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ABSTRACT

The present paper develops and makes efficient, a new, state-of-the-
art numerical technique for solving the FitzHugh-Nagumo Nonlinear
Equation (FH-NNE) with initial and boundary conditions, which repre-
sents perhaps the simplest mathematical model for discussing biological
systems, including nerve signals and cardiac behavior. Which consists
of operational matrices and spectral techniques based on Jacobi and
Romanovski-Jacobi polynomials. It is ensured that the nonlinear system
is modeled so accurately that it can be effectively solved to ensure the
best accuracy combined with computational economy. Comparing the
results with the respective numerical results, it is seen that the proposed
techniques outdo the standard ones as respects accuracy and efficiency of
computation.
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1 Introduction

The FitzHugh-Nagumo equation is a well-known mathematical model that describes key biolog-
ical processes, such as the transmission of nerve impulses through the nervous system and electrical
activity in cardiac tissues. The nonlinear structure makes accurate numerical solutions by classical
methods very difficult to obtain [1–5]. This, therefore, generates an urgent need to work on advanced
and efficient numerical techniques for the solution of these equations [6–9]. This study introduces
a novel numerical framework based on Jacobi and Romanovski-Jacobi polynomials for solving the
FitzHugh-Nagumo equation. The proposed methodology combines spectral methods with opera-
tional matrices, offering a highly efficient and precise approach for tackling complex mathematical
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problems [10–12]. The primary objective is to develop numerical solutions that outperform traditional
finite-difference and finite-element methods in terms of accuracy and computational efficiency
[13–16]. Jacobi and Romanovski-Jacobi polynomials are chosen for their excellent convergence
properties and their suitability for representing nonlinear dynamic systems. These polynomials have
been shown to minimize computation errors and optimize the performance of numerical methods [17–
19]. In this study, the operational matrices from these polynomials utilize collocation points, forming a
new spectral method [20,21]. This newly developed approach is an important step forward in numerical
algorithms for solving nonlinear equations by taking advantage of advanced mathematical tools [22].
The proposed method has several legit implications in fields like cardiac modeling, neuroscience, and
other physical systems where nonlinear dynamics are significant [23,24]. It leads to significantly greater
accuracy in solutions and shorter computation times compared to existing methods [25–27]. The key
objectives of this study are as follows:

• For the preparation of a new numerical framework for the FitzHugh-Nagumo equation based
on Jacobi and Romanovski-Jacobi polynomials.

• To evaluate the competency of the suggested procedure concerning both accuracy and compu-
tational efficiency in comparison with conventional numerical techniques.

• To study how different parameters influence the accuracy of numerical solutions.

This underscores the necessity of developing efficient numerical methods for nonlinear Partial
differential equations (PDEs), which include the FitzHugh-Nagumo equation, in order to obtain
a better understanding of the intricate biological and physical systems [28,29]. Standard numerical
methods frequently suffer tasks from inefficiency in computations and accuracy demands engendered,
by such stiff systems and long-term simulations [30–32]. The proposed methods advance forward,
by using several distinct features of Jacobi and Romanovski-Jacobi polynomials, the use of which
is thought to give rise to much better-suited approximations and an overall faster convergence in
comparison to classical basis functions [33–35]. Therefore, immense relief extends one step further
since the method becomes both quicker and explicable in rendering large-scale application [36,37].
Coupled with that is the flexibility of the proposed framework for seamless switching applications from
one nonlinear PDE to the other, thus allowing for wider reach across varying fronts of research fields
[38,39]. The present work gives builds a powerful tool for the researcher and practitioners working
with complex dynamical systems through its fusion of spectral methods and operational matrices
[40,41]. The results of this research project will be utilized in areas such as computational biology,
computational neuroscience, and engineering, where numerical simulations have to strike a perfect
balance between accuracy and computational efficiency [42–44].

This algorithm has indeed been utilized to achieve the solution of the FitzHugh-Nagumo
nonlinear equation (FH-NNE). The key contributions and aspects of the research conducted are
summarized as follows:

i) A new numerical method is introduced that incorporates Jacobi and Romanovski-Jacobi
polynomials to effectively cope with the nonlinearities and stiffness of the FH-NNE.

ii) Derivative-specific operational matrices are constructed using these polynomials, which sig-
nificantly reduce the effort in approximating derivatives in the spectral domain.

iii) The proposed method exhibits greater accuracy and computational speed compared to the
conventional numerical methods.

iv) The spectral collocation method exploits the orthogonal characteristics of these polynomials,
rendering it particularly apt for domains including rapid variations or steep gradients.
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v) The model is formulated with generalizability in mind so that it can be used for other nonlinear
partial differential equations apart from the FH-NNE.

vi) All these put together constitute a major development in numerical methods of solving
complicated nonlinear systems.

The organization of the paper is as follows: Section 2 reviews that of shifted Jacobi and
Romanovski-Jacobi polynomials, including operational matrices of derivatives, which are the basis for
the proposed algorithms. Section 3 details a matrix method to solve the FitzHugh-Nagumo nonlinear
equation. Section 4 presents examples demonstrating the efficacy of the method. In Section 5,
concluding remarks are given, along with observations regarding the findings and future avenues
of research.

2 A Brief Introduction to Jacobi and Romanovski-Jacobi Polynomials

This section focuses on describing the basis functions utilized in our proposed spectral algorithm.
To begin, we provide an overview of key concepts related to the Jacobi and Romanovski-Jacobi (RJ)
polynomials.

2.1 The Main Feature of Jacobi Basis Functions
The Jacobi polynomials (JPs) are fundamental in various areas of mathematics [1]. They are

orthogonal and correspond to the weight function �(�) = (1 − �)α(1 + �)β over the interval [−1, 1],
with α, β > −1. We denote the r̂−th degree Jacobi polynomial of order α, β by Jα,β

r̂ (�). One of its
explicit forms for this class of polynomials is presented below:

(1 − �)α(1 + �)βJα,β
r̂ (�) = (−1)r̂

2r̂ r̂!
dr̂

d� r̂

[
(1 − �)r̂+α(1 + �)r̂+β

]
. (1)

This formula is referred to as the Rodrigues formula for r̂ = 0, 1, 2, . . .

The shifted Jacobi polynomials (SJPs) are defined on the interval [0,L], where L > 0, using the

variable transformation � → −1 + 2�

L . This transformation leads to the SJPs, denoted by J α,β
r̂ (�) =

Jα,β
r̂

(
−1 + 2�

L

)
.

The SJPs of degree r̂ can be explicitly expressed as follows:

J α,β
r̂ (�) :=

r̂∑
r=0

(−1)r̂−r �(r̂ + r + α + 1) �(r̂ + β + 1)

�(r̂ + α + β + 1) �(r + β + 1) (r̂ − r)! r! Lr
� r, r̂ ≥ 0. (2)

The SJPs are also shown to be orthogonal concerning the weight function wL(�) = (L − �)α�β .
As a consequence, we have∫ L

0

J α,β
r̂ (�)J α,β

ŝ (�)wL(�) d� =
{

h̄r̂, r̂ = ŝ,
0, otherwise,

(3)
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where h̄r̂ = �(r̂ + α + 1)�(r̂ + β + 1)Lα+β+1

(2r̂ + α + β + 1)r̂! �(r̂ + α + β + 1)
. Assume ϑ(�) is a polynomial of degree N. It can

then be represented using shifted Jacobi polynomials

ϑ(�) =
N∑

r̂=0

ur̂J α,β
r̂ (�) = UTφ(�), (4)

where the coefficients ur̂ are determined by

ur̂ = 1
h̄r̂

∫ L

0

wL (�)ϑ(�)J α,β
r̂ (�) d�, r̂ = 0, 1, . . . (5)

If the vector of shifted Jacobi coefficients U and the shifted Jacobi vector φ(�) are written as

UT = [u0, u1, . . . , uN], (6)

and

φ(�) = [J α,β
0 (�),J α,β

1 (�), . . . ,J α,β
N (�)]T , (7)

respectively, then the first-order derivative of the vector φ(�) can be written as

dφ(�)

d�
= �(1)φ(�), (8)

where �(1) is the (N + 1) × (N + 1) derivative’s operational matrix is expressed as

�(1) = (dr̂ŝ) =
{

ξ(r̂, ŝ), r̂ > ŝ,
0, otherwise,

(9)

where

ξ(r̂, ŝ) = (r̂ + α + β + 1)(r̂ + α + β + 2)ŝ(ŝ + α + 2)r̂−ŝ−1�(ŝ + α + β + 1)

L(r̂ − ŝ − 1)! �(2ŝ + α + β + 1)

× 3F2

⎛⎝ −r̂ + ŝ + 1, r̂ + ŝ + α + β + 2, ŝ + α + 1
; 1

ŝ + α + 2, 2ŝ + α + β + 2

⎞⎠ , (10)

where (a)i = �(a + i)
�(a)

is the Pochhammer symbol, and for the general definition of a generalized

hypergeometric series and the special 3F2, see [9]. In general, the hypergeometric series 3F2 cannot be
summed in explicit form, but it can be summed by Watson’s identity [45], if α = β.

For example, the matrix �(1) for N = 5 and α = β = 0 has the following form:

W = 1
L

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 0 0
2 0 0 0 0 0
0 6 0 0 0 0
2 0 10 0 0 0
0 6 0 14 0 0
2 0 10 0 18 0

⎞⎟⎟⎟⎟⎟⎟⎠
6×6

. (11)
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Remark 1. The n-th derivative of the SJPs can be expressed as

dnφ(�)

d�n
= (�(1))nφ(�), (12)

where n ∈ N. In addition, the superscript in Δ(1) represents matrix powers. Thus

�(n) = (�(1))n, n = 1, 2, . . . (13)

2.2 The Essential Part of the Romanovski-Jacobi Basis Functions
The Romanovski-Jacobi (RJ) polynomials represent a unique set of finite orthogonal bases. This

class was first presented in [8] and subsequently attracted the interest of researchers for its application
in approximating solutions to differential equations [5,6,46]. They are denoted by Rυ,ε

t̂ (ς), which is
clearly reformulated as

Rυ,ε
t̂ (ς) :=

t̂∑
t=0

(−1)t �(−υ − ε − t̂)�(υ + t̂ + 1)

t! �(−υ − ε − t̂ − t)�(υ + t + 1)�(t̂ − t + 1)
ς t. (14)

The following key property of these Romanovski-Jacobi polynomials (RJPs) is their orthogonality
concerning the weight function wR(ς) ≡ ςυ(1 + ς)ε. This requires the conditions υ > −1 and
ε < −2M−υ−1, where M > 0 is a specified integer. The orthogonality is defined over the semi-infinite
interval (0, ∞). Specifically, we have∫ ∞

0

Rυ,ε
t̂ (ς)Rυ,ε

ŝ (ς)wR(ς) dς =
{ ˆ̄ht̂, t̂ = ŝ,

0, otherwise,
(15)

where ˆ̄ht̂ = − �(υ + t̂ + 1)�(−ε − υ − t̂)

(2t̂ + υ + ε + 1)t̂! �(−ε − t̂)
. Assume ϑ̃(ς) is a polynomial of degree M. It can then be

represented using Romanovski-Jacobi polynomials

ϑ̃(ς) =
M∑

t̂=0

ût̂Rυ,ε
t̂ (ς) = Û

T
ψ(ς), (16)

where the coefficients ût̂ are determined by

ût̂ = 1
ˆ̄ht̂

∫ ∞

0

wR (ς)ϑ̃(ς)Rυ,ε
t̂ (ς) dς , t̂ = 0, 1, . . . (17)

If the vector of Romanovski-Jacobi coefficients Û and the Romanovski-Jacobi vector ψ(ς) are
written as

Û
T = [û0, û1, . . . , ûM ], (18)

and

ψ(ς) = [Rυ,ε
0 (ς),Rυ,ε

1 (ς), . . . ,Rυ,ε
M (ς)]T , (19)

respectively, then the first-order derivative of the vector ψ(ς) can be written as

dψ(ς)

dς
= �(1)ψ(ς), (20)
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where �(1) is the (M + 1) × (M + 1) derivative’s operational matrix is expressed as

�(1) = (d̂t̂ŝ) =
{

ξ̂ (t̂, ŝ), t̂ > ŝ,
0, otherwise,

(21)

where

ξ̂ (t̂, ŝ) = −�(−ŝ − υ − ε)(2t̂ + υ + ε + 1)�(ŝ + υ + 1)�(−ŝ − υ − ε − 1)

�(−ŝ − υ − ε − 1)�(−υ − ε − t̂)�(1 + υ + t̂)

×
ŝ−t̂−1∑

l=0

(−1)l+1�(1 − υ − ε + 2t̂ − l)�(1 + υ + t̂ + l)

l! �(1 − t̂ − l + ŝ − 1)�(1 + t̂ + l + υ + 1)�(−t̂ − l − ŝ − υ − ε − 1)
. (22)

For the proof, see [46]. For example, the matrix �(1) for υ = 2, ε = −40 and M = 5 has the
following form:

Q =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0
−36 0 0 0 0 0

−245
6

−595
18

0 0 0 0

−3043
70

−77
2

−1056
35

0 0 0

−3916
85

−2104
51

−3069
85

−465
17

0 0

−27416
561

−4340
99

−39 −6293
187

−812
33

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
6×6

. (23)

Remark 2. The n-th derivative of the RJPs can be expressed as

dnψ(ς)

dς n
= (�(1))nψ(ς), (24)

where n ∈ N. In addition, the superscript in �(1) represents matrix powers. Thus

�(n) = (�(1))n, n = 1, 2, . . . (25)

2.3 A Comprehensive Error Analysis of the Product of Jacobi and Romanovski-Jacobi Basis Functions
We proceed by setting

K =
{
(�, ς) : � ∈ [0,L], ς ∈ [0, T ]

}
, (26)

where L ≡ σ and T ≡ λ. Let us define the space of weighted L2(K) as in the form

ZV ≡ L2,V(K) :=
{
ξ : K → R : ξ is measurable and ‖ξ(�, ς)‖V < ∞

}
. (27)

Here, the weight function V(�, ς) is expressed as a product of two weight functions wL(�) and
wR(ς) associated with SJPs and RJPs introduced above. Specifically, we have V(�, ς) = wL(�)wR(ς).
The norm associated with this space is provided by

‖X(�, ς)‖V :=
∫ L

0

∫ T

0

|X(�, ς)|2V(�, ς)d�dς . (28)
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The following inner product will be considered on the space ZV

〈X, Y〉V :=
∫ L

0

∫ T

0

X(�, ς)Y(�, ς)V(�, ς)d�dς . (29)

Now, let us have a finite-dimensional subspace of ZV , abbreviated as GN,M , where the following
hold:

GN,M := Span
{
J α,β

i (�)Rυ,ε
j (ς)| i = 0, 1, ..., N, j = 0, 1, ...M

}
. (30)

It is remarked that GN,M is a complete subspace of ZV .

We now assume that an element ℵ(�, ς) ∈ ZV is realized by an element in GN,M . An element
g∗(�, ς) ∈ GN,M is said to be the best (closest) approximation of ℵ(�, ς) if the above relation is satisfied

‖ℵ − g∗‖V = inf
�∈ZV

‖ℵ − �‖V . (31)

For the existence of the best approximation, refer to [[47], Thm. I1]. As a last goal, let ℵ̃(�, ς) ∈
GN,M be the approximate solution of ℵ(�, ς) as the solution to the model problem. Then we have

ℵ(�, ς) ≈ ℵ̃(�, ς) =
N∑

i=0

M∑
j=0

aijJ α,β
i (�)Rυ,ε

j (ς) = �T
M(ς)A�N(�), (�, ς) ∈ K, (32)

where the matrix A is given by

A =

⎛⎜⎜⎝
a00 a01 · · · a0M

a10 a11 · · · a1M

...
...

. . .
...

aN0 aN1 · · · aNM

⎞⎟⎟⎠ . (33)

We will now show that the difference between ℵ(�, ς) and its approximation ℵ̃(�, ς) approaches
zero as the numbers N and M approach infinity. Thus, we introduce

IN,M(�, ς) := ℵ(�, ς) − ℵ̃(�, ς). (34)

If 
 is equal to N and M, then we have the error I
(�, ς). Here, we have the following result.

Theorem 1. Let us consider a continuous function ℵ : K → R, for which we know that there exist and
are continuous all partial derivatives of ℵ(�, ς). We also suppose that the values of all such derivatives
are bounded by some constant E. If the representation ℵ̃(�, ς) = �T

M(ς)A�N(�) as in (32) is the optimal
(best) approximation to ℵ(�, ς) in GN,M for 
 = N = M, we can derive that

‖I
(�, ς)‖2
V ≤ E

2

�2(1 + E)

[Lα+β+1exp(εT )T (2
+υ+1)

(2
 + υ + 1)
+ exp(εT )T (2
+υ+1)exp

(
2
L
T

)
+ L2
+α+β+1exp(εT )T (υ+1)

2
(υ + 1)

]
,

(35)

then we have

‖I
(�, ς)‖V → 0, as 
 → ∞. (36)

Proof By referring to Theorem 2.2 in [48], setting ε = 1, we obtain the desired result. �
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3 Spectral Approach to Solving FitzHugh-Nagumo Nonlinear Equation (FH-NNE)

This section focuses on deriving a shifted Jacobi and Romanovski-Jacobi spectral collocation
method (SJRSCM) to address the following FH-NNE of the form [4]:

∂ℵ(�, ς)

∂ς
= ∂2ℵ(�, ς)

∂�2
− ℵ(�, ς)(η − ℵ(�, ς))(1 − ℵ(�, ς)), 0 < η ≤ 1, (37)

under the initial condition

ℵ(�, 0) = G1(�), 0 ≤ � ≤ σ , (38)

and the boundary conditions

ℵ(0, ς) = H1(ς), ℵ(σ , ς) = H2(ς), 0 ≤ ς ≤ λ, (39)

where G1(�), H1(ς) andH2(ς) are given functions. To advance with the proposed numerical algorithm,

we approximate the following functions:
∂ℵ(�, ς)

∂ς
and

∂2ℵ(�, ς)

∂�2
as expansions in the SJPs and RJPs

as

∂ℵ̃(�, ς)

∂ς
=

N∑
i=0

M∑
j=0

aijJ α,β
i (�)

∂Rυ,ε
j (ς)

∂ς
= �(1)�T

M(ς)A�N(�), (40)

∂2ℵ̃(�, ς)

∂�2
=

N∑
i=0

M∑
j=0

aij

∂2J α,β
i (�)

∂�2
Rυ,ε

j (ς) = �T
M(ς)A�(2)�N(�). (41)

By utilizing the series of equations (32), (40) and (41), we can derive the following approximations:

�(1)�T
M(ς)A�N(�) = �T

M(ς)A�(2)�N(�) − �T
M(ς)A�N(�)(η − �T

M(ς)A�N(�)).
0 ≤ � ≤ σ , 0 ≤ ς ≤ λ. (42)

Furthermore, the conditions specified in (38) and (39) lead to the following equations:

�T
M(0)A�N(�) ≈ G1(�), (43)

�T
M(ς)A�N(0) ≈ H1(ς), (44)

�T
M(ς)A�N(σ ) ≈ H2(ς). (45)

With the collocation procedure, we can now solve Eqs. (42)–(45). Suppose ςυ,ε
j , j = 0, 1, · · · , M

are the zeros of Rυ,ε
M+1(ς), while �

α,β
i , i = 0, 1, · · · , N are the zeros of J α,β

N+1(�). We substitute these nodes
into (42)–(45). Accordingly, we have

�(1)�T
M(ςυ,ε

j )A�N(�
α,β
i ) = �T

M(ςυ,ε
j )A�(2)�N(�

α,β
i ) − �T

M(ςυ,ε
j )A�N(�

α,β
i )(η − �T

M(ςυ,ε
j )A�N(�

α,β
i )),

1 ≤ i ≤ N − 1, 0 ≤ j ≤ M − 1,
(46)

�T
M(0)A�N(�α,β

i ) = G1(�
α,β
i ), 0 ≤ i ≤ N, (47)

�T
M(ςυ,ε

j )A�N(0) = H1(ς
υ,ε
j ), 0 ≤ j ≤ M − 1, (48)

�T
M(ςυ,ε

j )A�N(σ ) = H2(ς
υ,ε
j ), 0 ≤ j ≤ M − 1. (49)

This approach yields an algebraic system of (N + 1) × (M + 1) equations, which can be solved
using any appropriate iterative algorithm, such as Newton’s method. Consequently, the approximate
solution ℵ̃(�, ς) can be determined.
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Remark 3: Section 4 outlines the computational algorithm employed to solve various numerical
examples. The computations were performed on an Intel(R) Core(TM) i9-10850 CPU operating at
3.60 GHz, featuring 10 cores and 20 logical processors, utilizing Mathematica 11.3.0. The shifted Jacobi
and Romanovski-Jacobi spectral collocation method was implemented, and the following algorithmic steps
in Algorithm 1 were applied to solve the FitzHugh-Nagumo nonlinear equation:

Algorithm 1: Computational algorithm for solving the FitzHugh-Nagumo nonlinear equation
Step 1. Given α, β, υ, ε, σ , λ, G1(�), H1(ς) and H2(ς).
Step 2. Define the basis functions of the SJPs J α,β

i (�), RJPs Rυ,ε
j (ς) and the matrices A, �T

M(ς),
�N(�), �(1) and compute �(2).

Step 3. Evaluate the matrices:
1. �T

M(ς)A�N(�),
2. �(1)�T

M(ς)A�N(�),
3. �T

M(ς)A�(2)�N(�).
Step 4. Using Eqs. (32), (40) and (41) to get the matrix form of Eqs. (42)–(45).
Step 5. Apply the collocation method to obtain a system of equations as in (46)–(49).
Step 6. Use FindRoot command in Mathematica, which employs Newton’s method, with an initial

guess {aij = 10−i−j, i : 0, 1, . . . , N, j : 0, 1, . . . , M} to solve the system (46)–(49) to get aij.
Step 7. Compute ℵ̃(�, ς) defined in Eq. (32).

4 Numerical Results

To demonstrate the efficacy of the proposed method, this section presents several numerical
examples. A comparative analysis of the results obtained using the proposed method against those
derived from alternative approaches underscores the method’s high efficiency and practicality. The
accuracy of the results is evaluated using the absolute error, defined as

E(�, ς) = |ℵ(�, ς) − ℵ̃(�, ς)|, (�, ς) ∈ K,

where ℵ(�, ς) and ℵN(�, ς) are the exact solution and the numerical solution at the point (�, ς),
respectively, and the following maximum absolute errors (MAEs)

MAEs = Max{E(�, ς) : ∀(�, ς) ∈ [0, σ ] × [0, λ]}.
The following examples are considered.
Example 1. ([4]), we consider the following nonlinear FitzHugh-Nagumo equation in the form:

Dςℵ = D��ℵ − ℵ(η − ℵ)(1 − ℵ), 0 < η ≤ 1, (50)

under the initial condition

ℵ(�, 0) = ηλe
η�√

2 + μe
�√
2

ηλe
η�√

2 + μe
�√
2 + σ

, 0 < � ≤ 1, (51)

9https://www.scipedia.com/public/Hafez_et_al_2025a



R. Hafez, S. Boulaaras and H. Abd El-Wahed Khalifa,

Matrix algorithms based on jacobi and romanovski-jacobi polynomials for

solving the fitzHugh-nagumo nonlinear equation,

Rev. int. métodos numér. cálc. diseño ing. (2025). Vol.41, (1), 6

and the boundary conditions

ℵ(0, ς) = ηλe
η2ς

2 + μe
ς
2

ηλe
η2ς

2 + σeης + μe
ς
2

, 0 < ς ≤ 1,

ℵ(1, ς) = ηλe
1
2 η(ης+√

2) + μe
1
2 (ς+√

2)

ηλe
1
2 η(ης+√

2) + σeης + μe
1
2 (ς+√

2)
, 0 < ς ≤ 1,

(52)

where η, μ, σ are constants and ℵ(�, ς) = μe( 1
2 −η)ς+

√
2�
2 + ηλe(

η
2 −1)ης+

√
2�
2

μe( 1
2 −η)ς+

√
2�
2 + ηλe(

η
2 −1)ης+

√
2�
2 + σ

is the exact solution of this

problem.

Table 1 provides a comparison of the absolute errors for solving Example 1 at t = 1 using the
SJRSCM and the results reported by Shekarabi et al. [4]. The data demonstrate that the SJRSCM
achieves significantly higher accuracy, particularly for υ = 2 and ε = −35, which produce the smallest
absolute errors. Furthermore, the performance at υ = 3 and υ = 4 also highlights the robustness of
the method under varying parameters. These results confirm the effectiveness of SJRSCM in addressing
numerical challenges and reducing errors. Table 2 illustrates the absolute errors of the exact solution and
the numerical solution for Example 1 under various parameter settings. The results reveal that increasing
υ and adjusting ε significantly affect the error levels, with υ = 1 and ε = −30 achieving the lowest
error magnitudes. As υ and ε vary, the error remains relatively low, demonstrating the stability and
accuracy of the numerical method. These findings validate the method’s capability to produce precise
approximations for different scenarios, highlighting its robustness in solving complex numerical problems.
Table 3 compares the absolute errors (AE) and CPU times for different values of α = β and υ with
specified ε. The results demonstrate that the absolute errors decrease as the values of α and β vary, while
the CPU times exhibit significant fluctuations across the tested scenarios. These findings, as illustrated in
Example 1, offer valuable insights into the algorithm’s performance under varying conditions, contributing
to the enhancement of computational efficiency and accuracy. Fig. 1 presents the space-time graphs of the
approximate solution (left) and the absolute error function (right) for Example 1 with α = β = 0, υ = 5,
ε = −60, and N = M = 7. The graph on the left illustrates a smooth and accurate approximation of
the solution as values change. On the right, the graph shows the distribution of the absolute error, which
remains at low levels, reflecting the efficiency of the method in minimizing errors and achieving high
accuracy.

Table 1: Comparison of the absolute errors for Example 1 at t = 1

Shekarabi et al. [4] SJRSCM (α = 1
2
, β = − 1

2
, N = M = 7)

� υ = 2, ε = −35 υ = 3, ε = −45 υ = 4, ε = −40

0.1 1.41366 × 10−6 3.30018 × 10−9 1.79685 × 10−8 3.54448 × 10−8

0.2 1.39287 × 10−6 2.45260 × 10−8 2.74514 × 10−8 8.25325 × 10−9

0.3 1.18067 × 10−6 2.04282 × 10−8 3.97077 × 10−8 2.27489 × 10−8

0.4 1.16488 × 10−6 4.61135 × 10−8 2.0923 × 10−8 1.65177 × 10−8

0.5 8.85464 × 10−7 8.08998 × 10−8 6.14507 × 10−8 5.73337 × 10−8

0.6 9.60502 × 10−7 7.14577 × 10−8 1.36604 × 10−7 7.31018 × 10−9

(Continued)
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Table 1 (continued)

Shekarabi et al. [4] SJRSCM (α = 1
2
, β = − 1

2
, N = M = 7)

� υ = 2, ε = −35 υ = 3, ε = −45 υ = 4, ε = −40

0.7 5.91894 × 10−7 4.18585 × 10−7 6.92969 × 10−8 1.94768 × 10−7

0.8 7.75841 × 10−7 5.29278 × 10−7 5.23185 × 10−8 2.41736 × 10−7

0.9 3.12309 × 10−7 7.74905 × 10−7 1.56639. × 10−7 5.55958 × 10−7

Table 2: Absolute error of the the exact solution and the numerical solution for Example 1 at N =
M = 7, η = 1, μ = 3, λ = 2, σ = 4, α = β = 1

2

� ς υ = 1, ε = −30 υ = 4, ε = −60 υ = 5, ε = −60

0.2 0.3 6.0700 × 10−10 4.1599 × 10−8 9.5648 × 10−8

0.6 4.1523 × 10−10 3.4916 × 10−8 7.2944 × 10−8

0.9 2.2669 × 10−12 1.8374 × 10−8 2.8068 × 10−8

0.4 0.3 1.1823 × 10−9 8.2778 × 10−8 1.8973 × 10−7

0.6 7.2201 × 10−10 6.6932 × 10−8 1.3863 × 10−7

0.9 8.2542 × 10−10 3.0737 × 10−8 4.3954 × 10−8

0.6 0.3 2.0084 × 10−9 1.2336 × 10−7 2.7982 × 10−7

0.6 1.3782 × 10−9 9.2785 × 10−8 1.8865 × 10−7

0.9 8.7491 × 10−10 2.9899 × 10−8 3.7743 × 10−8

0.8 0.3 6.0113 × 10−9 1.5473 × 10−7 3.3522 × 10−7

0.6 5.4536 × 10−9 1.0474 × 10−7 2.0244 × 10−7

0.9 1.1215 × 10−8 2.9741 × 10−8 6.8642 × 10−8

Table 3: Comparison of absolute errors (AE) and CPU times for different values of α = β and υ with
specified ε for Example 1 at N = M = 6

α = β υ = 1, ε = −40 υ = 2, ε = −50

AE CPU time AE CPU time

−1
2

3.4506 × 10−6 200.36 3.2660 × 10−5 217.422

0 1.6795 × 10−6 227.109 1.5881 × 10−5 213.845
1
2

1.2847 × 10−6 168.234 1.0482 × 10−5 149.156
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Figure 1: The space-time graphs of the approximate solution (left)and its absolute error function (right)
for Example 1 with α = β = 0, υ = 5, ε = −60 and N = M = 7

Example 2: Consider the nonlinear FitzHugh-Nagumo equation (see [3]):

Dςℵ = D��ℵ − ℵ(η − ℵ)(1 − ℵ), 0 < η ≤ 1, (53)

under the initial condition

ℵ(�, 0) = e
− �√

2

−e
− �√

2 − 2
+ 1, 0 < � ≤ 1, (54)

and the boundary conditions

ℵ(0, ς) = 2

e
ς
2 + 2

, ℵ(1, ς) = 2e
1√
2

e
ς
2 + 2e

1
2

, 0 < ς ≤ 1, (55)

where ℵ(�, ς) = e
ς
2 − �√

2

−e
ς
2 − �√

2 − 2
+ 1 is the exact solution of this problem when η = 1.

Table 4 provides an accurate comparison of the absolute errors resulting from the finite forward
difference method (Yokus [3]) and the new SJRSCM in Example 2 at time t = 0.001. The table
presents the absolute error values for small variations in the parameter � (ranging from 0.000 to 0.006)

and compares the methods based on the parameters α = β = 1
2

, N = M = 7, with different values

of υ and ε. These results highlight that the adjustments in the values of υ and ε in the new method lead
to substantial improvements in accuracy, making it suitable for applications requiring high precision with
small variations in �. Table 5 presents a comparison of the absolute errors for two different methods used
to solve a numerical example at a specific time t = 0.001. The first method is Abd-Elhameed et al. [49]
approach using the collocation method with N = 9, while the second method is SJRSCM with specific
parameters (υ = 4, ε = −55, N = M = 7) and three different cases for the values of α and β.
From the table, it can be observed that the SJRSCM method yields lower absolute errors compared to
Abd-Elhameed et al. [49] method in all the mentioned cases. This suggests that SJRSCM may be more
accurate in this specific numerical context. Furthermore, the results show that varying the values of α

and β in the SJRSCM method has a slight impact on the accuracy of the results, as the absolute errors
remain within a close range. This may indicate the method’s flexibility and its ability to maintain accuracy
under different conditions. Table 6 shows the absolute error between the exact solution and the numerical
solution for Example 2 with N = M = 7 and α = β = 0. The table compares the error values for
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different combinations of υ = 2, 3, 4 and ε = −35, −45, −55 over various values of � = ς ranging from
0.1 to 0.9. The results indicate that the numerical method achieves a high level of accuracy, with errors
remaining very small across all parameters. Notably, the absolute error increases slightly as κ increases,
and higher values of ν and ε generally result in larger errors, although still within acceptable limits. Fig. 2
illustrates the comparison between the analytical solutions and the approximate solutions for Example
2 at ς = 0.2, 0.6, 1. The left plot shows the variation with �, while the right plot presents the variation

with ς . The parameters used are α = β = 1
2

, υ = 2, ε = −35, and N = M = 7. It is observed

that the approximate solutions (ℵ̃) closely match the analytical solutions (ℵ), highlighting the efficiency
of the numerical method employed. The similarity between the curves demonstrates the accuracy of the
approximate solutions across different values of ς and �.

Table 4: Comparison of the absolute errors for Example 2 at t = 0.001

Yokus SJRSCM (α = β = 1
2
, N = M = 7)

� [3] υ = 3, ε = −40 υ = 4, ε = −60 υ = 5, ε = −80

0.00 9.26009136074645 × 10−9 5.12690 × 10−12 2.75845 × 10−12 4.44528 × 10−13

0.001 9.26694588350983 × 10−9 4.82378 × 10−12 2.77009 × 10−12 9.95574 × 10−13

0.002 9.273449896873842 × 10−9 4.54138 × 10−12 2.79327 × 10−12 1.54950 × 10−12

0.003 9.279814694451716 × 10−9 4.27872 × 10−12 2.82772 × 10−12 2.10591 × 10−12

0.004 9.286474367264930 × 10−9 4.03514 × 10−12 2.87178 × 10−12 2.66475 × 10−12

0.005 9.292864144860857 × 10−9 3.80994 × 10−12 2.92634 × 10−12 3.22588 × 10−12

0.006 9.299528924699985 × 10−9 3.60232 × 10−12 2.99047 × 10−12 3.78907 × 10−12

Table 5: Comparison of the absolute errors for Example 2 at t = 0.001

Abd-Elhameed et al. SJRSCM (υ = 4, ε = −55, N = M = 7)

� [49] (N = 9) α = 1
2
, β = − 1

2
α = β = 0 α = − 1

2
, β = 1

2

0.00 1.5309 × 10−11 6.0125 × 10−12 6.4881 × 10−12 6.1176 × 10−12

0.001 1.4873 × 10−11 5.6093 × 10−12 6.1326 × 10−12 6.2637 × 10−12

0.002 1.4446 × 10−11 5.2275 × 10−12 5.7988 × 10−12 5.9375 × 10−12

0.003 1.3624 × 10−11 4.8660 × 10−12 5.48660 × 10−12 5.6323 × 10−12

0.004 1.3624 × 10−11 4.5242 × 10−12 5.1929 × 10−12 5.3473 × 10−12

0.005 1.3227 × 10−11 4.2014 × 10−12 4.9193 × 10−12 5.0817 × 10−12

0.006 1.2840 × 10−11 3.8968 × 10−12 4.6643 × 10−12 4.8350 × 10−12
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Table 6: Absolute error of the the exact solution and the numerical solution for Example 2 at N =
M = 7, α = β = 0

� = ς υ = 2, ε = −35 υ = 3, ε = −45 υ = 4, ε = −55

0.1 7.0439 × 10−11 1.3378 × 10−10 1.4678 × 10−9

0.2 7.1100 × 10−10 9.1721 × 10−10 8.8112 × 10−9

0.3 1.8969 × 10−9 2.1888 × 10−9 1.9472 × 10−8

0.4 3.5205 × 10−9 3.7891 × 10−9 3.2264 × 10−8

0.5 5.6866 × 10−9 5.9335 × 10−9 4.8795 × 10−8

0.6 8.5178 × 10−9 8.0885 × 10−9 6.5474 × 10−8

0.7 1.2978 × 10−8 1.1060 × 10−8 8.2134 × 10−8

0.8 1.6937 × 10−8 1.6372 × 10−8 9.8604 × 10−8

0.9 1.6764 × 10−8 1.8070 × 10−8 8.4206 × 10−8

Figure 2: The comparison of the curves of analytical solutions and approximate solutions at

ς = 0.2, 0.6, 1 (left) and � = 0.2, 0.6, 1 (right) for Example 2 with α = β = 1
2

, υ = 2, ε = −35 and

N = M = 7

Example 3: Consider the nonlinear FitzHugh-Nagumo equation (see [7]):

Dςℵ = D��ℵ − ℵ(η − ℵ)(1 − ℵ), 0 < η ≤ 1, (56)

under the initial condition

ℵ(�, 0) = 1
2

tanh
(

�

2
√

2

)
+ 1

2
, 0 < � ≤ 1, (57)
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and the boundary conditions

ℵ(0, ς) = 1
2

− 1
2

tanh
(

1
4
(2η − 1)ς

)
, 0 < ς ≤ 1,

ℵ(1, ς) = 1
2

tanh

⎛⎜⎜⎝1 − (2η − 1)ς√
2

2
√

2

⎞⎟⎟⎠ + 1
2

, 0 < ς ≤ 1, (58)

where ℵ(�, ς) = 1
2

tanh

⎛⎜⎜⎝� − (2η − 1)ς√
2

2
√

2

⎞⎟⎟⎠ + 1
2

is the exact solution of this problem.

Table 7 presents the absolute error between the exact solution and the numerical solution for Example

3 at η = 1
2

, α = β = 1
2

and N = M = 7. The data shows that the absolute error gradually

increases as � = ς increases. Additionally, the effect of varying υ and ε on the accuracy of the solution
is noticeable, where the error increases with larger values of υ and smaller values of ε. This indicates
that the numerical solution is more accurate for smaller values of �, and accuracy decreases as the
parameters increase. Fig. 3 shows a comparison between the analytical and approximate solutions for
different values of ς and �(0.3, 0.6, and 0.9). The left graph demonstrates the solutions as a function of
�, where the approximate solutions closely follow the analytical ones. Similarly, the right graph displays
the solutions as a function of ς , confirming the accuracy of the numerical method. The graphs highlight
that the numerical solutions remain in good agreement with the exact solutions across the tested parameter
values, with slight deviations observed as ς and � increase. Fig. 4 illustrates the space-time graphs of
the approximate solution (left) and its absolute error function (right) for Example 3 with parameters
α = β = 0, υ = 1, ε = −30, and N = M = 7. The left graph demonstrates the smooth and accurate
approximation of the solution, while the right graph highlights the distribution of the absolute error,
which remains at low levels across the domain. This confirms the effectiveness of the proposed method in
achieving high accuracy and minimizing computational errors for the FitzHugh-Nagumo equation under
the given conditions.

Table 7: Absolute error of the exact solution and the numerical solution for Example 3 at

η = 1
2

, α = β = 1
2

and N = M = 7

� = ς υ = 2, ε = −35 υ = 3, ε = −45 υ = 4, ε = −55

0.1 5.2617 × 10−10 3.9509 × 10−10 2.8238 × 10−9

0.2 2.9879 × 10−9 2.2467 × 10−9 1.4696 × 10−8

0.3 5.5498 × 10−9 4.2730 × 10−9 2.7154 × 10−8

0.4 7.7550 × 10−9 5.9302 × 10−9 3.7794 × 10−8

0.5 1.0294 × 10−8 8.1049 × 10−9 5.0792 × 10−8

0.6 1.2379 × 10−8 9.2091 × 10−9 5.9315 × 10−8

0.7 1.6677 × 10−8 1.0927 × 10−8 6.6011 × 10−8

(Continued)
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Table 7 (continued)

� = ς υ = 2, ε = −35 υ = 3, ε = −45 υ = 4, ε = −55

0.8 2.1335 × 10−8 1.4772 × 10−8 7.7284 × 10−8

0.9 1.5715 × 10−8 1.1499 × 10−8 5.7768 × 10−8

Figure 3: The comparison of the curves of analytical solutions and approximate solutions at

ς = 0.3, 0.6, 0.9 (left) and � = 0.3, 0.6, 0.9 (right) for Example 3 with η = 3
4

, α = β = 1
2

, υ =
1, ε = −30 and N = M = 7

Figure 4: The space-time graphs of the approximate solution (left)and its absolute error function (right)
for Example 3 with α = β = 0, υ = 1, ε = −30 and N = M = 7
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5 Conclusions

In solving the FitzHugh-Nagumo problem, a new numerical framework using Jacobi and
Romanovski-Jacobi polynomials is proposed. The proposed method proved to be very accurate and
efficient for modeling and solving nonlinear systems, owing to the combination of spectral approaches
with operational matrices. In terms of accuracy and computational time expenses, the constructed
framework has overtaken conventional numerical approaches. Results indicate that the present
findings may prove useful in various scientific areas, including cardiac modeling and neuroscience.
Future studies may also broaden this approach to tackle other, more complex systems and equations.
Research on polynomial parameter optimization should likewise develop the method’s efficacy and
flexibility. Moreover, its application to other nonlinear PDEs, for instance, the Burgers’ or Korteweg-
de Vries equation, constitutes a promising area for future research. This extension will be addressed
in our upcoming studies to further confirm the generality of the proposed methodology.
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