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1. INTRODUCTION 

Nowadays tbe rc is a gcneral COIH':CI"II for prcscrvation of historical COll ­
strurtions [1-3]. This will illvariably require to pay grcatcr att,cllt. ioll to I ht' 
rcliablc asscssmCllt of tbc structural conditions of l he tllOllUlllcnls alld lO 
t il(' corrcct dcsigll of illlcrvcntion Illcasurcs. It is ob\'iowi that. as tilllt' gtWS 
011. l.he lIumbcr of historical COllsLructioll:; incrcases. In particular. 111;\11.\' 
exist ing bridges. to\\"c rs anc! dams as v .. 'dl as sonw relevam bHildin~!'i (';111 
1I0W U(' ("ollsidcred in cvc!"y rcspcct hist,orical cOllsl rurtions (3]. 

Thc philosophy of consrrvatioll has the goal to pres<'l"n" t lu.' orig-illill 
arcl!itcc I.ural Illcssagc of <lny 1Il0llUlllent. The first. st.ep to l"t'<1ch sueI! oh­
jt'l"I ive is tl!e accuratc predietion of Lhe actual sa feLy levei of t.IH' sI ruC"llln'. 
This illdlld('s tbe kllowlcdgc of bot.1! the lI1echanislll of detcrioratioll 01" t ht' 
lua! rrial anel of t he structural cOlllponellts and tlle evolutioll of degrada! i011 
\\"ilh t ime. The causrs of dCLcrioratioll usually can be subd iv id l·tI in 1\\'0 
11Iaill g roups physical-chclllical-biological aggressivc agellts alld 111('('11<\11-
ical probkllls, Thc lattc r can bc lIowadays accuratcl.\' stlldi('c! b.\' ]]](';111:--

01" rOllpled IIIl111Nical- experilllent.al procedures. where the slruclllrill lH'­
ha\'iour is analyzed by ;,dvalH.:ecl nOll-lillear finit.e elr lllcllt lI1od('15 whirh are 
;'lc!t'fjllat.c!.v calibratéd lI si ng cxperilllcll tal data (5-28] . On the Mher halld. 
IIH' illlalysis of Lllc pllysical-chclllical-biological dcleriorarioll rC([I,ir<'s 111(' 
dt>fitlit ion of" ad hoc" pl!ysical anel lllllllcriral llIodc\s for sol\"i ng t IH' pqHa­

I ions of diffusioll anel 1 ra llsport of the aggrcssivc spcc ics in meleI" to pl"l'(lin 
IIU' l'\"olution of dcgradatioll phcllomena duc LO differcllt externai <l1!.t'uts 
[.1.2~.JI [. 
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The objcct ivc of this papel' is to dcscribe a mcthoclology whicb C<lll 

be effectively used for assessing the structural conditions alieI durability 
of historical masonry anel concretc constructions. T his incJudc~ L1H ~ prc­
diction of local anel global behaviouf up to structural fai lurc untlcr static 
anel dynamic conditions. The approach combines the use of l he conccpt 
of damage to reprcsent the non-linear cletcrioration process of the material 
with advanced finite element mo deis (induding physical-chelllical-biological 
degradation) anel cxtcnsive experimenta.l tcsting to calibratc and val idate 
the overall nurncrical modol. 

The contcnt of the papel' is the following. In the next sccLioll a brief 
historical background of damage modcls is presented. Thcn the bas ic in­
gredients of the damage model used are dcscribed togethcr with il,s illl pk'­
mentation for finitc elemcnt analysis of histori<.:al cOllstrudions. Fi llally. 
examples of prelill1inary applications of thc 1lI0d.el to the analysis of t lte 
ccntral dome Df St. Marks Basilica. in Venicc are presented. 

2. BRIEF REVIEW OF CONSTITU T IVE MODELS FOR NON 
LINEAR ANALYSIS OF C ONCRETE AND MASON RY 
STRUCTU RES 

Extclls ive experimental stuelies have bec ll undertakell to clmracteriz(' 111<' 
response anel 1Iltilllatc strcngth of masonry and plain COllcrete lInder Illulti­
axial stress statcs [6-8]. Considcrable SCi.\lter of results has bccn observctl 
and collaborative studies havc bccn undertaken to identify the principal 
factors influencing this varia.tion [7,11 ]. Several approadlcs. lmsed 011 ('X­

perimental data, have bccn uscd to rcprescllt the coustitutiV<' relal iOllShip 
lInder multi-axial strcsses and thcse Cêln bc catcgorized illto the fivc fol­
lowing groups: (a ) linear anel 110B linear clasticity theories. (I» pcrrcct anti 
work-hardcning pla.'iticity theories, (c) endochronic thcory of plast icit y. (d) 
plastic fratturing theory and damagc t.hcory. 

A sil1lplc and popular model for nOIl linea r finite elelllcnt analysis of ("Ol!­

<.:ret(~ and lllasonry struttures assurncs clasto-plastic (01' viscoplastic) C()JJ­

sti t utive equatiolls for compression bchaviour, whcreas a cOllceptually IIIOJ'(' 

simple smcared ehl.sto-brittlc rnodel is uscd for defin ing Ollsct alld progrf'S­
sion ar cracks ato points in tensiol1 . Diffcrent versions 01' t.hi:; 1110dl"'I hiLVI' 

becll successfully used for llon-lincar analysis of masonry as wcll as plaill 
and reinforced concrcte structurcs [3,10,11 ,24]. A summary of SOIII(' 01' t.il" 
more recent contr ihut.ions in cach of t.hosc theories call he fOlllld in [6.1O.11J. 

The elasto-plast.ic-brittle smearcd llIodcl, in spite of it.s poplllarit.y. PI"('­
seuts variolls controvcrsial featurcs sueh a.s the Ilced for dcfinillg II l1co\lpled 
bchaviour along cadl principal stress (01' strain) directions: the usc 01' a :-;hcar 
rctentiol1 factor to cnsurc some shcar rcsist.ancc along t,}H~ crack; the lal'k 
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of equilibrium at the cracking point when more than onc crack is fornlf'd: 
the difficulties in defining stress paths following the opening and c10sing of 
cracks under cycling loading conditions and the difficulty for dealiug \\'iLh 
the combined effect of cracking and plasticity at t ile damaged points [2~ 1 . 

1t is well known that micro-cracking in COBcrete and masomy takcs 
place at low load leveIs due to physica! debonding betwceu aggrcgatc alld 
mor Lar particles. 01' to simple micro-cracking in the mortal' luca, Cra<..:king 
progresses following a nOB homogeneous path which combines t he two nwn­
t ioned mechanisms with growth and linking between micro-cracbi along 
differeIlt dircctiolls, Experiments carried out on mortal' SPCcilllC ll S silo\\' 
that the distribu tion of micro-cracking is fairly discontinuotls \\'ith arbitrar,"" 
oricntations [6], This fact is supported by many ex perimellts which !jho\\' 
that crncking can be considered at microscopic levei aS a 1l01l dirl..'cLiollal 
phenomenon and that the propagation of micro-cracks follows an (-,ITatic 
path which depends on the size of the aggregate partidcs. Thus, t he dOllli­
nant cracking di~'ections can be interpreted at macroscopic le\'el as the loclis 
of t.rajectories of Lhe damage points (Figure 1). 

. \ ;, , , . ., 

;jF' , .• ' ~,> 
:' .'. "\ ' .', .. ~ 
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Figurc 1. t-.lechauics of dalllage anel propagaI iOlJ 01' a !ll<j(T ()~('lIpic 

crack in plaill couC!'ctl' 

The é\bove concept.s support the idea that. thF 1101/ lill ('o,. bchu/'/Olll ' oI 
COI/.Cl'ete a.'/Id 1I1.asotl.1'y ca'!/. be m,odeled usillg cOl/ cepts of damO,l}f' t!t('o/'y 01/111 
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[10, 12 , 13 , 17-21] provided an adequate damage fUHction is dcfincd for 
taking into account the different respanse af couerete under tensioll ane! 
compression statcs. Cracking can, thereforc, be illt erpretcd ,,1."; a local d(ulI­

a.Qe eJJect, defined by the evolutioll Df known material paralllctors aHe! by 
ono OI' several functiolls which contral the Ollset alld cvolut,ioll of dalllag:I'. 

One of the advantages of such a model is the illdepcndence of the allal­
ysis with respcct to cracking dircctions which C<l11 be simply idcntificcl (f 

posterioTi once the non-linear solut ion is obtailled [10,12,13]. T bis al\ows 
to overcorne the problelTls associated t.o most elastic-plastic-brittlc SIlICcUNI 
cracking !nadeIs. In this papel' a model dcvcloped in recellt years by l.he 
authors group [10-16,22-28] for non-linear analysis of concrete based 011 til(' 
conccpts of dCLmage mcntioncd above is extcnded for stnH..: tllntl analysis of 
historical cOllstructions. The model takes iuto aCl.:ount, ali Lhe importa!!!. a:-;­
pects which should be cOllsidered in the 1I0B-linear analysb af cOlltTd(' and 
rnasonry structures such as the diffcrent responsc 11lIder l.ellsion and ('0111-

pressioll , the effect of stiffness dcgradation due to mcchanical and ph.ysic;d­
chcmical-biological cffcCLS anel t he problem of object,ivi ty of the l"rsults wit,h 
respect to the finite eIemcnt IIlcsh . 

3. THE CONCEPT OF DAMAGE VARIABLE 

Ia order to clarify the conccpt of dalllage col!sider a smface C!eIlH'u1. 
in a darnaged material volume. This surfacc has /;til arca large ClloUglt l.o 
cOlltaill a representativc number of dcfects , but still enabling t.o 1)(' n'!á]"('d 
ao; pertaining to a particu lar material point. Thus, ir 5" deBol.es 1.111' /lVl'rall 
scctioll anti 8" the cffective resisting arca. (5" - S'" is Lbl~ CII"(,C\ olTupil'd In· 
the voids), the damnge w!·rúLble d" associated to th i5 surfacc is (F igurl' 2) 

d = Su- 8u= 
u S" 

1 - oS" 
5" 

( I ) 

Clearly, du represents the surface dCllSity oI' lIIaterial dcfects and il \Vill 
ha.vc a ""ero value whel! the material is in Lhe uwlalBaged virgin sl .all'. ('OH ­

versely. t,he reduction of the cfTcct.ive resisl.illg arca \ViII I(, .. d 1.1) ,\lI ill("l"(';(S( ' 
01' dalHagc ullt il rupture defincd by SOlllC criticaI vallu' of d" (IHlllll(]('(] I).'" 
L11C Illlrcadla.ulc valuc of d" = 1). Not,e that t,bis is a ([in'l·tiolull 1II'fil lit il)l) ()I" 
dalllage. In I llany cases a siug!e scalar ITIH"Csclltal,ioll of (I;Ultaj.!,l ' i~ ;111()!)I!"] 
(i.I' . /1. " = li ) which snfficcs to ensurc rca lisl.ic Itl<ll.('riill !llolkl [I :~.]7- 22 1 . I1 
is wort,h lloting1 t,!tal. in t, his case cracks at a micrusl'opic poillt ]H'('tI !lul lo 
havc not particular direction and a Illacroscopic crack is Lh(,tI ddil!('d ;\."; t IH' 
locus of damage points as previously ment ioned. 

An \lsdul concept for 1ll1dcrstanding the effect 01' dillll<lgl' i~ [!til] of 
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Figure 2. (a) D;:utlaged surface; (b) Cauchy s tl'CSS a anel cf[('I't ive 
strcss ã ; (c) Evolution af uuiaxial strcss-st.raill curve 
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effectiue stress. The cquilibriUlII relationsh ip bCL\ .... ccn Lhe slallda rd Cauchy 
strcss a and the :'effecLivc" :;trcss. ã. in thc dalllagcd bar speci lllen 01' Figl\l'(, 

2 is 

(JS = ãS (2) 

and from (J ) and (2) 

(J = (1 - d)ã = ( I - d)E€ (O) 

Clcarly whcn a damaging process is occurrillg. the externai loaclill)!,' i~ 

rcsisted by the cffective strcss arca anel. Lherefore. ã' is a morc ph,vsically 
rcprcsentativc para meter thall a (Figure 2) . 
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4. CONTINUUM OAMAGE MOOEL FOR MASONRY ANO 
CONCRETE UNOER PHYSICAL, CHEMICAL ANO BIO­
LOGICAL EFFECTS 

4.1 Basic assumptions 

As mentioned above, the detcrioration mcchan isllls that ocem in lll<ln'y 

concretc ma.sonry st ructnrcs can be divided in physical-chcmical-biological 
causes alld mcchanical ones. T he lattcr are usually dHC to an CX(;(':-;s 01' SLI"l'SS 

act ing on the material anel can be ~tll died by menns of a st.andard dalllag(' 
model as cxplained prcviously. T he physical-chcmical-biological Cil.IISPS Df 

degradations are duc LO Lhe interaction bet,wccn t,he cllviron Il H.'1l1 alld til(' 

build illg mater ial. Hcre the presence 01' \Vater plays a primary role. T Il<' 
main causes of degradations are listcd in Tablc I [29-32 .34}. 

Table 1 Classificat ioll of phYl:!ical , chcllI ical a nti biologit:al 
degradation causes [:1-1J. 

Type Description of the sourccs oI' degradaI iOIl 

1. 1 freezing-thawillg 
l. phY::i ical J.2 leaching out 

causes ] .3 crystalisatioll of solublc salts 

2.1 rcactioll bctweell sulpha t() alld hydratr ('i\kill111 
silicatcs wi l,h productioll of ettr ingite 

2.2 reactioll betwccll slIlphatc and hydratc altu lI illa-
2. dlcmical tes with production of thaulllasite 

causes 2.3 re .. tction bctwcclI calciulll chloride anel calciu llI 
hydroxide with product.ion of hydratcd calcilllll 
oxychloridc 

2.4 alkali-aggrcgate reac tioll 

J. biologil"a l 3.1 lormation of a lgac. lichclls alui fungi 
causes 
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4 .1.1 FÍeld equations for environmental variables 

The elifferential equations governing moisture, heat and aggressivc ~pc­
eies flo\Vs in a porous material (such as masonry anel concrete) in the h,v­
pothcsis of existence of chemical reactions anel by consielering both diffusion 
and transport mechanisms can be written as 

oh ~T ~ I oh, K aT oh, 
-= v Cv '+-+ -+­at at at at 

,aT _ '1Tú '1T aQ" aT, 
pc, at - + at + at 

ae T D ~ c aw ac, 
-= '1 v c+--+-at ' " at at 

wherc !t , T anel c are respectivcly the rclative bumidity contenl,. Lhe telllper­
ature anel the diffusivc !:ipecies cOllcentratioll (e.g. chloride. sulphatc. CO:!, 
etc.) anel w is the waLer content. Qu is the outflow of heat per unit volulIl(, 
of solid, bis the thennal conductivity anel âC)c!ât denotc~ changes dllr to 
the carbonation per time unit. A more precise definition of these :;Ylli!)ols 
can bc fOllnd in [29,30]. 

The eliffusivities of rclative hUll1idity h and the aggrcssivc sp('('ic;-> D,. 
are asslImed to be strongly dependent on the pore humidit.v. t(~1I1 p eratur('. 

degree 01' hydration of cemellt (that is the equiva1cnt curing Lime ) alld the 
precipitate concentration cf (if t he product of the chemical reaction is a prt'­
cipitate, like the calciulll carbonate in the carbonation process) . Tllcs{' lat.I {'I' 

t\Vo facts slow the diffusion phenOlnenon for long tenll rcsu!t,s due LO UH' 

reduction 01' the porosity. The (noll linear) expressiow, 01' the diffusivit.ic:; as 
a function 01' h, T anel c call bc found in [34]. Note that thc lllathclIlal ical 
form of the problern is similar to lhat of t,he corrosion problelll 01' UH' sl.<'(-'l 
in conerete anel the frec(';e-thaw problem [29:30.33]. 

4.1 .2 Numerica/ so/utio/] of envÍronmentt:d varÍabJes 

Due to the complexity resulting from the !lOtl linearities occurrillg ill 
the definiUoll of the diffusivities and the coupling of the differclltial eqll~)­
tions (4), ànalytical solutiotls are very difficult to obtain allCl ;-l 1I1l1llCrica J 
approach should be preferred. There the finitc elemcnt Illcthod S('('lllS t.o 1)(, 
the more adequate procedure to solve lhe space-timc cquatiolls Hlld it, lias 
been successfully used by thc authors in this cOlltext [29 , 30,3~ J . 

Application of the well-known Galerkill procedurc arter space discl't, ti-
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sation lcads to Lhe follow ing systc lIls of cquations of coupled ol'dillal'y dif­
ferential equations in time 

D" + C h _ K Dl' _ Dh, = 0 
Dt ' Dt àt. 

(5) 

DC + DC _ C. Dw _ DC, = O 
Dt 3 Dt Dt 

wherc h, T and C rcprcscnt t he discrete re lat ivc humidi ty contcnt, t. 1l(' d i::;­
crete temperaturc and the discrctc diffusive species conccll t. rat ioll ved o !":;. 

For the detailed cxpressiolls of the matrices in (5) see [29.30.33]. 
The systclll (5) <.:al1 be writtcn in t.hc fo llowing concisc fonll 

A:i: + Ux = q (6) 

where the mcanillg Df the tcrms in the cq. (6) follows inullcd iatcly frolll cq. 
(5). The solut ioll in time Df eq. (6) call bc casily a t tc lIlptcd fo llow ing a 
s tandard onc stcp algori t hrn giviug 

[~ A + a u ] x"+ ' = q" - [( I - a) U - ~A] x" 
CJ.t CJ.t. 

( 7) 

where (.)" dellotes va lucs aI. time t". ,ó,1, is the t.ime incrcllIcn t anel n is a sI (t­
bili ty parametcr [35]. Tlle algcbraic 11 011 lillcar cquat iolls (6) i:; t hlls sol wd 
by a direct approach. Dcta ils of t he sLabili ty a nd convergcltt'C' nmd it io ns ill 
the solut.ion of eq. (7) can be round in [33.3G]. 

4.2 Coupling environmental and m e chanical damage 

T he coupling or pllysical-chcmical-biological crfccb; wiUI stn ' ll g"l li ('lmr­
acteristics cun bc t'lkcn iu to aCCoull t, iH t he da lllage 1II0(\(>[ hy IIlOdi !\" illg 

cq. (3) "' 
IY = {3(1 - rl )& 

where {3 is a physical-chcmica l-biologica l (PC B) para IlH 'I1 '1" SIWI! 1 hitl 

fie < (3 :S L The valuc of (3 approachcs Lhe cri t. ica l ]O\wr va il H' It as 1 lI!' PCI3 
dcgradatioll process rcachcs it.s ma,xillltll'll encet . Eq. (8) (';\,11 1)(' n '\vr it,j (, 1l as 
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with d' = 1 - j3(l - ri) ( la ) 

Clearly the effcct of (3 is that of reducing the meehanical strcllgth. ~ot(' 

t hat as (3 ----7 /3.-: thcn d' ----7 d. The evolur.ion of /3 depends Ol! t hat or 
moisture. temperaturc and aggressive species within t he (porous) IlIat('rial. 
The physical parametcrs in th is diffusion process depenei aIso 011 the OVC'I' ;:1i1 

degradation levei th rough the damage variablc d and the problclll is t hlls 
fuHy coupled [33.34]. A fuH coupled aualysis illvalves the finitc cle l Jl('lIl 

solution of the differential equations governing Lhc transport af cliffusi llg 
species together with t hose governing the structural behaviour. The PCI3-
mc('hanical eoupling can bc taeklcd by means of a staggcred sehelll \? [J3.3C>]. 
Very fcw applieations of the ful! eoupled solutions can be found in til(' 
li tcraturc. Preliminary results for simplc test problellls ha\·c bcell I'ccc lllly 

reported in [33.3.J]. Thc analys is can bc obviollsly s implificd by ('l!oo!'iiug 
a fixcd value of (31 which is cquivalent to accepting a certain leveI 01' PCB 
elcgradation at the timc of analysis. OI' by defining all appropriat (· tÍlIlC' 
cvolution of lhe pe8 parametcrs. 

4.3. Three-dimensional mo deI and evolution laws 

Equation (8) can bc cxtendcd to define thc conslitllt i,·c cqllation or ... 
three dimensional spccimen in \"cctor f01'1l! as 

II = (I( l - rl)õ- = j3( 1 - d) D< ( 11 ) 

where D is the elastic constitutivc matl'ix U and é are t lH~ s talHlanl SI ]'('SS 

and strain vectors. 
Thc Illodel defined by eq. (11 ) requires the knowleoge 01' lhe d;Utlilg:4' 

and peB variables d and (3 .rcspectively at every stage of the history 01' 111(' 
construction. For this purposc one must define: 

FoI' the da1l1age variaIJ/c d 

a) A suitablc sealar Bonll T of lhe strain tellsor (O I' alternaI in'I.\· oI' 1111' 
ullclall!agecl st rcss tC lIsor). Here. several possibilitics exist and a sltil ;tlll(' 
option for ('OIH'l"f'tp anel lll1:\somy is [10.23] 

(" l-O)[ -TD'-j" T= 0+-- II II 
n 

( 12) 

\\'herc n = f" /.!'I is t.hc ratio bet\veen Lhe éOll1prcssion and u'll:-iio1! lilllil 
st rC'llgths. 
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, 
L <17,> 

g = '-', with <±â,>= ~ (l a,l± oJ 
L lâ,l 

( I:J) 

;=\ 

Expression (13) accounts for the different limit bcha.viour of the nta\'0rial 
under compression anel tension states. 

b) A damage criterion formulated in the strain of the undarnagcd stn'ss 
spaces. The simplest form of this cal1 be written as 

f' , 

F (T, 1' ) = T - r S O ( 14 ) 

where T is the norm defined in (8) anel 7' is the darnage threshold value. 
Damage grows when the TIorm T excceds the current t;hreshold valtlP. 

In particular, damage is initiated whcn T cxcecds for lhe first t ime Lhe 
value r' (typically r' = f;/VE is taken [10,13]) . 
Figure 3 shows the form of the limit surface TO _ 1,0 defining the ollscL 

af damage for the exprcssion of T given by cq.(12). 

(JJ , 
f' t 

----- f~=nf~ 

Figure 3. Limit damage surface and uniaxial stress-strain C\Uvü 

for the model of eq. (9) 

C) Evolution laws for the damage variable d and the damage threshold 
value 7" . These can be written as [28). [311. 

d = G(1') l' = lTIaX {To) T} (15) 

where G is a suitable monotonic scalar function taken as 

G(7") = 1 - ';~ exp {A (1 -,'~) } (16) 
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Note that G(TO) = O and G(oo) = 1 as expected. The parametcr A 
is determined from the energy dissipated in an uniaxial tension tcst as 
[10,23] 

( 17) 

where 9, = C,/ L". C, bcing the specific fracLure cncrgy pcr unit arca 
(taken as a material property). r is the characteristic lClIgth 01' the 
fractured domain. As always 9, 2: U:)1/2E (the material must clissipat.c 
at least the energy stored when the elastic limit is reached). para,Hlelcr 
A must be positivo [28]. Defining 9~ = 9,- (f~)1/2E. an altcruaLivl' 
expression for (17) is 

(170.) 

For tlie PCB variable fJ: 

a) A suitable scalar Ilorm of the residual strcngth. Here the simplest opt ion 
is to choose the same Ilorm r proposed for lho danuige \"ariablc. 

b) An evolution law for the PCB variable (J. This call be writtell followillg 
[33] as 

fJ = 1'(7. C) (1Sa) 

\ .... ith 

( 18b) 

whcre '"Y = .;.- is the ratio between the actual st,rcngth 1I0rJIl T and 
I,cf 

t hc residual strcngth norm. COlTcsponding to c = Cj.ef' i.c. lhe referellt(' 
cOllccmration oI' the eliffusing species (ch loricle, sulphate, CO~. t'tt:.) ror 
which the PCB dcgradation process reaches its maximum effcet. 
Th e experimen tal chamclerization of the model requires the follo\\'illg 

llIaterial paramcters : Young modulus and Poisson ratio. tension anel COlll­
prcssioll limit strcngths alld specific frac ture energy obtained rrOIl1 ulli"lxial 
teSls as well as the time cvolution of the conccntration of tllP cliffusing 
specics obtained from separa te solution of eliffuse transport equations 01' by 
experimental measurements [29-34J. 
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4.4. Finite element structural analysis 

The damage model presented above is extremely simple in cOlllparison 
with more sophisticated modeIs for frictionaI materiaIs. The finite element 
implementation follows the standard process [35]: 
a) Finite eIement discretisation of the st ructure and interpolat.ion 01' t.he 

dispIacement fieId within each element as : 

u = Na (19) 

where u is the dispIacement vector) N is the shape function rnat.rix alld 
a is the vector containing the displacements of the cIemcnt nodes. 

b) Discretisation af the strain and stress field!) as 

c = Lu = LNa = Ba (20 ) 

a = 1l(1 - d)D€ = 1l(1 - d) DBa (21 ) 

where L is the appropriate strain operator and B is t.he stl'ain l1latl'ix. 
c) Derivation of the (non-linear) discretised equations. SlIbstituting cqua­

tions (19)-(21) into the principie of virtual work [351 

J bc" adV = J buTbdV + J JuTt dS 
" v S 

gives after standard algebra 

w = p - f 

p=J B Ta dV 
r 

(22) 

(23 ) 

(24 ) 

(25 ) 

In the abave equat.ions b and t are hody forr.(~ anel rli~t.rihll t.p.d roJ'r.~ V~t'I'. Ol'S 

respectively, 6é and 6u denote the virtual strains and virtual displacements. 
respectively and W is the so-caIJeel residnal force vector which expresses the 
equilibrium between the ext.ernal forces vector, f anel the intel'llal forces 
vector, p . 

The system of equations (23) is non-linear' due to the dcpclldencc of the 
stresses 00 the damage anel PCB parameters d anel f3 through eq. (21). A 
summary of the main steps of the non-linear solution is shown in Box 1. 
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nth load increment, ith iteration 

Compute displacement increment 

~a'.'= - [H "] -'w" , " 

'11 :': residual force veetor (= f, . B TudV - f) 

H ;': iteratioll matrix (i.e. tangent stiffness matrix) 

Update displacements and strains 

Evaluate stresses 

(1) Compute t1lldamaged stresses: U:'+L = De;'_L 

(2) Evaluate ,.:'., using eq. (12): 

(3) Update r. d and (J 

(4) Update stresscs: a:'+1 = ( I - d ;'"!",)a:'"!", 

Evaluate residual force vector: \jI ;' ... , 

Chcck convergenee: 11 '11 :',,11 :S <II ! II ., 
No: Continue iterations: i = i + 1 

Next load increment: 11, = 11 + 1 

201 

Box 1. Quasi-static nOB linear [inite element structural solut ioll \lsillg 
the envirOIllllcntal-mechanical damagc ll10del 
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Note thal the process is relativdy sim pie as no special algol'it,hm for 
integration 01' the constitutive equatiolls is llcedcd as t he stresscs are explir­
itly given by eq.(21). Further information including details af the consistem 
computat ion Df the tangent constitutive matrix can be found in [28]. 

The concentration Df diffusing PCB species, c, a t cach stagr oI' lhe 
structural lire should bc determincd by a sepal'ate transient sol utioll of Lhe 
PCB t ranspor t equations which in turn depend on the damage levei as ahoV<' 
explaimid. The solution of the fuU coupled problem in t ime is ~dICllli.lt ically 
shown in Box 2 . 

o. New time incrcmcnt t'1+1 = t il + t1t 

1. Solve evolution cquation for C:l+l 

3. Solve structural problem at time t 'I +1 

• Solve p (a JH1 ) - JII+I = O for a" +I , e 'l+ l anel a " +1 using 

• a 'I+1 = {3"+\ (1 - d 11+1) e ,,+l 

4. Repeat steps 1. to 3. until convergence of envirolllllcnt.al 
anel mechanical solutiolls at time t ll +1 

5. Compute global damage index D'I+ ' at t.ime t " +1 

6. Next t ime increment - go to s t.ep O. 

Box 2. Full coupled transient solut.ion linking envirOlllllC'llt.al 
anel rnechanical dalllage. 

A simpler alternative is to assume an ullcoupled lJf'haviour 1)('1\\'('1'11 

the mechanical allel cnvironmental dalllage parametcrs alld Lo Ohl aill ali 
analytical expression of C by solving indcpcndcntly the t.ransport. ('qll al iOll .... 

for the diffusing specics under different degraelatioll asSlIIllpl iOlls PU]. T il" 
lIlechanical problclll can thus be separately solved for a fixed vrlhl(' oI' ri 10 

obtain the structuraJ respOllSC and failurc loaci Df the cOIISLrllct ioll ar <llly 
de~ired time Df its his tory. This process is sket.ched in Box 0. 
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1. Uncoupled transient environmcntal da ll1age analysis 

1. Solve for Lhe time 
cvolutioll of (', 

.................... C, 

1.2 COlllpute {3( I) 
w 

'" E 
1'l 
g 
c 
w 
E e 
;; 
c 

UJ 
{3" f-------"'-. 

(:Jc ------ --------------------

I" 

2. Pel'fol'lll quasi-static structural analysis aI tillle t = I" 

• {3" = {3(1") 

• Sol\'(' p(a") - f I! = O for a" e" alld a " usillg: 

• (7 " = {3"( 1 - d ")e" 

• COlllputc global dalllagc index D " 

C , 

Time 

Time 

Box 3. Quas i-static structural analysis lISillg illfol'lllatioll frolll 1111-
co\\plcd t ransicnt cll\'irollllll'lltal dalllagt' ('OIII\>llt <11 iOIIS. 

203 
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The dynamic solulion under t ime dependent forces follows a similar 
pattern. Inc1usion Df dynamic effects in the virtual work equation (22) 
!eads after discretisation to the well known t ransient cquation system [35]. 

Mii. + Cil + Ka = J (t) (26) 

wherc â anel a are nodal velocity anel acceleration vectors, respcctive!y. M 
anel C are the mass anel damping matrices anel J (t) is the time dcpendcnt 
nodal force vector. 

A fuH non-linear t ransient solution af eq.(26) is now possible Ilsing stall­
dard t ime integration algorithms giving the displacements, velociLies, acccl­
cratíons, strains anel stresses as well as the local anel globa.l damagc indexes 
at each time of the deformation processo A detailed descript ion of t he dy­
namic finite element solution falls outside the scope of this papel'. Thc 
interested reader can find fuI! detai ls in [28 ,351. 

5. THE CONCEPT OF GLOBAL DAMAGE 

The global streugth of the structure can be assessed by means of a global 
damagc indcx D. The simplest definitioll for D is the following 

o 
D = 1- ­

U 
(27) 

wherc f) and U are the internai encrgies corresponding to the dnmaged f1.1111 
undarnaged sta~es, i.e. 

- TI, T TI, ,. U = a B a dV = a J3 (1 - d)ã dV 
\f \ . 

T r T 
U = a lv J3 ã dV (28) 

In (28) the total energy of the strllcture is obtaincd uy SlIlI1 of t he 
c1CllICllt ~ulltriUul.iuJ ::S iu I..he sl..alH.lard JIIallucr. 

Note that global st ructural failurc corrcsponds to a value of D appl'oach­
ing unity. Thus, t he computation of the local and global damage indiccs 
provides a useful tool for monitol'ing in dctai l the evolution of the lIon linear 
responsc of the st ructure up to fai lure. 
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z 

x 

Figure 4. Views ar the 3D finite element mesh of St. Marks Basil­
ica Dome. 
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6. ANALYSIS DF ST. MARKS BASILICA IN VENICE 

Thc rncthodology presented is currcntly being applicd by t.hc ali! 1101'S 

to analyze structural elcments of St. Marks Basilica in Vcnice for which 
cracking patterlls have bccn det.ected . Thc first example prcscntcd iti t hc 
preliminary damage analysis of the central dome under various stal.. ic ;:md 
dynarnic condi tiolls using a fin ite element code developed by the au! hors 
[281 
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Figure 5. Global damage cvolution for the stat ic al1alysis. 

5 

Figure 4 shows differp.nt views of the finite e lClncnt meshcs oI' t he Si ruc­
ture using standard 20 Bode isoparametric hexahedral elements. Ali points 
at the base (y = O) have the vertical displacemcnt restricted. In acldit.ioll 
the displaccment iH the plane y = O of two bl:\Sc points havc bcen also r('­
stricted to avoid rigid body motions. The materia l propertics asslIllu'd iH 
the analysis are the following : 
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Guse 1: 
Stone 

• E = 600.000 kg/cm2 v= 0.15 
• Tension limit strength = 40 kgjcm2 

• Compression limit strength = 400 kgjcm2 

• Density = 2.7 g/cm3 

Masonry (vertical cylindrical wall elerncnts) 
• E = 200.000 kg/ cm2, v=0.15 
• Tension limit st rcngth = 10 kg/cm2 

• Compression limit st rength = 100 kgjcm2 

• Density = 2.4 g/cm3 

The first solution attcmpted is the analysis of the limit static ~tr u clural 
strength under self weight loading. The study has bcen undcrtakell for a 
constant value of the PCB paramcter (3 = 0. 9 for simplici ty. Figure 5 siJo\\'s 
Lhe evolution Df the global damagc index D foI' illcr~asing valtH's of II\(~ 

self weight up to fa ilure characterizecl by a value of D rapidly approadting 
lInity. Convergence of Lhe 110n-linear solution was lost for D = 0.8 auel 
a safety coefficient of == 4.6 was found. Thc cvollltion Df t he local daltlage 
indcx d contours is plotted in Figures 6a-c. Notc t!lat the m<l.ximuln vahw Df 
d reaches 0.9513 at t he dome base where existing cracks have beell oh:;ervcd 
in practice. The contours of equal vertical displaccment anel a picture of 
Lhe deformed shape Df t he strllct.ure at the failurc load arc ploLtf'C1 in Fig.7. 

Thc same analysis was repeated for reduced values of til(' III<lSO Il1" .V 

strcllgth Df 
CASE 2 

• Tension limit st.rength = 5 kg/<':1l12 
• CompressioIl lirnit s trength = 50 kg/cm2 

CASE 3 
• Tcnsion limi t. strength = 1 kgj cm2 

• Compression limi t. ~trcngth = 10 kg/cm2 

while keeping the rest of Lhe material propcrties constant and pqual to ! lto~·J(' 
chosen in Case l. 

Figure 8 shows the evolution of Lhe safety coefficient for ! 1](' ,. hn>(' 
differcnt cases st lldied. lt is interesting to note Lhat t he safe t")' codTic-i t'!l1 
does not substantia lly increase for vaJucs of t hc tension limit S t.ITlIp';1 h 01" 

the masonry greater t han 5 kgjcm2. This is due to the chauge of Lhe dpfor­
mation mode of t he St. rllcturc as the st rength of the masonry wall i nCTI" L':.('S 

which leads to accelerated failure Df t he st.one arches. as expc<.:t.('d. 
Thc next study is the dynamic analysis of the structure UluleI" H lI.\"­

pothetic earthquake. The material parameters anel boundary cOllditiollS 
coincide with those of Case 1 described above. 

The analysis was pcrformed in tWQ steps. First
1 

the static solutioll linde!" 
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Pigure 6.3 Contours Df the damaged zones for load factors af 1.0, 
1.2. lA and 1.6. rp.spectively. 
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Figure 6.b Contours af the damaged zanes for load factors af 1.8. 
2.0.2.2 and 2.6, respectively. 
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Figure (i,c Contours of t he damaged zones for \oad factors of 3.0. 
3.ó, 4.2 ano 4.6 , rcspcctively. 
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Figure 7. Contours of equal di splacement and deformed shape aI 
,ollapSt'. 
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Figure 8. Safcty coefficicnt evolution against the tensilc strcngth 
of masonry. 

sei f weight was obtained and next the synthetic acceleration shown in Figure 
9 was applied to the base cf the initially self-loaded structure. The evolution 
af the global damage index D with time is plottcd in Figure 10. Note that, 
global failure is obtained after 3.02 seconds. Failure occurs due to fracture 
af the masonry elements at the rnid-hight af the cylindrical wall as clcarly 
shown in Figures lla-b. The deformed shapes af the structure at differcnt 
times during the earthquake can be seen in Figure 12. 

Thc last example corresponds to the fulI threc-dimensional analysis af 
the five domes of St. Marks Basilica. Figure 13 shows the mesh of 7676 20-
noded hexahedra involving 48505 nodes used for the analysis. 2265 15-noded 
triangular prisms were also used as transition clements in some lIoues, The 
material properties for the stone were taken the same as for the analysis of 
the single dome in the previous example. The properties for the eylindrical 
walls masonry wherc taken as: 

• wall 1 E= 30000kg( crn2, v =O.15 , a,=40kg( cm2, a, = lOkg( cIl12 

• wall 2 E=60700kg/cm2, v-O.15, O'c=40kg/cw2, a; = 10kg/cm2 

• wall3 E=250000kg( cm2, v=O.15, a ,= 300kg( cIl12, a,=30kg( cm2 

• wall4 E=90QOOkg( cm2, v=O. 15, a ,=40kg( cm2, a,= 10kg( cIl12 

The density was taken equal to 2.4g/ cm3 in ali cases. A quasi-staLic study 
was performed for a constant value of the PCB parameter {3 = 0,9. 

Figure 14 shows lhe evolution of the global damage index for incrcasing 
values of the sei f weight. Convergence of the solution was lost for 0 = 0.84 
and a safety coefficient of 5.75 was found. The contours of equal displace­
rnent at that load levei are displaycd in Figure 15 whereas lhe clall1agc 
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Figure 11.a Contours of the damaged zones during t he dynamic 
loading history, corresponding to the triggering of the 
damage process, for the time instants of 1.6,1. 7 .1.84 
and 2.0 seconds. 



E. ONATE C( .:11. I Fini!c clcll1cnt d.:llmgl! modd 

Figure ll.b Contours of t he damaged ZQnes during the dynamic 
loading historYI corresponding to the final stages be­
fore structura,1 collapse, for the time inst.ants of 2.2, 
2.9 , 3.0 and 3.02 seconds. 
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Figure 12. Deformed shapes corresponding to the vibratioll af the 
slruclure immediate1:v befare callapse. 
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Figure 13. Fini te Element mesh for the full 3D analysis of lhe 5 
domes. 
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Figure 15. Contollrs of eqllal displacement for a 5.75 self-weighl. 
factor. 
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F'ip:un~ 16. Damag~ contours for a 5.75 self-weight factor. 
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Figure 17. Crack patterns for a 5.75 self-weight factor. 
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F I~HI"c 18. Abo"{': The cenl,ral dome or SI.. ~Iark'!" na.<;ilica. 
RdO\ .... : PcrspccI.ive o r SI.. Mark's sq1l8r(' rrmll , IH" 1"00f. 
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contours are shown in Figure 16. 
Figure 17 shows finally t he crack pattern at failure. Cracks have been 

assumed to appear at cach integration point in the orthogonal direction to 
the maximum principal strain. The size af cach crack has becn defined as 
proportional to the damagc levei at that point. Figure 17 shows that failure 
Dccur due to accumulated damage at the base of the masonry walls and at 
the central stone arehes. 

Figure 18 shows finally a close-up picture af the central dome taken 
during a recent visit ofthe first author to St. Marks Basilica in the company 
af the architect rcsponsible for its maintenance Mr. E. Vio. A perspectivc 01' 
St. Marks square taken from the Basi lica 's roor is also shown in the seconel 
photograph. 

7. CONCLUDING REMARKS 

The environmental-mechanical damage methodology presenteei can be 
applied succcssfully to assess the structural conditions and cstimatc the 
safety levei anel durability of historical constructions uncler static anel dy­
namic loading. A full coupled solution taking into account physical-chemi­
cal-biological degradation anel mechanical effects is nowadays possible anel 
this will allow to t race the history of structural pathologies and to design the 
correct intervention measures. A particularly intcrcsting imlllcdiate appli­
cation of the damage model here proposed is the evaluation of the structuml 
strength incr"ease for different intervention measures, thus allowing to opti­
mize any restorat ion investment . 

REFERENCES 

[I] ENCO (cel ). Materiali 1Iegli Edifi ei Stodei: Degmdo e Restaur·o. by 
Collcpard i, M. , Coppola, L. , Spresiano 1990 

[2] lABSE (ed). Struetural Prese"",Ú01l D/ the A,~hitec tnral Heritalje. 
lABSE Sylllposiurn , Rome 1993 

[3] Brebbia. C.A. and Leftheris, B. (Eds.) " Strnctuml Stnr/ies o/ Hist01'Í.cal 
lJuildiuüs" Computo Mech. Publication 199fi 

[..J ] Collcpardi, M. Degradation and restorat ion of masonry walls of histOl"· 
ical buildillgS. Material and Structnres, 1990, 23 , 81-102. 

[5] Oüate, E. Reli"ability analysis of coricrete structures. Numcl'ical anel cx­
pcrilllclltal stuelics, Evoluzione nella speT-imentazione lJer te coslnLzion1 .. 
pp. 125-14li, Seminal' CISM, Merano , April1994. 

[li] BmlH.nt, Z. , " Mechanicsofdistributcd cracking" , Appl. Mech. Rev., Vol. 
39. 1'1'. 676-705, 1986 



E. ONATE ct a!. I Finitc elcrncnt d:l.Iuage rnodeJ 223 

[7] ASCE Committee on Concrete and Masonry Structures, Task COIll­
mittee ou Finite Element Analysis of Reínforeed Conerete Strueturcs: 
A State-of-The-Art Report on Finite Element Analysis of Reinfol'ccd 
Concrete Structures, ASCE Spec. Pub. , 1981 

[8] Wastiels, J., " Behavíour of eouerete under multi-axial stresses a review" 
Cement and Concrete Research, VoI. 9 , pp. 35-44 , 1979 

[9] Kupfer, H.S. and Gerstle, K.K. , "Sehaviour of conerptp. lIncier hiaxial 
stresses" , ASCE Jouma/ of the Eng. Mech. Div. , VoI. 99. N° EM4. 
pp. 853-866, 1973 

[10] Oller, S., "Modelízaeióu numérica de materiales friecionales·· . . MallO­
graph CIMNE, 1991 

[lI ] Mang, H., Biéanié, N. and de Borst, R. (Eds.) . " Com!",ter mode/in" of 
concrete structures" , Proe. EURO-C, Innsbruck. Austria. 1994 

[12] Ooate, E., ~Uer , S., Oliver , J. and Lubliner, J., " A constitutive model 
for r.raeking of eonerete based on the incrementai theary of plasticiI,Y" . 
Engng. Comput., 5 , 309-20 , 1988 

[13] Lubliner, L. , OlIer, S. , Oliver, J. and Ollate, E. , " A plastic dalllagc 
model for Ilonlinear analysis of eoneretc", lnt. J. SolúL StnLct .. Vol. 25. 
3, pp. 299-326, 1989 

[14] Barbat, A.H., OlIer, S. , Oilate, E. and Hanganu1 A .. "Simulatioll af 
damage phenomena in required eonerete buildings subjeeted Lo seis lIli(' 
aetions", Numerical Methods in Engn. and Applied Sciences. H. Aldcr 
et a!. (Eds. ), CIMNE, Barcelona 1992 

[15] Hanganu, A. , OlIer, S. , Onate, E. and Barbat. A. H .. ,. A fin ite elclllcnt 
model foI' damage analysis of nuclear reaetor eontainment shclls··. f!d 
National Conference on Boundar'lj and Finite Element. Sibiu. ROlllauia. 
May, 13- 15, 1993 

[16] Cervera, M., Oliver, J .. Hcrrcro, E. and Oilate, E .... A computatiollal 
model for progressive craeking in large dams due to s\Vclling of concr('f.('·. 
Engng. Ftucture Mechanics, 35, No. 1,2,3, pp. 575-85.1990. 

[17] Lemaitrc, J., " A Continuous Damage Mcehanics Moclel for Duetilc Pl'H C­

ture" , Jouma/ Engng. Mater. Tech. , VoI. 107, pp. 83-89 . 1985. 
118] Lemaitre, J. , "How to use Damage Mechanics·' . Nuclem' ElIgil/ eerll/ !1 

and Design, No. 80, pp. 233-245, 1984 
[19] Simó, J.C. and Ju, J.W. , "Strain and Stress Based ContillUllll1 Darnagc 

Models-I. Formulation" , lntenwtionaJ Journal Solids f:J St7'uGlUI'e.s, Vul. 
23, pp. 821-840, 1987. 

(20) Simó, J.C. and Ju, J .W .. "Strain anel Stress Based Cont inulllll O;UIl­
age Moelels-Il. Computational Aspects··. Inlenwtional Jou7'1wl Solids e~ 

Structures. VoI. 23. pp. 841-869, 1987. 
[21] Kachanov, L.M. , "Continuum lVlodel of Medium with Craeks··. Jou.rnal 

of the Engineering Mechanics Division. ASCE. VoI. 106. No. EM5. PI'. 



224 STRUCTU RAL ANALYSIS OF HISTORICAL CONSTRUCTIONS 

1039-1051 , 1980. 
[22] Faria, R. and Oliver, J. ) " A rate dependent plastic-damage constitutive 

model for large scale computat ion in concrete structurcs" MOnO.llHlph 

CIMNE No. 17, Barcelona, J anuary 1993. 
[23] Oliver, J. Cervcra, M.} OUer, S. and Lubliner, J. ) " Isotropic dalllagc 

models and smeared crack analysis of conerete" . Proe. 2d int. Conf. 
on Comp. Aided Analysis of Concrcte St ruct. ) Zell am Sec, Austria. pp. 
445-57, N. Bicanic et aI. (Eds.), Balkema 1990. 

[24] Oilate, E., Oliver, J. and Bugeda, G" "Finite elcrnent analysis of no 11-

linear response of couerete dams subject to internalloads., " Europe-US 
Symposium on Finite Element Methods for Nonlinear Problems, (Editcd 
by Bergan, Bathe and Wunderlich) Springer Verlag, 1986. 

[25] Arrea, M. and lngraffea, A.R.} I' Mixed rnode crack propagatioll in lllOr­

tar and concrete", Comell Univ., De]Jt. St11LCt . Engng. Repo1't 81 -1 .1, 
IUraka, New York, 198!. 

[26] Cervera, M., Oliver, J . and Galindo, M. ," Simulación Numérica rie Pu­
tologías en Presas de Hormigónll

, Monografía ClMNE no. 4, Barcelona, 
June 199!. 

[27] Cervera, M. , Oliver, J, and Galindo, M.," Numerical Analysis of Dams 
with Extensive Cl'acking Resulting from Concrete Hydrat ion: simula­
t ion of a real case", Dam Engineering, VoI. 3 , Jssue 1, 1992 . 

[28] Hanganu, A. , IIAnálisis Dinámico No Lineal de Estructuras de Horlll igón 
Armado con Modelos de Dano", Ph.D. Thesis, in developmellt. 

[29] Saetta, A. , Schrefler, 8., Vitaliani, R. " The carbonation of COllcrete 
and the mechanism of moisture, heat and carbon dioxide flow through 
porous materiais, Cem. and Cone. Res. , 1993, 23, 761-772. 

[30] Saetta, A., Scotta, R., Vialiani , R. ll The numerical analysis of chloridt: 
penetration in concrete, AGI Mat. lour., 1993, 90,441-451. 

[31J Creazza, G. Structural Behaviour of San Marco Basil ica, Venice IABSE 
SEI Volume, 3 Number 1, February 1993. 

[32J Collepardi, M. , Coppola L. , Monosi, S. Chemical attack of calciulll c:ltlo­
ride on the Port land cement paste, il Cemento, 1989, 2, 97-104. 

[33] Schefler, B.D. , ':Finite elements in environmental engineerillg: COlllpll!le 
t hermo-hydro-mechanical processes in porous media includiug poll11tanl, 
transport" ,Archives Df Computational Methods in Engineer'ing, 2, J, 1-
55, 1995 

[34] Creazza, G. ) Saetta, A. ) Scotta, R" Vitaliani. R. anel Oüate. E .. "j\llat.!J­
ematical sirnulations ofstructural damage in historical bui ldings". Stnu;­
tural Studies 0/ Historieal Buildings IV, C. A. Brebbia and B. Lcft. l"'ris 
(Eds. ), Vol. 1 , pp. 111 ,1995 

[35J Ziekiewicz, O.C. and Taylor, R.L., "The Finite Element Met,had .. Mc:­
Graw Hill , Vol. I , 1989, Vol. 2, 1991. 


