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Abstract. The estimation of lifetime bridge traffic loading is important for ensuring safety. This
is commonly achieved by fitting extreme value distributions, where the distribution type dictates
the upper tail behavior: unbounded (Type I), heavy-tailed (Type II), or upper-bounded (Type III).
The correct modeling of the upper tail is crucial, as this is where loading more likely exceeds resis-
tance, leading to collapse. However, many studies overlook the influence of the underlying physical
processes on the upper tail behavior. This research investigates how the physical bounds of traffic
loading affect the resulting extreme distribution type and its applications to reliability analysis. First,
we examine the effects of naturally upper-bounded and truncated systems on the resulting extreme
value distribution. The resulting block maxima probability density converges to the upper-bounded
extreme value distribution, even when the original distribution is heavy-tailed. Second, we propose
Bayesian modeling to integrate knowledge about traffic, such as axle configurations and mass limits,
into the statistical model. Hamiltonian Monte Carlo No-U-Turn Sampler (HMC NUTS) is used to
estimate the upper bound of traffic. Finally, we compare the physically informed (upper-bounded)
model with the uninformed (unbounded) model in bridge reliability analysis. We show that the phys-
ically informed model reduces the probability of failure over the common range of the parameter
space. These findings highlight the necessity of selecting appropriate extreme value distribution types
based on physical processes to enhance safety and reliability analysis.

1 INTRODUCTION

The statistical modeling of bridge traffic (live) load has wide applications and, consequently, has
received much attention from numerous studies. Most design codes derive their live load model from
the live load return level (e.g., the 100-year live load return level) [1]. Recent works on the calibra-
tion of design codes utilize reliability analysis, which requires the characterization of the statistical
distribution of the live load (e.g., [2, 3]). Higher tier probability-based bridge assessment also utilizes
reliability assessment, and requires the statistical distribution of site-specific traffic load to obtain a
more accurate reliability index than conventional methods [4].
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Commonly, extreme value theory is used as the basis for the statistical model of live load [1].
Specifically, the block maxima method leads to the choice of the Generalized Extreme Value (GEV)
distribution to fit periodic maxima (e.g., daily, monthly, or yearly maxima) of traffic load (for example,
[5, 6]). Further developments have been proposed to expand on the GEV distribution specific to bridge
traffic loading. For example, modeling multi-vehicle presence [7]; multi-modalities [8]; modeling
across a road network [9]; incorporating traffic growth [10], among others.

However, most studies for bridge traffic loading still propose distributions with unbounded upper
tails, neglecting the fact that traffic is a physical process that is upper-bounded by physical limitations.
This includes studies using the GEV distribution with shape parameter estimates larger than or equal
to zero, suggesting unbounded Gumbel or Fréchet tails (type I and II GEV, respectively). The Gumbel
tail is also commonly used for the bridge traffic load distribution in reliability analysis [11]. This leads
to a non-zero probability of traffic loading that is beyond what is physically possible.

This work shows that traffic must be upper-bounded and follows the Weibull domain of attraction
of the GEV distribution with shape parameter ξ < 0. A method to estimate the traffic load upper
bound is proposed, along with a method to incorporate information about the upper bound (e.g., the
system’s physical limits) to improve the estimations. Finally, the implications of choosing a physically
consistent upper-bounded live load model are explored within the reliability analysis framework.

2 METHODOLOGY

2.1 Extreme Value Theory

The block maxima approach of extreme value theory is frequently used to model the block maxima
(e.g., daily, monthly, or yearly maxima) of bridge traffic load distribution [1]. In summary, given a se-
quence of independent and identically distributed random variables (i.e., traffic loading) {S1, ..., SN},
the distribution of the block maxima (i.e., extreme traffic loading) X = max{S1, ..., SN} converges
to the Generalized Extreme Value (GEV) distribution with the probability and cumulative distribution
function (g and G, respectively) [12]:

g(x|µ, σ, ξ) = 1

σ
t(x)ξ+1 exp(−t(x)), (1)

G(x|µ, σ, ξ) = exp(−t(x)), (2)

where µ, σ, and ξ are the location, scale, and shape parameters, respectively, and

t(x|µ, σ, ξ) =

{(
1 + ξ

(
x−µ
σ

))−1/ξ
, for ξ ̸= 0

exp
(
−x−µ

σ

)
, for ξ = 0.

(3)

The shape parameter ξ dictates the support and tail behavior of the distribution. ξ = 0 (Type I,
Gumbel) has support along the real number line. ξ > 0 (Type II, Fréchet) is lower bounded with
support x ∈ [µ− σ/ξ,+∞). ξ < 0 (Type III, Weibull) is upper-bounded with support x ∈ (−∞, µ−
σ/ξ].

2.2 Upper-bounded GEV Distribution

For the strictly Weibull case (ξ < 0), the GEV distribution can be parameterized in terms of its
mean (ϵ), upper bound (ζ), and shape parameter (ξ) with the cumulative distribution function as Eq.
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(2) and the probability distribution function:

g(x|ϵ, ζ, ξ) = ξ′

ξ(ϵ− ζ)
t(x|ϵ, ζ, ξ)ξ+1 exp (−t(x|ϵ, ζ, ξ)) , (4)

where ξ′ = Γ(1− ξ), Γ(·) is the gamma function, and

t(x|ϵ, ζ, ξ) =
(
ξ′ (ζ − x)

ζ − ϵ

)−1/ξ

, (5)

The mean and the upper bound are related to the conventional µ, σ, ξ parameterization by

ϵ = µ− σ (1− ξ′) /ξ, ζ = µ− σ/ξ. (6)

2.3 Bayesian Modeling

In this work, Bayesian modeling is used to infer the parameters of the GEV distribution. Bayesian
modeling is underpinned by the use of Bayes’ rule

P (θ⃗|x⃗) = P (x⃗|θ⃗)P (θ⃗)∫
P (x⃗|θ⃗)P (θ⃗)dθ⃗

, (7)

where θ⃗ are the GEV parameters ({µ, σ, ξ}, or {ϵ, ζ, ξ}), x⃗ is a vector of the observed values, P (θ⃗|x⃗)
is the posterior distribution (i.e., estimate) of the parameters θ⃗, P (x⃗|θ⃗) is the likelihood function

P (x⃗|θ⃗) = Πi=1g(xi|θ⃗), (8)

g(·) is the GEV probability distribution function (Eqs. (1) or (4)), P (θ⃗) is the prior distribution of
θ⃗, and

∫
P (x⃗|θ⃗)P (θ⃗)dθ⃗ is the normalizing constant such that the posterior distribution integrates to 1

over the range of the θ⃗ space. The normalizing constant is usually mathematically intractable. In this
work, Hamiltonian Monte Carlo No-U-Turn sampler, as implemented in the pymc package, is used to
sample the posterior distribution directly [13, 14].

3 BOUNDED PHYSICAL PHENOMENON

3.1 The Upper-boundedness of Bridge Traffic Loading

Bridge traffic loading is a physical phenomenon that is bounded by both physical and non-physical
constraints. Physical limits include material (e.g., the strength of axles), geometric (e.g., limits on
the maximum volume of cargo), mechanical (e.g., the towing capacity of prime movers), etc. Non-
physical limits include economic (e.g., the maximum cargo based on the available cargo demand; see
[15, 16, 17] for studies in Australia) and regulations (e.g., allowable axle configurations for heavy
vehicles, and enforcement of gross vehicle weight). All traffic loadings are bounded by the above
limits, which are finite. Therefore, traffic loading is finite and is upper-bounded. Figure 1 illustrates
the relative location of the physical upper bound, the traffic upper bound, and the observed traffic
loads.

It is common to assume that the extremes of bridge traffic loading sufficiently converge to the
GEV distribution [1] (i.e., fulfill the conditions for convergence under extreme value theory [12]). It
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Figure 1: The location of the physical upper bound (UB) and the true traffic load upper bound. The different physical
upper bounds (labeled 1, 2, 3) are due to different physical limitations, e.g., geometric and mechanical limits. Other
(non-physical) limitations may govern, which are below or at least equal to the physical upper bound. The smallest of
all of the limitations (both physical and non-physical) is the true traffic upper bound. Note that the true traffic bound is
unknown.

is known that upper-bounded distributions converge to the Weibull domain of attraction [18]. It could
thus be concluded that traffic loading converges to the GEV distribution with ξ < 0, and the Gumbel
and Fréchet domain of attraction (ξ ≥ 0) is not possible.

However, some studies have suggested heavy-tail behavior in traffic loading (e.g., [19, 5]). It can
be hypothesized that traffic is heavy-tailed, but upper-bounded by physical and non-physical limits
via a truncation process. An example of a truncation process is gross weight enforcement, where
traffic loading beyond some legal limit is effectively censored and impossible to observe. However, in
this case, we show in Section 3.2 that traffic loading still belongs to the Weibull domain of attraction.

3.2 Extremes of Truncated Random Variables

Let X be a truncated distribution with an upper truncation point b. The probability and cumulative
distribution function (f and F ) are

f(x) =

{
h(x)/H(b), for x ≤ b

0, otherwise
(9)

F (x) = H(x)/H(b), (10)

where h(x) and H(x) are the probability and the cumulative distribution function of the non-truncated
distribution.

Von Mises provides sufficient conditions for a random variable X with distribution function F to
belong to the Weibull domain of attraction [20]. Denote ω(F ) as the upper support of F , then X is in
the Weibull domain of attraction if

ω(F ) < ∞ and lim
x→ω(F )

(ω(F )− x)
f(x)

1− F (x)
= α (11)

for some α > 0. Note that α = −1/ξ, where ξ is the GEV shape parameter (Eqs. (1) and (4)) [20].
We can show that an upper-truncated distribution belongs to the Weibull domain of attraction with
ξ = −1, regardless of the initial non-truncated distribution.

Theorem 3.1. Let Y be a random variable with distribution function H and a lower and upper
support ay and by, respectively; ay < by ≤ ∞. Let X be the random variable Y truncated at b, and
ay < b < by ≤ ∞. If the probability density function of Y at b is non-zero, then X belongs in the
Weibull domain of attraction and limN→∞ F (x) = G(x) where F is the distribution function of X
and G is the GEV distribution function with shape parameter ξ = −1.
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Proof. For an upper truncation at b < ∞, then ω(F ) = b. Thus, ω(F ) < ∞. The second sufficient
condition for the Weibull domain of attraction (Eq. (11))

lim
x→ω(F )

(ω(F )− x)
f(x)

1− F (x)
= lim

x→b

(b− x)h(x)

H(b)−H(x)
. (12)

Using l’Hôpital’s rule:

lim
x→b

(b− x)h(x)

H(b)−H(x)
= lim

x→b
1− (b− x)h′(x)

h(x)
, (13)

where h′(x) is the derivative of h(x). h(b) is non-zero, thus limx→b h
′(x)/h(x) is a finite constant.

Therefore,

lim
x→b

1− (b− x)h′(x)

h(x)
= 1, (14)

and α = −1/ξ = 1, thus ξ = −1.

The above shows that for truncated random variables, their extremes converge to the Weibull do-
main of attraction. The case of a naturally bounded random process is already discussed in detail
[18, 12]. Thus, naturally upper-bounded and upper-truncated processes must converge to the GEV
distribution with ξ < 0, regardless of whether the original parent is heavy-tailed.

3.3 Distribution of Bridge Traffic Loading

A traffic micro-simulation for the midspan bending moment of a 20 m simply supported bridge is
performed based on methodologies described in [21, 1]. The weights, spacing, and configurations of
the vehicle axles are simulated based on traffic on the West Gate Bridge, Australia, with noise added
following triangular distributions with a known upper bound. This imposes a traffic that has a known
natural upper bound, against which the methodologies proposed in this work can be verified.

The GEV parameters are inferred using the Bayesian model (Section 2.3) and the conventional
GEV distribution (Section 2.1) against observed daily, monthly, and yearly maxima (Figure 2). Note
the Fréchet fit of the daily maximum bending moment, implying a non-zero probability of loads larger
than the upper bound. This result is contrary to the upper-bounded nature of bridge traffic load. In
contrast, the larger block maxima (monthly and yearly) correctly exhibit an upper-bounded tail.

Figure 3 shows a trend of the estimate of ξ with changing block sizes. The green bands are
estimates using the upper-bounded likelihood (and priors, as discussed later in Section 3.4). At small
block sizes, the conventional GEV infer Fréchet tails (ξ > 0), despite the upper-boundedness of
the traffic simulation. In contrast, the upper-bounded model (green band) correctly infers bounded
distribution throughout all block sizes. As the block size increases, the estimate of ξ using the two
methods becomes similar. However, note that there is still a non-zero probability for ξ > 0 using the
conventional model, resulting in a non-zero probability of an unbounded traffic load distribution.

3.4 Estimation of Traffic Load Upper Bound

We propose the use of the re-parameterized GEV distribution (Section 2.2) to estimate the upper
bound of bridge traffic loading. Two important changes are made compared to the conventional
model:

1. The likelihood function (Eq. (8)) uses the upper-bounded probability distribution function (Eq.
(4)).
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Figure 2: Observed maxima on the Gumbel Probability plot. The straight lines are the fitted GEV using Bayesian
modeling to estimate the parameter posterior. The presented parameter estimate is the mode of the posterior distribution.

Figure 3: The estimated shape parameter (ξ) of bridge traffic load using the upper-bounded (green) and conventional
(grey) parameterization. The solid line is the mode of the posterior distribution (point estimate). The bands are, in order
of transparency, the 95%, 99%, and 99.9% posterior highest density interval.
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Figure 4: Upper bounded and conventional (unbounded GEV) fit to annual bridge traffic load.

2. The prior distribution (P (θ⃗)) applies a prior distribution on the upper bound (ζ).

The prior for ζ in this work is a flat (uniform) prior between the maximum observed load effect and
the physical upper bound, i.e., the range of possible locations of the traffic upper bound (Figure 1).
The physical upper bound loading is a heavy load platform, with an axle spacing of 1.2 m, each with
500 kN, covering the whole bridge. The physical upper bound loading results in a midspan bending
moment of 9615 kNm.

The resulting Bayesian fit on the annual maxima using the upper-bounded and conventional un-
bounded parameterization is similar, indicating that both methods mostly agree (Figure 4). However,
the upper-bounded model can correctly estimate the traffic load upper bound (ζ), while the conven-
tional model is unable to estimate ζ as there is a non-zero probability that ξ > 0 in the conventional
model (Figure 5). Figure 5 shows ξ ̸= −1, indicating that traffic is not a truncated process, in line
with this study’s simulation (Section 3.3). This result shows how the proposed upper-bounded model,
considering the physical bounds of traffic load, can estimate the traffic load upper bound and avoid
physically impossible values.

4 RELIABILITY ANALYSIS

4.1 Limit State Function

A generic dimensionless limit state function is adopted after [22, 23], and applied in [3]

g(z) = ωRzR− ωS [(1− aq) (agG+ (1− ag)P ) + aqQ] , (15)

where ωR, ωS , R, G, P , and Q are dimensionless random variables (Table 1) with unit mean and
standard deviation equal to their coefficient of variation; ag and aq are normalizing constants for the
proportion of the self-weight to the overall dead load, and the proportion of the live load to the total
load, respectively; z is the design solution, obtained by solving the design Eq. (16)

ϕzRk = (1− aq) [agγgGk + (1− ag)γpPk] + aqγqQk, (16)
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Figure 5: Upper bound and ξ parameter posterior distribution fitted to annual maximum traffic load. Green are posterior
estimates from the upper-bounded model. Grey is the posterior estimate from the conventional model.

where Xk is the characteristic value of the dimensionless random variable, equal to 1/λX , and λX is
the bias of the variable X (Table 1).

The dimensionless limit state function allows the analysis of all structures with varying self-weight,
superimposed, and live load by varying ag and aq within the range of 0 and 1 [3].

Random Variable Symbol Distribution Bias CoV ξ Reference(s)
Resistance Model Error ωR Normal 1.06 0.05 - [24]
Loading Model Error ωS Log-Normal 1.00 0.10 - [11]
Resistance R Normal 1.08 0.03 - [25]
Self-weight Load G Normal 1.08 0.08 - [26]
Permanent Load P Normal 1.08 0.25 - [26]
Live Load Q GEV 0.50 Varies Varies [11, 1, 4]

Table 1: Probability models for the reliability analysis.

4.2 Physical Consistency in the Live Load Model

The live load distribution is commonly modelled using the unbounded Gumbel distribution, which
has a non-zero probability of loading beyond what is physically possible. This leads to a physically
inconsistent model, where it is possible to obtain a design point (i.e., the point of most likely failure)
beyond what is physically possible (Figure 6). This results in an overestimation of failure probability,
as impossible traffic load is computed as the one most likely to cause failure. The use of a correctly
upper-bounded distribution avoids this issue by assigning zero probability on all values beyond the
estimated upper bound.

4.3 Parametric Comparison

To explore the implications of using a physically consistent live load model (i.e., upper-bounded),
reliability analysis is performed over the range of dead and live load proportions (ag and aq), the live
load uncertainty (coefficient of variation), and the “upper-boundedness” of the live load as measured
by the GEV ξ parameter. Note that the more negative ξ suggests an upper bound closer to the mean,
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Figure 6: Design point of the upper-bounded and conventional (unbounded) live load model. The left plot is in the
dimensionless physical space. The right plot is in the standard normal space (U-space). Notice that the unbounded model
design point falls in a physically impossible region (larger than the upper bound of the live load).

while ξ closer to zero indicates an upper bound closer to infinity. The reliability index is obtained
using the first-order reliability method and verified using the second-order reliability method [27, 28].

Figure 7 shows the reliability index obtained using the conventional Gumbel distribution, physi-
cally consistent (upper-bounded) model with varying ξ, and heavy-tailed (Fréchet) live load model.
The reliability indices obtained using the physically bounded model are higher than those obtained
using the conventional unbounded live load model, in line with Section 4.2. This reveals safety re-
serves in existing probabilistic (and semi-probabilistic) codes and standards using the conventional
live load model, leading to potential efficiency improvement without compromising safety in the next
generation of codes and standards.

5 CONCLUSIONS

In this work, we have shown that traffic (live) loading is an upper-bounded process, and we propose
a method to estimate its upper bound. The use of an upper-bounded live load model avoids physically
impossible values, leading to a physically consistent model. Future studies should carefully consider
the underlying physical processes when choosing a statistical distribution to model physical processes,
such as bridge traffic loading. Finally, the use of a physically consistent live load model reveals hidden
safety that exists in common reliability analysis using unbounded live load models, which could be
exploited by future works to improve efficiency by removing undue conservatism in relevant codes
and standards.
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Figure 7: Reliability indices (β) of structures across different self weight ratio (ag), live load ratio (aq), live load coef-
ficient of variation (V [Q]), and live load upper boundedness (ξ). The yellow to green bands are obtained from bounded
traffic load models (ξ < 0). The grey bands are obtained from the conventional unbounded (Gumbel) model (ξ = 0). The
orange to red bands are obtained from heavy-tailed (Fréchet) models (ξ > 0).
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