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ABSTRACT

The formulation of constrained families of probability distributions is
crucial for analyzing data inherently limited to the unit interval, such
as proportions, rates, and probabilities. These models have extensive
applications across various domains, such as epidemiology, dependabil-
ity, finance, and environmental research, where adaptable and resilient
statistical instruments are essential for accurately representing intricate
real-world phenomena. Motivated by this, our work presents the bounded
Uma distribution (BUmD), an innovative probability model obtained
by transforming the Uma distribution to the unit interval (0, 1). The
suggested distribution maintains the flexibility of the Uma family while
broadening its applicability to data represented as proportions, prob-
abilities, and rates. We examine the essential statistical characteristics
of the BUmD, encompassing its moments, quantile function, extropy,
and reliability metrics, with a focus on its capacity to represent various
hazard rate behaviors. Sixteen traditional and contemporary estimation
techniques are employed to estimate the model parameters, and their
efficacy is assessed through comprehensive Monte Carlo simulations using
criteria such as bias, mean squared error, and goodness-of-fit measures.
The simulation findings indicate that the maximum likelihood and max-
imum product of spacings estimators are the most efficient. The practical
relevance of the BUmD is evidenced by its application to epidemiological
and public health datasets, where it demonstrates enhanced flexibility
and fitting performance relative to conventional models. The suggested
distribution provides a robust and flexible tool for modeling bounded
lifetime, reliability, and proportional data in the applied sciences.
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1 Introduction

In all applied sciences, including engineering, medicine, finance, and insurance, lifetime data
analysis and modelling are vital. Numerous lifetime distributions have been established in the statistical
literature, each possessing distinct advantages and disadvantages. The initial parameter, lifespan
distribution, is characterized by an exponential distribution (ED) with a constant hazard rate. In
real-life settings, we frequently encounter conditions where the hazard rate is either decreasing,
increasing, or occasionally irregular. The Lindley distribution (LinD) is a one-parameter continuous
probability distribution introduced by Lindley [1], primarily used for modeling lifetime and survival
data. It integrates characteristics of the exponential and gamma distributions, providing enhanced
adaptability in modelling data with growing, decreasing, or stable hazard rates. The distribution has
various applications in reliability engineering, biological sciences, and survival analysis, owing to its
capacity to mimic diverse failure rate forms and its mathematically manageable qualities, including
moments, moment generating functions, and hazard functions. Variants and generalizations of the
LinD, including multi-parameter extensions, have been developed to improve its fit and applicability
to various datasets, thereby offering enhanced modeling flexibility for complex lifespan data situations.
Ghitany et al. [2] conducted an extensive study on the LinD and its uses within the reliability
study setting. Nevertheless, the LinD isn’t always the best fit, whether considered theoretically or
in practice. So, A new two-parameter power LinD is introduced, and its properties are discussed
by Ghitany et al. [3]. Shanker et al. [4] introduced the expanded LinD, which adjusts the scale and
shape parameters to more effectively represent varied lifetime behaviours. Additional generalizations
encompass the power LinD (see Nadarajah et al. [5]), which accommodates increasing and bathtub-
shaped hazard rates, and the exponentiated LinD (cf. [6]), which incorporates a shape parameter to
represent heavy tails. Additional significant extensions include the generalized LinD (see [7,8]), the
alpha power LinD (cf. [9]), and various Lindley-generated families (see [10—13]), which incorporate
the Lindley law as a foundational distribution within transformation frameworks. In recent years,
the classical LinD has been widely generalized to enhance its flexibility in modeling diverse lifetime
and reliability data. Several authors have introduced new shape-augmented forms, such as the
exponentiated, power Lindley EX-Lindley, ZLindley, and DUS-LinDs, which allow for monotone,
bathtub, or unimodal hazard rate shapes.

Numerous writers have devoted much time to researching and writing about the unit LinD
and its refinements. After studying the basic features and potential uses of the classical LinD,
Mazucheli et al. [14] applied an appropriate transformation to it to create the unit LinD, which
they then used to describe proportional data. Improving fits in different datasets, Karakus et al. [15]
investigated the unit power LinD, focusing on its statistical features and estimation techniques. Several
authors have made generalizations based on the unit LinD in recent times, as seen in [16-19]. To
improve upon previous one-parameter models, such as the exponential and gamma distributions,
Shanker [20] created the Uma distribution (UmD), a one-parameter continuous lifetime distribution.
Because it is built as a convex mixture of the gamma and EDs, it can capture a greater range of data
behaviour. Let X be a continuous random variable (RV) from UmD, then the probability density
function (PDF) and cumulative distribution function (CDF) are respectively given by

rx (02X +3¢x +¢2 4+ 6)
F(X;§)=1_|:1+ 1146 exp(—=¢x), x,¢>0, (1)
FO0 = 5 (I x4+ x) exp(—£) )
O+ +6 '
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Expanding upon the previously emphasised significance of the LinD and its extensions, this study
aims to convert the UmD into its unit form. This transformation seeks to preserve the beneficial
characteristics of the UmD while modifying it for data confined to the interval (0, 1), thus broadening
its utility in modelling proportions, probabilities, and rates. The UmD has the most special properties
of one-parameter lifetime distributions, thus it is suitable for transformation to the unit interval. First,
it is cast as a convex combination of gamma and exponential distributions, giving it more flexibility
than the exponential or pure gamma while maintaining a single parameter. Normally, we would
transform our RV to obtain a classical PDF and CDF on (0, 1) with no new parameters. Gamma or
Weibull distributions similarly yield transformations that replace equivalent expressions with integrals
of incomplete gamma functions, where Y = Hix Third, the UmD parent is an up-slope and down-slope
hazard rate, and even after transformation, the results in BUmD provide bathtub-shaped hazards,
which is quite unique to be observed with the one-parameter bounded model used here. This advantage
made us choose UmD as the parent.

Motivation of our paper is presented as follows:

e Numerous real-world datasets, including proportions, rates, and probabilities, are inherently
confined inside the unit interval (0, 1), necessitating specialized probability models.

e The UmbD offers versatility in simulating various hazard rate patterns; however, its unbounded
nature restricts its use to proportional data.

e Developing bounded families, such as the proposed BUmD, preserves beneficial properties of
the original distribution while extending its applicability to bounded domains.

e Flexible bounded models are particularly pertinent for applications in epidemiology, public
health, reliability engineering, and other fields where data is represented as fractions, survival
rates, or constrained lifetimes.

The organization of the remaining sections of this study is illustrated in Fig. 1.

Distinctive flexibility of the BUmD: The proposed BUmD stands out from other unit-interval
distributions like the unit Lindley, unit Weibull, or beta distribution because it has a unique set of
properties that work together in a single-parameter framework. Depending on ¢, the hazard rate
function might be flat, growing, or decreasing. Some models, such as unit Burr-XII or exponentiated
unit distributions, require two or more parameters for this flexibility. The probability density function
of the BUmD can be left-skewed, near-symmetric, or right-skewed, depending on the value of ¢. This
makes it valuable for epidemiology, reliability, and environmental investigations using proportional
data. Third, the move from the UmD permits bounded support and easy moments with confluent
hypergeometric functions. These traits set the BUmD apart from contemporary limited models and
make it a competitive tool for unit-interval data processing.
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Figure 1: Flowchart of the remaining sections of the study

2 Model Formulation

To extend the application of the UmD, first defined on the positive real line (0, o0), we transform
it into a bounded form on the unit interval (0, 1). This is achieved using the scaled transformation
Y = HLX, where X conforms to the conventional UmD. Utilizing the change of variables technique, the
corresponding PDF (2) and CDF (1) of Y can be explicitly obtained, yielding what is referred to as the
bounded UmD (BUmD). This restricted variant is particularly beneficial for modeling proportions,
rates, and other phenomena inherently confined to the unit interval, while maintaining the flexibility

of the original Uma family. The PDF of the BUmD is provided by
¢ (0 + 22— 2x + 1) exp (—2)

S = S e T d =0
Also, The CDF is

x \  3¢x
§2+§2( )+ +6 )¢x
( 1 —x l —x cx
+1 exp(

(& +22+6) (1 —x) _1—x)' @)

, 0<x<l1,¢>0. 3)

Fsg)=1-
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The survival function is given by

x o X )\ X 5
SX)=1-Fx)=]1+ l_x[g (l_x) +3§(1—x)+§ +6] ex (— ex ) (5)
B B 446 PUT1=x)
The hazard rate is defined by A(x) = f(x)/S(x) as
4(1 _ 2 3
B — (1 =2x+x+x%) ©

a —x)5[43+§2+6+ lf_xx((;z(l fx)2+3;(%) +§2+6)].

Identifiability: The BUmD is identifiable because F(x;¢) in (4) is strictly monotonic in ¢ for any
fixed x € (0, 1):
oF X e T
0 l—x (++06)7
where P(¢, x) is positive. Hence ¢, # ¢, implies different distributions.

- P(£,x) >0,

Limiting behavior: As ¢ — 0%, F(x;¢) — 0 for any x < 1 (degeneracy at x = 1). As ¢ — o0,
F(x;¢) — 1for any x > 0 (degeneracy at x = 0). Thus ¢ controls concentration near the boundaries.

Fig. 2 displays the PDF graphs for various ¢ values, illustrating the flexibility of the BUmD.
Larger values of ¢ result in more symmetric forms with modest dispersion, in contrast to tiny values
of ¢, which exhibit a severely left-skewed distribution centered around the upper bound. This behavior
exemplifies how well the proposed distribution can handle non-standard data patterns on the unit
interval. The CDF curves show, in Fig. 3, how the probability grows over the unit interval for different
¢ values. The CDF descends and gets steeper as ¢ rises, suggesting a larger concentration of probability
towards the domain’s lower half. This proves that the BUmD is good for modeling limited proportions
and rates and that it is sensitive to changes in the parameters. Depending on the value of ¢, the hazard
rate graphs in Fig. 4 can take on a number of shapes. The hazard rate is initially high and decreases
when ¢ is small, but it becomes more stable or increasing as ¢ grows larger. These patterns demonstrate
that the BUmD can accurately predict various survival and reliability scenarios, including decreasing,
increasing, and bathtub-shaped hazard rates.

8

Figure 2: The PDF curves of the BUmD based on parameter selections
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Figure 3: The CDF curves of the BUmD based on parameter selections
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Figure 4: The hazard curves of the BUmD based on parameter selections

3 Statistical Properties

The statistical features of a probability distribution are crucial for understanding its behavior and
practical utility. The suggested BUmD must derive and analyze such attributes to demonstrate its
flexibility and utility in modeling bounded data. Moments, variance, skewness, and kurtosis reveal the
distribution’s central tendency, dispersion, asymmetry, and tail behavior. Quantile functions, reliability
measures, and information-theoretic indices, such as entropy, further characterize the distribution’s
structure and expand its applications in reliability analysis, epidemiology, and risk assessment. This
section details these features, laying the groundwork for BUmD estimation, modeling, and real data

applications.

3.1 Moments of the Bounded Uma Distribution
Moments play an essential role in probability theory and statistical inference by providing critical

insights into the characteristics of a distribution. Moments are primarily employed to characterize
measurements of central tendency, dispersion, skewness, and kurtosis. The k-th moment about the

https://www.scipedia.com/public/Gemeay_et_al_2026
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origin of the BUmD can be articulated in closed form using the integration of its PDF. These moments
not only embody the distribution’s attributes but also serve as fundamental components for numerous
statistical applications, including parameter estimation, reliability analysis, and model fitting. We shall
systematically derive the formula for the k-th instant. The k-th moment for BUmD is defined as
follows:

Hmz/meow

Lettr = IL Then

- X
E[X"] = ﬁ/@l iz ifjgi X exp( — lz_xx) dx
=Eﬁé;IEAm(T%ﬁ%ﬁ+z+U(L+Ne“aé%;
= §3+§§—42+6/000tk E+t+DA+0 e dr
Thus
E[X*] = ﬁtﬁ/j rfEFt+D A+ e dr

Now use the integral representation of the Tricomi (confluent hypergeometric) function U(a, ¢, z):

1 oo
U(a,c,z) = %/ e A+ dr, N(a) > 0, RN(z) > 0.
0

Therefore

MXH:Ezé;:z[Hk+4ﬂKk+{5J)+F%+2ﬂﬂk+13$)+Fm+1ﬂﬂk+LL;ﬂ.
To calculate the mean and variance, the initial two moments are:

E[X] = ﬁ[r(sw(s, 5.0+4TRUG3.0+TQUR.2,0]

Ewﬂ=E:%:ﬂF@U@iO+F@U%iO+F®U@LO}

Then Var(X) = E[X?] — E[X]*. The functions U(a, ¢, ¢) are available in Mathematica and Maple
and can be readily computed for numeric values of ¢ and integer k. Higher-order moments offer
profound insights into the structure and variability of a probability distribution. The mean and
variance encapsulate central tendency and dispersion, respectively, while additional moment-based
measures, such as skewness and kurtosis, assess the asymmetry and peakedness of the distribution.
The coefficient of variation (CV) is defined as the ratio of the standard deviation to the mean:

o
v =—,
“w
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where © = E[X] and o = Var(X). The skewness coefficient measures the asymmetry of the
distribution and is given by:

CE[(X =’ s = 3ppn +21°
o o3 B o?

1 s

where u, = E[X'] denotes the r-th raw moment. The kurtosis coefficient measures the degree of
peakedness or flatness relative to the normal distribution, and is expressed as:

E[(X =)'l e —Aups + 600, — 3
- ot - ot :

2

Table 1 displays the numerical values of the initial four raw moments, variance, skewness (y,),
kurtosis (y,), and CV of the BUmD for various values of the parameter ¢. Several important
observations can be made:

e The mean x diminishes as ¢ escalates, signifying that the distribution transitions towards lesser
values with an increase in the parameter.

e The variance o first rises with ¢ before stabilizing, whereas the coefficient of variation has a
distinct upward trend. This indicates that the relative dispersion of the distribution increases as
¢ rises.

e The skewness y, is significantly negative at low values of ¢, indicating pronounced left skewness.
As ¢ rises, the skewness progressively escalates and ultimately becomes positive, signifying a shift
from left-skewed to right-skewed distributions.

e The kurtosis y, is significantly elevated at minimal values of ¢, indicating a sharply peaked
distribution. As ¢ increases, the kurtosis diminishes and approaches values nearer to those of a
normal distribution, however remains over 3, indicating leptokurtic behavior.

e The parameter ¢ significantly affects the configuration of the BUmD. Low values of ¢ generate
distributions characterized by concentration, heavy tails, and pronounced negative skewness,
whereas higher values of ¢ result in more symmetric and moderately scattered distributions.

Table 1: Numerical values of moments, variance, skewness (y,), kurtosis (y,), and coefficient of
variation (CV) for the BUmD with different parameter values of ¢

2

¢ u > s My o Y1 12 Cv

0.1 0.968092 0.937636 0.90852  0.880652  0.000433557 —4.13299 56.074  0.0215083
0.2 0.938226 0.881814 0.83000  0.78223 0.00154692 —4.00327  42.8641 0.0419205
0.3 0.909417 0.830356 0.760442 0.69816 0.00331682 —3.82433 33.2194 0.0633283
0.4 0.880917 0.781825 0.697393 0.624587  0.00581066 —3.5371 25.319  0.0865323
0.5 0.852185 0.735284 0.639294  0.55908 0.00906357 —3.18934 19.147 0.111716
0.6 0.822886 0.690174 0.585173  0.50008 0.0130317 —2.82896 14.5208 0.138727
0.7 0.792875 0.646233 0.53447  0.446587  0.0175816 —2.4847 11.126  0.167234
0.8 0.762183 0.603427 0.486903  0.397963 0.0225041 —2.16946  8.65158 0.196821
0.9 0.730982 0.561879 0.442368 0.353796  0.0275451 —1.88679  6.84509 0.227047
1. 0.699543 0.521804 0.400857 0.313797  0.0324429 —1.6356 5.51898 0.257481
1.1 0.668196 0.48345  0.362396 0.277736  0.0369636 —1.41291 4.53905 0.287729
1.2 0.637279 0.447051 0.326997 0.245399  0.0409256 —1.2152 3.8107 0.317444

(Continued)
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Table 1 (continued)

¢ u Mo M3 My o’ Vi V2 Cv

1.3 0.607111 0.412797 0.294637 0.216558  0.0442124  —1.03909  3.26726 0.346341
1.4 0.577963 0.380814 0.265244 0.190971 0.0467723 —0.881571 2.86143 0.374192
1.5 0.550047 0.351161 0.238698 0.168375  0.0486089  —0.740042 2.55932 0.400828
1.6 0.523513 0.323834 0.214842  0.148501 0.0497681 —0.612325 2.33632 0.426136
1.7 0.498452 0.298777 0.193487 0.131076  0.0503227  —0.496596 2.17429 0.450048
1.8 0.474902 0.275891 0.17443  0.115833  0.0503595 —0.391334  2.05968 0.472538
1.9 0.45286 0.255052 0.157463 0.102521 0.049969 —0.295264 1.98223 0.493612
2. 0.432292 0.236115 0.142376  0.0909038  0.0492381 —0.20731 1.93407 0.513303
2.2 0.395328 0.203345 0.117064 0.0719238 0.0470607  —0.0522434 1.90241 0.548746
2.4 0.363401 0.176394 0.0970672 0.0574423 0.0443335  0.0797091  1.92971 0.579402
2.6 0.335825 0.154179 0.0812093 0.0463342  0.0414009  0.19294 1.99372  0.605887
2.8 0311941 0.135783 0.0685557 0.0377506 0.0384758  0.290841 2.08000 0.628813
3. 0.291161 0.120453 0.0583824 0.0310603 0.0356785  0.376088 2.17904 0.648738
3.5 0.24969 0.0918952 0.0404802 0.0198517 0.0295499  0.54691 2.44650 0.688456
4. 0.218889 0.0726147 0.0293287 0.0133437  0.0247021 0.674838 2.70882 0.71803

4.5 0.195184 0.0590161 0.0220283 0.00935362 0.0209194  0.774401 2.95041 0.74102

5. 0.176371 0.0490542 0.0170374 0.00678778 0.0179475  0.854621 3.16893 0.759584

3.2 Quantile Function

The quantile function is crucial in statistical modeling, simulation, and descriptive analysis, since
it enables the determination of threshold values associated with particular cumulative probabilities. To
get the p-th quantile Q(p; ¢) for p € (0, 1) in the BUmD, we execute the conventional rational change
of variable

fo X
S l=x
Define
c (e + 30t + 2+ 6)
D)=+ +6, By =
D(%)
With this notation the CDF equation F(x) = p is equivalent to the scalar nonlinear equation in ¢:
(1+B(50) e =1—p. (7

In practice, assuming a constant ¢ and probability level p, this equation can be resolved using
iterative root-finding techniques, such as the Newton-Raphson method or the bisection method. We
utilized Mathematica’s built-in solver FindRoot to derive numerical solutions for various values of
p and ¢. The resultant quantile estimates are encapsulated in Table 2. The Table 2 illustrates how the
quantiles decrease as ¢ increases, reflecting the effect of ¢ on the distribution’s concentration.
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Table 2: Quantile values of the bounded Uma distribution

P
¢ 0.1 0.25 0.5 0.75 0.9
0.5 0.7550 0.8267 0.8766 0.9092 0.9295
1 0.4455 0.6407 0.7553 0.8221 0.8620
2 0.1068 0.2500 0.4544 0.6196 0.7145
3 0.0519 0.1308 0.2700 0.4336 0.5641

3.3 Extropy of the Bounded Uma distribution

Lad et al. [21] showed that extropy serves as a counterpart to entropy, providing a measure of
“order” or informational richness that complements the conventional focus on “disorder” measured
by entropy. Unlike entropy, which quantifies uncertainty, extropy denotes a related yet different
characteristic of structure and randomness within probability distributions. For a continuous RV with
density f(x), the extropy is

1 1
J@j:—z/f@ﬂm

For the BUmD PDF given in (3), let D(¢) = ¢+ ¢+ 6and C = %) Using the substitution
x = ;5 (so that dx = ;5), we obtain:

1 oo
J(X) = _ECZ/ (P +t+ D1+ 0)le*dr.
0
Expanding the polynomial (£ + ¢ + 1)*(1 + 1)*:
EH+t+ 1) =04+20 420+ +2t+ 1,
(1+0>=142t+7.

Multiplying:
EHt+DA+0 =420 +3°4+4° + 56 +4° + 37 + 2t + 1.

Thus we can write:
8
E+i+1)21+0 = Zamz”’,
m=0

with explicit coefficients:

Cl0=1, a1=2, a2=3, a3=4, a4=5, a5=4, a6=3, a7:2, ag=1.

Since

o |
/ e idt = — ,
0 (2§)n1+1
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We obtain:

1/ ¢ )2 i m!
'] X)=—= M N 1"
@ 2(0@) 2y

m=0

Substituting the coefficients a,, and simplifying yields:
478 + 877 + 1225 + 187° + 4204 + 90¢° + 13572 + 315¢ + 630
16¢ (34 ¢% +6)°
which is always negative, as expected from the definition of extropy. Extropy and entropy work together
to give a fuller understanding of how ¢ affects both its structure and its uncertainty. Proportional
statistics often group together near 0 or 1. Extropy is more responsive to this type of border mass than
entropy, facilitating the identification of extreme-value patterns. The BUmD model is different from

many other bounded models because it delivers a straightforward closed-form extropy that doesn’t
need numerical integration to be derived.

J(X) =

2

4 Estimation Methods

In this section, sixteen different methods are considered for estimating the parameter of
the BUmD.

4.1 Method of Maximum Likelihood
Let xy,...,x, be a random sample from the BUmD with density given in (3). The log-likelihood
function is

0@) = > logf(x;¢)

= E [410g§ +log(x} +x7 —2x;+ 1) — lgi —5log(1 — x;) — log(¢* + ¢* + 6)]
— X
i=1

i

=dnlog¢ —nlog(s’ + ¢+ 6) —§§%+§log(xf+xf—2x,—+ 1) —SZlog(l —X).

i=1

Differentiating with respect to ¢, the score function is
¢ 4n n(35°+2¢) z": X;
¢ OHH+6 I—x,

Setting this equal to zero yields the likelihood equation:

i=l

s n
_nGeL2%) g x
¢ PHe+6 “l-x

Thus, the maximum likelihood estimator 7 is the positive solution of the equation above. Since no
closed-form solution is available, numerical methods such as Newton-Raphson are required. Several
authors have employed the Newton-Raphson method to obtain parameter estimates for lifetime
distributions.
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4.2 Method of Anderson-Darling (AD)
The parameter of the BUmD is estimated using the AD method, obtained by minimizing the
following function:

n

AC) = —n— + 371 = 1) [log F(xi) + log SCor_i 1]
n i=1

2
2 2 Xin 3Cxi:n )
= —n— — 2(21 |:10 ( ((g +§ (1 - xi:n) * 1 — Ximn 6)§xm + 1) ex (_ {xi:n ))
B 8 (§3+§2+6)(1 _xi:n) P 1 — Ximn
(+¢2 ( Tni L ) G izt 6)¢i- 1
+ 10g ( I — Xy—iztn I — Xp—iztn + 1) exp(— EXn—i—1n ) ):|
(43 + {2 + 6)(1 - xnfifl:n) 1—- Xn—i—1mn

4.3 Method of Cramer_von_Mises (CVM)
The parameter of the BUmD is estimated using the CVM method, obtained by minimizing the
following function:
]2

+ Z
([2+(2 ( xi:n
1

2i —
2n

1
C -
() = 12n

in
i=1

2

)2 3{xi:n
+

— Xin 1 — Xin
(£3+2246) (1—xi)

2i—1
2n

{xi:n
— Xin

+6)§«\'i:n
11— +1]exp (— ]

12n+Z

4.4 Method of Maximum Product of Spacings (MPS)
The parameter of the BUmD is estimated using the MPS method, obtained by optimizing the
following function:

n+1

§(x) = Z log I,(x,),
Il(xl) = F(xi:n) - F(X,—,l:”)
2
) 3 x.
;2 + ;2 xl.” —"_ ;xl,l‘l —"_ 6 §x1n
1 - Ximn 1 — Xin {x
=|1- +1|exp|——-
(§3+§2+6) (1 _xi:n) p( 1 _x[:n)
X; P3¢y,
{2 + {2 i—lin + i—lin + 6 é'x,;l:n
1 1 — Xi—im 1 — Xi—1m i 1 ( {)CH:,, ) (8)
({3 + ;2 + 6) (1 - xt?l:n) p 1 — Xi1m
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F(x(l:n) = 0 and F(xiH—l:n) = 1

4.5 Method of Least Squares (LS)

The parameter of the BUmD is estimated using the LS method, obtained by minimizing the
following function:

n —

V)= | Flx,) - ﬁ}

=1 =

2 2 -xi:n : 3§xi:n ’
n { + ; 1 + 1 + 6 Cxi:n .
— Xin — Xim {xi'n l

:Z 1_ (§3+§2+6) (1_xi:n) +1 eXp (_l_xi:n) _n+1

4.6 Method of Percentile (P)

The parameter of the BUmD is estimated using the percentile method, obtained by minimizing
the following function:

i
n+1

PCE = Z[xi:n - Q(pi)]za ~pi=

i=1

4.7 Method of Right_Tail Anderson_Darling (RTAD)

The parameter of the BUmD is estimated using the RTAD method, obtained by minimizing the
following function:

R(x) = g —2> F(x.,) — %Z(zi — 1) log S(x,)

2 2 xi:n ? 3;‘xi:n
GO\ ) T )

n . é‘xi:n
=>-2> |1~ 1 -
2 i=1 (é”; + é‘Z + 6) (1 — Xin + exp ( 1 - xi:n)
2 2 Ximn ’ 3§xi:n
) 2+ + +6 ) ¢xi,

1 2 . 1) 1 1 - x,-:n 1 - xi:n + 1 é‘xi:”
N — ex —

ng( l o8 (§3+§2+6) (1 _xi:n) P 1 — Xin

4.8 Method of Weighted Least Squares (WLS)
The parameter of the BUmD is estimated using the WLS method, obtained by minimizing the
following function:

n

(1) +2) i 7T
weo =3 S e -
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Z(ﬂ—i—l) (n+2)
- im—i+1)

2 2 xi:n ? 3§xi:n
in in + 1 eXp (_ C.X,-;,l

1
(§3+§2+6) (1_-Xi:n l_xi:n) _n+1

i=1
2

X 1 —

4.9 Method of Left Tail Anderson Darling (LTAD)
The parameter of the BUmD is estimated using the LTAD method, obtained by minimizing the
following function:

3 n 1 n .
L) =—=5n+2 ,Z;F(XM) - Z}(zz — 1) log F(x;,)

2 3 )
(c +¢( ) 4 +6)¢xm
I —x; 1 - Xin

3 . ;xi'n
=—Zn+2 1- 1 S
2" Z @+ +6 (1 —x) " exp( 1—x,-,1)

X0 \o 3¢x;
(c + ¢ ( ) 4 2 +6)§x,-zn
1 — 1 - Xin

+1 ex (_ ;xi:n )
C++6) 0 —x, PU1—%,

1 n
— —Z(zi— Dlog|1—
n i=1

4.10 Method of Minimum Spacing Absolute Distance (MSAD)
The parameter of the BUmD is estimated using the MSAD method, obtained by minimizing the
following function:

n+l

()= II(x) -

i=1

1 — |

4.11 Method of Minimum Spacing Absolute-Log Distance (MSALD)
The parameter of the BUmD is estimated using the MSALD method, obtained by minimizing the
following function:

n+l

1
T (x) = log I,(x;) — 1 .
(x)) ?og () —log - —~

4.12 Method of Anderson Darling Left Tail Second Order (ADLTSO)

The parameter of the BUmD is estimated using the ADLTSO method, obtained by minimizing
the following function:
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. l — Qi—1)
LTS = 2> log F(x.,) + —
; Og (x ) + n ; F(xi:n)
2 2 xi:n ? 3é‘xi:n
) () 6 ),
— Ain — Ain ;‘xi:n
=2>1 1 - 1 _

Z * @+ +6)(1-x,) " eXp( 1—x,.zn)
1 Qi—1)

n < N 2 3¢ x.
i=1 ;2 {2 xl.ﬂ §x1.11 6 é_xi:”
1 Xin 1 Xin é'x
+1]exp (— —

1 —
(§2+§2+6) (l_xi:n l_xi:n)

4.13 Kolmogorov (K) Method

The parameter of the BUmD is estimated using the K method, obtained by optimizing the
following function:

. i1
KM = max |:i - F(xifll)7 F(xi?") - l_}
n

1<i<n n
X; P3¢y,
é,z + é_z iin + in + 6 ;’xm
1 — Xin 1 — Xin

— max i . 1 _ + 1 ex _ Cxi:n
N I<isn | N (;3 + ;2 + 6)(1 — Xin p 1 — Xin ’
X; > 3¢y,
GO\ )t 6,
1 1 - Ximn 1 - Xin 1 ;xi:n I— 1
B @+ + 61— x, " exp(_l —xm) o ]

4.14 Method of Minimum Spacing Square Distance (MSSD)

The parameter of the BUmD is estimated using the MSSD method, obtained by minimizing the
following function:

n+1

1 2
Px) = 2(1,-@,-) -7

4.15 Method of Minimum Spacing Square-Log Distance (MSSLD )

The parameter of the BUmD is estimated using the MSSLD method, obtained by minimizing the
following function:

n+1 2
1
Vi) = z (logli(xi) —10gn+ 1) .

i=1
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4.16 Method of Minimum Spacing Linex Distance (MSLD)
The parameter of the BUmD is estimated using the MSLD method, obtained by minimizing the
following function:

n+1 . 1
— JiCep) =g () — —— ) —
Ay=2, [e (L(x,) s 1) 1].

i=1

5 Numerical Simulation

Simulation is a powerful technique in statistics used to generate data that studies the behavior
of a specific probability distribution. Simulation studies are especially useful for new or complex
distributions as they enable statisticians to understand the practical implications and performance of
the distribution. This part evaluates the parameter estimate methodologies outlined in the estimates
section and examines their efficacy through meticulously organized experiments. We produced datasets
aligned with the theoretical framework outlined in the preceding section to assess these methodologies.
This enabled us to evaluate the estimators under the previously defined parameter conditions. We
generated numerous datasets that conform to the structural and distributional assumptions of our
model through Monte Carlo simulations. To assess the various estimation approaches, we employed a
comprehensive evaluation framework based on six essential performance criteria. The selected metrics
are intended to capture the fundamental attributes utilized to assess the quality of an estimator. These
attributes encompass

~ 1 ~
e Average bias (BIAS), |Bias(T)| = 7 Zle T —T)|.

1 -~
e Mean squared errors (MSE), MSE = 7 S (T -T)

1 ~
Mean relative errors (MRE), MRE = T Z,L=1 T —T|/T.

1 ~
Average absolute difference (D), D = 7 Zi] Z;;l |[F(x;; T) — F(x;; T).
n

1 .
e Maximum absolute difference (D,...), Dypax = o ZH max |F(x; T) — F(x;; T)|.

=l

e Average squared absolute error, ASAE = - S bl

i=l xp—xp

This work aimed to identify the most efficient parameter estimation approach for our theoretical
model through a complete performance evaluation utilizing a Monte Carlo simulation. This simulation
involved generating multiple randomized samples, collecting extensive data, and utilizing analytical
methods. To establish statistical reliability and draw robust conclusions about the estimator’s perfor-
mance, it was imperative to conduct a substantial number of simulated replications. The results of our
comprehensive simulation experiments have been thoroughly recorded in a series of tables, identified
as Tables 3—7. To improve interpretability and facilitate pattern recognition, we created detailed visual
representations of the numerical data presented in Table 3, illustrated as heat map visualizations in
Figs. 5-10. A systematic ranking approach was employed to convert diverse performance outcomes
into actionable information. Table § displays comprehensive rankings that consider all evaluative
elements. Furthermore, it provides partial rankings derived from certain performance factors. From
Table 8, we conclude that the most successful strategy for determining the estimators of our proposed
model is the MLE, followed by the MPSE.
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Figure 5: A graphical representation for BIAS values presented in Table 3
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Figure 6: A graphical representation for MSE values presented in Table 3
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Figure 7: A graphical representation for MRE values presented in Table 3
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Figure 8: A graphical representation for D, values presented in Table 3
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Figure 9: A graphical representation for D,,,, values presented in Table 3
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Figure 10: A graphical representation for ASAE values presented in Table 3
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Table 8: Partial and overall ranks for all estimation methods of our proposed model

Parameter n MLE ADE CVME MPSE OLSE RTADE WLSE LTADE MSADE MSALDE ADSOE KE MSSDE MSSLDE MSLNDE

=04 25 70 40 8.0 1.0 6.0 5.0 2.0 9.0 12.0 10.0 14.5 3.0 145 11.0 13.0
55 70 1.0 20 5.0 4.0 3.0 6.0 8.0 13.0 11.0 14.0 9.0 120 10.0 15.0
100 70 1.0 4.0 2.0 8.5 5.0 3.0 8.5 12.0 10.0 14.5 6.0 145 11.0 13.0
140 50 25 7.0 4.0 2.5 6.0 1.0 9.0 12.0 11.0 15.0 8.0 13.0 10.0 14.0
180 1.0 3.0 7.0 2.0 5.5 8.5 4.0 8.5 12.0 10.0 15.0 55 130 11.0 14.0
225 30 1.0 7.0 5.0 8.0 4.0 2.0 9.0 11.0 10.0 15.0 6.0 13.0 12.0 14.0
270 50 40 8.0 1.0 6.0 2.0 3.0 9.0 10.0 11.0 15.0 7.0 140 12.0 13.0
350 20 3.0 6.5 1.0 5.0 4.0 6.5 8.0 11.0 10.0 15.0 9.0 120 13.0 14.0
£ =0.85 25 60 95 15 1.5 5.0 7.0 3.0 8.0 12.0 11.0 14.0 40 13.0 9.5 15.0
55 30 6.0 80 1.0 7.0 2.0 5.0 9.0 12.0 11.0 14.5 40 13.0 10.0 14.5
100 20 3.0 4.0 8.0 5.5 7.0 1.0 9.0 12.0 11.0 15.0 10.0 13.0 5.5 14.0
140 1.0 80 5.0 7.0 2.5 2.5 4.0 6.0 12.0 11.0 15.0 9.0 140 10.0 13.0
180 1.0 3.0 7.0 6.0 8.5 2.0 4.0 8.5 12.0 11.0 15.0 50 140 10.0 13.0
225 30 20 5.0 4.0 6.0 7.0 1.0 8.5 12.0 11.0 14.5 85 13.0 10.0 14.5
270 6.0 2.0 5.0 1.0 4.0 3.0 7.0 8.0 12.0 10.0 14.0 9.0 13.0 11.0 15.0
350 1.0 4.0 50 2.0 7.0 8.0 6.0 9.0 13.0 10.0 15.0 3.0 120 11.0 14.0
(=14 25 1.0 50 25 4.0 7.0 6.0 2.5 10.0 12.0 8.0 15.0 9.0 13.0 11.0 14.0
55 1.0 45 25 4.5 6.0 2.5 8.0 9.0 12.0 11.0 15.0 7.0 140 10.0 13.0
100 20 40 6.0 1.0 5.0 8.0 7.0 10.0 12.0 11.0 15.0 3.0 130 9.0 14.0
140 85 35 5.0 1.0 8.5 3.5 2.0 11.0 12.0 10.0 15.0 6.0 13.0 7.0 14.0
180 20 40 9.0 3.0 6.0 1.0 5.0 7.0 12.0 11.0 15.0 8.0 13.0 10.0 14.0
225 1.0 20 8.0 4.0 6.0 3.0 7.0 9.0 12.0 11.0 15.0 50 140 10.0 13.0
270 50 2.0 4.0 7.0 8.0 3.0 1.0 9.0 12.0 11.0 15.0 6.0 13.0 10.0 14.0
350 5.0 2.0 7.0 1.0 4.0 6.0 3.0 8.0 12.0 11.0 15.0 9.0 13.0 10.0 14.0
=25 25 1.5 60 50 1.5 8.5 3.0 4.0 11.0 12.0 10.0 15.0 7.0 130 8.5 14.0
55 1.0 50 80 3.0 10.0 4.0 2.0 11.0 12.0 9.0 15.0 6.0 13.0 7.0 14.0
100 1.0 2.0 8.0 3.0 5.0 4.0 6.5 11.0 12.0 10.0 15.0 9.0 13.0 6.5 14.0
140 20 6.0 7.0 4.0 3.0 5.0 1.0 11.0 12.0 9.0 15.0 10.0 14.0 8.0 13.0
180 40 3.0 8.0 1.0 6.0 2.0 5.0 10.0 12.0 9.0 15.0 1.0 13.0 7.0 14.0
225 1.0 20 5.0 3.0 9.5 4.0 7.0 11.0 12.0 9.5 15.0 6.0 13.0 8.0 14.0
270 1.0 35 6.0 35 8.0 2.0 5.0 11.0 12.0 10.0 15.0 9.0 14.0 7.0 13.0
350 1.0 2.0 7.0 3.0 6.0 5.0 4.0 10.0 12.0 11.0 15.0 8.0 140 9.0 13.0
=35 25 20 50 8.0 1.0 11.0 7.0 3.0 12.0 10.0 6.0 15.0 9.0 13.0 4.0 14.0
55 1.0 25 60 2.5 8.5 4.0 5.0 12.0 11.0 7.0 15.0 10.0 13.0 8.5 14.0
100 1.0 4.0 6.0 3.0 7.0 2.0 8.0 12.0 11.0 10.0 15.0 9.0 14.0 5.0 13.0
140 1.0 40 6.0 3.0 7.0 5.0 2.0 12.0 11.0 10.0 15.0 9.0 14.0 8.0 13.0
180 1.0 3.0 6.0 4.0 9.0 2.0 5.0 12.0 10.0 7.0 15.0 8.0 13.0 11.0 14.0
225 1.0 50 6.0 2.5 7.0 2.5 4.0 11.0 10.0 12.0 15.0 9.0 14.0 8.0 13.0
270 1.0 50 7.0 3.0 6.0 4.0 2.0 12.0 10.0 11.0 15.0 9.0 13.0 8.0 14.0
350 3.0 50 6.0 1.0 9.5 2.0 4.0 11.0 12.0 8.0 15.0 9.5 13.0 7.0 14.0
> Ranks 109.0 147.0 239.0 119.0 262.5 166.5 161.5 388.0  467.0 401.5 595.0 297.5 531.0 364.5 551.0
Overall rank 1 3 6 2 7 5 4 10 12 11 15 8 13 9 14

6 Real Data Analysis

This section presents the performance of the proposed BUm model against several competing
models listed below. Two real datasets are used to demonstrate the flexibility and suitability of
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the distributions. The results are summarized through descriptive statistics, parameter estimates,
goodness-of-fit measures, and graphical comparisons such as the fitted PDF, CDF, survival plots,
and probability-probability (P-P) plots.

The evaluation of model performance is based on several statistical criteria. The log-likelihood
(LL), Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), Consistent Akaike
Information Criterion (CAIC), and Hannan—Quinn Information Criterion (HQIC) are used to assess
goodness-of-fit. Larger LL values indicate a better fit, while smaller AIC, BIC, CAIC, and HQIC
values are preferred. The coefficient of determination (R?) is used to measure explanatory power, with
higher values suggesting a stronger fit. Additionally, the root mean square error (RMSE) serves as
an error-based measure, where lower values indicate better predictive accuracy. For the Kolmogorov—
Smirnov (KS), Anderson—Darling (AD), and Cramér—von Mises (CVM) tests, smaller statistic values
and larger p-values suggest a better fit.

The PDFS of the competing models are given below:
e Unit Gompertz distribution (UGoD) by [22]:
f) =apx @ Vexp[—a (x” —1)];x€(0,1),a,8 > 0.
e Epanechnikov power unit inverse Lindley distribution (EPuD) by [18]:

592)67357169729*_6 [3(9 + l)xaee,\-—5 —2¢" (6 + xa)]
Sx) = 200 + 1)2

e Power unit inverse Lindley distribution (PUiD) by [16]:

p

SB2P . ——
f(x) = 1"i_eﬁx28 ‘e X’;x€(0,1),8,8 > 0.

e Bounded Weighted Exponential Distribution (BWeD) by [23]:
Mo+ 1) -l
o

;xe€(0,1),5,6 > 0.

Sx) =
e Unit Weibull distribution (UWed) by [24]:

(l —x“);xe 0,1, a, A > 0.

1
f(x) = —aB(—logx)" " exp [—oz(—logx)ﬁ] ;xe 0, D),a,8>0.
X
e Unit Burr-XII Distribution (UBxD) by [25]:

Pl (x))“((; log (x))" +1)

e Beta Distribution (BEtD) by [26]:

;xe€(0,1), a,0 > 0.

1
(x) = x'1=xf"xe 1), a,8 > 0.
4 B(e, B) P
e Unit Zeghdoudi Distribution (UZeD) by [27]:
. wx
flxw) = X l—Xx:xe@©,1),0>0.

Z e
1=x)"(w+2)
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6.1 First Data

The first dataset, obtained from [28], represents the annual percentage of antimicrobial resistant
isolates in Portugal in 2012. It contains 23 proportions ranging between 0.01 and 0.59. The data are as
follows: 0.01, 0.01, 0.03, 0.05, 0.08, 0.12, 0.14, 0.15, 0.15, 0.16, 0.19, 0.20, 0.20, 0.23, 0.26, 0.30, 0.32,
0.36, 0.39, 0.43, 0.54, 0.58, 0.59

Table 9 shows the descriptive statistics. The skewness (0.6475) confirms moderate asymmetry,
and the kurtosis (2.4630) indicates a light-tailed distribution compared to the normal case. Table 10
provides the parameter estimates and their standard errors for all competing models.

Table 9: Descriptive statistics of the first dataset

n Q1 Median Q3 Mean Kurtosis Skewness
23 0.1300 0.2000 0.3400 0.2387 2.4630 0.6475

Table 10: Estimates values and SEs for all models applied to the first dataset.

Models Estimates SE Estimates SE
BUmD (Z) 3.6344 0.5052

UGoD (&, ) 0.6793 0.4838 0.4190 0.1609
EPuD (3, 9) 0.2411 0.1173 2.5914 1.5607
PUID (4, B) 0.3434 0.1174 1.3522 0.6645
BWeD (X, @) 1.0826 0.3746 0.0002 0.5852
UWeD (&, B) 0.2695 0.0933 1.7785 0.2753
UBxD (&, 6) 3.8498 0.9567 0.4521 0.1335
BE(D (&, B) 1.1218 0.2919 3.6501 1.0979
UZeD (B) 5.6156 0.7468

Table 11 presents the goodness-of-fit statistics. Based on LL, AIC, CAIC, BIC, HQIC, RMSE,
and R?, the BUmD shows superior performance. It records the largest LL value and the smallest
values for AIC, CAIC, BIC, and HQIC. It also achieves the highest R? (0.9843) and the lowest RMSE
(0.0364), both of which confirm a strong fit. The KS, AD, and CVM test results support the same
conclusion, since the BUmD has the smallest test values and the largest p-values.

Table 11: Goodness-of-fit statistics for the first dataset

Model LL AIC CAIC BIC HQIC RMSE R? KS (p-value) AD (p-value) CVM (p-value)
BUmD 119540 -21.9079 -21.7174 —20.7724 —-21.6223 0.0364 0.9843 0.0923 0.2498 0.0305
(0.9895) (0.9704) (0.9770)
UGoD 8.3923  —12.7845 —14.5940 —13.6490 —14.4989 0.0673  0.9228 0.1608 0.8857 0.1333
(0.5916) (0.4219) (0.4475)
EPuD  9.1092  —14.2184 —13.6185 —11.9475 —13.6473 0.0575 0.9470 0.1424 0.7083 0.1003
(0.7397) (0.5503) (0.5875)

(Continued)
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Table 11 (continued)

Model LL AIC CAIC BIC HQIC RMSE R? KS (p-value) AD (p-value) CVM (p-value)
PUID  8.5094  —13.0188 —12.4188 —10.7478 —12.4476 0.0657 0.9283 0.1623 0.8464 0.1268
(0.5797) (0.4474) (0.4719)
BWeD 103068 —16.6137 —18.4232 —17.4782 —18.3281 0.0481 0.9635 0.1145 0.5047 0.0753
(0.9238) (0.7402) (0.7245)
UWeD 104906 —16.9812 —18.7908 —17.8457 —18.6957 0.0489 0.9679 0.1469 0.4503 0.0658
(0.7037) (0.7961) (0.7823)
UBxD  10.3249 —16.6498 —18.4593 —17.5143 —18.3642 0.0598 0.9545 0.1568 0.4777 0.0895
(0.6241) (0.7679) (0.6433)
BEtD 11.5364 —19.0728 —20.8824 —19.9374 —20.7873 0.0367 0.9837 0.1102 0.2546 0.0326
(0.9428) (0.9677) (0.9698)
UZeD  5.6941 —9.3881 -9.1976  —8.2526  —9.1025  0.1139  0.8880 0.2193 2.7427 0.2736
(0.2187) (0.0375) (0.1607)

The graphical comparisons are given in Figs. 11-14. Fig. 11 shows that the BUmD PDF follows
the data more closely than the other models. Fig. 12 shows that the BUmD CDF lies nearest to the
empirical CDF compared to the competing models. Fig. 13 shows that the survival curve of the BUmD
matches better with the empirical survival function. Finally, the P-P plot in Fig. 14 confirms the good
fit, as the BUmD points lie closer to the diagonal line than those of the competing models. Overall,
the first dataset shows that the BUmD captures the main features of the data better than the other
models.
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Figure 11: Estimated PDFs for the competing models for the first dataset
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Figure 12: Plots of the empirical CDFs with the fitted CDFs of all models for the first dataset
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Figure 13: Empirical and survival function curves of the competitor models based on the first dataset
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Figure 14: The P-P plots of the fitted models for the first dataset

6.2 Second Data

The second dataset, obtained from [29], describes the relative distribution of individuals with mild
difficulties across different age groups in Saudi Arabia. It consists of 17 proportional values ranging
from 0.6163 to 0.9168. The data are as follows: 0.8602, 0.8737, 0.8924, 0.9168, 0.9119, 0.8984, 0.9061,
0.9075, 0.8997, 0.8902, 0.8753, 0.8502, 0.8042, 0.7699, 0.7101, 0.6759, 0.6163.

Table 12 gives the descriptive statistics. The skewness (—1.2860) indicates negative asymmetry,
and the kurtosis (3.3546) suggests heavier tails compared to the normal case. Parameter estimates and
standard errors for all models are reported in Table 13.

Table 14 compares the goodness-of-fit measures. The BUmD achieves the best overall results, with
the highest log-likelihood, lowest information criteria, and a higher R*> than the competitors. The
RMSE (0.0798) is also the lowest. The superior fit is further supported by the lowest KS, AD, and
CVM values and the largest associated p-values.

Table 12: Descriptive statistics of the second dataset

n Q1 Median Q3 Mean Kurtosis Skewness
17 0.8042 0.8753 0.8997 0.8388 3.3546 —1.2860
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Table 13: Estimates values and SEs for all models applied to the second dataset

Models Estimates SE Estimates SE
BUmD (¢) 0.5672 0.0669

UGoD (@, B) 0.8569 0.7459 3.6592 1.8343
EPuD (5, ) 1.9668 1.3804 3.3343 2.7514
PUID (3, ) 3.0365 1.3576 1.5964 0.9763
BWeD (%, &) 10.9791 1.6851 0.0004 0.4361
UWeD (&, ) 15.6125 6.9696 1.7430 0.2982
UBxD (&, ) 1.7956 0.2953 17.8428 7.8247
BEtD (&, B) 17.3247 1.2107 3.3621 0.4432
UZeD (B) 0.4200 0.0591

Table 14: Goodness-of-fit statistics for the second dataset

Model LL AIC CAIC BIC HQIC RMSE R? KS (p-value) AD (p-value) CVM (p-value)
BUmD 224502 —42.9004 —42.6337 —42.0672 —42.8176 0.0798 0.9241 0.1691 0.6431 0.1132
(0.6553) (0.6058) (0.5288)
UGoD  16.8513 —29.7026 —31.4360 —30.8695 —31.6199 0.1094 0.7808 0.2743 1.3679 0.2442
(0.1273) (0.2113) (0.1963)
EPuD  17.5127 —31.0254 —30.1682 —29.3590 —30.8597 0.1039 0.8108 0.2672 1.2700 0.2205
(0.1462) (0.2419) (0.2319)
PUID 169192 —29.8385 —28.9813 —28.1721 —29.6728 0.1091 0.7881 0.2677 1.3522 0.2414
(0.1447) (0.2159) (0.2003)
BWeD  18.9545 —33.9089 —35.6422 —35.0757 —35.8261 0.0936 0.8483 0.2473 1.0772 0.1833
0.2112) (0.3182) (0.3042)
UWeD 18.7707 —33.5415 —352748 —34.7083 —35.4586 0.1070 0.8417 0.2248 1.1985 0.2162
(0.3088) (0.2675) (0.2391)
UBxD  18.9320 —33.8641 —35.5974 —35.0308 —35.7812 0.1046 0.8490 0.2182 1.1568 0.2070
(0.3420) (0.2838) (0.2555)
BEtD  20.0348 —36.0696 —37.8029 —37.2364 —37.9867 0.1081 0.8607 0.2194 1.1603 0.2081
(0.3359) (0.2824) (0.2535)
UZeD  22.0924 —42.1848 —41.9182 —41.3516 —42.1020 0.0847 0.9034 0.1836 0.7473 0.1368
(0.5544) (0.5184) (0.4361)

Figs. 15-18 show the fitted plots (PDF, CDF, survival, and P-P). The estimated PDF of the BUmD
in Fig. 15 gives the closest match to the empirical distribution. Fig. 16 shows that the CDF of the
BUmD lies nearest to the empirical CDF compared to the other models. Fig. 17 shows that the survival
curve of the BUmD matches better with the empirical survival function. Finally, the P-P plotin Fig. 18
confirms that the BUmD provides the best fit among the competing models, as its points lie closest to
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the diagonal line. Overall, the second dataset shows that the BUmD captures the main features of the

data better than the other models.
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Figure 15: Estimated PDFs for the competing models for the second dataset
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Figure 16: Plots of the empirical CDFs with the fitted CDFs of all models for the second dataset
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Figure 17: Empirical and survival function curves of the competitor models based on the second dataset
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Figure 18: The P-P plots of the fitted models for the second dataset
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7 Conclusion

We created and examined the BUmD, an innovative bounded probability model derived from
the Uma distribution. Theoretical features, encompassing moments, quantile function, extropy, and
reliability measures, were produced and examined, underscoring the adaptability of the BUmD
in simulating a range of behaviors, including different hazard rate shapes and skewness. Sixteen
traditional and contemporary estimating methods were employed, and their efficacy was thoroughly
evaluated through comprehensive Monte Carlo simulations. The findings indicated that the MLE and
the MPSE consistently yielded the most efficient parameter estimates. Moreover, applications to real
epidemiology and public health datasets revealed the practical superiority of the BUmD over rival
models in terms of goodness-of-fit and adaptability. The BUmD serves as a strong and adaptable
distribution for modeling bounded data, providing significant insights and practical resources for
researchers in statistics, epidemiology, reliability engineering, and associated disciplines.
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