condition, both enforced at the collocation points.

This is not limited to first order problems. It can be extended to higher order problems, second
order boundary value problems and partial differential equations, as in [46—48]. By using Mercer’s
theorem [40], the derivative of the kernel function is defined as:

PR o) () = [0],,- ®

Vi (K (X, X,)) = —
" e 8u’3v’ U=xm,v=xn e

here, RBF kernel is considered as kernel function and can be denoted as K (u, v) = exp (— w—v?’/ 02).
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After this we have:

9" (K (u,v))
v1,3 (K (xmaxn)) = W 3 - = ‘P(l) (xm)T¢(3> (xn) = [®1.3]m,n
[ 12 12 2 (xm - xn) ? 2 (xm - xn) d .
- - ; - ; |: 0_2 :| + |: 0_2 K(xmaxn) ’
) 9° (K (u,v)) )
V2,3 (K (xm’ xn)) = W B o = ¢(2) (xm)T (p(3) (xn) = [®2,3]m,n
(60 602 x,—x)7T 2(x, — Xx,) 12 (X, — X,) ‘
- - ; - ; |: 02 } + 02 02 K(xmaxn) s
9° (K (u,v))
V3,3 (K (xma xn)) = W B - = ¢(3) (xm)T 90(3> (xn) = [®3,3]m,n
120 120 [2(x, — x0T 30[2(x,—x)7]" [2(0—x07° ,
B |:? =y |: o? :| * o2 o? B o2 K Gms %)
3" (K (u,v))
V3,4 (K (xma xn)) = W o = (p(3) (xm)T (p(4) (xn) = [®3,4]m.n
840 840 [2(x, —x,)1 42T72(x, —x)7"
o el e | TelT e ]| 2m-x
= 2 6 —2K (xm: xn) 5
(xm - xn) o
[
) 3° (K (u,v))
V4.4 (K (xrm xn)) - W 3 _ = (p(4) (xm)T (p(4) (xn) = [®4,4]m,n
71680 3360 [2(x, —x,)] 840[2(x, —x)7]"
_ o? B ot o? +? o? 2(xm_xn)K( )
N 56 2 (-xm — Xy ‘ 2 (-xm — Xy o? oo -
] e Il R

3.1 Higher Order ODE with Boundary Conditions
This section presents a discussion on various forms of generalized boundary value problems
associated with higher order ODE.

3.2 Higher Order Linear and Nonlinear ODE with Two Point Boundary Condition

This section describes the application of the improved LS-SVM algorithm to two-point boundary
value problems involving higher order linear and nonlinear ODE, emphasizing its accuracy and
computational efficiency.

3.2.1 Nonlinear ODE for Two-Point Boundary Value Problem
The two-point boundary value problem for a nonlinear ordinary differential equation of order

M can be formally stated as follows [15]:

dMy Mfly dy

—tay (xX)———+...+a, x)—=f(x,y), x€la,c]. 9
A ) a0 S = (), xelad ©)
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The boundary conditions are:
YO (a) =p
Yy =gq

The interval, which it represented as [a, c], is devided into a series of collocation points. Let us
assume that a general approximate solution to Eq. (9) is given by Eq. (1).

To determine the best values for w and b the following optimization problem is solved:

. 1 T 1 T 1 T
= — — - l
Jun J(@,e.8) = joiotgyeetoyes (1o
Subject to
M~—1

@™ (x,) + X 0'a, (x,) 9" (%) =f (X, 3) F s m=2,...,N-1;

=1
V=" (x,) +b+E,,
o' (x)) + b = p;
o (xy) +b = qp;
0" (x)+b=p; t=12,....,T;
o"? (xy)+b=¢q.; z=1,2,...,7Z,

3.2.2 Linear ODE for Two-Point Boundary Value Problem

The two-point boundary value problem for a linear ordinary differential equation of order M can
be formally stated as follows [16]:

dM M—1 d
C W a0 Era@y=r®, xelad. (11)
x x dx
The boundary conditions are:
yO(a)y=p
y()=gq

Let us assume that Eq. (11) is solved by adopting the approximate solution form introduced in
Eq. (1), enforced at collocation points with associated boundary conditions. This method discretizes
the solution domain into a finite set of collocation points which act as evaluation nodes where both
the differential equation and the associated boundary conditions must be satisfied. The optimal
parameters are then computed by solving the following optimization problem:

1 1
E}i&](m,e) = za)rw + EyeTe (12)

Subject to

M—1

a)T(p<M) (xm) + Z wTal (xm) ()0(1) (xm) + ay (-xm) b =r (-xm) + Cns M= 29 ] N — 1’
=0

Q)T(p (Xl) + b = Do,

Q)T(p (-XN) + b = qu

wTe? (x)=p; t=12,...,T;

a)T(p(:) (XN) :q” zZ = 1,2,...,2;
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3.3 Higher Order ODE with Multi Point Boundary Conditions

This section presents a detailed application of LS-SVM algorithm to multi-point boundary value
problems governed by higher-order linear and nonlinear ODEs. It highlights the algorithm’s ability
to accurately approximate complex solution behaviors while maintaining computational efficiency.
Emphasis is placed on the method’s robustness in handling multiple boundary constraints and its
effectiveness in capturing the underlying dynamics of both linear and nonlinear systems across diverse
test cases.

3.3.1 Nonlinear ODE for Multi Point Boundary Value Problems
The multi-point boundary value problem for a nonlinear ordinary differential equation of order
M can be formally stated as follows [15]:

a0 a0 oy, xelad. (13)
dxM-1 dx

M

d"y
dxM

Subject to

y0) (a) = 5,

y(Qn) (xpn) — sr
P01 (0) = sy

X € [a, (]

peEZ, n=12,.... M-2
05%&]1,--”%\471 SM_ 1'

To facilitate the numerical solution, the interval [a, ] is discretized into a set of collocation points.
The primal optimization problem can be described as follows:

. 1, | 1,
min J(@,e,§) = so'o+ syelet SyE's (13)
Subject to

a)T |:¢(M) (xm) + ZZ;l a)Tal (xm) (P(I) (xm)] =f(xma ym) + Cpy, M= 27 ey N — 1:
Vm=0"0(x,)+b+&,, m=2,...,N

W 9™ (x;) + b = s;

o P (x,,) + b =s,, n=1,2,....M —2;
@MY (xy) + DMV =55

9

3.3.2 Linear ODE for Multi Point Boundary Value Problem
The multi-point boundary value problem for a nonlinear ordinary differential equation of order
M can be formally stated as follows [15]:

dM M— ly

S () +mu>y+%@w—rm xelfac. (15)
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Subject to

y() (@) = 5,

e (Xpn) =3,

y1) () = 504

Xpn € [a, ]

peZ, n=12,....M—2
0<¢qo,qis - squ <M-—1.

The interval [a, ¢] is divided into a series of collocation points. The original optimization problem
can be stated as follows:
1

1
1}1}133.] (w,e) = za)Tw + EyeTe (16)

Subject to

' [WM) )+ 20 (x) ¢ (xm)} =r(x,)+e,; m=23,....pp—Lp+1L,N-1;
o' (x)) + b = sy;

0™ (x,) +b" =5, n=1,2,...,M—2;

@MV (xy) + DM =545

4 Numerical Examples

This section presents a series of computational experiments to investigate the reliability and
accuracy of the LS-SVM framework for solving high-order boundary value problems. The study
encompasses both linear and nonlinear ordinary differential equations of third and fourth order, sub-
ject to two-point and multi-point boundary conditions. These problems are selected to reflect a range
of structural complexities, from smooth linear systems to nonlinear and oscillatory solutions, thereby
allowing for a thorough evaluation of the model’s stability, generalization ability, and approximation
precision. For all experiments, the LS-SVM algorithm is applied with a radial basis function (RBF)
kernel of the form K (x,x) = exp (—y (x —x)’), where y controls the width of the kernel and A
denotes the regularization parameter balancing the trade-off between the fitting accuracy and model
smoothness.

In all experiments, collocation points are selected as uniformly distributed nodes over the problem
domain, while boundary points are fixed at the prescribed conditions. The kernel width parameter o
and the regularization parameter A are determined through a two-stage process: first, a coarse grid
search is conducted, followed by fine-tuning using cross-validation. The resulting kernel matrices are
occasionally ill-conditioned; to address this, a small diagonal loading is introduced as a stabilization
strategy. All linear systems derived from the KKT conditions are solved using direct solvers available
in standard numerical software. These steps ensure that the LS-SVM framework remains numerically
stable and reproducible across different boundary-value problems.

To ensure consistent performance and to prevent ill-conditioning of the system matrix, the
parameters are selected carefully through empirical validation. Specifically, for the third-order linear
boundary value problem, y = 1.0 and A = 10~* are chosen; for the nonlinear fourth-order case, the
same values of y = 1.0 and A = 10~* are retained. In the case of the fourth-order linear multi-point
boundary value problem, a finer kernel width and stronger regularization are required, leading to the
selection of y = 2.5 and A = 10°°, while for the nonlinear third-order multi-point boundary condition
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problem, the values y = 3.0 and A = 10~ are used to capture more localized features. To benchmark the
effectiveness of LS-SVM, its results are compared with those from four prominent machine learning
regressors: ridge regression, SVM, RF and XGB. All models are trained on uniformly spaced points
over the domain [0, 1], and the performance is quantified using three standard error metrics. The mean
absolute error (MAE), mean squared error (MSE), and root mean squared error (RMSE) are defined
as follows:

MAE: % Zj\;] |uexa('t,i - upr‘edi('ted.i|2
MSE: % Zj\]:] (uexacr,i - upredicred,i) (17)
RMSE v MSE = \/% le (uexacl,i - upn’dicled,i)z

These metrics are reported alongside graphical visualizations including prediction overlays, 3D
surfaces, and error heatmaps to provide a comprehensive view of solver behavior under different
modeling scenarios. The subsequent subsections present the detailed analysis for each problem.

To ensure reproducibility, each numerical example specifies the number and distribution of
collocation and boundary points, along with the chosen values of o and A. This transparency
allows independent replication of the experiments without the need for explicit runtime or hardware
specifications.

4.1 Example 1
Here we begin with a smooth third-order linear BVP to assess baseline accuracy. Let’s consider
the 3rd order linear ODE:

»(x) =cos(x), xel0,1]. (18)

The boundary conditions are,
y0)=0, y@©0 =1,
V(1) = —sin(1).

The first test case involves a third-order linear boundary value problem defined on the interval
[0, 1], characterized by trigonometric forcing and mixed boundary conditions. The differential
structure is smooth but non-trivial, making it suitable for evaluating the stability and precision of
numerical solvers. For this problem, 50 collocation points are uniformly distributed in the domain,
and the parameters o = 1.0, A = 10~ are employed. As shown in Table 1, the LS-SVM method yields
values in excellent agreement with the reference solution across the domain. Ensemble methods such as
RF and XGB demonstrate competitive performance but display slight deviations at domain edges. In
contrast, classical machine learning models like Ridge regression and SVM tend to produce systematic
underfitting, particularly in regions with steep gradients.

Table 1: Solution comparison table (example 1)

X Exact LS_SVM Ridge SVM RF XGB
0.090909 0.1816 0.1809 0.2011 0.2316 0.1619 0.1903
0.19192 0.3826 0.3822 0.3883 0.4048 0.3276 0.3848
0.29293 0.5816 0.5821 0.5755 0.5780 0.4982 0.5526
(Continued)
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Table 1 (continued)

X Exact LS_SVM Ridge SVM RF XGB

0.39394 0.7777 0.7783 0.7627 0.7512 0.8351 0.7765
0.49495 0.9699 0.9699 0.9499 0.9244 0.9708 0.9421
0.59596 1.1573 1.1566 1.1371 1.0977 1.1685 1.1319
0.69697 1.3389 1.3384 1.3243 1.2709 1.3547 1.2999
0.79798 1.5139 1.5144 1.5115 1.4441 1.4395 1.5094
0.89899 1.6817 1.6826 1.6987 1.6173 1.7413 1.6853
1 1.8415 1.8391 1.8859 1.7905 1.724 1.7956

Fig. 1 depicts the three dimensional surface of the LS-SVM solution, capturing the gradual
increase in function values with high smoothness. The associated error surface, shown in Fig. 2,
confirms that the LS-SVM maintains pointwise absolute errors predominantly below 10~°. Table 2
presents the absolute error at selected points for all models, highlighting that the LS-SVM consistently
outperforms other approaches in localized accuracy. The RF and XGB models, while more expressive
than linear models, exhibit occasional fluctuations due to their sensitivity to local data irregularities.
Ridge and SVM, constrained by their linear or kernel-imposed bias, fail to capture finer solution
variations.

Predicted y(x)

Figure 1: 3D surface plot of LSSVM solution (example 1)

Fig. 3 compares the predictions from all methods against the reference solution. The LS-SVM
curve aligns closely throughout the domain, including in regions where other models diverge. Inset
magnification illustrates this further, showing visible discrepancies in RF, Ridge, and SVM approxi-
mations. Quantitative evaluation is provided in Table 3, where LS-SVM achieves significantly lower
error metrics MAE, MSE, and RMSE than the other techniques. These trends are concisely visualized
in the error heatmap (Fig. 4), which underscores the superiority of the LS-SVM across all criteria. The
results confirm the method’s reliability in preserving higher-order solution characteristics, particularly
under constraints involving derivative boundary conditions.

We observe that LS-SVM consistently achieves high accuracy across the entire domain, with errors
remaining minimal even near boundary conditions. Compared to classical regressors and ensemble
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methods, LS-SVM demonstrates superior stability and captures smooth variations without distortion,

establishing a strong baseline for subsequent nonlinear and multi-point problems.

%107

Absolute Error

%1073

Figure 2: Error surface plot of LSSVM (example 1)

Table 2: Absolute error across comparing methods (example 1)

X Err LS Err_Ridge Err SVM Err_ RF Err_ XGB
0.0909 0.00072171 0.019473 0.049907 0.019731 0.0086075
0.1912 0.00042947 0.0056979 0.022154 0.054979 0.0021381
0.2923 0.00045454 0.0061324 0.0036549 0.083429 0.029046
0.3934 0.00059463 0.015019 0.02652 0.057371 0.0012052
0.4945 2.6002e—05 0.019993 0.045472 0.0008583 0.027807
0.5956 0.00064812 0.020124 0.059582 0.011261 0.025372
0.6967 0.00048255 0.014534 0.06797 0.015798 0.039005
0.7978 0.00050057 0.0023995 0.069814 0.07438 0.0045511
0.8989 0.00091716 0.017033 0.064359 0.05966 0.0036153
1 0.002393 0.044446 0.050926 0.11751 0.045847
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Figure 3: Solution comparison across ML methods (example 1)

Table 3: Error metrics across comparing methods (example 1)

MAE MSE RMSE
LS-SVM 0.000561 4.5939¢—07 0.000677
Ridge 0.015602 0.000328 0.018126
SVM 0.047288 0.002693 0.051897
RF 0.043186 0.002845 0.05334
XGB 0.021601 0.000743 0.027276

LS-SVM
0.8

Ridge
0.6

SVM
0.4

RF
0.2

XGB

MAE MSE RMSE

Figure 4: Error metrics heatmap (example 1)

4.2 Example 2
Next, a fourth-order nonlinear ODE is considered to examine performance under nonlinearity.

P (x) + 12y (x)* =0,x € [0, 1]. (19)
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The two-point boundary conditions are given by,

y(0)=0,y"(0) =0,
y (1) =0,y (1) =0.

The second example addresses a fourth-order boundary value problem incorporating nonlinearity
through a quadratic term in the dependent variable. The solution is compactly supported and
symmetric about the midpoint of the domain, making it a suitable candidate for evaluating the
performance under smooth but nonlinear dynamics. A uniform grid of 60 collocation points is used,
with o = 1.0 and & = 10~*. As shown in Table 4, the LS-SVM model achieves strong agreement with
the reference values, while other machine learning methods especially Ridge regression and SVM fail
to capture the nonlinearity, reverting to nearly constant outputs. This is particularly evident in regions
of curvature where both models completely miss the profile, likely due to their insufficient functional
representation.

Table 4: Solution comparison table (example 2)

X Exact LS_SVM Ridge SVM RF XGB
0.010101 9.998e—05 —0.000958  0.033 0.034655 —0.054051  0.044726
0.12121 0.011346 0.011891 0.033 0.034655 0.046181 —0.022391
0.23232 0.031808 0.031836 0.033 0.034655 0.025157 0.059035
0.33333 0.049383 0.049204 0.033 0.034655 0.0653 0.026545
0.44444 0.060966 0.060915 0.033 0.034655 0.035276 0.002535
0.55556 0.060966 0.060917 0.033 0.034655 0.018299 0.055084
0.66667 0.049383 0.049204 0.033 0.034655 0.025312 0.052693
0.76768 0.031808 0.031836 0.033 0.034655 0.182822 0.031995
0.87879 0.011346 0.011891 0.033 0.034655 —0.036089  —0.005792
0.9899 9.998e—05 —0.000958  0.033 0.034655 —0.009220  0.011384

Fig. 5 presents the LS-SVM solution surface, clearly reflecting the bell-shaped structure of the
expected output. In Fig. 6, the error surface illustrates that the absolute deviation remains uniformly
below 1.5 x 107*, with minimal boundary-layer discrepancies. Table 5 provides a detailed view of
absolute error at representative points. LS-SVM maintains sub-milliscale errors across all coordinates,
while the remaining models produce either overfitting (in the case of RF) or flat, misaligned
approximations (as observed with Ridge and SVM). Notably, RF exhibits high-frequency oscillations
and instability in central zones, indicative of poor generalization despite increased model flexibility.

Fig. 7 shows a direct overlay of predictions from all models. LS-SVM traces the reference
curve closely, with nearly imperceptible deviation. In contrast, Ridge and SVM degenerate to flat
baselines, and ensemble models fluctuate unpredictably, misrepresenting both amplitude and location
of maxima. These qualitative differences are quantitatively confirmed in Table 6, where LS-SVM
outperforms all alternatives across MAE, MSE, and RMSE by significant margins. The error metrics
heatmap in Fig. 8 further consolidates this finding. LS-SVM occupies the lowest error region across
all axes. This demonstrates the model’s robustness in resolving smooth nonlinear structures, aided by
its ability to implicitly encode differential constraints through the kernel system.
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Figure 5: 3D surface plot of LSSVM solution (example 2)
x107*

%107
1.5

Absolute Error

Figure 6: Error surface plot of LSSVM (example 2)

Table 5: Absolute error across comparing methods (example 2)

X Err LS Err_Ridge Err SVM Err RF Err XGB
0.010101 0.001058 0.032970 0.034555 0.054151 0.044626
0.12121 0.000544 0.021654 0.023309 0.034835 0.033736
0.23232 2.779¢—05 0.001191 0.002846 0.006651 0.027226
0.33333 0.000178 0.016383 0.014728 0.015917 0.022838
0.44444 5.627e—05 0.027966 0.026311 0.02569 0.058431
0.55556 5.627e—05 0.027966 0.026311 0.042668 0.005886
0.66667 0.000178 0.016383 0.014728 0.024071 0.003309
0.76768 2.7793e—05 0.001191 0.002846 0.151016 0.000181
0.87879 0.000544 0.021654 0.023309 0.047426 0.017139
0.9899 0.001058 0.0329 0.034555 0.009320 0.011284
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Figure 7: Solution comparison across ML methods (example 2)

Table 6: Error metrics across comparing methods (example 2)

MAE MSE RMSE
LS-SVM 0.000258 1.4241e—-07 0.000377
Ridge 0.019717 0.000482 0.021964
SVM 0.019688 0.000485 0.022027
RF 0.038482 0.002292 0.047875
XGB 0.024178 0.000913 0.030226
1
LS-SVM
0.8
Ridge
10.6
SVM
0.4
RF
0.2
XGB
0

MAE MSE RMSE

Figure 8: Error metrics heatmap (example 2)

4.3 Example 3
We then analyze a linear fourth-order BVP with multi-point boundary conditions to test global
consistency. Let’s consider the fourth-order linear ODE:

¥ (x) = 2m) cos 2rx), xe[0,1]. (20)
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The multi-point boundary conditions are given by,

yO) =y, y 0=y (@D,
1(0.25) + 1 (0.75) = 0,1 (0.5) = 0.

This case involves a linear fourth-order boundary value problem defined over [0, 1] and con-
strained by a set of nonlocal multi-point boundary conditions. These conditions include values and
derivatives at both endpoints and interior points, imposing a global structural requirement that
challenges models relying purely on local fitting. The experiment is performed with 70 collocation
points, using o = 2.5, A = 107°. As presented in Table 7, the LS-SVM model demonstrates excellent
performance, producing consistent outputs aligned with expected oscillatory patterns. In contrast,
Ridge regression and SVM degenerate to flat approximations, offering no variation across the domain,
a clear indication of their inability to represent globally periodic behavior under complex constraints.

The LS-SVM output surface shown in Fig. 9 maintains smooth periodic variation, matching the
expected behavior implied by the differential operator. The associated absolute error surface (Fig. 10)
remains uniformly low throughout, with peak deviations limited to below 2 x 107, Table & further
illustrates the model-wise performance. LS-SVM achieves highly accurate pointwise predictions.
Meanwhile, Ridge and SVM methods consistently produce large errors, often close to unity. Ensemble
methods such as RF and XGB show improved tracking but are susceptible to minor distortions and
phase mismatches, particularly in regions of inflection and extrema.

The LS-SVM prediction aligns precisely with the expected profile and retains structural integrity
even at high curvature points, as evidenced in the magnified inset of Fig. 11. It provides a compar-
ative visualization of all methods. On the contrary, Ridge and SVM provide near-constant outputs
throughout, failing to satisfy the shape or periodicity requirements. Quantitative metrics in Table 9
confirm this observation: LS-SVM exhibits orders-of-magnitude lower MAE, MSE, and RMSE
compared to all baselines. The heatmap in Fig. 12 summarizes the performance landscape, where LS-
SVM distinctly dominates. This result highlights the necessity of integrating boundary and operator
informed structures in numerical solvers when addressing high-order differential problems governed
by nonlocal conditions.

Table 7: Solution comparison table (example 3)

X Exact LS_SVM Ridge SVM RF XGB

0 1 0.99981 0.01 0.015794 1.0333 0.97972
0.050505 0.95007 0.9502 0.01 0.015794 0.85798 0.91456
0.11111 0.76604 0.766 0.01 0.015794 0.7548 0.79537
0.16162 0.52723 0.52711 0.01 0.015794 0.55235 0.52909
0.22222 0.17365 0.17362 0.01 0.015794 0.15007 0.2353
0.77778 0.17365 0.17362 0.01 0.015794 0.20089 0.21897
0.83838 0.52723 0.52711 0.01 0.015794 0.52235 0.52296
0.88889 0.76604 0.766 0.01 0.015794 0.72241 0.77626
0.94949 0.95007 0.9502 0.01 0.015794 0.93577 0.95037
1 1 0.99981 0.01 0.015794 0.98222 0.99717
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Figure 10: Error surface plot of LSSVM (example 3)

Table 8: Absolute error across comparing methods (example 3)

X Err_LS Err_Ridge Err_SVM Err_RF Err_XGB
0 0.00018644 0.99 0.98421 0.033298 0.020277
0.050505 0.00012777 0.94007 0.93428 0.092094 0.035507
0.11111 4.3558e—05 0.75604 0.75025 0.011244 0.029328
0.16162 0.00011538 0.51723 0.51143 0.025122 0.001859
0.22222 3.2429¢—05 0.16365 0.15785 0.023576 0.061656
0.77778 3.2429e—05 0.16365 0.15785 0.027245 0.045321
0.83838 0.00011538 0.51723 0.51143 0.004872 0.004269
0.88889 4.3558¢—05 0.75604 0.75025 0.043634 0.010213
0.94949 0.00012777 0.94007 0.93428 0.014305 0.000302
1 0.00018644 0.99 0.98421 0.017776 0.002831
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Figure 11: Solution comparison across ML methods (example 3)

Table 9: Error metrics across comparing methods (example 3)

MAE MSE RMSE
LS-SVM 7.3675e—05 6.8549¢—09 8.2794e—05
Ridge 0.64028 0.5049 0.71056
SVM 0.64028 0.50493 0.71059
RF 0.040614 0.0026972 0.051935
XGB 0.026205 0.001094 0.033076
LS-SVM 0.5
0.45
Ridge 04
0.35
0.3
SVM
0.25
0.2
RF 0.15
0.1
XGB 0.05
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Figure 12: Error metrics heatmap (example 3)

4.4 Example 4

Finally, a nonlinear third-order multi-point BVP is solved to evaluate robustness under oscillatory

conditions. Let’s consider the third-order nonlinear ODE as:

Y (x)+3x7y (x) =0,x e [-1,1].

21)
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The multi-point boundary conditions are,

y(=1) =y(),
»(0) =1,
¥7(0) = —67°.

This final case introduces a nonlinear third-order differential equation featuring multi-point
boundary conditions distributed over a symmetric domain. The complexity arises not only from
the nonlinear source term but also from the requirement to satisfy constraints at both endpoints
and interior points, making the solution behavior sharp, oscillatory, and spatially decaying. Here,
80 collocation points are employed, and the parameters are o = 3.0, A = 107°. Table 10 shows that
among all the considered models, LS-SVM is distinctly more capable of tracking the intricate shape
and rapid variation present in the response. While ensemble models like XGBoost and RF manage
to approximate the general profile, they exhibit occasional deviations in amplitude and phase. On
the other hand, Ridge and SVM regressions fail dramatically, flattening the dynamics and providing
outputs that lack structural resemblance to the true behavior.

Table 10: Solution comparison table (example 4)

X Exact LS_SVM Ridge SVM RF XGB

0 1 0.99298 0.099774 0.2224 0.95572 1.0106
0.050505 0.88657 0.89046 0.090862 0.20395 0.85387 0.88311
0.11111 0.49387 0.49433 0.080167 0.1818 0.5831 0.45851
0.16162 0.046355 0.043452 0.071255 0.16335 —0.06111 0.053421
0.55556 0.36722 0.36529 0.001740 0.019417 0.33315 0.40561
0.60606 0.58265 0.58273 —0.0071715 0.000964 0.59468 0.53302
0.66667 0.64118 0.64331 —0.017866 —0.021179 0.6808 0.64032
0.71717 0.53143 0.53334 —0.026778 —0.039632 0.48254 0.52564
0.77778 0.27305 0.27259 —0.037473 —0.061776 0.26095 0.25849
0.82828 0.02396 0.021916 —0.046385 —0.080229 —0.01437 —0.020573

The surface visualization in Fig. 13 highlights the LS-SVM model’s competence in resolving
the oscillatory decay of the solution. Fig. 14 further emphasizes its reliability, revealing a highly
uniform error landscape where deviations remain bounded below 7 x 1073. Error concentrations
near boundaries are noticeable yet controlled, hinting at the difficulty imposed by asymmetric
derivative conditions. Absolute errors showed in Table 11 confirm that LS-SVM predictions are
highly consistent across the domain. Even in regions with abrupt curvature, its performance remains
robust. Comparatively, Ridge and SVM accumulate large deviations throughout, while RF introduces
noticeable irregularities due to its stochastic nature.
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Figure 14: Error surface plot of LSSVM (example 4)

Table 11: Absolute error across comparing methods (example 4)

X Err_LS Err_Ridge Err_SVM Err_RF Err_XGB
0 0.007015 0.90023 0.7776 0.044276 0.01057
0.050505 0.003891 0.79571 0.68262 0.032696 0.003454
0.11111 0.000468 0.4137 0.31206 0.089235 0.035354
0.16162 0.002903 0.0249 0.117 0.10747 0.007066
0.55556 0.001936 0.36548 0.3478 0.034076 0.038389
0.60606 7.7825e—05 0.58982 0.58168 0.012032 0.049633
0.66667 0.002127 0.65905 0.66236 0.039617 0.000856
0.71717 0.001905 0.55821 0.57107 0.04889 0.005788
0.77778 0.000460 0.31053 0.33483 0.012102 0.014563
0.82828 0.002044 0.070345 0.10419 0.03833 0.044533
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A broader perspective emerges in Fig. 15, where solution curves from all models are juxtaposed.
The LS-SVM output conforms remarkably well to the reference, retaining both the correct amplitude
and phase. XGB follows closely, though with small under and overshooting. Meanwhile, Ridge
and SVM are visibly misaligned, providing almost linear trends where strong curvature exists. The
error metrics in Table 12 provide quantitative confirmation of LS-SVM which achieves significantly
lower MAE, MSE, and RMSE values, reinforcing its effectiveness. The final heatmap in Fig. 16
summarizes this performance spectrum, where the LS-SVM model again occupies the optimal zone
across all criteria. This example thus reinforces the importance of structure-preserving models in
solving nonlinear, high-order systems governed by multi-point conditions.
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Figure 15: Solution comparison across ML methods (example 4)

Table 12: Error metrics across comparing methods (example 4)

MAE MSE RMSE
LS-SVM 0.0017989 4.3955e—06 0.002096
Ridge 0.47211 0.29823 0.5461
SVM 0.46947 0.30206 0.5496
RF 0.055511 0.004783 0.06916
XGB 0.023039 0.000881 0.029683

5 Discussion

This study discusses a kernel-based Least Squares Support Vector Machine (LS-SVM) framework
as a mesh-independent solver for high-order boundary value problems. The novelty of this approach
lies in its seamless integration of machine learning principles with functional approximation theory to
address complex differential models including linear or nonlinear, two-point or multi-point without
requiring traditional meshing or basis construction. In contrast to conventional solvers, the LS-SVM
model constructs solutions by minimizing a regularized functional directly in a reproducing kernel
Hilbert space, allowing it to bypass the discretization and integration steps typically needed in finite
or boundary element methods.
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Figure 16: Error metrics heatmap (example 4)

The LS-SVM framework proves its adaptability through its application to four structurally
distinct BVPs, encompassing both linear and two nonlinear cases. In each instance, the method
consistently surpasses traditional regression-based models and ensemble learning algorithms in both
predictive precision and qualitative accuracy. This is particularly evident in problems characterized
by complex global interactions and abrupt local features, where LS-SVM maintains a high degree of
fidelity in capturing the solution behavior. Its reliance on kernel functions effectively circumvents the
need for spatial discretization, serving as a built-in mesh-reduction mechanism that delivers accurate
solutions without being constrained by geometric intricacies. From a computational perspective, the
LS-SVM offers a compelling alternative to conventional solver which is structurally agnostic, efficient,
and readily scalable. The absence of meshing or bespoke shape functions makes it especially advan-
tageous for scenarios involving irregular domains, heterogeneous boundary conditions, or nonlinear
source terms. Moreover, the framework’s capacity to encode high-order differential structures within
a machine learning paradigm lays the foundation for integration with data-driven modeling strategies,
uncertainty analysis, and real-time digital twin technologies. These features position LS-SVM not
merely as a numerical tool, but as a building block for next-generation intelligent solvers that uphold
both flexibility and analytical robustness.

6 Conclusion

This study has presented a comprehensive and systematic assessment of the Least Squares Support
Vector Machine (LS-SVM) for solving high-order boundary value problems (BVPs) encompassing
both linear and nonlinear cases. Through comparison with classical and modern machine learning
models, including standard SVM, ensemble techniques, and regularized regression, LS-SVM has
demonstrated superior performance in terms of solution accuracy, numerical robustness, and error
convergence. The kernel-based formulation effectively transforms complex differential operators into
a regularized least-squares optimization problem, thereby eliminating the need for meshing or basis-
function selection. This property enables LS-SVM to efficiently handle nonlinear source terms,
discontinuous boundary conditions, and irregular domains while maintaining smooth and physically
consistent approximations even with sparse data. The method also exhibits high computational
efficiency due to its closed-form dual solution, resulting in reduced memory requirements and faster
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convergence. The discretization-free nature of LS-SVM makes it suitable for integration with real-
time data streams and emerging applications such as digital twins, online monitoring, and physics-
informed learning. Future research may extend this framework to partial differential equations,
coupled multiphysics systems, and inverse problems under uncertainty, establishing LS-SVM as a
powerful and flexible tool for next-generation intelligent scientific solvers.
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