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Abstract

In this report, we introduce a meshfree approach for static analysis of isotropic/orthotropic cross-
ply laminated plates with symmetric/non-symmetric layers. Classical, first and third order shear
deformation plate theories are employed to perform the analyses. In this method, the solution is
first split into homogenous and particular parts and then the homogenous part is approximated by
the summation of an appropriately selected set of exponential basis functions (EBFs) with
unknown coefficients. In the homogenous solution the EBFs are restricted to satisfy the
governing differential equation. The particular solution is derived using a similar approach and
another series of EBFs. The imposition of the boundary conditions and determination of the
unknown coefficients are performed by a collocation method through a discrete transformation
technique. The solution method allows us to obtain semi-analytical solution of plate problems
with various shapes and boundary conditions. The solutions of several benchmark plate
problems with various geometries are presented to validate the results.
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1. INTRODUCTION

The wide application of moderately thick and thin plates in structural components has turned the
bending analysis of plates into one of the most important engineering concerns. For this purpose,
several plate theories have been developed to address this problem. The classical plate theory
(CLPT) based on the Kirchhoff’s assumptions (1850), in which the straight lines normal to the
mid-plane remain straight and normal after the deformation, disregards the effect of transverse
shear strains. This leads to underestimation of the deflections and overestimations of natural
frequencies and critical loads especially in plates with high thickness-to-length ratios. These
errors are even more pronounced in laminated plates made of fiber reinforced composites with
high elastic modulus to shear modulus ratios. In order to account for the influence of the
transverse shear deformations on the bending deformations, a category of plate theories known
as the shear deformation theories have been introduced in the literature.

Mindlin (1951) proposed the first order shear deformation theory (FSDT), in which the
transverse shear strains and stresses are assumed to be constant across the thickness of the plate.
This theory requires a shear correction factor to compensate its inability in satisfying the zero-
traction boundary conditions on the top and bottom surfaces of the plate. Several higher order
shear deformation theories (HSDT) (Whitney and Sun, 1974; Lo et al., 1977; Levinson, 1980;
Reddy, 1984), assuming a Taylor expansion of the in-plane displacements in terms of the plate
thickness coordinate, have been proposed to overcome the FSDT deficiencies. Among the higher
order theories the third order shear deformation theories (TSDT) developed by Levinson (1980)
and Reddy (1984) are the most prevalent ones in the analysis of laminated plates.

Exact analytical plate bending solutions stemming from these theories for plates with various
boundary conditions are available in the literature. The Navier solution of rectangular simply
supported laminated plates can be found in (Srinivas and Rao, 1970; Reddy, 1984; Swaminathan
and Ragounadin, 2004). Khdeir and Reddy (1991) conducted the Levy-type solutions of the
afore-mentioned theories for antisymmetric cross-ply rectangular laminates. Several other
analytical solutions for shear deformable laminated plates can be found in the studies by Khdeir
et al. (1987), Oktem and Chaudhuri (2007) and the references therein. Yuemei and Rui (2010)
presented an accurate bending analysis of rectangular thin plates with two adjacent edges free
and the other clamped or simply supported based on a symplectic geometry approach. An exact
solution is formulated in the work by the work by Kobayashi and Turvey (1994) for bending of
the annular sector Mindlin plates with two radial edges simply supported and the two circular
edges subjected to various boundary conditions.

Exact solution of thick plates, especially based on shear deformations theories, are limited due to
their complexities. As a result, researchers have adopted various numerical methods such as
finite element method (FEM) (Pandya and Kant, 1988; Dong and Defreitas, 1994; Yildiz and
Sarikanat, 2001; Kocak and Hassis, 2003) and the finite strip method (FSM) (Akhras and Li,
2005) for bending analysis of thick plate based on shear deformation plate theories. The use of
FEM not only requires appropriate plate elements in order to satisfy continuity and compatibility
conditions, but also needs a remeshing procedure for achieving acceptable accuracy. A review of
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the recent developments in the finite element analysis of laminated composite plates can be
found in the studies by Zhang and Yang (2009).

Some other numerical methods such as differential quadrature method (DQM) and boundary
element method (BEM) have also been used to solve thick plate problems. Liew and Han (1997)
employed DQM for bending analysis of Reissner-Mindlin plates and further developed it into
differential quadrature element method (DQEM) (Liu and Liew, 1998b) to tackle discontinuities
in thick plate problems. The differential cubature method (DCM), which is an alternative to the
differential equation, was used by Liu and Liew (1998a) for the static analysis of arbitrary
shaped plates based on FSDT. The use of an indirect boundary element method (BEM) for
Mindlin and Reissner models of thick plates was reported in the studies by De Barcellos and
Westphal (1992), and Katsikadelis and Yotis (1993).

Over the past decade, there has been an increasing trend of using meshless methods in which the
approximate solution is entirely based on choosing a set of nodes for discretizing the problem
domain rather than a mesh. Among these methods are the element free Galerkin method (EFG)
(Belytschko et al., 1994) which is an improved form of the diffuse element method (DEM)
(Nayroles et al., 1991). EFG has been employed in (Donning and Liu, 1998; Belinha and Dinis,
2006) for analysis of shear deformable plates and laminates. Liu et al. (1995) developed the
reproducing kernel particle method (RKPM) in order to enhance the interpolation consistency of
the earlier form of the method known as the smoothed particle hydrodynamics (SPH) method.
Wang et al. (2002) used RKPM for flexure, vibration and buckling analysis of laminated
composite plates based on FSDT. Meshless local Petrov-Galerkin method (MLPG) was
formulated by Atluri and Zhu (1998) using a symmetric local weak form that makes it possible to
perform integration in a mesh-free sense. The h-p clouds (Duarte and Oden, 1996) is another
meshless method that was employed by Garcia et al. (2000) for Mindlin-Reissner thick plates.
Wang and Liu (2001) introduced a radial point interpolation method (RPIM) by using radial
basis functions (RBFs) for constructing the shape functions. This method was used by Liu et al.
(2007) for static, vibration and buckling analysis of shear deformable laminated plates. All these
meshfree methods share many common characteristics, while the main differences among them
are due to different approaches adopted for constructing the shape functions and obtaining the
discrete equations of approximation, in addition to various forms of imposing the essential
boundary conditions.

The above mentioned meshless methods use a grid of nodes/points over the computational
domain. In the literature, one can find other meshless methods in which a series of points are
used over the boundaries. A prerequisite for using such methods is availability of fundamental
functions satisfying the governing equations. The method of fundamental solutions (MFS)
introduced by Kupradze and Aleksidze (1964) falls in this latter category. In the same category
one may find a class of boundary methods known as “Trefftz” methods in which the boundary
conditions are satisfied through a variety of weighted residual methods. MFS and BEM are
sometimes classified in Trefftz methods. Despite a rich literature for Trefftz method in two/three
dimensional heat and solid problems (see Li et al. 2007), and except for studies focusing on
construction of Trefftz finite elements (pioneered by Jirousek and co-workers 1977, 1986), few
studies can be found addressing the application of the method, in its mesh-less form, to
laminated plate bending problems. The reader may refer to the paper by Dong et al. (2004) and



the references therein for further information. Power series are used as the basis functions in this
reference.

In this report, a meshless boundary point method introduced by the second author and the co-
workers (2009) for the solution of static and time harmonic elasticity problems is extended to
solve laminated plate problems. The method uses a series of exponential basis functions (EBFs),
satisfying the governing partial differential equations (PDEs), to approximate the solution on the
whole domain. The boundary conditions are enforced through a collocation approach on a set of
boundary points. In this sense, the method may be classified as Trefftz methods. Comparing
with fundamental functions needed in MFS, the EBFs can be easily found for PDEs with
constant coefficients. This is the case for variety of plate problems formulated by CLPT, FSDT
or TSDT using Cartesian coordinates. As will be discussed later, the in-plane and out-of-plane
actions may appear in a coupled formulation depending on the configuration of the layer.
Nevertheless this does not create any restrictions for the proposed method in this report since the
system of equation is of constant coefficient type. Here we shall show how the appropriate EBFs
in each of the aforementioned theories can be found and how one can use them to find semi-
analytical solutions for laminated plates with various layer configurations, shapes and boundary
conditions.

The layout of the report is as follows. In sections 1 and 2, we shall explore the governing
equations and the boundary conditions for CLPT, FSDT and TSDT plate models. Thereafter, in
section 3, we shall describe the procedure of evaluating the homogenous and particular solution
parts for a generic thick laminated plate. Various numerical examples, for which exact analytical
or other numerical solutions are available, shall be presented in section 4 in order to validate the
results and demonstrate the accuracy, efficiency and simplicity of the present method. In section
5, we shall summarize the main features of the method.

2. GOVERNING EQUATIONS

We consider a plate with uniform total thickness # composed of N orthotropic layers,
schematically shown in Figure 1 The midplane is bounded in the domain Q in x x,-plane with
the boundary denoted by 0. The mth layer with the principal material
coordinates (x{,X5,X3),, , is oriented at an angle 8, to the plate coordinate, x.

m>?

Herein, we deal with the solution of bending problems based on the classical laminated plate
theory (CLPT), the first-order shear deformation theory (FSDT), and third-order shear
deformation theory (TSDT). The differences among these theories arise from the assumptions
and restrictions of displacements through the z thickness direction of the plate.

In this report, indicial notations will be used, in which a repeated or dummy index will be
summed over 1 to 2 for Latin lowercase letter, unless otherwise indicated. Consistently, the
partial differentiations with respect to x; coordinates will be represented by the comma-
subscript convention.
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Figure 1. Plate and lamina coordinate systems and layer numbering in a generic laminated plate.

In the third-order laminated plate theory proposed by Reddy (2004), assuming cubic expansion
of in-plane displacements over the total thickness of the plate leads to the following displacement
field

U, (x,x5,x3)=u; (x;,x,)+x5 @ (x,,x,)—C, xf(¢, (xp,Xx5)+us, (xl,xZ)) n

U3(x1,x2,x3):u3 (xl,xz)

where U; (i =1,2) and U; represent the in-plane and transverse displacement components
respectively, u; (i =1,2) and u; denote the midplane displacements, and ¢, (i =1,2) indicates
the rotations of the cross sections normal to the in-plane coordinates x; and x,. Here,

W, , u,, uz, @, @) are the unknown generalized displacements to be found. Note that one can

derive the governing differential equations for the triple theories (i.e. CLPT, FSDT and TSDT)
by introducing the following substitutions in (1) (Khdeir et al., 1987)

for TSDT: €, =
3h

for FSDT: C,=0 2)

for CLPT: C,;=0and ¢ =-u;;

The above suggestion holds for the rest of this report unless it is stated otherwise. The strain-
displacement relations according to the assumption of small deformations can be written as



g =€) +xse) +x3€ 3)

71' 3i +X3}/§ (4)
where
1
e = ) =00 A s, e )
_C
&' = 21 (9, +0;,; +usz;; +us ), i ==Cy 3, +) ©

in which the superscripts 0, 1, 2 and 3 in parentheses represent the constant, linear, square and

cubic parts of the strain components’ distributions along the plate thickness, respectively. In
addition,

C,=3C, (7)

where C, has already been specified for CLPT, FSDT, and TSDT in (2). The stress resultants,
per unit length, in terms of the strain components are as follows

(3)

@
N;=A lgkl +B & T Eju €

i = Ak
M ; =B, glg(l)) +D &y +F, ikl glg)

P; =E glg?) +Fiju 512) +H 519) (8)
Q; =k (Ay;; 31 +D3l3j 2))

R; :(D3i3j7’3j +F33; 73] i)

where N j are the in-plane force resultants, M i the moment resultants, Q; the transverse
shearing force resultants, and P;,R, the higher-order stress resultants, respectively. The
parameter k, in the definition of Q; denotes the shear correction factor coefficient; which

should only be applied in FSDT to correct the discrepancy between the actual transverse shear
stresses distributions over the plate thickness and that of evaluated by FSDT (Reddy, 2004). We
have taken k; =5/6 throughout this report.

The overall stiffness of the plate can be expressed in terms of stiffness in each laminate as
follows

m+l1 (m) 2 3 4 6
Ayt > Bijrr> Dijirs E > Fijua» ljkl) Zm O I Qz]kl (Lz,z%z% 27, 27)dz )

(Ayisjs Dyisjs Fusp)=20 J ”Qg(,"’g),( 1L z% 2% dz (10)



where Q_l-j(-,':;)and Q_3(l"§)j denote the in-plane and transverse transformed plane stress stiffness
components respectively, and z,,, z,,,, stand for the lower and upper coordinates of the mth

lamina, respectively. Although Q" is a fourth-order tensor, its components can be
distinguished by a double-indicial notation through the following replacements

11—=1, 22—2, 120r21—6, 130r31—5, 23o0r32—4 (11)
for instance
_1(1’13 = _1%11)’ _3(313)1 = —gn’ By =By, D33 =Dss, Epy =Eg, .. (12)

The equilibrium equations can be established through the principle of virtual displacement

leading to the following relations for TSDT and FSDT with C1=4/3h* and C1=0,
respectively.

N, =0 (13)
Q; +CP;; +q=0 (14)
M;;-0; =0 (15)

and, the equilibrium equations for CLPT are

Ny ;=0 (16)
M ;+q=0 (17)
where

M =M, -CP,

* (18)
Q; =0Q; —C,R,

Substitution of (8) into Equations (13)-(18) and together with Equations (3)-(6) results in the
governing differential equations in terms of the unknown displacements that can be expressed in
a concise matrix form as follows

Lu=q (19)
for FSDT and TSDT  {u}={ u,. uy, uy. 6, ¢} . {a}={0. 0. ¢, 0, 0}
for CLPT f={u, uww) . {a}={0, 0, q)

The coefficients of the operator matrix L. for each theory are given in Appendix A.



Generally, the equations governing the bending of laminated plates are a set of coupled partial
differential equations with constant coefficients. However, there are some plates with a special
sequence of layers such as symmetric ones, in which the stretching-bending coupling stiffness

coefficients like B; and E; are zero. Therefore, Egs. (13) and (16) governing the in-plane
displacement field are uncoupled from (14), (15) and (17) governing the displacement field due

to bending. In this case the in-plane deflections are identically zero in the absence of in-plane
edge forces. Therefore, the differential equations reduce to

Lvuhu =q (20)

for FSDT and TSDT  {u}={u;, ¢, #,} . {a}={q. 0, 0}’

for CLPT {ub={uw,} . {a}={q}

where L is a sub-matrix consisting of the last three rows and columns of L in Equation (19)

for FSDT and TSDT models, while the only element of I’ in CLPT models is the last element
of L, thatis Ls;.

3. BOUNDARY CONDITIONS

It should be noted that the general forms of differential equations governing CLPT, FSDT and
TSDT models, considering coupling with in-plane actions, are of eighth, tenth and twelfth order,
respectively. The order of each theory indicates the number of total boundary conditions on the
boundaries of the plate. Half of these boundary conditions are the prescribed ones which must be
imposed along the edges of the plate. The prescribed boundary conditions for simply supported
(SS), clamped (C), free (F), and sliding (G) edges are described as in Table 1.

The stress resultants in Cartesian coordinate system (x,,x,) can be related to those in terms of
normal and tangential components with the following transformations

N,, =nianl.j, M, =nianl.j, P, =nian..,

)

an:nistij’ Mnx:nistij’ Pns:niSjP"’

)

Qn :niQi’ Vn :Qn +aMns
ds
M, =M,-CP, . M =M,-CP, @1
* * * aPn‘,
Qn :Qn _C2 Rn, Vn :Cl PU’jnl +Qn +C1 -
0 0 0 0
—_—=n. — _—=y. —



with ﬁ=nlf +n2f being the unit outward normal vector, perpendicular to the unit tangential
vector S :slf +s2f such that ix§ =k, with k being the unite vector along x,, at a generic
point on the boundary JQ .

Table 1. The quantities to be defined as boundary conditions in different laminated plate
theories. (For the cases tagged by (s. 1) see Remark 1 for the alternatives).

Theory | Type Non-symmetric layers Symmetric layers
SS us’ Nnn’ I/[3, I)rm’ ¢x’ Mr:n u}’ Pnn’ ¢S’ M:n
C us’ un’ MS’ aM3/an’ ¢x’ ¢n u}’ aM3/an’ ¢x’ ¢n
TSDT
F Nnx’ Nnn’ Vn*’ })rm’ M:S’ M:n (s 1) Vn*’ })rm’ M:S’ M:n (s. D
G | N, u,V, ou/dn,M,, ¢, |V, dufon, M, ¢ 1
SS us’ Nnn’ u3’ ¢S’ Mrm u}’ ¢x’ Mnn
C u, u,, Us, ¢5’ ¢n U, ¢s’ ¢n
FSDT
F Nnx’ Nnn’ Qn’ Mnx’ Mnn (S' D Qn’ Mnx’ Mrm (S' D
G | N, u,0,.M,,¢G6D 0. M, 4 61
SS us’ Nrm’ u}’ Mnn u}’ Mnn
C U, u,, U, au3/an u,, 8u3/8n
CLPT
F an’ Nrm’ ‘/n’ Mnn ‘/n’ Mnn
G N ,u,V, 8u3/8n vV, 8u3/8n

Remark 1. In Section 4, it will be demonstrated that thin plate problems can be easily solved by
the three theories CLPT, FSDT and TSDT. However, our experience shows that for some
special cases the boundary conditions considered for TSDT and FSDT impose extra restriction to
the solution when compared with CLPT. This is the case when free and sliding edges are of
concern. For instance in plates with symmetric layers, in CLPT just two stress resultants, 1.e. V,

and M, , are prescribed while in TSDT and FSDT three conditions, i.e. Q,, M, and M , are

defined at the edge. This means that when the plate becomes thin, TSDT and FSDT apply
stronger condition on M, while in CLPT its differentiation with respect to s combined with Q,

is restricted to a prescribed value. To unify the conditions for all theories one may define the
following stress resultants in TSDT and FSDT for the bending boundary conditions

p
Vn=Qn+a]g4”’ A ‘:(ZJ M, (22)
S
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In the above relation /& denotes the thickness of the plate, L is a characteristic length and
p >>1 is an appropriate exponent. The first condition is similar to its counterpart in CLPT while

the second one will be active when the thickness is within the order of the characteristic length
h=L. In this report we shall use the mean of the length and width of the rectangular
circumscribing the problem domain as L (see Figure 2.a), and p =2. We shall discuss on the

effect in Section 4.m

—o—o—9—0—oo—a—0—o oo
© 000000 9 0 o
EEEEEREEEERX
© 000000 0 0 0
e 0000000 0 0 ¢
EEEEEEEEREERY
e oo o000 99
oo 0000 000 ¢
..... > S o= o o
(a) (b) (c)

Figure 2. Plate geometry: (a) The rectangle circumscribing the plate domain and the location of
coordinate system; (b) The boundary points; (c) The domain points.

4. SOLUTION PROCEDURE

This section is devoted to develop a solution for the preceding explained boundary value
problem in a step-by-step manner. Herein, we use a meshless procedure, firstly proposed by
Boroomand et al. (2009) for the solution of static and time harmonic elasticity problems. In this
method, the total solutions for the unknown generalized displacements are composed of a
homogenous and a particular part. The homogenous solution w, and the particular solution

u, should be determined such that

Lu,=q in Q (23)
Lu, =0 in © (24)
Lg(u, +u,)=Lgu, +Lgu, =uy; on 0Q (25)

here, U contains the prescribed boundary conditions on dQ  The difference between uy and
Lgu, yields a modified form of the boundary conditions, which should be satisfied by the

homogenous part of the solution. Therefore, the problem can be redefined as follows

Lu,=q in Q (26)
Lu,=0 in Q 27
Lgu, =u, on 0Q where u,=ug-Lyu, (28)

In the following subsections, firstly, we shall explain a method based on the summation of a
series of exponential basis functions (EBFs) with unknown coefficients for handling the
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prescribed boundary conditions. In this regard, we shall employ two forms of strategies for
selecting the EBFs, one based on the projection of the boundary measures on the boundary
values of the basis, and another based on the numerical experiments. Secondly, the loading
conditions will be dealt with through a numeric procedure similar to that used in the homogenous
solution.

4.1 Homogenous solution
Solution of the homogenous part of the response involves solving the problem defined in (27)
and (28). For convenience, we temporarily set aside indicial notation and rename the axes and

the displacement components as

X=X, Y=X,, =X, U=U, V=1U,, W=1U, (29)
Now we assume w,, in terms of the EBFs as
u, (x,y,a,p)= h(aﬁ)e”’“ﬁy V(x,y)e Q and (a, B)e C? (30)

where h is a vector containing the contribution of the basis function to the generalized

(@.8)
displacement coefficients, that is

T
h, s ={h”, ', h", h', h%’} for non-symmetric laminae

for FSDT and TSDT ; 31
h, 5= {hw, h' h¢~"} for symmetric laminae
T . .
h, 5 = {h”, h, hw} for non-symmetric laminae
for CLPT (32)
h, s ={ hw} for symmetric laminae

Substitution of (30) in (27) results in the following matrix relation
Lo pha.p) =0 (33)

where the constant coefficients of the matrix L, 4 can be obtained from the elements of L in
(19), listed in Appendix A, with the following replacements

d"=ao™, dy=p" (34)

In the above relations, the superscript m in d," and d," denotes the order of differentiation with

respect to x and y coordinates respectively, while at the same time it indicates the mth power of
o and B when the EBFs are used as the solution.

12



For having non-trivial solution for the unknowns, the determinant of the coefficient matrix
L. 8) in (33) must be set to zero. The resulted characteristic equation can be written in a

symbolic form as

Det [L,5]=0 = W(a £)=0 (335)

Herein, (&, ) =0 is an algebraic (polynomial) equation, from which one may find ¢ in terms
of S or vice versa. The characteristic vector h, 4 is the nontrivial solution of the homogenous

system of linear equations, defined in (33), which is equivalent to the null-space vector of matrix
L. B) - It should be noted that the total solution in (27) contains all the EBFs obtained from both

cases, that is when « is written in terms of £ and vice versa as

a =f,(f) [=1...r (36)
or
B =g, (@) I[I=1...r (37)

This may be performed either explicitly by finding the functions or numerically by choosing one
and calculating the roots of the algebraic equation (35). It must also be noted that & and £ in

(36) and (37) may take on complex values. Therefore, the solution to (27) may be written as

_ O 1 flpx+B C I ax+g;(a)y
uy, —IQ , {;Cm NN ’ }d Qy +jga IZ;C (@ g @M g ¢ dQq  (38)

where Q; and Q, are two appropriate areas or loci in the Gaussian plane and r is the number

of roots derived from the characteristic equation. In general laminates, we may have eight, ten
and twelve distinct roots with four, five and six pairs of complex conjugates for CLPT, FSDT

and TSDT plate theories, respectively. The unknown coefficients C(l 5y, p and C(l a, g (ay 10 (38)
are to be found so that the boundary conditions in (28) are satisfied. This, if not possible, is a

very difficult task for most problems. However, one may think of a discrete form of (38), for
instance when the integral is to be calculated numerically, and simply write

r r
_ Il fi(Bjx+B;y —Iy. 1 ajx+g(a;)y
u, = Z{Z%h(mﬁp, B¢ +zcjh(aj, g1(a;)€ (39)
i L=t I=1

!
J
summarize the above expression as follows

with ¢’; and Ejl. being new coefficients when 5, and ¢, are chosen. For convenience, we

13



_ ox+fiy
u, = Zcih(“i’ ) € (40)

Note that, in (39) and (40), the subscript i (or j) is an index for counting the number of EBFs,

which should not be confused with the one used in the indicial convention for describing the
governing equations.

It should be noted that it is neither feasible nor necessary to express the EBFs and their
corresponding characteristic vectors in (40), explicitly, in terms of the known quantities. This is a
result of the dependence of polynomial coefficients on the lamination schemes and stiffness
coefficients that make it almost impossible to write its roots for a generic laminate, symbolically.

The above-mentioned procedure is straightforward as long as the roots of the characteristic
equation (35) are distinct, which is true in many laminated plates except for single layer isotropic
ones. In this case, the characteristic equation might yield multiple roots. To illustrate how to
handle this case of degeneracy, let us consider a homogenous isotropic plate of thickness 4 with
Young’s modulus E and Poisson’s ratio V. Since the in-plane and bending deformations in
single layer plates are uncoupled, we may use the form of the differential equations introduced in
(20). The procedure of determining the EBFs for CLPT, FSDT and TSDT are described as
follows.

a) For CLPT

Substitution of the ith EBF from (40) (i.e. h}” e % B Y into the homogenous form of (20) yields

the following homogenous equation and characteristic equation for an isotropic single layer plate
based on CLPT

sub : w T
Ly b 5 =0 with hg g ={n"] @1
which gives

3

En

—— (' + 20 B+ R =0 42)
12(-v*)

or

Y(a;, B)=(af +B7)° =0 (43)

If B isevaluated in terms of &; we have

B =—ia;  (double roots), h' =1 (44)

1

B =i, (double roots), h' =1 (45)

1

14



in the above relations i =v—-1.

Note that A" can be any arbitrary value. Here, we have adopted A" =1 for convenience. From

Egs. (44) and (45), we obtain only two independent EBFs, while the other two can be determined
by assuming the EBFs in the following form

w = () x gy wd) et A (46)
The above relation for the EBFs deduce the following characteristic equation
(@ + )@ +Bx +4a)f " +(@'y + By +48)g) + (o + B} )=0 @7

which is identically zero for B =—i¢; and S =i¢; . For having non-trivial and distinct EBFs
from those obtained in (44) and (45), f" and g} should not be zero simultaneously. Any other
arbitrary values can be adopted for £, g and d}" ; here, we take f," =g/ =1 and d;" =0.

Therefore, we obtain four distinct EBFs, when S, is written in terms of ¢; . The homogenous
solution for this case can be written as

u, :Z(cileai(xHy)+ci2€0!,‘(x—iy)+ci3(x +y)eai(x+iy)+ci4(x +y)60’i(x—iy)) (48)

i

The solution for the other case (i.e. when p,

. is written in terms of ¢;) is determined
analogously and added to the above solution.

Remark 2. The reader may note that there is a possibility of obtaining more repeating roots for
B (or o) when ¢, is chosen as zero which gives four roots as £ =0. With the same logic

used in writing (46), one can easily show that the basis functions are in fact the monomials of a
third order complete polynomial. Our numerical experience shows that adding such bases to the
solution does not affect the final results. m

b) For FSDT

The homogenous system of equations and the characteristic equation for an isotropic single layer
plate based on FSDT are

sub : w e Py r
L(ai’ﬂi)h(ai’ﬂi) :O Wlth h(ai’ﬁi) :{hl 5 hl¢ 5 h[} } (49)
W(a, f)=(0f + ) (h* (a5 + B7)-12k,) =0 (50)

where the constant coefficients of L"(”OZ ) matrix may be obtained from those of L in (20)

with similar replacements described in (34). By evaluating S in terms of @ from the
characteristic equation, we have
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p. =—ia;  (double roots), h, ) ={-i, ie;, & }T 5D

B =i, (double roots), h, 5, ={i, -ig, }T (52)
-hlad +12k r
B = lh - (singleroot),  h, 4, ={0, N-hlal +12k, hey, } (53)
-h?o +12k, _ 5 T
B = lh s (single root),  h, 4, ={0, ——h"af +12k, he, } (54)

It is obvious that from the above derivations only four EBFs can be obtained since there is only
one independent null-space associated with each of the double roots in Equations (51) and (52).
The missing EBFs can be found by considering a modified form of them as follows

fiVV g;\/ d;\/
ll; - fi¢x X + gi¢x y + di¢x e %i* +B;y (55)
Py Py Py
fi 8i d;

Substituting the above equation into the homogenous form of (20), and also by rearranging it, the
following system of equations are obtained

aGx+fy _
A0 [Fa 5% 8508 [+ Basofia s +Coa o i )+ A i) 11 =0 (56)

with the coefficient matrices A, 4, B, 5, and C, 4 given by

Ehk (o + f87) Ehk a, Ehk .
204y 2a4v) 204v)
A _| Ehke Eh(h*>2a} + 57 (1-v) - 12k (1-V)) En’k o, f,
@-fi) 2(1+v) 24(1-v?) 24(1-v)
Ehk f, ER’k a,f3 Eh(h> 2B + 0o (1-v) - 12k (1-V))
201+4v) 24(1-v) 24(1-v*) |
| Ehk,a;  Ehk, 0 _ Ehk, B, 0 _Ehk, 57)
(1+v)  2(1+v) (1+v) 2(1+v)
B, , -|- Ehk. Eh304.2 ER’B, Cupr=| 0 ER’B  Eh’a
21+v) 61—V  24(1-v) 120+v)  2401-v)
ER’B  Eh'a, Ehk,  Eh'e,  ER’B
. 24(1-v)  12(1+v) ] | 204v) 24d-v)  6(1-vY) |
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Considering the fact that the matrix A(ai’ £) in (57) is the same as L"(”abi B in (49), and its

determinant is zero for the double roots, we may write

. .. T .. T
B =-ia, = f, py=a{-i,iq, o} . g4, 5, =b{-i ix, o}

(58)
ﬁi :iai = f(aiﬁi):a{i, —iai, CKi }T, g(ainﬁi):b{i’ _iai’ ai }T
Setting to zero the last term on the left hand side of (56) yields
. .. T
ﬂi :—lC(l :> A(al ’:Bl )d(al ’IBI)='(aB(al ’ﬂl) +bC((Zl ’ﬂl)){_l’ lC(l, C(l}
B =ia, = Ady, 5, =B 5, +bCoq 5 )i —ia;, )" (59)

Upon considering a and b as a set of new unknown coefficients, any of the above relations will
be a set of just two independent equations with three unknowns (d;" , d fjx , d ij ). which can be

solved by choosing one (d," for instance) and finding the other two. Therefore,

0.5¢, 0.5¢;
B =—ia, = d, 5,=ai-ih’a’1-0.5(& -2i)+b —h’e,’A-05¢;
—h e’ A+0.50; % h*o Ai+0.5i(07 +2) 0
0.5¢; 0.5¢;
B =ie; = d, 5 =aih’c’Ai-05(a +2i){+b{ —h’e’A-05a]
~h?a? A-0.5ia} ~h*a Ai—0.5i(a +2)

in which 4 =1/(3k (v -1)).

Our experience shows that excellent solution may be obtained by reducing the number of basis
and assuming a =b =1. This leads to the following forms

Q;
B =-ia, = di, 5 =1-h’a, A1+D)—(a] i)
el A1) +i(a +1)
a, (61)

B =ia;, = dg 4= h2a?AG—1)—(a? +i)

—h*o (i+1)—i(a? +1)
Hence, the missing EBFs can be written as
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- - a;
i =-ia; = hy, g =1ie px +yia py +-ha A0+~ (o] i) 62)
% % h*a? AG-D+i(e +1)
i i o,
B =i = N 5=y (x +i-ia py +1 B A1) - (0F +i) (63)
& a, —h’ef Ad+D) —i(ef +1)

So far, we have six independent EBFs, defined in (51)-(54) and (62)-(63) for the case that S is
written in terms of ¢«; . The procedure for the other case, that is when ¢; is calculated in terms
of B is the same.

Remark 3. It may be noted that if ¢ is chosen so that 12k, —h*a* =0in (53) and (54), then a
pair of roots as S =0 is obtained and thus some EBFs will be missed again. The procedure of

finding the new EFBs is similar to that described above. Moreover, similar to CLPT, one may
obtain more repeating roots for B (or ;) when ¢, is chosen as zero in (51) and (52) which

gives four roots as f, =0. With the same logic used in writing (55), we may use a third order

complete polynomial with unknown vector coefficients to find the bases. As mentioned earlier,
our numerical experience in this case also shows that adding such bases to the solution does not
affect the final results. m

c) For TSDT

The characteristic equation for an isotropic single layer plate based on TSDT with
C,=4/3h*and C, =3C, is

Y(a;, B)=(a + B ATh* (& + B7)—-168)(h* (] + ) +420(v 1)) =0 (64)
when /. is evaluated in terms of ¢; from the characteristic equation, we have

B =—ia;  (double roots), h. ) ={-i, i, ¢ }T (65)

B =iq, (double roots), h ) ={i,-i¢,, « }T (66)

1

168 =17h%? T
B =- T ’ (single root), hw,i,/,,i):{o, 168—17h2af,Jﬁha,.} (67)

J168—-17h’a? T
B = T ’ (single root), h, 4 )={0,— 168—17h%a?, \/ﬁhai} (68)
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4200-v)—h’e® | T (69
B :—\/ ., (singleroot), h, 4, ={—4h, -he,, \/420(1—V)—h20ti2} (69)

420(1-v)—h’ot , r 70
8 _y . (single roo), By, ) ={4h, ha,, \/420(1—v)—h205,-2} (70)

The above equations yield six distinct EBFs, while the missed EBFs corresponding to the double
roots can be found by considering a modified form of them similar to (55). Conducting similar
procedure to that described for FSDT, we first obtain two sets of relations as (60) with A
replaced by 77 and then we choose a=b=1 to get

—i —i & 1)
B =—ia;, = hy, 5 =lia px +3ia; ty +-he n1+i) - (& i)
22 e hrani—1)+i(og +1)
i i e
f =i, = h 5 =i-iq (x +{-iq, 1y +1 b’ ni-1)— (o] +i) )
a; 7 ~h*ani+1)—i(a? +1)

where 7=1/2(v-1)).

Now, we have eight independent EBFs, defined in (65)-(72) for the case that £ is written in
terms of «; . The procedure for the other case, that is when «; is calculated in terms of . is the
same.

Remark 4. As mentioned in Remark 3 for FSDT, there are some cases for which one may obtain
more repeating roots. In view of (67) and (68), if ¢, is chosen so that 168—17112&’,-2 =0 then a

pair of roots as S =0 is obtained. Also, referring to (69) and (70), in case that; is chosen so

that 420(1-v)—h’*a’ =0, another pair of roots as /3 =0 is obtained and thus some EBFs will
be missed again. For ¢, =0 we find four roots as S =0. The procedure of finding the new

EFBs for the former two cases is similar to that described above but for the latter case we should
consider a third order complete polynomial with unknown vector coefficients to find the bases
(see also Remark 3). m

4.2 Imposition of the boundary conditions
In the present work, the boundary conditions will be satisfied through a collocation approach
over a set of discrete points on the boundarydQ. The number of boundary points M is not

necessarily equal to or more than the number of EBFs (i.e. N) used for approximating the
solution over the domain. Thus, with the use of (40) we may write
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_ N
U=> ¢V, (73)
i=1

where C,is a constant coefficient proportional to c; in (40), and Uand V; are vectors that,

respectively, contain the modified prescribed boundary conditions at each boundary point and
the contribution of ith EBF to the same boundary points, that is

U={@), @), . @), . @)y} (74)

1 T
Vi =s_{ (V,' )1 (Vi )2 (Vi )j (Vi )M} (75)

where (uy);is the difference between the prescribed boundary condition and that of the
particular solution at the jth boundary point, and (v, ); is the contribution of the ith basis function

to the prescribed value at the same point. Considering the ith basis function (i.e. h, 4 e ax By
and the prescribed boundary condition at the jth boundary point, one may write

@), =)l +Bup) L Vlxy)edR, j=1 .. M (76)

v, )j = (B(h(a’ 5 )ea,x +By )

V(ix.,y;)eoQ, j=1,.., M
x:x,,y:y, 9 (xj 7yJ)E 9 J 9 (77)

where M is the total number of boundary points (see Figure 2.b.), and B is the boundary
operator matrix, whose components for different boundary types for TSDT, FSDT and CLPT are

given in Appendix B. In Equation (75), the parameter s, plays the role of a scaling factor for
normalizing V,. Here, the scaling factor is chosen as the maximum element of V, in terms of its
absolute value, that is

5,=(v,), where (v,), =max(|v,),

1
1<j<M

) (78)

in which (V) c is an element of V, whose absolute value is maximum. Other norms such as the
Hermitian length of V, may also be used. Thus, the coefficient c; in (40) can be related to C;

introduced in (73) as follows
¢, =—C, (79)

The only unknown to be found in the above procedure is the constant coefficients C; . This can
be done by the transformation used in (Boroomand and Mossaiby, 2005a, b, 2006) and
explained in (Boroomand et al., 2009), in which C, is written as
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N +
C.=V'R,U, Rh:(Z v, ij (80)
i=1

where (.)" indicates the pseudo inverse of the matrix, which is based on the singular value

decomposition method. With C; in hand, the homogenous solution u,, in (40) can be rewritten as

N
u, :Re{(z ihie“"“ﬁ"yViTthI_J} (81)

i=1 S

where Re{.} stands for the real part of the complex value.

It should be noted that some elements of V, may contain the Young’s modulus E, while the
others may not. Thus, some elements may become extremely large, in comparison with others,
and this may lead to some numerical errors in the evaluation of R and also the rest of

computations. To resolve this problem, we assume

V. =EV., U=EU (82)

where E is a diagonal matrix whose diagonal elements are equal to Eh’ if their corresponding
elements in V,; contain E , and are equal to one if else. For orthotropic materials the elasticity

1

modulus in the direction normal to fiber directions is adopted as E |

Upon replacing U and V, in (73) with Uand V, defined in Equation (82), respectively, and
conducting a procedure analogous to that which led to (80), one may find

C,=V/R,U, R,=E”7 [Z V, V?j E' (83)
i=1

noting that s, defined in (78) will now be the norm of V, instead of V.

1

4.2.1 Selection of & and £ for the homogenous part

Having discussed the procedure of constructing EBFs, we come to the point that one parameter
in each pair of («, f) must be selected arbitrarily, while the other one is deduced from the

characteristic equation. The selection of & and g affects the accuracy of the present method. In

this regard, there are two strategies proposed by Boroomand et al. (2009), that we will overview
both of them here and will employ the second one in Section 4. In some examples, a comparison
between the results obtained by both strategies will also be given.
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In both methods, & or S are complex values picked from a feasible domain on the Gaussian-
plane; that is

a=a+bi, PB=c+di, (a, b, ¢, d)e R* (84)

In the case of choosinger, the value of b controls the periodic part and the value of a
determines the amplitude of the complex exponential in x-direction; and in the case of selecting
[, similar definitions hold for ¢ and d in y-direction. The pattern of choosing either (a, b) for

o or (c, d) for B will be described in two strategies, one based on mathematical reasoning and
another based on numerical experiences.

Strategy H1

In this strategy & or [ are considered as pure imaginary values (i.e.a =c=0). Assuming that
[ is to be evaluated in terms of &, the value of b is to be selected manually. In this regard, one

can put a limit on the value of b by determining a reasonable number of oscillations between the
boundary points, for example having at least a single oscillation within any sequence of four

boundary point spaces. To this end, we define the average distant Javg between adjacent points

for representing the boundary point spacing as follows

M T M=
] D I
_ 2 241/2 _Zn= "~ Adn=l "

dy =1 =) + O+, =S S0 -

Now, by the assumption of occurring one oscillation on an interval of 4d, , » one may obtain the
upper and lower bounds of b along the imaginary axis of the Gaussian plane as

-———<b<— when [ is evaluated in terms of & (86)
2davg avg
and
V4 /4 . .
o7 <d <— when « is evaluated in terms of [ (87)
avg avg

Having defined the feasible interval for @ or [, a grid of points must be selected along this

interval such that their corresponding basis functions have the most contributions to the solution.
To this end, the maximum absolute value of the direct projection of these basis functions on the
nodal boundary values may be calculated as follows

P& =max(I(VEAY TLI(VERY T, L(VEY T

k, =1, ..., (No. of grid points for &) (88)

and
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B _ 2.8\ 17 2.8\T 17 & BT 17
Pkﬁ max(| (Vkﬁ )y ULl (Vkﬂ )y Ul,...,l (Vkﬂ )y Ul 39
kg =1, .., (No.of grid points for /5)

with |-| denoting the Hermitian length of the quantity. VkOZ Fi , Vf /’3 P , J =1, ..., r represent the

normalized vectors when the grids of & and p are used, respectively; and r denotes the number
of basis functions found for each grid point through the characteristic equation. The maximum of

the two series of numbers Pk“a and P,fg are found as

max max

_ B _ B
PY —ngiX(PkO;), P, —Hzil}X(Pkﬁ) (90)

We choose all grid points whose projection values are greater than a specified value as & times

the maximum projections defined above, that is we choose P, so that
Pk”; >EXPL Pk/; >ExPP | 0<E<] 91)

Strategy H2

In this strategy the grids of points for @, [ are defined in the form used in the work by

Boroomand et al. (2009) for elasto-static problems. Based on our experience in the solution of
plate bending problems for variety of simply connected domains with rather general shapes and
various boundary conditions, again it has been found that the following form, for defining a
suitable grid of points, works very well

a=(a+b i):imT_y(;THj, =1 ., M, k=1,.,N (92)

in which M ,N e N*, e R and L is a characteristic length. The following bounds are found
to be appropriate in many cases

56<¥7<72(sayy=27), L=16max(L,,L,), M, =4 N, =2, N =8 (93)

where L, , L, are the dimensions of the rectangle circumscribing the whole domain as shown in

Figure 2.a. A similar formula may be used for 5. Although this formula is completely heuristic,
it enables us to use a preliminary grid selection without putting too much effort on this part.
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4.3 Particular solution

In this part we intend to find a particular solution u,, that satisfies
Lu,=q in Q (94)

where the differential operator L. has been introduced in (19) or (20). Note that the particular
solution may not satisfy the boundary conditions. In (Boroomand et al., 2009) two methods are
proposed for finding the particular solution, we have adopted the one in which w, is

approximated by selecting another set of EBFs.

In this approach the plate loading ¢ (x, y)is approximated by a series of EBFs evaluated by a
transformation technique similar to that introduced in Section 3.2. Therefore

q(x,y)=; g e V(x,y)eQ and (a,p)eC’ (95)
with
a, =a, +b,i, B =c,+d,i, (a, b, ,c,.d;)e R* (96)

where ¢, , f, are two independent complex values which are to be chosen in such a way that the
determinant of the coefficient matrix in (35) does not vanish, that is

Det [L(ak JJ’M] #0 (97)

By considering a set of uniformly distributed points on the domain, defined by L and L, in
Figure 2.c, the constant coefficient g, , can be found through the discrete transformation used

earlier. Thus

8k = (Vp )iz Rpl_) (98)
+
Rp = |:Z (Vp )kl (Vp )il} (99)
k,l
P={q(x;,y) q(x;,y) e qlx,,y,) ) (100)
(Vp il :{e“kx1+,31y1 e % ¥2thiy2 __'_e“kxpﬂglyp }T (101)

where p is the total number of grid points in the L, x L domain. Note that the number of EBFs

(i.e. n, +n; ) is not necessarily equal to the number of domain points p ; the number of
n, ,n, may be increased until the loading g (x, y)is approximated satisfactorily, which means

that a discrete L, norm becomes less than a specified value. Note that one may consider a larger
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area for evaluation of u,,e.g. 1.1L, ><1.1Ly , in order to have smooth variation of the function at
the boundaries (see Boroomand et al. 2009).

The particular solution u, is similarly represented in terms of exponential basis functions.

_ o x+pf,
u, —; hj; ™ (102)
T
for FSDT and TSDT w, ={nts, miy b bl |
T
for CLPT b, ={ng. by by

Substitution of (95) and (102) into the governing equation (94) results in the following relation

Lyhg =c, (103)
T

for FSDT and TSDT ¢, ={0, 0, g, 0, 0}

for CLPT ¢, ={0, 0, g, }

where, again, the constant coefficients of matrix L,, can be obtained from those listed in
Appendix A, with the following replacements

di" =o', dy =f" (104)

Note that in ¢}, defined above we have assumed that the laminated plate is just under transverse
load g(x,y)as in (95). In the case that in-plane loads act on the surface of the plate, the

corresponding elements of ¢}, may take on non-zero values, however the procedure of finding

them is similar to that of g,, explained above.

Upon solving the system of equations in (103), the unknown coefficients of vector hf, can be
found in terms of g, (or other similar factors) for each pair of (¢, , £) . In the above formula,

@, , B, are independent of each other and this means that they should be selected from two
separate grids in Gaussian plane. Here, we suggest two strategies.

Strategy Pl

In this case, we choose ¢, , f; as pure imaginary values, thatis a, , ¢, =0. Thus

(a,,B)=(kAb,lAd )], (Ab,Ad)e (R*)?

105)
(k.)e{-N,,...=1,0,1,....N JU{-N,.....-1,0,1,....N,},  (N,.N,)e (N)? (

25



where the integers N, ,N, as well as the spacing between the points Ab,Ad are chosen in a
way that convergence to the transverse load is satisfactorily achieved.

Strategy P2

In this case, we suggest a heuristic form for the grid points in the Gaussian plane for ¢, , f, as
follows

(.Bref{a=2y,Gi+jia=+y,(+ji)i=12..n,j=12..n,}

U{a=ty,G+jDa=Fy,G+j D.i=L2...n,,j=12...n,}
U{a=2y,G +j ha=1ty,(j+i )i =12...n,,j =12,...,n,}
Ula =2y, +j D.a=Fy,(+i Di=12..n,j=12..n,}
. . (106)
Ua=4y,G+jia=%y,G —ji)i=12...n,j=12..n,}
U{CY:i}/p(i +ja=Fy,(-ji=12,...n,]j =1,2,...,np}
Wa=4y,G+ja=%y,(j—i i)i=12...n,,j=12..n,}
Ula=2y,G+j D.a=Fy,(i-i Di=12..n,j=12..n,}
where ¥, is defined as
- Kp
7 _npxmax(Lx,Ly) (107
Based on our experience, we suggest the following values for x, and n,
k,=12, n,=3 (108)

The above formulation has been employed in variety of plate problems as well as other problems
in elasticity and acoustics, in all of which convincing numerical results have been obtained.

Remark 5. In many plate problems q in (94) is expressed as a simple functions such as

polynomials and trigonometric functions. In such cases the particular solution may be found
explicitly which of course is not unique. For instance in CLPT when the plate is under uniform
load, the particular solution may be considered as the particular solution in a Bernoulli beam (as
function of x or y). In this report we have treated the loadings as the general ones and used the

afore-mentioned procedure to find the particular solutions.
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5. NUMERICAL RESULTS
Here, we apply the presented procedure for solving a number of bending problems of both single

layer and multilayered plates with different domain geometries, loadings and boundary
conditions. In this regard, the following material properties have been considered

Orthotropic material:

E,=E;=10GPa, E,=25E, G, =G3=05E, Gy =02E, v;,=V,;=v;3=025 (109
Isotropic material:

E =30GPa, G =E /2(1+v), D =Eh*/12(1-v*), v=0.3 (110)

5.1. Square plates

Consider a square plate with side length a and thickness of % as shown in Figure 3. The upper
surface of the plate is subjected to a sinusoidally distributed transverse load as follows

X,

) (111)

X
q(x,,x,) =g, cos(=L)cos(
a a

where g, =100 kPa is the maximum load intensity.

Here, the values of bending deflection and stresses of laminated plates with two forms of layups
and various boundary conditions will be investigated. The results will be given in terms of the
following non-dimensional forms

_  100A°E, _
Us = —42”3((), 0),
qod
h? h? h?
o1 =——50,(0,0,x;), 73 =——50,(0,0,x3), &5 =——0p,(a,a,xy), (112)
q,a q,a 4o
—my __h —my __h
0-23 =_O-23(0,_a/2,X3), 0-13 :—0'13(—61/2,0,)63),
0 od

where the superscript m indicates the layer number, as shown in Figure 1.
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Figure 3. The plate domain: (a) Plate geometry and sequence of boundary edges numbering; (b)

Boundary points; (c) Distribution of domain points for construction of u .

Table 2 shows the center deflection, in-plane stresses and transverse shear stresses of a simply

supported symmetric cross-ply (0°,90°,90°,0°) square plate (@ =20m), with various side-to-

thickness ratios using FSDT, TSDT and CLPT. The numerical results are compared to the exact
ones obtained by the Navier solution in (Reddy, 2004). As shown in Figure 3, the boundary of
M =80 evenly spaced points (i.e. 20 points along each side), for
imposing the boundary conditions; while a regular grid of 16x16 is considered on the domain
(i.e. P =256), at which the particular solution is found. Worthwhile to mention that, at the
corners of the plate, we have used two separate closely spaced points at the two intersecting

the plate is discretized by

boundaries.

Table 2. The non-dimensional deflection and stresses of a simply supported four-layer symmetric cross-ply (0
°,90°,90°,0°) laminated plate under sinusoidally distributed transverse load.

a/h | Method i3 ) (h12) G (h14) Gy (~h12) 73 (0) 7?(0)
ESDT 0.66271 0.49888 0.36142 0.02411 0.12918 0.16660
0 (0.66271) (0.49888) (0.36142) (0.02413) (0.12918) | (0.16660)
TSDT 0.71474 0.54558 0.38880 0.02666 0.15310 0.26402
(0.71474) (0.54558) (0.38880) (0.02676) (0.15305) | (0.26400)
ESDT 0.49117 0.52733 0.29565 0.02206 0.10865 0.17481
0 (0.49117) (0.52732) (0.29565) (0.02210) (0.10869) | (0.17490)
TSDT 0.50604 0.53928 0.30429 0.02286 0.12304 0.28244
(0.50604) (0.53928) (0.30429) (0.02280) (0.12341) | (0.28249)
ESDT 0.43368 0.53822 0.27045 0.02130 0.10086 0.17794
100 (0.43367) (0.53822) (0.27045) (0.02132) (0.10083) | (0.17794)
TSDT 0.43430 0.53870 0.27082 0.02142 0.12453 0.29980
(0.43430) (0.53870) (0.27083) (0.02134) (0.11168) | (0.28972)
CLPT 0.43125 0.53870 0.26935 0.02128 0.13819" 0.33927"
(0.43125) (0.53870) (0.26935) (0.02128) (0.13820)" | (0.33927)"

% The values in parentheses are from the exact Navier solutions due to (Reddy, 2004).

b s .
These values are evaluated from equilibrium equations at x; =0.
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For the homogenous solution, we have used strategy H2 with 7 =27 and M =N =3 that gives
total numbers of 144, 216, 288 EBFs, respectively, for CLPT, FSDT and TSDT. The particular
response has been found by strategy P1 with 288 basis functions from (106) by setting &, =12
and n b= 3. As is seen in Table 1, excellent accuracy is obtained in all cases. For CLPT we have

calculated shear stresses at mid-plane through equilibrium equations. Again excellent agreement
is seen between the numerical and the exact solutions.

Table 3 compares the results for a moderately thick square plate (a/h =20) obtained through
strategy H1 and H2 for the homogenous solution. In strategy H1, a series of numbers have been
chosen along the imaginary axis in Gaussian plane, for which the variations of parameters Pk“a

and Pk/; , defined in (88) and (89), are shown in Figure 4 (for FSDT as an example). By selecting

¢ =0.2, the following values are obtained for & and S

a=bi, be{[-0.5-¢]Ulg0.5]}, Ab=0.05, £=0.01 (113)
and
B=di, de{[-0.5-£U[e,05]), Ad =005 £=001 (114)

As a result, the total number of EBFs in this strategy amounts to 240. Conducting a similar
procedure for TSDT yields 256 EBFs. As is seen in Table 2, the estimated errors in both
strategies are nearly the same.

a
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(a) (b)

Figure 4. Variations of parameters P and Pkﬂﬁ , for a simply supported cross-ply (0°,90°,90°,0°)

laminated plate under sinusoidally distributed transverse load with (a/h =20): (a) Variations of
P, ; (b) Variations of P/,
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Table 3. The absolute errors of the quantities in Table 2 obtained by strategies H1 and H2 in solution of a
simply supported cross-ply (0°,90°, 90 °,0 °) laminated plate under sinusoidal load (a /% = 20) . The errors are in

ercent.

Method Ty 0 N5, % Noy, P Ny, P Noyy %o N5 %
FSDT-H1 0.000670 0.000443 0.000152 0.315217 0.000808 0.009644
FSDT-H2 0.000038 0.000440 0.000602 0.173877 0.0312426 0.005550
TSDT-H1 0.000165 0.000316 0.000097 1.29610 0.585785 0.036924
TSDT-H2 0.000019 0.000010 0.000139 0.284110 0.297711 0.01489

Table 4 shows the non-dimensional deflections and stresses of a simply supported symmetric
cross-ply (0°,90°,0°) square plate subjected to a uniformly distributed transverse load. We have
used strategy H2 and the number boundary points, domain grid points and basis functions are the
same as those in the previous problem. Here again excellent agreement is seen between the
obtained results and those of the exact solution given in (Reddy, 2004), especially for the center
deflection and the normal bending stresses. For shear stress resultants at the mid points of the
edges, some discrepancies are seen between the two sets of results; however, the errors are very
small considering the order of the original non-normalized values (see Equation (112)).

It should be noted that in a symmetric cross-ply the in-plane forces are identically zero since
there is no coupling between the in-plane displacements and the bending displacements. In this
regard, we can use the simplified form of the differential equations given in (20) for analysis of
symmetric laminated plates.

Table 4. The non-dimensional deflection and stresses of a simply supported three-layer symmetric cross-ply
(0°,90°, 0°) laminated plate under uniformly distributed transverse load.

a/h | Method ity GV mi2) | 33 (h16) G (=h12) 733 (0) G5 (h16)
ESDT 1.02188 0.77189 0.30744 0.05042 0.33110 0.77033
0 (1.02188) (0.77187) (0.30722) (0.05138) (0.31075) | (0.75486)
TSDT 1.08977 0.83902 0.33453 0.05657 0.34841 0.98002
(1.08992) (0.83853) (0.33464) (0.05905) (0.34059) | (0.978266)
ESDT 0.75722 0.79834 0.222961 0.04505 0.31019 0.78537
20 (0.75723) (0.79832) (0.22274) (0.04528) (0.29019) | (0.76970)
TSDT 0.77597 0.81603 0.23077 0.04867 0.33101 1.03235
(0.77595) (0.81566) (0.23065) (0.04744) (0.31651) | (1.02730)
ESDT 0.66969 0.80721 0.19273 0.04281 0.30444 0.79034
100 (0.66969) (0.80717) (0.19251) (0.04265) (0.28421) | (0.77446)
TSDT 0.67046 0.80794 0.19305 0.04280 0.30814 1.06622
(0.67047) (0.80787) (0.19284) (0.04275) (0.30958) | (1.04704)
CLPT 0.66601 0.80758 0.19143 0.04241 0.40770" 0.73395"
(0.66601) (0.80753) (0.19122) (0.04252) (0.37906)" | (0.71912)"

% The values in parentheses are from the exact Navier solutions due to (Reddy, 2004).

b e .
These values are evaluated from equilibrium equations at x; =0
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Table 5-8 contain the non-dimensional deflection and stresses of an anti-symmetric cross-ply
(0°,90°) square plate under a sinusoidal load with various boundary conditions and side-to-
thickness ratios. In order to specify the boundary conditions of the plate, we have used the
numbering sequence shown in Figure 3.a. For instance, SCSF denotes a plate with simply
supported edges on the boundaries 1 and 3, clamped on the boundary 2 and free on the edge 4.

In this problem, the boundary and domain grid points have been adopted similar to the previous
problems. Although we have selected =27 and M =N =3, the number of EBFs for this
problem will increase to 288, 360 and 432. This is a result of the larger number of roots that one
can find from the characteristic equation of an antisymmetric laminate in comparison with that of
a symmetric laminate. All the results have been compared to the exact Levy solutions available
in (Khdeir and Reddy, 1991). We have reported the exact values with the decimal part given in
the reference; however, for the numerical results we have reported values with more precision.
Again, excellent agreement is seen between the two sets of results. Note that in anti-symmetric
angle-ply or cross-ply laminates, we have to deal with the complete form of the differential
equations given in (19) since the bending and extension displacements are coupled.

Table 5. Non-dimensional center deflection u; of an anti-symmetric cross-ply (0°,90°) laminated plate under

sinusoidally distributed transverse load.

a/h | Theory Method SSSS SSSC SCSsC SFSF SFSS SESC
FESDT Reference” 1.758 1.477 1.257 2.777 2.335 1.897
5 Present 1.75835 1.47704 1.25654 2.77699 2.33456 1.89712
TSDT Reference” 1.667 1.333 1.088 2.624 2.211 1.733
Present 1.66695 1.33282 1.08756 2.62409 2.21087 1.73279
ESDT Reference” 1.237 0.883 0.656 2.028 1.687 1.223
10 Present 1.23727 0.882869 1.25654 2.02813 1.68722 1.22256
TSDT Reference” 1.216 0.848 0.617 1.992 1.658 1.184
Present 1.21612 0.848421 0.616791 1.99216 1.65825 1.18421
CLPT Reference” 1.06358 0.664 0.429 1.777 1.471 0.980
Present 1.06358 0.66367 0.428979 1.77652 1.47083 0.980202

# (Khdeir and Reddy, 1991)

Table 6. Non-dimensional in-plane stress —o_'ﬁ) (=h/2) of an anti-symmetric cross-ply (0°,90°) laminated

late under sinusoidally distributed transverse load.

a/h | Theory Method SSSS SSSC SCSC SFSF SFSS SESC
FSDT Reference” 0.7157 0.5338 0.3911 0.2469 0.4430 0.2434
5 Present 0.715746 0.533814 | 0.391052 | 0.246901 | 0.442978 0.24339
TSDT Reference” 0.8385 0.6816 0.5679 0.3171 0.5349 0.3727
Present 0.838548 0.681644 | 0.567871 | 0.317091 | 0.534857 | 0.372681
FSDT Reference” 0.7157 0.5494 0.4450 0.2442 0.4435 0.2790
10 Present } 0.715745 0.549383 | 0.445049 | 0.244192 | 0.443501 | 0.279037
TSDT Reference 0.7468 0.5910 0.4952 0.2624 0.4669 0.3158
Present 0.74679 0.590994 | 0.495244 | 0.262496 | 0.466969 | 0.315784
CLPT Reference” 0.715745 0.5660 0.4800 0.2403 0.4442 0.3042
Present 0.715746 0.565662 | 0.477584 | 0.240269 | 0.444158 | 0.303855

# (Khdeir and Reddy, 1991)
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Table 7. Non-dimensional in-plane stress 5‘5?(h/ 2) of an anti-symmetric cross-ply (0°,90°) laminated plate

under sinusoidally distributed transverse load.

a/h | Theory Method SSSS SSSC SCSC SFSF SFSS SESC
ESDT Reference” 0.7157 0.6034 0.5153 1.1907 0.9848 0.8047
5 Present 0.715744 0.603354 | 0.515255 1.19071 0.984794 | 0.804679
TSDT Reference” 0.8385 0.6725 0.5505 1.3551 1.1324 0.8919
Present 0.838546 0.672454 | 0.550484 1.3552 1.13238 0.891852
ESDT Reference” 0.7157 0.5109 0.3799 1.1884 0.9847 0.7150
10 Present 0.715747 0.510852 | 0.379918 1.18839 0.984706 | 0.715028
TSDT Reference” 0.7468 0.5219 0.3803 1.2295 1.0218 0.7314
Present 0.746792 0.521916 | 0.380322 1.22948 1.02183 0.731365
CLPT Reference” 0.715745 0.4483 0.2914 1.1849 0.9837 0.6560
Present 0.715743 0.448264 | 0.291284 1.18487 0.983728 | 0.656008

a (Khdeir and Reddy, 1991)

Table 8. Non-dimensional transverse shear stress 5§§> (0) of an anti-symmetric cross-ply (0°,90°) laminated

late under sinusoidally distributed transverse load.

a/h | Theory Method SSSS SSSC SCSC SFSF SFSS SESC
ESDT Reference” 0.2729 0.2297 0.1958 0.3901 0.3390 0.2748
5 Present 0.272846 | 0.229659 0.195799 0.390105 0.339034 | 0.274787
TSDT Reference” 0.3155 0.2543 0.2095 0.4457 0.3893 0.3048
Present 0.31544 0.254293 0.20947 0.445688 0.389311 0.304752
ESDT Reference” 0.2729 0.1993 0.1523 0.3882 0.3383 0.2449
10 Present 0.272844 | 0.199272 | 0.152292 | 0.388215 0.338265 0.244953
TSDT Reference” 0.3190 0.2290 0.1725 0.4489 0.3927 0.2805
Present 0.319027 0.22906 0.17247 0.448907 0.392784 | 0.280471

? (Khdeir and Reddy, 1991)

5.2. Annular plates

Consider an isotropic 60° annular sector plate with outer radius r, . =a=20m, inner radius

out

r, =b=10m and a constant thickness %, as shown in Figure 5, subjected to a uniformly

distributed transverse load with g, =50kPa intensity.

In this problem the non-dimensional deflection, bending moment resultants and transverse
shearing force resultants have been calculated at six points of the plate with respect to the polar-
coordinate system shown in Figure 5, similar to those in (Kobayashi and Turvey, 1994): point a
(r=a,0=0), pointb (r=(@+b)/2, 8=0), point c (r =b,0=0), pointd (r=a,0=a/2) ,
pointe (r =(a+b)/2,60 =a/2)and point f (r =b,0 =« /2). The non-dimensional values are as
follows
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(115)

where ¢ =b -a .

Table 9-11 contain the above-mentioned values for a SSSS, SCSC and SFSF plates, respectively,
considering various plate thicknesses / /c . The analytical solutions based on FSDT and CLPT
obtained by Kobayashi and Turvey (1994) are also tabulated for comparison.

As is seen in Figs. 5.b and 5.c, a total number of 50 evenly spaced points are taken along the
edges of the plate and a grid of 18x31 are chosen in the rectangle circumscribing the plate
domain. The number of exponential basis functions for solving the homogenous and particular
parts is the same as that of the previous problems.
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Figure 5. The plate domain: (a) plate geometry; (b) Boundary points and sequence of boundary
edges numbering; (c) Distribution of domain points.

For SSSS plates, it can be seen in Table 9 that the presented results are in excellent agreement
with those given in the reference, especially for the deflections and extensional bending moment
resultants. Very small discrepancies can be seen between the two sets of results for shear stress
resultants and the twisting moments. As expected, the results of FSPT approach those of CLTP
as h/c decreases. Similar conclusions may be made from Table 10 for plates with SCSC
condition.

The results of plates with SFSF condition are given in Table 11. Due to the presence of free
boundaries, we present two sets of results, one obtained from the application of the boundary
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conditions listed in Table 1 for free boundaries (denoted by superscript “b”) and another obtained
from the application of the conditions suggested in Remark 1(denoted by superscript “c”).

For plates with & /c between 0.1 to 0.2 the two sets of results are in good agreement with those
given in Kobayashi and Turvey (1994). As h /c becomes less than 0.05, the discrepancy between
the results obtained by the boundary conditions in Table 1 and the other two grows dramatically.
The reason lies in the fact that when the boundary condition of Table 1 are applied, strong
singularity effect is seen in twisting moment and shear stress resultants at corners (see Kobayashi
and Turvey 1994). The effect becomes prominent when a very small plate thickness is chosen.
In order to take into account such singularity effect in the presented method, one should add a set
of appropriate EBFs to the former set. The discussion is beyond the scope of this report (see
Boroomand and Mossaiby 2006 for the use of EBFs obtained from FEM for construction of
singular discrete Green’s functions).

Such strong singularity is not seen in the boundary conditions used in CLPT since in Kirchhoff’s
shear resultant the twisting moment and the shear resultant are combined (see Remark 1). From
the results denoted by superscript “c” in Table 11, it can be seen that one may overcome the
effect by defining boundary conditions given in (22) without changing the bases. As is seen in
the table, the deflections and stress resultants smoothly approach to their counterparts in CLPT
when the thickness of the plate decreases. For instance comparison of the results for h/c=0.01
obtained by FSDT with those obtained by CLPT shows excellent agreement.

Table 9. Non-dimensional deflection, moment resultants and transverse shear stress resultants for a
uniformly loaded SSSS isotropic annular sector plate (a/b=0.5, ¢ =60°).

Theory | h/c Method us M¢ M, 19 16, 0! 0! 0
0.20 Reference” | 9.1917 | 8.3669 | 4.8948 | -6.4498 | 3.2907 | 0.5279 | -0.3848 | 0.3622
Present 9.1918 | 8.3669 | 4.8948 | -6.4500 | 3.2931 | 0.5281 | -0.3847 | 0.3633
0.15 Reference” | 8.6716 | 8.3696 | 4.8851 | -6.4179 | 3.3021 | 0.5304 | -0.3845 | 0.3621
Present 8.6716 | 8.3696 | 4.8851 | -6.4253 | 3.2907 | 0.5305 | -0.3846 | 0.3631
0.10 Reference” | 8.2998 | 8.3715 | 4.8779 | -6.3703 | 3.3170 | 0.5328 | -0.3843 | 0.3620
ESDT Present 8.2999 | 8.3715 | 4.8780 | -6.3874 | 3.3252 | 0.53280 | -0.3842 | 0.3629
0.05 Reference” | 8.0765 | 8.3725 | 4.8735 | -6.3044 | 3.3361 | 0.5352 | -0.3840 | 0.3620
Present 8.0775 | 8.3733 | 4.8741 | -6.3829 | 3.4218 | 0.5344 | -0.3836 | 0.3628
0.02 Reference” | 8.0140 | 8.3728 | 4.8722 | -6.2551 | 3.3497 | 0.5366 | -0.3839 | 0.3620
Present 8.0144 | 8.3731 | 4.8725 | -6.3226 | 3.0736 | 0.5371 | -0.3857 | 0.3632
0.01 Reference” | 8.0051 | 8.3729 | 4.8720 | -6.2369 | 3.3547 | 0.5370 | -0.3838 | 0.3620
Present 8.0051 | 8.3729 | 4.8721 | -6.2846 | 3.5021 | 0.5375 | -0.3819 | 0.3630
cLet | 0.00 Reference” | 8.0021 | 8.3729 | 4.8719 | -6.2177 | 3.3599 | 0.5375 | -0.3838 | 0.3620
Present 8.0021 | 8.3729 | 4.8719 | -6.1707 | 3.3198 | 0.5374 | -0.3835 | 0.3627

a (Kobayashi and Turvey, 1994)
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Table 10. Non-dimensional deflection, moment resultants and transverse shear stress resultants for a

uniformly loaded SCSC isotropic annular sector plate (a/b=0.5, a=60°).

Theory | h/c |Method uy M ¢ M éo A o Q_r Q_{ _S
0.20 Reference?| 3.9744 4.1445 2.0465 | -2.1088 1.1836 0.6381 | -0.4598 | 0.2469
. Present 3.9744 4.1444 | 2.04651 | -2.1067 1.1667 0.6382 | -0.4598 | 0.2478
0.15 Reference?| 3.3508 4.1276 1.9210 | -1.7173 | 0.94741 | 0.6508 | -0.4585 | 0.2437
. Present 3.3508 4.1275 1.9210 | -1.7081 | 0.93949 | 0.6508 | -0.4585 | 0.2447
0.10 Reference?| 2.8955 | 4.1089 | 1.8266 | -1.2524 | 0.68063 | 0.6603 | -0.4569 | 0.2411
FSDT . Present 2.8955 4.1089 1.8266 | -1.2515 | 0.67910 | 0.6601 -0.4569 | 0.2421
0.05 Reference?| 2.6167 | 4.0935 | 1.7688 | -0.6900 | 0.37161 | 0.6659 | -0.4557 | 0.2391
' Present 2.6163 | 4.0930 | 1.7690 | -0.7084 | 0.36836 | 0.6682 | -0.4566 | 0.2404
0.02 Reference?| 2.5375 | 4.0881 1.7526 | -0.2928 | 0.15810 | 0.6686 | -0.4556 | 0.2384
' Present 2.5373 | 4.0881 1.7523 | -0.3006 | 0.15796 | 0.6702 | -0.4565 | 0.2388
0.01 Reference?®| 2.5261 | 4.0873 | 1.7503 | -0.1491 | 0.08085 | 0.6697 | -0.4556 | 0.2383
' Present 2.5261 | 4.0873 | 1.7501 | -0.1490 | 0.08092 | 0.6717 | -0.4562 | 0.2382
CLPT | 0.00 Reference?| 2.5223 | 4.0870 | 1.7495 0 0 0.6708 | -0.4555 | 0.2383
' Present 2.5223 | 4.0870 | 1.74947 | 0.00054 | 0.00013 | 0.6710 | -0.4561 | 0.2398

Table 11. Non-dimensional deflection, moment resultants and transverse shear stress resultants for

uniformly loaded SFSF isotropic annular sector plate (a/b=0.5, o =60°).

a

Theory | h/c Method LT3‘1 u3 LT{ M . M gg Q_g Q_g Q_g
Reference’| 61.915 | 132.12 | 230.01 | 0.85269 | 42.003 | -0.5520 | 0.7340 | 2.622

0.20 | Present’ | 61.930 | 132.14 | 230.05 | 0.85220 | 41.966 | -0.5425 | 0.7349 2.625
Present® | 62.107 | 132.08 | 229.91 | 0.8280 41.515 | -0.7680 | 0.7352 2.655

Reference®| 61.145 | 129.97 | 226.27 | 0.97760 | 41.484 | -0.9716 | 0.7350 | 3.217

0.15 | Present” | 61.123 | 129.90 | 226.13 | 0.98064 | 41.390 | -0.9504 | 0.7360 | 3.196
Present” | 61.692 | 129.84 | 225.84 | 0.8907 40.774 | -0.8459 | 0.7341 3.193

Reference®| 60.704 | 128.28 | 223.10 | 1.1043 40.996 -1.818 | 0.7363 4.406

0.10 | Present” | 60.647 | 128.13 | 222.80 | 1.1130 40.762 -1.701 | 0.7380 | 4.383
FSDT Present” | 61.807 | 127.92 | 221.95 | 0.9348 40.102 1.1133 | 0.7362 2.426
Reference”| 60.596 | 127.06 | 220.51 1.2312 40.537 -4.368 | 0.7377 7.972

0.05 | Present” | 45.470 | 85.020 | 137.10 | 3.9654 31.273 -0.607 | 0.6314 | 16.598
Present” | 61.01 | 126.22 | 216.91 1.6082 40.115 1.0939 | 0.7394 | 0.6252

Reference’| 60.691 | 126.55 | 219.23 | 1.3069 40.274 -12.03 | 0.7385 18.67

0.02 | Present” | 36.224 | 60.627 | 87.225 | 6.1287 25.692 -0.155 | 0.5700 | 4.422
Present” | 60.850 | 126.32 | 218.50 | 1.3572 40.099 0.9932 | 0.7405 | 0.5541

Reference®| 60.750 | 126.42 | 218.85 | 1.3320 40.189 -24.81 | 0.7388 36.49

0.01 | Present® | 29.978 | 46.850 | 57.366 | 7.5590 21.398 1.216 | 0.5342 | 10.999
Present” | 60.821 | 126.29 | 218.45 | 1.3587 40.097 1.053 0.7403 | 0.5938

CLPT | 0.00 Reference’| 60.822 | 126.30 | 218.49 | 1.3570 40.104 1.049 0.7391 | 0.5405
Present | 60.822 | 126.30 | 218.49 | 1.3570 40.103 1.050 | 0.7401 | 0.5403

a (Kobayashi and Turvey, 1994)
® Based on the regular boundary condition for free edge

¢ Based on the modified boundary condition for free edge (see Remark 1)
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5.3 Other plate shapes

To show the applicability and efficiency of the presented method, we have carried out the
bending analysis of moderately thick plates with three other shapes: equilateral triangle,
trapezoidal and skew plates of isotropic materials under uniformly distributed load with various
boundary conditions. The presented results are compared to the numerical values obtained by the
use of the differential cubature method based on FSDT (Liu and Liew, 1998a). The adopted non-
dimensional values are the same as those in the studies by Liu and Liew (1998a). In all of the
following problems, we have again used strategy H2 with the number of EBFs similar to the
previous examples.

An isotropic plate having the shape of equilateral triangle with side length a =20m and
thickness 4 is shown in Figure 6. Total number of 60 boundary points and a grid of 21x18
points are selected as shown in Figs. 6.a and 6.b. The numerical results for the non-dimensional

deflection ir, , moment resultants M _and M .y at the centroid point, obtained with the use of

FSDT and CLPT, are reported in Table 12. These results include SSS, CCC and SCC boundary
conditions with various thickness to span ratios. It is seen that the presented results obtained with
FSDT are in good agreement with those given by Liu and Liew (1998a). The solution for a thin
simply supported plate with the CLPT is also carried out and compared to the exact solution
obtained by Timoshenko and Woinowsky-Krieger (1959). Again excellent agreement is seen
between the results.
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Figure 6. The plate domain: (a) plate geometry; (b) Boundary points and sequence of boundary
edges numbering; (c) Distribution of domain points.
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Table 12. Non-dimensional deflection and moment resultants at the centroid point of a uniformly loaded
equilateral triangle plate of isotropic material with different boundary conditions

(E)?:;?gg?; h/a Method u” M2 My
Presnet-CLPT 0.631944 0.180555 0.180556
0.01 Presnet-FSDaT 0.632806 0.180554 0.180555
Reference 0.6328 0.1806 0.1805
Exact” 0.6319 0.1806 0.1806
555 0.10 Presnet-FSDT 0.718612 0.180555 0.180556
Reference” 0.7186 0.1806 0.1806
0.20 Presnet-FSDT 0.978611 0.180553 0.180556
Reference” 0.9800 0.1807 0.1808
0.10 Presnet-FSDT 0.278663 0.840536 0.840536
Rlee Reference” 0.2790 0.8403 0.8410
025 Presnet-FSDT 0.747058 0.87526 0.87527
Reference” 0.7469 0.8754 0.8750
0.10 Presnet-FSDT 0.362373 0.106184 0.0988363
Ne'e Reference” 0.3624 0.1062 0.0987
025 Presnet-FSDT 0.868145 0.105755 0.121771
Reference” 0.8677 0.1057 0.1217

(1) 10%ga* (ER®); (2) 107" ga®;
a (Liu and Liew, 1998a); b (Timoshenko and Woinowsky-Krieger, 1959);
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Figure 7. The plate domain: (a) plate geometry; (b) Boundary points and sequence of boundary
edges numbering; (c) Distribution of domain points.

Table 13 includes the non-dimensional central deflection, moments and shear forces of an
isotropic fully clamped trapezoidal plate with b/a=1 and c¢/a=0.7, (see Figure 7.a). The
boundary points and the grid points of the domain are shown in Figure 7.b and 7.c, respectively.
It can be observed that, again, the three sets are in excellent agreement, especially for the central
deflections and moments.
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Table 13. Non-dimensional central deflections, moments and shear forces for a uniformly loaded trapezoidal
isotropic plate with CCCC boundary condition (a/b =1.0,c/a =0.7).

h/a Method " MY M M 0® oy
Present-CLPT 0.0856 0.2087 0.1634 0.0000 0.0000 0.7746
0.01 | Present-FSDT 0.0858 0.2087 0.1634 0.0000 0.0000 0.7747
Reference” 0.0860 0.2090 0.1634 0.0000 0.0000 0.7758
0.0 |_Presnet-FSDT 0.1054 0.2100 0.1677 0.0000 0.0000 0.7925
Reference” 0.1054 0.2100 0.1678 0.0000 0.0000 0.7923
015 |_PresnetFSDT 0.1287 0.2103 0.1714 0.0000 0.0000 0.8164
Reference” 0.1288 0.2104 0.1714 0.0000 0.0000 0.8115
020 | PresnetFSDT 0.1606 0.2101 0.1750 0.0000 0.0000 0.8400
Reference” 0.1606 0.2102 0.1750 0.0000 0.0000 0.8367

1) 102ga* 1D ) 10" ga>; (3) 102 ga;
? (Liu and Liew, 1998a);

For the final example a skew rhombic plate with the side length a and skew angle y as shown

in Figure 8 is considered. The non-dimensional deflection, maximum and minimum moments at
the centroid point of the plate with 4 /a =0.01 for fully clamped and simply supported skew
plates are presented in Table 14 and 15 respectively. The numerical results due to (Sengupta,
1995), in which a finite element method based on Mindlin’s plate theory is used, are also
reported in these tables for comparison.
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Figure 8. The plate domain: (a) plate geometry; (b) Boundary points and sequence of boundary
edges numbering; (c) Distribution of domain points.

It is seen from Table 14 that the number of EBFs adopted is adequate enough to achieve close
agreement with the reference values for a fully clamped plate. On the other hand, for a simply
supported plate (Table 15), we have increased the number of EBFs by taking M =N =4 in
order to accurately satisfy the boundary conditions. As pointed out by Liu and Liew (1998a), this
might be the result of the singularity of stresses at the obtuse corners of the plate with skew angle
smaller than 45°.
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Table 14. Non-dimensional deflections, maximum and minimum bending moments at the centroid of a
uniformly loaded skew rhombic plate of isotropic material with CCCC boundary condition (%2/a =0.01).

e (o) Method )" V)2 )2,
Present-CLPT 1.7967 9.1192 8.0860

750 Present-FSDT 1.8004 9.1209 8.0875
Reference” 1.8017 9.1250 8.0930

Reference’ 1.8004 9.1257 8.0855

Present-CLPT 12 04 7.9139 6.1765

. Present-FSDT 1.2335 7.9156 6.1776
60 Reference’ 1.2332 7.9201 6.1729
Reference’ 1.2335 79161 6.1754

Present-CLPT 0.6037 5.7736 3.9095

450 Present FSDT 0.6058 57748 3.9103
Reference 0.6018 5.7800 3.8680

Reference’ 0.6051 57756 3.9003

Present-CLPT 0.1746 3.2166 1.8412

o Present-FSDT 0.1761 3.2177 1.8475
30 Reference” 0.1715 3.2142 1.7208
Referenceb 0.1743 3.2089 1.8205

(1) ga* 1(1600D) ; (2) ga® 1400 ;
a (Liu and Liew, 1998a); b (Sengupta, 1995);

Table 15. Non-dimensional deflections, maximum and minimum bending moments at the centroid of a
uniformly loaded skew rhombic plate of isotropic material with SSSS boundary condition (4/a =0.01).

e (o) Method )" )2, )8,
Present-CLPT 5.7838 19.1132 16.9438

- Present-FSDT 5.8032 1.9152 1.6983
Reference” 5.7341 1.9061 1.6741

Reference’ 5.8468 1.9241 1.7097

Present-CLPT 3 7545 1.60416 1.2310

o Present-FSDT 3.8953 1.6470 1.2680
60 Reference” 3.7591 1.6492 1.2418
Reference’ 4.1123 1.7075 1.3391

Present-CLPT 1.6154 1.0753 0.6856

45° Present-FSlzT 1.7296 1.1323 0.7180
Reference 1.8528 1.1988 0.7431

Reference’ 2.1330 1.2995 0.8866

Present-CLPT 0.5270 0.6520 0.3536

o Present-FSDT 0.5298 0.6593 0.3438
30 Reference” 0.5449 0.6799 0.3321
Reference’ 0.6690 0.7734 0.4481

(1) ga* /(1600D) ; (2) ga®/40;

a (Liu and Liew, 1998a); b (Sengupta, 1995);
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6. CONCLUSIONS

In this report, we have employed a mesh-free approach for the bending analysis of laminated
plates based on CLPT, FSDT and TSDT. In this method, the approximation function is a series
of EBFs with unknown constant coefficients that can satisfy the governing partial differential
equations. Imposition of the boundary conditions is performed through a collocation method on a
set of scattered boundary points. Upon imposing the boundary conditions, the unknown
coefficients of the approximation series are obtained with the aid of a transformation technique,
which makes it possible to satisfy both the essential and natural boundary conditions
simultaneously. The particular part is also solved using another set of EBFs. The associated
boundary values of the particular solution are used to construct a modified form of the boundary
conditions that should be imposed along the plate edges instead of the real values of the
boundary conditions.

Numerical results for static analysis of square cross-ply laminated plates with two types of
loading and various boundary conditions have been presented and compared to those available in
the literature to verify the accuracy and efficiency of the present method. It should be noted that
the application of the proposed method is not limited by the stacking sequence of the laminates.

In comparison with square or rectangular plates, the numerical results for laminated plates with
other shapes are rare in the literature. Therefore, we have examined the bending problem of
isotropic plates with annular sector, triangular, trapezoidal and rhombic configurations to
validate the performance of the present method. It has been observed that the method can
perform excellently in a wide range of problems defined for the bending analysis of laminated
plates based on various plate theories.

Appendix A

Coefficients L;;for CLPT

L, = Aydf +2A4did, + Aggd;,

L, = Agdi +(Ags +Ay) didy + Aygd;,

L;=-B,d} _3B16d12d2 — (2B +By5) d1d22 — Bygds,

Ly, = Agd +2Axdid, + Ayyds,

Ly, =—Byd; _3BZ6d1d§ — (2B + By5) dlzdz —Bygd;,

(A1)

Lyy = Dy d}! +4Dyd’d, + (2D, +4Dg)d}'d; +4Dyedd3 + Dy, dy.

Coefficients L;;for FSDT

L,= A11d12 +2A6dd, + A66d22’
L, = A16d12 +(Age +App) didy + A26d2’
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L; =0,

L,= Bud12 +2B¢dd, + B66d2’

Ls= Bl(Jd12 + (B + Byp) didy + Bzed22’
Ly, = A66d12 +2Ay5d,d, + A22d22,

Ly; =0,

L, =1Ls,

Lys = B66d12 +2Byd\d, + Bzzd22’

Ly = -k (Assdl2 +2A5d\d, + A44d22)’
Ly, =-k; (Assd) + Aysd,),

Lys = -k (Ayd, +Aysd,),

Ly = Dndlz +2Dy¢d\d, + D66d22 -k Ass,
Lys = Dmdl2 +(Dgs + Dyy) didy + D26d22 -k Ayss
Lss = D66d12 +2Dyed\d, + D;, dzz -k Ay

Coefficients L;;for TSDT

L, = A di +2A4dd, + Agds,

L, = Agd}’ +(Ags + A didy + Agd,

Ly =-C, (Ey\d; +3E¢did, + (Epp +2E) did; + Exeds),

L,=(B,-C E,) d} +2(Bjs-C, Ey) dd, +(Bgs - C, Ege) d,

Lis=(Bis-C Ej) df +(Bg+ By -C; (g + Ep)) didy +(Byg - Cy Eng) d,

Ly, = Agd +2Axdid, + Ayyds,

Lyy =-C, (Eygd; +3Exdid; +(Ey, +2Eg) did, + Eyydy),

Ly, =L,

Lys = (Bgs - C, Egg) dff +2(Byg - C, Exg) dydy +(By, - Cy Eyy) d3,

Ly; =-(Ass5-2 C, D55+ C3 Fy5) dff -2(Ay5-2 C, Dys +C; Fys) dyd,
~(Ayy -2 C, Dy +C; Fy) d5 +C{ (Hy di' +(2H,, +4H) difd; +4H d}d,
+4Hod\d; + Hyyd53),

Ly =~(Ass -2 C, D55 +C3 Fis) dy-(Ays-2 Cy Dys +C5 Fys) dy -Cy (F,-C, Hyy) d' +
3(Fg-C, Hyg) did, +(Fy +2Fs - Cy (Hy, +2 He)) did; +(Fys - Gy Hyg) d3),

Lys=-(Ay-2 G, D44"'Cz2 Fyy) dy-(Ays-2 C, Dys "‘Cz2 Fys) d,-C, (Fjg—C, Hyg) d13 +

(Fip +2F—C) (Hy, +2Hg)) d12d2+3(F26_C1 Hyq) d1d22+(F22 —-C Hy) d23)’
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Ly =(D,-2 C, F+C] Hy) d} +2(D-2 C, Fig+C} Hy) didy +
(Dys -2 C) Fs +Cf Heg) d -(Ass -2 C, Dss +C; Fig),

Lis=(Dys-2 C, Fig+C} Hyg) df +(Dgs + Dy, -2 C, (Fys + Fp) +Cf (He + H,yy)) dyd, +
(D -2 C, Fyg+Cf Hyg) di -(Ays -2 C, Dys +C5 Fis),

Lss =(Dgs -2 C, Fyg+C} Hg) dif +2(Dyg -2 C) Fog+C} Hyg) dyd, +
(Dy -2 C, Fyy +C} Hyy) d3 - (A -2 C, Dy +C3 Fyy),

(A3)
where
m_90"C) u_0"0) _
R R (A4)

Appendix B

Coefficients Bj; for SS boundary in TSDT

SS _ SS _ pSS  _
B\ =s;., Bj3 _Bl(i+3)_0
Ss _
B, _nknlAklijdj

BZS3S =CnnEy;d;d,;

BZS(Si+3) =n (B —CE; )d ;
B3Sis =0, B3S3S=1’ B3S(S3+i> =0
Bfis :nknlEklijdj

Bf3s :_Clnkanklijdidj
Bf(si+3) =nny (Fyy; —CH ;:)d ;
B3 =0, B3 =0, B3}, =s,
B =n, nB;d; ~C\B;}

Bgy =—Cyn, nFydid; —ClB%S

SS SS
By =11y (Dklij _Clelij )dj _CIB4(1'+3) (B.1)

Coefficients B;; for C boundary in TSDT
Bl? =S, B1C3 =Bl%’+3):O

c _ cC _pC _
By =n;, Bz3—Bz(i+3)—0
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C C C

By =0, B3=l, B3(3+i> =0
C C C

By =nd;, By =By;.3=0

C C C
Bs; =0, Bs;=0, BS(i+3)=Si

Bg; =0, Bg; =0, B, =n, (B.2)

Coefficients Bj; for F boundary in TSDT

F _
By, = nkSlAklijdj )

Bl =—Cn,s,E,;d;d;

klij=i™ j
F
By =18 (B —CEy;)d

BZ/:BZS}%’ 725

F
B; =Cin, Eklijdjdl

F 2 2
By =—Cin Hyd,dd +n; (A3 -2C,Dy 33 +CyFy3)d,;

F 2
B33 =Ciny (Fyyy —C H y)d ;d; A1y (Ay 33— 2C,D) 35 +Co Flyi5)
B,, =B}, y=15

F

F F
Bsy =—Cinys,Fyydid; —C By,

AN

F _
Bs; =nys,By,

F _ F
B3y =18, (Dklij _Clelij )dj _CIB4(i+3)

B, =BS, y=15 (B.3)

Coefficients B;; for G boundary in TSDT

G _pF G _pC G _ pF
Bly_Bly’ Bzy_Bzy’ BS}/_337

B, =B,, B =B, B¢ =B, 7=15

(B.4)
Coefficients Bj; for SS boundary in FSDT

Blsis =S5 Bls3S =B1S(§+3):O

BZSiS =ny nlAklijdj’ st3s =0, st(§+3) =ny nlBklijd
B3Sis =0, B3S3S=1’ B3S(S3+i) =0

By =0, B}y =0, Bf(sz?+3) =9

SS _ SS _ SS —
BSi —I’lknlBklijdj, Bs3 _09 BS({+3) _nknlelijd

J

J (B.5)
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Coefficients Bj; for C boundary in FSDT

Bl(ijzsi’ Blc3=31%+3):0
Bg =n;, Bzc3:Bzc(i+3)=0
By =0, By=l, By, =0
By =0, B5=0, By, =5,

C_npC_ c  _
Bs; =Bg; =0, BS(i+3) =n;

Coefficients Bj; for F boundary in FSDT

F _ F _ F —
Bli —I’lkSlAklijdj, Bl3 _O’ B]([+3) _nkSlBklijd

BZ/:BZS}%’ 725

F _ F _ F _

By =ngs,B;d;, By =0,

Bf(i+3) = nkleklzjdj

Bs,=B3. y=15

Coefficients Bj; for G boundary in FSDT
B =B|, B}, =Bj, Bj =B,

By, =Bj, B, =Bi, y=15

Coefficients Bj; for SS boundary in CLPT

SS _ SS_

B;"=s;, B;3=0
SS _ SS _

B;; _nknlAklijdj’ B); __nknlBklij
SS _ SS_

SS _ SS _
By _nknlBklzj/'dj’ By = nknlelijdidj

dd,

Coefficients Bj; for C boundary in CLPT

Bf =s;, B5=0
By, =n,, By;=0
B =0, By=I1
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By =0, By =n.d,

(B.10)
Coefficients B;; for F boundary in CLPT
F _ F_
By; _nkSlAklzjdj’ B3 __nkslBklzj/'didj
B3 =nyB;d;d, +9(n,s,B;d;)/ds
Biy=—n.D,y;d;d ;d; —9(n.s,Dyd;d ;)] 0s
Bf; :nknlBklijdj’ Bg :_”knlehjdidj (B.11)
Coefficients Bj; for G boundary in CLPT
BIC;/:BII;/’ B2Gy :BZCW
B{ =B}, B{ =B, y=1,3 (B.12)
in the above indicial notations
i,j,k,l=12
d; =& (1=L2), x,x,x, <y
ox;
NN, Ny N, §675,, 85,8, (B.13)

The stiffness components, expressed in the double indexed system, can be related to their
corresponding ones in the single indexed system as follows

11=1, 22=2, 12o0r21=6, 13o0or31=5 23o0r32=4 (B.14)
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