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ABSTRACT

An implicit fractional-step method for the numerical solution of the time—dependent
incompressible Navier-Stokes equations in primitive variables is developed and studied
in this paper. The method, which is first order accurate in the time-step, is shown to
converge to an exact solution of the equations. By adequately splitting the viscous term,
it allows to enforce full Dirichlet boundary conditions on the velocity in all substeps of
the scheme, while needing no boundary condition at all for the pressure. It is also shown
to be related to an iterative predictor-multicorrector algorithm for evolution equations,
when this is applied to the incompressible Navier-Stokes system. A new derivation of
the algorithm in a general setting is provided. Two different finite element interpolations
are considered for the implementation of the algorithm; numerical results obtained with

them for standard benchmark cases are presented.

KEY WORDS: Incompressible Navier-Stokes  equations Finite
elements Fractional-step methods Predictor-multicorrector

algorithm Convergence analysis






1. INTRODUCTION

Since the origin of Computational Fluid Dynamics in the 60’s, many numerical
schemes have been developed for the approximation of viscous, incompressible flow
equations. Among them, several fractional-step projection methods can be found.
This category, originated independently by Chorin ([5]) and Temam ([26]), comprises
methods developed under different ideas: fractional-step or splitting methods for
evolution equations (see [29] for a comprehensive study of them); methods based on
a projection onto a space of solenoidal vector fields (see [27]), and others, such as
pressure—correction or velocity—correction methods (see [15], for instance), or recently

even approximate matrix factorization methods (see [2], [7]).

A typical derivation of a fractional-step method from the original unsteady
incompressible Navier-Stokes equations can proceed in two different ways. On the one
hand, a time discretization can be performed first, followed by a space discretization.
When this approach is adopted, a controversy arises about what boundary conditions
are to be imposed at each step, so that the intermediate semidiscrete problems are
well-posed. In particular, in most projection methods only the normal component of
the velocity boundary condition is imposed in the incompressibility step (see [23]). This
fact, together with the need to impose unphysical boundary conditions on the pressure,
can generate a numerical boundary layer, so that fine meshes need to be used near the
boundary (see [10], [11], [21] and [28]). On the other hand, when a space discretization
is performed prior to a fractional-step time discretization of the resulting system of
ordinary differential equations, boundary conditions are fixed from the start. However,

proceeding this way results in a loss of generality.

Fractional-step projection methods have been used together with different space
discretizations: finite difference ([1], [5], [12], [13], [18]), finite element ([6], [10], [15], [17],
[20]) and spectral methods ([24]). One important feature of each fractional-step method
is the order of the overall scheme with respect to the time discretization. Most methods

are first order accurate, but some second order methods have also been developed ([1],



[12]).

An implicit fractional-step method is developed in this paper. A time—discretized
form of the equations is presented first, which is shown to be well-posed. Full velocity
boundary conditions are imposed in both phases of the scheme, and the pressure does
not require of boundary conditions at all. The computed pressure has the meaning of a

physical pressure. Besides, discontinuous pressure approximations are allowed.

Convergence of the method to a solution of the continuous problem when the time
step tends to zero is proved. Both the intermediate and the end—of-step velocities are
shown to converge in the space H&(Q), whereas in the original method of Temam the
final velocities only converge in L?(2). The overall algorithm is first order accurate
in time for the velocity solution. As will be shown numerically, it is also first order

accurate for the pressure.

Although it may look theoretically attractive, straight implementation of the method
leads to a scheme in which the second substep of each time-step is equivalent to a
Stokes problem, highly undesirable to solve. Based on the method just introduced, a
simpler iterative scheme is developed, which is shown to be equivalent to a predictor-
multicorrector algorithm designed by T. J. R. Hughes and coworkers (see [4]) and
extensively used in the 80’s, especially in the context of fluid—structure interaction (see
[19]). The present method can actually be understood as a predictor—corrector form of

the algorithm, in which only one iteration per time-step is performed.

The classical derivation of the predictor-multicorrector algorithm consists of
discretizing the Navier—Stokes equations in space by a finite element interpolation,
and then applying a time advancement scheme to the resulting system of ordinary
differential equations. A nonlinear system of equations needs being solved at every
time-step, and this is achieved by an iterative process. Each iteration of the scheme is
classically decomposed into two phases; here it will be shown that this decomposition

is performed in a fractional-step way.

As in the above mentioned references, some simplifications are introduced in the



algorithm, which make it a simple and efficient numerical scheme. The effect of these

simplifications is cancelled by the iteration procedure.

The paper is organized as follows: Section 2 introduces the problem to solve, the
functional setting for it and the notation used in this paper. In Section 3 the fractional-
step method, which depends on a free parameter 6§ > 0, is studied and compared
to other existing fractional-step methods. An improvement of the proposed scheme
is also considered. Convergence of the method for the fully implicit case § = 1 is
stated in Section 4. The formal derivation of the predictor-multicorrector algorithm
as a fractional-step iterative method is given in Section 5. Finally, some numerical
results obtained with this algorithm are shown in Section 6, which confirm its accuracy

properties and ability to solve both steady and unsteady problems.



2. PROBLEM STATEMENT AND NOTATION

The evolution of viscous, incompressible fluid flow in a bounded domain Q C R4
(d = 2,3) is governed, in the primitive variable formulation, by the unsteady,

incompressible Navier—Stokes equations:

%% +(uw-Vut+Vp—ovViu=7f (2.1a)

divu=0 (2.1b)

on Q@ = Q x (0,T), where u(z,t) € IR% is the fluid velocity at position z € © and time
t € (0,T) (with T' > 0 given), p(z,t) € IR is the fluid kinematic pressure, v > 0 is the
kinematic viscosity, f(z,t) is an external force, V is the gradient operator and V2 is

the Laplacian operator.

Equation (2.1a) is formally equivalent to its dimensionless form, provided v = 1/Re,
Re being the fluid’s Reynolds number. Boundary conditions have to be given to complete
the equation system (2.1). For the sake of simplicity, only homogeneous Dirichlet type

boundary conditions are considered:
u(z,t) =0, (=z,t) €Tl x(0,T) (2.2)
where the boundary I' = 9} is assumed to be sufficiently smooth (see [27] for a precise

definition). However, this study can be extended to more general boundary conditions.

An initial condition must also be specified for the velocity:

u(z,0) =u'(z), =€ (2.3)



whereas no boundary or initial conditions need be specified for the pressure.

The study of the above equations of motion requires the following Hilbert spaces
(see, for instance, [9]): L%(Q), equipped with the usual scalar product (u,v) and norm
lu| = (u,u)l/z; the quotient space L(Z)(Q) = L%(Q)/IR, in the case of Dirichlet type
boundary conditions only, since the pressure term p in equation (2.1a) is then determined
up to an additive constant; the space H 1(Q), whose scalar product and norm are denoted

by (u,v)1 = (v,v) + (Vu, Vv) and |[u]| = (u,u)i/z, respectively.

The space H1() contains a closed subspace H, (}(Q) made up with functions which
vanish at the boundary of Q. The Poincaré-Friedrich inequality:

do(Vu, Vu)/2 > (u,u)/2,  Vue H}(Q) (2.4)

with dy > 0 a constant, ensures that |lullp = (Vu,Vv)1/2 is a norm on H(}(Q)
equivalent to the norm induced by H!(2). The scalar product in H}(Q) is, then,
((#,v)) = (Vu,Vv). The dual space of H}(Q) is denoted by H~1(Q); the duality
pairing between these spaces is denoted by < , >. All these definitions and results

carry over to d—dimensional vector valued function spaces.

Due to the incompressibility condition (2.1b), closed subspaces of solenoidal vector
fields of these Hilbert spaces are also needed. Thus, in the standard notation, one

defines:

= {ue (L3(Q)?/Idivu=0¢c L), n-ulp =0} (2.5)
V = {ue (HYQ)?/ dive =0e L3(Q)} (2.6)



3. FRACTIONAL-STEP METHOD

One way of discretizing equations (2.1) in time is by fractional-step methods, in
which the time advancement is decomposed into a sequence of (generally two) steps.

The following class of 2—step methods is considered here:

First step

The first step of the method, which includes viscous and convective effects, consists

of finding, given u™ € V, an intermediate velocity u™1/2 such that:

unt1/2 _yn

A7 ooV t2 (1 —0wvii® 4+ (W V™2 = ' (3.1a)
0

2L = (3.1b)

where At > 0 is the time—step, 6 is a parameter such that 0 < § <1 and the superscript
n denotes the time level ¢, = n At. The approximation of the nonlinear term may take
other forms; the semi-implicit approximation adopted here is taken from [25]. As for
the approximation of the force term, one defines, following [27], = ﬁ ftt:H f(t)dt.
W),

Yo € (H(R))°,

Equations (3.1)-can be written in weak form as: &9(u"+1/2,'v) = Io(

where: ag(u,v) = (u,v) + 0 At v ((u,v)) + At((v"™ - V)u,v) is a bilinear, continuous
form on (H&(Q))d, which is coercive with respect to the norm ||u||¢ (and hence to ||ul|),
and [y € (H—I(Q))d is a known map. Coerciveness of a results from the skew—symmetric
character of the approximation of the convective term (which is a consequence of the
assumed solenoidal character of 4™ and the vanishing of u™ at the boundary) and the
presence of the Laplacian term. Existence and uniqueness of u™t1/2 is established by

the Lax—Milgram theorem.

The fully implicit case § = 1 can be found in the original method of R.Temam



The Crank-Nicholson case § = 1/2 is of main importance, since it provides a second
order approximation of the viscous term. Examples of such a choice can be found in [1],
[10], [12]and [13] (method also used in [24]). The basic difference among these methods

is the treatment of the nonlinearity, which is normally second order in time and explicit.

The explicit case § = 0 has also been considered before (see [6] or [17], for instance).

However, the resulting weak problem is not well-posed in (H&(Q))‘l, since the bilinear
form dg(u,v) is not coercive with respect to the norm of (H} (02))4. This case cannot,

therefore, be studied under the present ideas.

Second step_

As far as the second step of the scheme is concerned, most known methods use
the projection idea, which is based on a Hodge decomposition of a given vector field
into a solenoidal field with zero normal component on the boundary and the gradient
of some scalar function, or more specifically on the Ladyzenskaya theorem (see [16]).
The incompatibility of the projection boundary conditions with those of the continuous
problem and the need to impose unphysical boundary conditions on the pressure may
result in the presence of a numerical boundary layer of size O(uT)l/ 2 (see [10] and

[21] for further discussion on this subject).

The method proposed herein includes a diffusion term in the incompressibility step,
which allows for the imposition of the full boundary conditions for the velocity while
needing no boundary condition at all for the pressure. That is, given u™1/2 from

equation (3.1), one solves:

1y nt1/2

<7 gV (uttl — oy t1/2) 4 vt = o (3.2a)
dive™! = 0 (3.2b)
W Hp = 0 (3.2¢)

Similar ideas to this scheme can be found in the method of [18], developed in a



discrete setting, in the first and third steps of the method of [20] or in the example of
a higher order method in Section 7.5 of [23].

The weak form of (3.2) consists of finding u™tl € (H&(Q))d and ¢"t1 = Atp"tl €
L3(9) such that:

ao(u™,0) + b(v,¢") = L), Vo e (HHQ)) (3.30)
b(un+17q) = 0, Vg € L%(Q) (33b)
where now ag(u,v) = (u,v) +0 Atv((u,v))is a bilinear, symmetric, continuous

form on (H &(Q))d, which is also coercive with respect to ||u||o; b is a bilinear continuous
form defined on (H{ (2))% x L3() by b(v,q) = —(divv,q) and I3 € (H_I(Q))d is known.
Problem (3.3) is a mixed type problem, in which ag is coercive and b satisfies the inf-sup

condition or Ladyzenskaya—Babugka-Brezzi (LBB) condition (see [3]):

inf ( sup —b(&L) >p >0, (3.4)
0€L3(2) Soe(ay(a))e P11 1l z3(a)

so that existence and uniqueness of u™*1 and p"*! follows.

REMARK 1: By adding (3.1a) and (3.2a) one gets:

u"t — " 2 ntl 2 1/2 1_ =
—x Orviut — (1 - 0)yViu™ + (u” - V)u™* 12 ywprtl =", (3.5)

where the implicit treatment of the viscous term in u™ and w"t1, and not in the
intermediate velocity u™*t1/2, can be observed. Moreover, it is clear from (3.5) that, at

least for the linear problem, p"t1 keeps its meaning as an end—of-step pressure. One



advantage of using a split scheme like (3.1)-(3.2) rather than (3.5) is the decoupling
of the convective effects from incompressibility, which allows the use of suitable
approximations for each term. For instance, one may also use a second-order, explicit
Adams-Bashforth scheme for the nonlinear term in (3.1), as is costumary practice among
some users of fractional steps methods (see [2], [13], [21] or [24]), and choose 6 = 1/2 to

maintain second order accuracy.

REMARK 2: As in standard projection methods, a Poisson equation can be
derived for the pressure to solve (3.2). In fact, taking the divergence of (3.2a) yields:

At VI = (I—0 AtwV?)div (w2 e HTY(Q) (3.6)

sufficient smoothness of the functions involved been assumed. But in order that (3.6)
and (3.2a) imply (3.2b), the incompressibility condition div u™tl = 0 must also be
enforced on the boundary (see [14]), as in the original method of [5]. Besides, boundary

n+1 :

conditions for p"*1 cannot be directly derived, and p is subject to integral conditions

(see [22]). Therefore, the original grad-div formulation (3.2) is adopted, which has
the advantage of allowing discontinuous pressure approximations and requires of no
boundary conditions at all for this variable. One drawback of solving (3.2) is the need
for the spatial approximation chosen to satisfy the discrete LBB condition (see [3]), and

that velocity and pressure unknowns have to be dealt with at the same time.

REMARK 3: A modified scheme with respect to (3.1)-(3.2) is considered next.
A pressure update, rather than the pressure itself, is used in the incompressibility step,

so that (3.1a) becomes:

unt1/2 _ yn

A7 — VI M2 _(1-gpVh + (un-V)un+1/2 +Vp" = fT(3.7)

whereas (3.2a) turns into:



untl — unt1/2
At

- Guvz(un+1—u"+1/2) + AVEI-p") = 0 (3.8)

where 0 < v < 1 is another free parameter. Addition of (3.7) and (3.8) shows the
implicit treatment of the pressure term; this allows to employ the same approximation
for this term as for the other terms by choosing v = 6, whereas (3.1)—(3.2) is necesarilly
a fully implicit scheme with respect to the pressure. This iciea can also be found in the
methods of [25] with v = 1 and [12] with v = 1/2. The existence and uniqueness of
solutions of (3.7) and (3.8) is established the same way as before.



4, CONVERGENCE OF THE METHOD

The fractional-step method introduced in the previous Section is now shown to
converge to a solution of the continuous problem, when the parameter 0 is chosen equal
to unity. The ideas used here follow a similar developement to the proof of convergence
of the original fractional-step method given by Temam ([27]). After introducing some
notation, a convergence theorem is given for some sequences of functions obtained from
the intermediate and the end—of-step velocities of the fractional-step method. The proof
of the theorem, as well as the preliminary results needed for it, are given in Appendix

A.

Given 7 € [1,00), T > 0 and a Banach space W, the space L™(0,T; W) consists of

functions defined on (0,7 into W which are strongly r—integrable, i.e., such that:

T
ell o i) = ( /0 [u(®)lffy d)/" < oo (4.1)

It is also a Banach space with respect to the norm ||u| ILp(O’T;W). The space of essentially
bounded functions on (0,T) into W is denoted by L°°(0,T;W). When W is a Hilbert
space with scalar product (.,.)w, the space L%(0,T; W) is likewise with respect to:

T
(o) = [ (o) a (4.2)

Let T = NAt and k = At, and consider the scheme consisting of (3.1) and (3.2)

with @ = 1. It can be written in variational form as:

I) Find unt1/2 ¢ (H&(Q))d such that:

ut1/2 _ yn

T ) 4 (@ 0) + el u ) = <Tho >, Vo€ (@)

(4.3)



where the trilinear form ¢(u,v,w) = [q((v-V)v) -wdQ is continuous on [(H&(Q))d]3
and, when divu = 0 and n - u|p = 0 (as is the case for u = u™), it is skew—symmetric in

its last two arguments, i.e., it satisfies: ¢(u,v,v) = 0, Vv € (H&(Q))d

II) Find v"t1 € (H& (2))% and p"t! € L%(Q) such that:

w1 _ nt1/2

( 7 o) + (@™ — T2 0)) o+ b(v,p"Y) = 0, Vo € (HF(R))* (4.40)

b(u"t1,q) =0, Vg€ L{(D) (4.40)

Some approximating functions are defined next which will be piecewise equal to

u™1/2 ynt+l op 4™, A linear interpolation between u™t1 and u™ is also introduced:
ul:[0,T] — (L2(Q)? / uh(t) = w2, nk<t<(n+1)k
w?:[0,T] — (L3(Q)? / ul(t) =u™!, nk <t < (n+1)k
u3:[0,T] — (L2(Q))* / w}(t) =u", nk<t<(n+1)k
ug:[0,T] — (LZ(Q))d / uy, is continuous, linear on ¢ on each interval
[nk,(n 4+ 1)k] and uy(nk) = ™, forn =0,...,N.

The main result of this section is summarized in the following theorem:

Theorem 1: let d < 4, f € L?(0,T; H) and wWeV.

Then, there exists a subsequence k' of k and a solution u of (2.1) such that:

1) u’i'c, and us converge to u in L%(Q) strongly, i=1,2,3.



2) ui, and uys converge to u in L*°(0,T; (L2(2))%) weak-star, i=1,2,3.
3) ui, and uys converge to u in L%(0,T; (H&(Q))d) weakly, i =1,2,3.

For any other subsequence k" such that these convergence results hold, v must be

a solution of (2.1).
One also has:
Corolary 1: let d = 2.
Then, the convergence given in Theorem 1 is of the sequence as a whole.

In summary, both the intermediate u™*t1/2 and the end—of-step velocities u™t1 are
shown to converge to u in (H, &(Q))d, through the functions u} and u% respectively. This

is an improvement with respect to [27], where u™t1 only converges in (LZ(Q))d.



5. THE PREDICTOR-MULTICORRECTOR ALGORITHM.

The predictor-multicorrector algorithm of [4] can be understood in the context of
fractional-step methods. In fact, the method proposed in the previous Sections can
actually be seen as a particular case of this algorithm, in which only one correction per
step is performed, at least in the fully implicit case § = 1. First of all, let us approximate

the incompressible Navier—Stokes equations (2.1) by an implicit method of the form:

= = C o adtl_(1-a)a"= 0 (5.1a)
div(u™t) = 0 (5.1b)
W lp = 0 (5.1c)
where:
a® = fM—Vp"— (u™-V)u™ + V2™ (5.2)

f™ = f(mAt) and 0 < a < 1. An iterative scheme is introduced for the solution of

1 1
g+ and p3+

the nonlinear, coupled problem (5.1). It starts with some predictions u
for ™t and p"t!, respectively. Then, each iteration is split into two steps. The first
one accounts for the momentum equation but not for the incompressibility condition,
which is dealt with in the second step, in a similar way to the scheme of Section 3. The
convective term is linearized for simplicity, and the pressure gradient at the previous
iteration is used in the first step, which consists of finding, given the i—th iteration
n

. . n+1
approximations u; "~ and p;

n+1 - such that:

+1 to un*! and p" 1, an intermediate iteration velocity

Yiv1/2
u‘r'1+1 —
ZH/Azt — — VA, = af" 4+ (1 - a)a” - a(uft! - V)uftt —avptt (5.30)



+l _ .

(The notation +1 /2 has been chosen deliverately to emphasise that the solution
of (5.3) is an intermediate iteration aproximation of the velocity at time ¢,1.) In the
second step of each iteration, a pressure increment is used to enforce incompressibility,
in a similar way to the modified scheme of Remark 3, Section 3. Thus, one looks for an

end—-of-iteration velocity u?_l'fll and pressure pz +1 ! such that:

“?fll - “?:11/2 2l _ ol n+l _ n+l
o av Vo (ul] — z+1/2) + aV(p{ —p; ) = 0 (5.4a)
div u?_;_"ll = 0 (5.4b)
I‘Iflr =0 (5.4¢)

As is shown in Appendix B, the iterative scheme (5.3)—(5.4) is a generalized version
of the predictor-multicorrector algorithm of [4]. In the fully implicit case o = 1, the
scheme (3.7)—(3.8) of Section 3, with § =1, is also equivalent to this algorithm if only

n+1

one iteration per time step is performed, since then uy™ " = u" and pn+1

= p", (see
Appendix B); however, this algorithm employs an explicit treatment of the convective

ntl _  n+1/2

term in that case. One has, then, that U1/

The semidiscrete scheme (5.3)—(5.4) is further discretized in space by a Galerkin
finite element interpolation of mixed type. Two different element pair combinations
are considered in the numerical examples presented next, both of which employ
discontinuous pressure approximations. The first one is the well known bilinear—velocity
constant—pressure element (Q1P0), which does not satisfy the discrete LBB condition
and suffers from the checkerboarding phenomenon. The second element used is the
biquadratic—velocity linear—pressure element (Q2P1), which satisfies the discrete LBB
condition. In what follows, the following standard notation is used: U and P represent

nodal velocity and elemental pressure vectors, respectively; M is the mass matrix, K

—15—



is the viscous—stiffness matrix, C(U) is the convection matrix and G represents the
discrete gradient operator (see [19] for precise definitions of these matrices). The finite

element approximation of (5.3) yields the following system of linear equations:

B (Ui"+‘*i1/2) =F (5.5)

where B = M + a AtvK and Fj is a known vector. On the other hand, (5.4) yields:

B (Ugfjll) - a@G (P;};il) = Fy (5.6a)
Gt (uph =o, (5.6b)

T (transpose of @) being the discrete divergence matrix and F another known vector.
By isolating UZ"++11 from (5.6a) (the matrix B being positive definite, and thus invertible)
and substituting into (5.6b), one gets: '

(GTB7'G) (P4 = F3 (5.7)

which, followed by (5.6a), is equivalent to solving (5.6). It is now clear that a system
like (5.6) will eventually suffer from the same restrictions as a discretization of the
steady Stokes equations, or, more generally, an arbitrary mixed problem: compatibility
conditions between the interpolations of velocity and pressure need be satisfied. The
matrix (G’TB_IG) is positive semidefinite; but it may have a non—trivial kernel if the
mixed interpolation introduces spurious pressure modes, which satisfy: GP =0, P # 0.
This is the case of the Q1P0 element when all Dirichlet—type boundary conditions are
considered, even when non-uniform meshes are used, as will be seen in the numerical

examples.



Upon implementation of the predictor-multicorrector algorithm, the matrix B is
usually approximated by M in all its appearances, the difference between the two being
of order At, which is the expected error of the overall scheme. Moreover, the matrix M

is further simplified by a lumping process, resulting in a diagonal matrix M L,

Given the implicit character of the approximation of the viscous and convective
terms, no At limitations are expected for the stability of the algorithm in a wide range of
Reynolds numbers. However, the iterative nature of the scheme and the simplifications
introduced in it (such as the linearization of the convective term) impose restrictions
on At for the stability (and convergence) of the iterative process, as will be seen in the

next Section.

—1%—



6. NUMERICAL RESULTS

The predictor-multicorrector algorithm described in the previous Section was

applied to the following three standard flow problems.

6.1 Analytical transient flow

As a numerical check for the accuracy properties of the method, the test case
introduced by van Kan (see [12]) was considered. It consists of the Navier-Stokes
flow on a unit square cavity in which an inflow velocity profile is prescribed at the top
wall defined by u((z,1),t) = (0, — sin(m(z® — 322 + 3:c))e(1_1/t)) for 0 <z <1 and
t > 0, the bottom and left walls are no slip walls and natural boundary conditions are
enforced on the right, outlet wall. As in [12], a Reynolds number of 10 was selected,
and the fluid was at rest at the start. A uniform mesh consisting of 6 x 6 elements was
used for the Q1P0 case; in order to compare the results from both interpolations, the
same mesh points were used to define a 3 x 3 mesh for the Q2P1 element. The latter
case requires of less pressure degrees of freedom than the former one, thus reducing
the computational cost (recall that the pressure system (5.7) is the only one with a
consistent matrix, having replaced B with M L )

i - UGl |

Let’s denote by x;(At) the quotient: I 21 , where U; (: = 1,2)

1U:(5A¢) = U(zA)|

contains the i-th component of the nodal velocities obtained at ¢ = 1 with the indicated

time—step. Euclidean norms are used for these vectors. Similarly, kp(At) denotes the
same quotient for the elemental pressure (and eventually, pressure spatial derivative)

values. Tables 1 to 6 summarize the most outstanding results obtained for this problem.

The backward Euler scheme (a = 1) is clearly first order accurate both for only
one correction per time-step (i.e., with the scheme of Section 3) and when iteration
to convergence is performed. In the latter case, it took an average of 10 iterations per
time—step to reduce the initial residuals by 7 orders of magnitude, for both 4-noded and

9-noded elements. As can be observed, linear elements admitted larger time-steps. It



can also be seen that in all cases the pressure approximation is also first order accurate.

The Crank—Nicholson case o = 1/2is a second order method. Nevertheless, iterating
to convergence is compulsory in this case to maintain the second order accuracy of the
scheme. If a fixed number of 2 iterations per time step is chosen, second order accuracy

is lost, but the quotients obtained are still larger than 2 (indicating a higher order than

1).

6.2 Cavity flow

The second problem studied was the classical lid—driven cavity flow problem. The
leaky-lid case, in which the unit horizontal velocity of the top lid decreases linearly on a
small region of both side walls, was considered, so as to remove the pressure singulary at
the top-right corner. A regular, non—uniform mesh, which is finer near the boundaries,
was used; once again, the same mesh points define the grid for both elements. It
consists of 30 x 30 of the 4-noded elements. A Reynolds number of 1000 was chosen.
Computations were carried out starting from the fluid at rest until a steady state was
reached. A fixed number of 2 iterations per time-step was used, and the parameter o

was set equal to 1, so as to get a converged solution fastest.

Figure 1 shows the steady streamlines obtained with both elements. Secondary
bottom left and right vortices can be observed, but no top left vortex was found. This
fact is in good agreement with other numerical results obtained for the same Reynolds
number (see [6], [8], [13], [15]). The element pressures computed with the Q1P0
element are shown in Figure 2. A checkerboarding phenomenon becomes apparent,
which invalidates the pressure approximation without affecting the velocities. On the
other hand, the Q2P1 element gave satisfactory pressure results; the pressure contours
obtained after a nodal interpolation process through a least-squares method can be seen

in Figure 3, and compare well with those of the above mentioned references.

Finally, Figure 4 shows the horizontal velocity profile at the centerline of the cavity

(z = 0.5). As can be seen, these results compare well with the reference data of (8],



specially for linear elements.

6.3 Plane jet simulation

The third example considered is a purely unsteady case, consisting of a plane jet
simulation. The same conditions and mesh as in [17] were taken. Once again, 2
iterations per time step of the algorithm were performed. The streamline and pressure
contours at different times are shown in Figures 5 and 6 respectively; they are in good
agreement with the results of [17]. The presence of outlet boundary conditions on
part of the boundary prevents the appearance of spurious checkboard modes for the
Q1P0 element. This example shows the capability of the algorithm to reproduce purely

unsteady situations.



7. CONCLUSIONS

In this paper a fractional-step method for the approximation of the incompressible
Navier—Stokes equations in primitive variables has been developed, which depends on
a free parameter § € (0,1]. For § = 1, both the intermediate and the end—of-step
velocities have been shown to converge to an exact solution in the space (HOI(Q))d By
introducing a viscous term in the second step of the scheme, full boundary conditions are
imposed on the velocity in all steps, whereas no boundary conditions at all are imposed
on the pressure. Thus, this method does not introduce the numerical boundary layer
present in some other fractional-step methods. One drawback of this formulation is the
need for the space interpolations of velocity and pressure to satisfy the compatibility

conditions met when solving the Stokes problem in primitive variables.

Moreover, this method has been related to an existing predictor-multicorrector
algorithm. A new derivation of the algorithm, in a more general context than the
classical one, has been given, showing in what sense it can be considered as a fractional-
step iterative method. The present method can actually be understood as a predictor—
corrector form of the algorithm, in which no iteration occurs. Two finite element
implementations of the algorithm, using the Q1P0 element and the Q2P1 element
respectively, have been considered. The latter is particularly well suited for this

algorithm since it satisfies the discrete LBB condition.

Numerical results confirm the theoretical properties of these methods. First, a
numerical convergence study is provided, which shows that first order accuracy for the
velocity can be obtained for @ = 1 with only one correction per time—step, which attains
first order accuracy for the pressure too. Also, a second order method is found by setting
o = 1/2 and iterating to convergence in each time-step. Then, the performance of the
scheme on standard benchmark tests for Navier—Stokes solvers, both for steady state
and unsteady cases, has also been studied. A comparison between the two finite element
interpolations shows that linear elements impose less severe restrictions on the time—

step for the stability of the iterative scheme, whereas quadratic elements are usable in



all circumstances (even when velocity is fixed on all the boundary) and require a smaller

number of pressure unknowns, thus reducing computational cost.



APPENDIX A

In the notation used here, given f € L%(0,T; (H_l(ﬂ))d), the weak form of (2.1)
consists of finding u € LZ(O,T;(H(}(Q))d) and p € L%(0,T; L3(R)) such that:

%(u(t),v) +((w- V)u,v) + v((4,0)) — (divo,p) =< f(t),v >, Vv € (HF(2))* (4.1a)
(divu,q) = 0, Vg € L3() (A.1b)

A solution of (A.1) exists, which is unique for v sufficiently large (see [27]). In the

2-dimensional case, the solution is always unique. These solutions are characterized by

satisfying (see [27]) u € L?(0,T;V) and:

2 @)0) + (@(t)- Vyult)ho) + v(@D)v) =< f(O0> VoV (42)

Assume f € LZ(O,T;(LZ(Q))d. Then, one has:

Lemma 1: a priori estimate.

N-1
V24 Y (jumtt = u 2R g 2 ) (4.3)
n=0
N-1 N-1
4 hor Z ||un+1||2 + kv Z ”un+1 _un+l/2||2 < dy
n=0 n=0

— 1,012 i(z,_ T 2 . .
where dy = [u%|? + 52 [; |f(s)|* ds and dg was introduced in (2.4).



The proof is similar to that of Lemma 7.1.2 in [27]. Notice the last term appearing
in the left-hand side of (A.3), which is not present in [27].

Lemma 2: for every m =0,...,N —1:
2 N-1
1) ™22 < dy, i=1,2. 4) Y |[untl/2_yni2 < g,
n=0
N-1
2) kw22 < dyfo 5)k Y [t — w22 < dy/u
n=0
N-1 N-1
3) X |umt —untl/212 < g, 6) k 3 |[u"t|? < dy/v
n=0 n=0

The proof, again, is similar to that of [27]. Notice that the bound 5) was not
obtained in [27].

The approximating functions u}c and uj introduced in Section 4 satisfy, for

decreasing k:
Lemma 3: 1) u}c and uy, are bounded in L°(0,T;(L%(Q))%), i =1,2,3.
2) ui and uj, are bounded in L(0, T} (H}(Q))), i=1,2,3
3) (u% —u}) and (u% — u}) are bounded in L2(0, T} (HE(Q)))

These results are a consequence of Lemma 2 and the definitions of the functions.
The main novelty with respect to [27] is now the boundedness of uz and uj in

L%(0, T; (H&(Q))d, together with that of the differences (u% - u,lc) and (ulzc - ui)

Moreover:
Lemma 4: 1) ”’U;% = ul{:HLz(O,T,(LZ(Q))d) S vV kd2

2) llwi = will 20,z < VIR

3) llu = wll2(0,zy22(p)e) < V452

Proof: part 1) follows from Lemma 2, part 3); 2) results from Lemma 2, parts 3)

and 4) and the triangle inequality. Finally, 3) is a consequence of the definition of up,



and Lemma 2, parts 3) and 4).

Lemma 5:

S (ur()) = — v((ud(t),v)) — c(up(t),ug(t),v) + (fr(t),)
< gi(t),v >, Vv eV, Vte (0,T), (A.4)

with g; bounded in L2(0,T;V'). (For the definition of f, see [27]). In particular, uy, is

a.e. equal to a continuous function from [0,T] into V.

Proof: by adding (4.3) and (4.4a) for v € V, one gets:

un+1 —

(— ) o((u v)) +e(u, w2 0) = <Fu > Ve e (HF(Q))? (4.5)

so that (A.4) follows from the above definitions. Besides:

lge@®llyr < wllug @l + C i@ g Ol + f (2], (4.6)

where C > 0 is a constant related to the continuity of the trilinear form ¢; the remaining

statements are a consequence of Lemma 3 and Lemma IIL.1.1 of [27].
The proof of the theorem is now ready:

Since u}c (: = 1,2,3) and uj are bounded in L°°(O,T;(L2(Q))d, there exists
a subsequence k' (which can be taken the same for all 4 sequences) and ut (1 =

1,2,3), v*€ L%(0,T;(L%(02))¢ such that:

u};, —s 4 in L°°(0,T; (LZ(Q))d weak — star (2 =1,2,3)

up — uw* in L*°(0,T; (Lz(ﬂ))d weak — star



Since ui, (¢ = 1,2,3) and uys are bounded in L2(0,T; (H&(Q))d, there exists a
subsequence of k' (which is also denoted by k') such that:

uhy — u' in L2(0,T;(HF(R))? weakly (i =1,2,3)
up — u* in L2(0,T;(H} (Q))? weakly

This convergence also holds in L2(0, T} (L%(Q))%. Since, by Lemma 4:
(u%, - ui,), (u%, — ui,), (uz, —up) — 0 in L2(0, T; (LZ(Q))d strongly,

it must be u! = 4?2 = 43 = u*.

Since uk, L*°(0,T; H) N L*(0,T;V), one has that u*(t) € V a.e. in (0,T), and
w* € L®(0,T; H) N L%(0,T; V).

The proof of strong convergence in L%(Q) is the same as in [27], and is therefore
omitted. It only remains to show that u* is a solution of (2.1). The same argument as
in [27] is used, so that the convergence results already proved imply, by taking (A.4) to
the limit when k' tends to 0, that:

%(u*,'v) + v((u*,v)) + c(u*,u*,v) = (f,v) YweV (A.7)

in dlstrlbutlon sense in (0 T), i.e., u* satisfies (A.2). This, in turn, implies (see [27])

dt u*(0) = u? weakly in V and u* is a.e. equal to a continuous

function from (O,T) into V. These results ensure that u* is a weak solution of (2.1),

and the theorem is thus proved.

The proof of the Corolary is a consequence of the uniqueness of the solution % in

the two—dimensional case.
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APPENDIX B

It is shown here that the scheme (5.3)-(5.4) is equivalent to the predictor—

multicorrector algorithm of [4].

Assume the velocity u”, acceleration a”, pressure p™ and pressure temporal variation
p" are known at time #, = nAt, satisfying the Navier-Stokes equation (5.2) and
the incompressibility condition. The iterative predictor—multicorrector procedure starts

with the following predictions:

uPt = W + (1-a)Ata” (B.1a)
adtl = @ (B.1b)
it = p" + (1-a)Atp” (B.1c)
=0 (B.1d)

Assume, further that after each correction phase the approximation of velocity and

pressure may be written as:

uPtl = 4" 4 (1-a)Atd" + a At a?’H (B.2a)

1

p?"'l = p" + (l—a)Atp" + aAtj)?-"l (B.2b)

n+1
1

n+1

where a and p; " are the corrected values at the end of the i—th iteration. Note

that equations (B.2) are also valid for the initial prediction (i = 0).
The objective of each iteration is to compute new approximations u?fll and p?_i'_"ll

by computing corrected values of a?_fll and pfj’ll Since each iteration is split into two

n+1
i+1/2

intermediate velocity is expressed as:

and acceleration a™1_ are first calculated. The

steps, an intermediate velocity u i+1/2

27—



1 1
u?_:'l/z = u" + (1—a)Atd" + aAt a?_:'l/z (B.3)

while the intermediate acceleration is defined as:

a?_:'ll/z = a?+1 + Aay (B.4)

then the following relation is deduced from (B.2a):

u?_:'ll/z = 'u,;'.H'l + o At Aagg (B.5)

The intermediate velocity and acceleration are computed from the first split step,

namely equations (5.3a) and (5.3b), which can thus be rewritten as:

Aay — avAt(V3Aay) = ot - Vplitl vV 2t — (w1, V)ult! (B.6a)

Aailr =0 (B.6b)
The end—of-step velocity u?_;_*'ll is expressed, using (B.2a), as:
o= W 4 (1-a)Atad" + aAt a1 (B.7)

Uir1 i+1

and can be further simplified in terms of the intermediate velocity, using equation (B.3),

and the end-of-step acceleration, which is defined as:



n+l1 n+1
%Gyl = Gy, t+ Aay,

Thus:

n+l1 _ n+1
Uit = Uiy + o At Aay

Likewise, from (B.2b), the end—of-step pressure p?_:'ll is expressed as:

1 . .
p?-:l = p" + (1—a)Atp" + aAtp?_;_*'ll

where the new pressure variation is determined by:

sn+1 n+1 .
P = Y+ B
and consequently one gets:
1 .
P?_:_l = P?_H + aAtAp

(B.8)

(B.9)

(B.10)

(B.11)

(B.12)

With the previous expressions of the end—of-step velocity and pressure, equations

(B.9) and (B.12) respectively, the second split step defined by the equation system (5.4)

can be written as:

Aay — avAH(V2iAay) + aAtV(Ap) = 0
-1
alt
Aaylr = 0

div (Aay)

(B.13a)

div (u?t! + aAt Aay) (B.13b)

(B.13¢)



Given the time-discretization scheme defined by (B.2), equations (B.6) and (B.13)

are the discretized version of the two split-step equations (5.3) and (5.4) defined

previously. After they have been solved, the corresponding corrections are performed,

namely equations (B.7) and (B.10).

The fully discrete algorithm obtained by a finite element approximation of the
predictions (B.1) and the multicorrector scheme (B.6), (B.13), (B.7) and (B.10), with

the approximation of the matrix B by ML, is

ML A4,
o? (At (GT(MP)71G) (AP)
ML A4,

where:

Ry =F" - MAMH! —yKUPH!

, then:

= R (B.14e)
= 6T (UM + aAl(A4y))  (B.14b)
= a At G (AP) (B.14c)
curthurt! 4 gprtl, (B.16)

the vector A represents the nodal accelerations and the rest of the matrices and vectors

are defined in Section 5. This is the same algorithm as used in [4].



REFERENCES.

1.- J. B. Bell, P. Colella, H. M. Glaz: ” A Second-Order Projection Method for
the incompressible Navier—Stokes equations.” Journal of Computational Physics, Vol.

85, p. 257-283, 1989.

2.- J. Blair Perot: ” An Analysis of the fractional-step projection method.” Journal
of Computational Physics, Vol. 108, p. 51-58, 1993.

3.- F. Brezzi, M. Fortin: Mized and Hybrid finite element methods.  Springer
Series in Computational Mathematics, 15. Springer—Verlag, 1991.

4.- A. N. Brooks, T. J. R. Hughes: ” Streamline upwind Petrov—Galerkin
formulations for convection dominated flows with particular emphasis on the

incompressible Navier—Stokes equations.” Computer Methods in Applied Mechanics and

Engineering, Vol. 32, p. 199-259, 1982.

5.- A.J.Chorin: ” Numerical solution of the Navier—Stokes equations.” Mathematics

of Computation, Vol. 22, p. 745-762, 1968.

6.- J. Donea, S. Giuliani, H. Laval, L. Quartapelle: ” Finite element solution of the
unsteady Navier—Stokes equations by a fractional step method.” Computer Methods in
Applied Mechanics and Engineering, Vol. 30, p. 53-73, 1982.

7.- J. K. Dukovicz, A. S. Dvinsky: ” Approximate Factorization as a High Order
Splitting for the Implicit Incompressible Flow Equations.” Journal of Computational
Physics, Vol. 102, p. 336-347, 1992.

8.- U. Ghia, K. N. Ghia, C. T. Shin: ” High—Re solutions for incompressible flow
using the Navier—Stokes equations and a multigrid method.” Journal of Computational

Physics, Vol. 48, p. 387-411, 1982.

9.- V. Girault, P. A. Raviart: Finite Element Approzimation of the Navier—Stokes
Equation. Springer—Verlag, New York, 1986.



10.- P. M. Gresho: ” On the theory of semi-implicit projection methods for
viscous incompressible flow and its implementation via a finite element method that
also introduces a nearly consistent mass matrix. Part I: theory.” International Journal

for Numerical Methods in Fluids, Vol. 11, p. 587-620, 1990.

11.- P. M. Gresho, R. Sani: ” On pressure boundary conditions for the
incompressible Navier—Stokes equations.” International Journal for Numerical Methods

in Fluids, Vol. 7, p. 1111-1145, 1987.

12.- J. van Kan: ” A second-order accurate pressure correction scheme for viscous
incompressible flow.” SIAM Journal of Sci. Stat. Comp., Vol. 7, N. 3, p. 870-891,
1986.

13.- J. Kim, P. Moin: ” Application of a Fractional-Step Method to incompressible
Navier—Stokes equations.” Journal of Computational Physics, Vol. 59, p. 308-323,
1985.

14.- L. Kleiser, U. Shumann: Treatment of incompressibility and boundary
conditions in §-D numerical spectral simulation of plane channel flows. Hirschel E. H.
ed., Proc. 3rd GAMM Conference on Numerical Methods in Fluid Mechanics, Vieweg—
Verlag Braunschweig, 1980.

15.- A. Kovacs, M. Kawahara: ” A finite element scheme based on the velocity—
correction method for the solution of the time—-dependent incompressible Navier—Stokes

equations.” International Journal for Numerical Methods in Fluids, Vol. 13, p-

403-423, 1991.

16.- O. A. Ladyzhenskaya: The mathematical theory of viscous incompressible
flow. Gordon and Breach, New York, 1969.

17.- H. Laval, L. Quartapelle: ” A fractional-step Taylor—-Galerkin method
for unsteady incompressible flows.” International Journal for Numerical Methods in

Fluids, Vol. 11, p. 501-513, 1990.

—-392—



18.- H. Le, P. Moin: ” An improvement of Fractional-Step Methods for the
incompressible Navier-Stokes equations.” Journal of Computational Physics, Vol. 92,

p. 369-379, 1991.

19.- W. K. Liu, J. Gvildys: ” Fluid-Structure interaction of tanks with an eccentric
core barrel.” Computer Methods in Applied Mechanics and Engineering, Vol. 58, p.
51-77, 1986.

20.- R. Natarajan: ” A Numerical Method for Incompressible Viscous Flow
Simulation.” Journal of Computational Physics, Vol. 100, p. 384-395, 1992,

21.- S. A. Orzag, M. Israeli, M. O. Deville: ” Boundary conditions for
incompressible flows.” Journal of Scientific Computing, Vol. 1, N.1,p. 75-111,
1986.

22.- L. Quartapelle, M. Napolitano: ” Integral conditions for the pressure in the
computation of incompressible viscous flows.” Journal of Computational Physics, Vol.

62, p. 340-348, 1986.

23.- L. Quartapelle: Numerical Solution of the Incompressible Navier-Stokes
Equations. Birkhauser, International Series in Numerical Mathematics Vol. 113, 1993.

24.- J. Shen: ” Hopf bifurcation of the unsteady regularized driven cavity
flow.” Journal of Computational Physics, Vol. 95, p. 228-245, 1991.

25.- J. Shen: ” On error estimates of projection methods for Navier—Stokes
equations: first—order schemes.” SIAM Journal Numerical Analysis, Vol. 29, p-
57-77, 1992.

26.- R. Temam: ” Sur P’approximation de la solution des équations de Navier—
Stokes par la méthode des pas fractionaires (I).” Arch. Rac. Mech. Anal., Vol. 32,
N. 2, p. 135-153, 1969.

27.- R. Temam: Navier-Stokes equations. Theory and Numerical Analysis. North—



Holland, Amsterdam, 3rd. Edition, 1984.

28.- R. Temam: ” Remark on the Pressure Boundary Condition for the Projection

Method.” Theoretical and Computational Fluid Dynamics, Vol. 3, p. 181-184, 1991.

29.- N. N. Yanenko: The Method of Fractional Steps. Springer—Verlag, Berlin,
1971.



LIST OF TABLES:

Table I : Q1P0 element, fully implicit case a = 1, 1 iteration per time—step.
Table II : Q1PO0 element, fully implicit case a = 1, iterating to convergence.
Table III: Q1P0 element, Crank—Nicholson case a = 1/2, iterating to convergence.
Table IV: Q2P1 element, fully implicit case a = 1, 1 iteration per time-step.
Table V : Q2P1 element, fully implicit case a = 1, iterating to convergence.

Table VI: Q2P1 element, Crank—Nicholson case @ = 1/2, iterating to convergence.



FIGURE CAPTIONS:

Figure 1: Cavity flow, streamlines. a) Q1P0 element.
b) Q2P1 element.
Figure 2: Q1PO0 element, element pressure values.
Figure 3: Q2P1 element, nodal pressure contours.
Figure 4: Horizontal velocity profile through cavity centerline z = 0.5:
—— @1P0; ---Q2P1; - Ghia et al.
Figure 5: Jet flow, streamlines: a) Q1P0 element, ¢t = 1.2.
b) Q1P0 element, t = 2.5
c) Q1PO0 element, ¢t = 4.0
d) Q2P1 element, t = 1.2
e) Q2P1 element, t = 2.5
f) Q2P1 element, t = 4.0
Figure 6 Pressure contours: a) Q1P0 element, ¢ = 1.2.
b) Q1P0 element, ¢ = 2.5.
c) Q1PO0 element, ¢ = 4.0.
d) Q2P1 element, ¢ = 1.2.
e) Q2P1 element, ¢t = 2.5.

f) Q2P1 element, ¢t = 4.0.



Table 1: Q1P0 element, o = 1, 1 iteration per time—step.

At [kq1(At) [ka(Al) [kp(At)
1/16 | 2.04 | 2.02 | 2.03
1/32 | 2.02 | 2.01 | 2.02
1/64 | 2.01 | 2.01 | 2.01
1/128 1.99 | 1.99 | 2.00

Table 2: Q1P0 element, a = 1, iterating to convergence.

At Jei(A) [ea(At) fep(A2)
1/16 | 2.00 1.99 2.02
1/32 | 1.97 | 2.02 2.00
1/64 | 1.97 | 1.95 2.00
1/128 | 2.01 1.83 2.01

Table 3: Q1P0 element, o = 1/2, iterating to convergence.

At lk1(At) |ea(At)
1/7 | 4.06 | 4.08
1/8 | 4.04 | 4.04
1/10| 4.03 | 4.01
1/12| 3.75 | 3.9
1/14| 4.00 | 3.79
1/16| 4.05 | 3.92
1/20| 3.92 | 3.75




Table 4: Q2P1 element, a = 1, 1 iteration per time—step.

At 1(A?) ko (AL) kop( At)
1/16 | 2.24 | 2.27 | 2.04
1/32 | 2.01 | 1.99 | 2.02
1/64 | 2.00 | 1.99 | 2.01
1/128| 1.97 | 1.99 | 2.01

Table 5: Q2P1 element, o = 1, iterating to convergence.

At Je1(At) ep(At) Jep(At)
1/32 | 1.98 1.99 2.01
1/64 | 1.99 | 2.00 2.01
1/128 | 2.00 1.95 1.99

Table 6: Q2P1 element, o = 1/2, iterating to convergence.

At lk1(Al) [ka(Al)
1/16 | 3.82 | 4.15
1/20| 3.96 | 4.04
1/24| 3.86 | 3.92
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A STRATEGY TO COMBINE OPTIMUM STRUCTURAL
SHAPE DESIGN WITH AUTOMATIC MESH ADAPTION
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CIMNE; Universitat Politecnica de Catalunya
Médul C1; Campus Nord UPC; Gran Capita s/n;08034 Barcelona;Spain

SUMMARY

This paper presents a methodology based on the use of automatic
adaptive mesh refinement (AMR) techniques in the context of structural
shape optimization problems analyzed by the Finite Element Method
(FEM). The computation of the sensitivities of the finite element mesh
coordinates and the error estimator allow their projection from one design
to the next, giving an “a priori knowledge” of the error distribution on
the new design. This allows to build up a finite element mesh for the
new design with a specified and controlled level of error. The robustness
and reliability of the proposed methodology is checked out with the
optimization of the central section of a double curvature arch dam.

1. INTRODUCTION

Extensive research has been performed in recent years to develop
efficient methodologies and codes for optimization of structural shapes
using the finite element method. However, some problems still remain
unsolved in this context, e.g. the inclusion of robust parametrization
procedures for definition of each design and the control of the error
associated with finite element computations and its influence on the
solution of the optimization problem. Usually, once the optimization
process is finished there is no guarantee of the accuracy of the final design.
Sometimes a more accurate analysis would reveal that the final design is
unfeasible, as one or more of the constraints imposed are violated.

With a view towards solving this problem a general finite element
methodology for structural shape optimization problems should include
the following features:

- general parametrization procedures.

- easy treatment of boundary conditions.

- easy and general definition of the objective function and constraints.
- automatic, robust and flexible mesh generation.

- accurate and inexpensive estimation of the discretization errors.

- effective, reliable and not too expensive sensitivity analysis.

- efficient optimization procedures.

- Cost-efficient automatic adaptive remeshing procedures.

- control over the quality of the meshes used for each design.

In this paper we present a general methodology for optimization
problems including all the above mentioned features. In the following
sections we describe the parametrization of the optimum design problem,
the procedure for automatic mesh generation and error estimation, the



Pk = f(a + %) 1(aH) + 04 2 )

3. PARAMETRIZATION OF THE PROBLEM

Each design geometry is represented by using “definition points” which
specify some interpolation curves. The curves used here are parametric
B-splines. The general expression of a closed B-spline for ¢ points is 31,

q
r(t) =Y 1Ny (t) (2)
1=0

where r(t) is the position vector depending on a parametric variable
t (see Figure 2). The curve is expressed as a linear combination of
g + 1 normalized fourth order (cubic) B-splines Bl The r; coefficients
are the coordinates of the so called polygon definition points. By using
eq. (2), the coordinates of the definition points and some additional
conditions about slopes and curvatures, the following equation system
can be derived:

v = Nr9 (3)

where v is a vector containing the imposed conditions at the definition
points, N is a matrix containing some terms corresponding to the values
of the polynomials that define each B-spline, and the r9 vector contains

the[ j:oefﬁcients r; to be computed. Details of this process can be found
0 3
in 121,

Figure 2. Definition and polygon definition points of a B-spline.

The first order sensitivities of 9 along a direction s in the design
variable space are given by:

ord N_1<8'u 8N)

o ——

D5 9s 03 (4)



design variables space, s, are obtained by differentiating eq. (6) with
respect to s for each cycle, i.e.

ori _ 2j=178 (7)

0s my

5. FINITE ELEMENT ANALYSIS

In this paper we will consider only the solution of structural problems
governed by the standard elliptic equations of elasticity with appropriate
boundary conditions 7,

Lu=STDSu=>binQ (8)

Discretization of eq. (8) leads to the standard linear system of
equations:

(K = Ze Ke
K. = Jo, BTDBAQ
q= Ze qe
Ka=gq with { 9% =90 15 4P (9)

a0 = [o, NTbdQ
ar, = Jp, NTtdl
(gp, =Y. NTp

where K, a and q denote, as usual, the stiffness matrix, the nodal
displacement and the equivalent nodal force vectors. Vectors b, t and
p correspond to the body, surface and point loads respectively. Matrix
B = SN is used to obtain the strains at each point as € = Ba and the
constitutive matrix D relates strains with stresses as o = De.

In our work, nodal stresses @* are recovered using a global least squares
smoothing technique 8]

(o* =Y N;gt=N"5*

GF=M"'2
{@=3, o N 0dQ (10)
M = ZeME

| M. = [, NNTd@

6. ERROR ESTIMATION
The error associated with each finite element solution is evaluated for
each element using the Zienkiewicz and Zhul8l error estimator as:

lell%, ~ n2 = /Q (0" — )T D1 (0" — )R (11)



This technique allows to obtain first-order and higher-order
sensitivities of the stiffness matrix K, the nodal forces vector ¢ and of
any other integral expression involved in the computations. The detailed
expressions for the first-order and higher-order sensitivity analysis can be
found in (241,

Eq. (13) allows to obtain the first order sensitivities of the displacement
vector a as:

o8 _ g1 [@ - 8—Ka] (15)
os 0s Os

Egs. (15) show that the inverse of the stiffness matrix is needed for the
sensitivity computations. If a direct solver is used this matrix has already
been factorized and each new sensitivity analysis involves only a new
backsubstitution process. Moreover it is not necessary to assemble the
sensitivities of the stiffness matrix because they always appear multiplying
a vector and these products can be computed in an element-by-element
manner.

The strain and stress sensitivities can be computed as:

0e OB Oa 0o 0D Oe
The sensitivities of the smoothed stresses are computed in terms of
the sensitivities of the mass matrix M and the ® vector of eq. (10).
The techniques discussed above for the integral expressions are also used
to compute these sensitivities. Finally, the sensitivities of the smoothed
stresses are obtained as:

0s

= —— = i}

0s 0s

_§T oc*

o5* _[0® OM_, do*
M { ] ’ ds Os (17)

The same comments about the factorization of the stiffness matrix
apply now to the mass matrix.

Following a similar procedure the first-order sensitivity of the error
estimator is obtained from eq. (11) as:

3_773_/
0s
¢

+(a*_a)TD—1<

r0D™1
0s

T
v -1/ % *
- 2) D -+ (0" - o)

do*  Oo "
( (0" — )|

60" _ oo

0s 0s

o|J|

)]J! + (0" — a)TD_l(a* - a)a

d€1dE2

(18)
In order to use an adaptive mesh refinement strategy it is also necessary
to compute the element and total strain energy. The values of this strain



energy and its first order sensitivity can be approximated from the finite
element solution as:

lull%, ~ a’Kea + 72 (19)

olul%2, 94T 70Ke 7. da  Onl
cex —K —= Ke—+ ¢ 20
0s 0s qa 0s B4 683+ 0s (20)

Should the second order sensitivities of above variables Fje required it
2

can be computed following similar procedures as shown in 4!,
8. DESIGN ENHANCEMENT

The objective function sensitivities are used to get improved values
of the design variables by means of a minimization method. Depending
on the optimization algorithm it may be necessary to use second order
sensitivities. The design variables corresponding to the improved design
are found in terms of an advance parameter 6% as:

ahtl = gk 4 ghgh (21)

The direction of change s has been obtained here using a BFGS
Quasi-Newton method which only requires first order sensitivities of the
objective function. The value of 8% is obtained by a directional second
order sensitivity analysis in the sk direction. The expressions of the
second order sensitivities of the relevant variables can be found in [24],
The objective function f can be approximated along this direction using
a second order Taylor expansion similar to eq. (1) which minimization
provides the value of 6%.

9. PROJECTION TO THE NEXT DESIGN AND
DEFINITION OF THE NEW MESH

Once the new design has been defined, the new values of the error
estimator, the “energy” and the coordinates of the mesh can be simply
projected from the previous solution into the next design as:

k+1 _ ko pk(0z Oy
(z’y)k - (.’L’,y) +§ (52’53)
s 2

12 2 9||u|2
st = )y + 0+ Az

The projected values provide the necessary information to perform
a remeshing over the next design, even before any new computation is
performed. In that sense, the error estimator computed “a posteriori” is
transformed into an “a priori” error estimator.



This projection allows the quality control of the mesh for each design
prior to any new computation. The projected values are used to create the
background mesh information needed to generate the mesh for the new
design. This closes the iterative process which will lead to the “enhanced”
optimum design after convergence. Of course second order projection can
be used as described in [2].

The generation of every new mesh in the remeshing procedure requires
the definition of a “mesh optimality criterion”. In this work a mesh is
considered as optimal when the error density is equally distributed across
the volume, i.e. when |||2/Qe = |l€]|2/ is satisfied. The justification of
this mesh optimality criterion can be found in [°!

The combination of the mesh optimality criterion and the error
estimation allows to define the new element sizes. Previously, it is
necessary to define the allowable global error percentage v as:

[lell U
= 1007—- ~ 100
I \/77 (al Ka)?

The target error level for each element is:

(23)

t
24
lellt = 1] (24
The new element sizes he can be computed in terms of the old sizes he

and the order of the shape function polynomials p using the expression:

- h , e
he = 1_;p w’Lth ge = H He (25)
€

10. EXAMPLE: SHAPE OPTIMIZATION OF THE

CENTRAL SECTION OF AN ARCH DAM
Figure 3 shows the parametric description of the geometry of the

section studied. The design variables are the z coordinates of the eight

points shown in the figure. The objective function is the total wheight of
the dam. The material properties are £ = 3,000, 000 T/m , v=10.2 and
p=2.3T/m?

Three load cases corresponding to two different structural behaviours
have been considered:

1) Self weight: the dam has been here analyzed under plane stress
conditions assuming no interactions between adjacent blocks as
typically occurs during the construction process. Limit values of the
compressive and tensile stresses of 2750 T'//m? and 50 T /m? have been
taken.

2) Self weight with/without hydrostatic pressure: this two load cases
correspond to the operational level of the dam after construction. The



Figure 3. Initial design and definition =~ Figure 4. Obtained design and
points for the arch dam problem. meshes.

structural behaviour has been modeled here using an axisymmetric

solid formulation. The maximum restricted values of the compressive

and tensile stresses in this case were of 2750 T/m? and 20 T/m?

respectively.

In addition, the minimum top width was limited to 5m. Also,
119 < (z1 + x9) < 121 was assumed. This constrains the movement of
the base towards the z axes so as to preserve the original distance of
60 m. Simple six noded quadratic triangular elements were used for the
analysis and the target percentage of global error was taken as a 5%.

Figure 4 shows some of the designs and meshes obtained during the
optimization process. The evolution of the objective function is displayed
in Figure 5 whereas Figures 6 shows the evolution of the percentage of
global error corresponding to each load case. Note the higher density of
elements in the lower part of the dam due to the stress concentration at
the base corners. This corresponds well with the mesh optimality criteria
chosen (equidistribution of error density) which tends to concentrate more
elements in the zones where higher stress gradients occur 5.

Figures 7 to 9 show a repetition of the same example including now the
foundation in the analysis and using a target percentage of global error
of 10%. Note that the final shape obtained is very similar to that of the



Figure 5. Evolution of the objective  Figure 6. Evolution of the error:
function.

o self weight under plane stress.

o self weight under plane strain.

x self weight & water pressure under
plane strain conditions.

Figure 7. Design and meshes obtained during the optimization process
of the dam with foundation.



