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ABSTRACT

The Monge-Ampère equation (MAE) plays a pivotal role across a broad
spectrum of theoretical and applied sciences, with its solutions being
essential for advancing various fields. This study explores all forms of the
fully nonlinear MAE using Lie group transformations to reduce the equa-
tion into solvable forms. Analytical solutions are derived using ansatz-
based methods, yielding novel and generalized results that enhance the
existing body of knowledge. In particular, solutions for cases with diverse
source functions and boundary conditions are obtained, addressing gaps
in the literature. Stability of the solutions is studied through both ana-
lytical and numerical approaches. Comparisons with existing solutions
demonstrate the efficiency and generality of the proposed methods. The
results presented in this work are poised to impact numerous applications,
providing a robust framework for further research on MAEs.
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1 Introduction

The Monge-Ampère equation is a second-order nonlinear partial differential equation with
numerous applications in both theoretical and practical domains [1,2]. One prominent use is in
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affine geometry, where it helps describe metrics and curvatures, including the Gauss and Weingarten
curvatures. Additionally, the MAE plays a significant role in the study of special Lagrangian sub-
manifolds and complex geometry, especially within the framework of Toric manifolds [3–6]. Beyond
its geometric applications, the MAE is integral to problems in optimal mass transportation, dynamic
meteorology, mathematical finance, and fluid mechanics, particularly in the context of the semi-
geostrophic equations [7,8]. Furthermore, the equations governing one-dimensional gas dynamics with
plane waves in Lagrange coordinates are related to the inhomogeneous MAE through the Martin
transformation [9]. Another view, results about the large deviation principle for the experimental
process of a collection of independent copies of diffusion processes are connected with the Schrödinger
problem, which is a special Lagrangian of the large deviation rate function on the Otto-Wasserstein
manifold [10].

The most commonly encountered form of the MAE is given by:

det
(
D2u

) = uttuxx − utx
2 = f (x, y), (1)

where uxx and utx stand for the second and mixed partial derivatives of u with respect to x and t, and
D2u is the Hessian of the function u, and utt denotes the second partial derivative of u with respect to
t. This form of the MAE is often used in various applications involving nonlinear wave propagation
and optimal transport. Whether the right side of Eq. (1) is strictly positive or touches zero plays an
important role in whether solutions are regular or singular. Additionally, multidimensional cases can
be seen in the literature [11].

The generalized fully nonlinear Monge-Ampère equation is(
uttuxx − utx

2
) + σ2utt + σ3utx + σ4uxx + σ5 (x, t, u, ux, ut) = 0, (2)

where σi (i = 2, 3, 4) are coefficient functions which are generally assumed as constants. Eq. (2) can be
seen three types of PDEs according to values of σi (i = 2, 3, 4, 5) or in other words whether

� = σ5 + σ2σ4 + σ3
2

4
,

is less than, greater than or equal to zero like in classical classification of PDEs [12]. When the Hessian
matrix D2u is equivalently or positive definite, when the equation is locally uniformly convex, Eq. (1)
becomes an elliptic partial differential equation (PDE) [6], more specifically, a degenerate elliptic
equation [13]. The regularity and existence of solutions to this equation were first established by
Minkowski [14,15], while the existence of weak solutions was proven by Alexandrov [16–18]. Due
to its degenerate elliptic nature, solving this equation becomes significantly more challenging, which
has led to an increased focus on numerical solutions [19,20]. Various numerical methods have been
explored in the literature, including two-scale finite element approaches [20], eigenproblems [21],
spline-based finite element methods [22], and least-squares and augmented Lagrangian techniques
[23,24]. Additionally, the MAE is known to possess invariant properties under contact transformations
[25,26], and its Lie symmetries have been studied theoretically [27–29], though explicit solutions remain
scarce in the literature.

As previously mentioned, the Monge-Ampère equation has notable applications in various fields,
including the piston problem [8], optimum investment theory [27], and the propagation of shock waves
in thermodynamics. In this work, Eqs. (1), (2), and selected applications of Eq. (2) are systematically
examined and reduced to obtain exact analytical solutions through the application of Lie symmetry
method. The significance of Lie symmetries in practical research is widely recognized. It is expected
that the results presented here will make a substantial contribution to the existing body of literature.
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The broad applicability and significance of the Monge-Ampère equation serve as the primary
motivation for this study, particularly in diverse scientific fields such as thermodynamics, optimal
investment theory, and shock wave propagation. While the nonhomogeneous form of the MA Eq. (1)
is commonly encountered in the literature, this study focuses on the generalized fully nonlinear form of
the MA Eq. (2), which is less explored. The significance of Eq. (2) lies in its classification into elliptic,
parabolic, and hyperbolic types, each corresponding to distinct and varied applications. By leveraging
Lie symmetries, this work reduces Eq. (2) to a more manageable form and solves it using ansatz-based
methods. This method introduces a novel approach by employing Lie symmetries to derive analytical
solutions, expanding the scope of solvable Monge-Ampère problems and offering fresh insights into
their applications. The results presented are expected to enhance the understanding and application
of the generalized MA equation across various disciplines.

The structure of this paper is as follows: Section 2 describes the methodology and the primary
approach used in the study. Section 3 investigates the symmetries of the Monge-Ampère equation
(MAE) when a source term is present. Section 4 analyzes the stability of the solutions. In Section 5,
the Lie symmetries of the generalized form of the MAE are derived. Finally, Section 6 provides the
conclusion of the study, summarizing the obtained results.

2 Methodology

The study of analytical solutions for nonlinear equations is a topic of significant interest across
various application areas and has been extensively explored in the literature [30–34]. Among the
methods employed, the Group Analysis method, commonly known as the Lie symmetry method, has
proven to be particularly effective. In physics, engineering, and the natural sciences, this method is
widely utilized to establish conservation laws by incorporating inherent physical properties [35–38].
Lie transformations are particularly effective in reducing the order or dimensionality of differential
equations or transforming them into solvable forms. The ability to obtain exact solutions in explicit
form is crucial for both the theoretical analysis and practical applications of nonlinear systems in
science [39–42]. A single parameter group G of transformations is considered

x̃i = f i (x, ε) , i = 1.2 . . . , n, (3)

here, ε represents a canonical parameter, and f i (x, ε) can be expressed as a Taylor series expansion
around ε = 0, retaining only terms up to a specific desired order while omitting higher-order terms
like O (ε).

χ̃ i ≈ χ i + εξi(x), i = 1, 2, . . . , n, ξi(x) =
(

∂f i (x, ε)
∂ε

)∣∣∣∣
ε=0

. (4)

Eq. (4) determines the tangent vector at point x.

ξ(x) = (ξ1(x), . . . , ξn(x)). (5)

The infinitesimal generator for the one-parameter group (3) is given by

X =
n∑

i=1

ξi (x)
∂

∂xi
,

in which ξi denotes the tangent vector field.
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3 The Symmetries of MAE with Source Terms

Most seen case of MAE is nonhomogeneous form i.e. the values of σi = 0 (i = 2, 3, 4) and
σ5 (x, t, u, ux, ut) = f (x, y) and the theoretical study for the problem is studied by [25].

In this section, analytical solutions of the most common type of the MAE, which is a particular
case of Eq. (1) according to

uxxutt − uxt
2 = f (x, t) , (6)

is investigated. The exact solution is given by [23] for the following source terms,

f (x, t) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(
1 + x2 + t2

)
e(x2+t2)

1√
x2 + t2

,

2

(2 − x2 − t2)
2 .

The considered cases of f (x, t) correspond to radial solution that has application to the noisy
data, which the effects of adding high-frequency sinusoidal noise to the data are examined, blow-
up solution, which is a complex but important phenomenon that reflects the interplay between the
problem’s geometry, boundary conditions, and the nonlinear nature of the equation, and surface of a
ball, which highlights the important role of convexity and geometry in solution behavior, respectively.

To reduce Eq. (6), the transformation u (x, t) = F (ζ ) , ζ = x2 + t2 is obtained because of Lie
procedure. Hence the reduced equation is hold:

8ζF
′′
(ζ ) F ′ (ζ ) + 4 (F ′ (ζ ))

2 = f (ζ ) . (7)

Table 1 provides a comparison between the exact solutions obtained in this study and those found
in the literature. In this context, Ci (i = 1, 2) are constants that are determined based on the initial
or boundary conditions. The comparison highlights how the solutions derived in this investigation
align with or differ from the known solutions presented in [23]. The graphical representation of these
comparisons is depicted in Fig. 1 for specific parameter values. The results demonstrate strong agree-
ment with the known solutions, validating the accuracy and reliability of the employed methodology.
Specifically, in the case of C1 = C2 = 0, the derived solution aligns precisely with the existing
solution in the literature, as shown in Table 1. This finding confirms that the proposed approach
accurately reproduces known results, reinforcing the robustness of the method. Moreover, the study
introduces additional new solutions that have not been reported in previous works. These solutions
can be regarded as general exact solutions, where the constants Ci (i = 1, 2) can be adapted to fit
specific initial or boundary conditions. This flexibility highlights the potential of these solutions to
model various physical processes and yield novel outcomes.

The comparative plots in Fig. 1 further emphasize the validity of the new solutions. For instance:

• In case (i), with C1 = 1 and C2 = 1, the proposed solution exhibits similar behavior to the radial
solutions in the literature.

• In case (ii), for the blow-up scenario with C1 = 0.1 and C2 = −1, the solution coincides with
the literature results.

• In case (iii), involving a surface of a ball with C1 = 0.8 and C2 = 1, the solution demonstrates
distinct characteristics, showcasing the adaptability of the method.
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Table 1: The exact solutions of Eq. (6) for each case

Cases The source f (ζ )

(ζ = x2 + t2)
The obtained exact solutions (ζ = x2 + t2) The given exact

solution [19]

1. radial solution (ζ + 1) exp (ζ ) F (ζ ) = ∓ 1
2

∫ √
exp (ζ ) + 4

ζ
C1dζ + C2 u (x, t) =

exp
(

x2 + t2

2

)

2. blow-up solution
1√
ζ

F (ζ ) =

±
2
√

2
√

ζ
(√

ζ + C1

) (√
ζ + C1

)
3
√

ζ
+ C2

u (x, t) =
2
√

2
3

(
x2 + t2

)3/4

3. surface of a ball
2

(2 − ζ )
2 F (ζ ) =

±
√

2
2

∫ √
(ζ − 1) ζ (−1 − 2C1 + 2C1ζ )

(ζ − 1) ζ
dζ+

C2

u (x, t) =
−√

2 − x2 − t2

(a) (b) (c)

Figure 1: Comparison of exact solutions: (i) radial, (ii) blow-up, and (iii) ball surface. Red surfaces
represent proposed solutions; yellow surfaces depict solutions from [19]. (a) C1 = 1, C2 = 1. (b) C1 =
0.1, C2 = −1. (c) C1 = 0.8, C2 = 1

Fig. 1 illustrates these cases by comparing the proposed new solutions (represented by red
surfaces) with the exact solutions from the literature (depicted in yellow). The strong agreement
between these solutions confirms the precision of the methodology. Additionally, the discovery of new
solutions enriches the understanding of the problem and provides opportunities for further exploration
in various physical contexts. The proposed methodology effectively reproduces known solutions while
enabling the derivation of new, generalized solutions. These results highlight the capability of the
approach to address a broader range of scenarios, offering valuable insights into the underlying
physical processes.

4 Stability Analysis

Stability is a crucial aspect in the study of nonlinear partial differential equations, ensuring that
small perturbations in initial conditions or numerical approximations do not lead to unbounded
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solutions. This section investigates the stability of the Monge-Ampère equation from both analytical
and numerical perspectives. First, the stability of analytical solutions is examined by introducing small
perturbations and analyzing their evolution. Then, the numerical stability of the discretized MAE is
assessed using von Neumann analysis, a standard technique for investigating the stability of numerical
schemes for nonlinear differential equations [39,40,42–44].

4.1 Stability of Analytical Solutions
To analyze the stability of the obtained analytical solutions, we introduce a small perturbation to

the solution u(x, t)

ũ (x, t) = u (x, t) + εv (x, t) ,

where ε is a small parameter and v (x, t) represents the perturbation. Substituting ũ (x, t) into the
Eq. (6), we obtain

(uxx + εvxx) (utt + εvtt) − (uxt + εvxt)
2 = f (x, t) .

Expanding and neglecting higher-order terms in ε, we obtain the linearized perturbation equation:

uxxvtt + uttvxx − 2uxtvxt = 0.

The perturbation v(x, t) remains bounded if the homogeneous equation

uxxvtt + uttvxx − 2uxtvxt = 0

admits solutions that do not grow indefinitely with time. A Lyapunov function V (x, t) can also be
introduced, ensuring that

dV
dt

≤ 0.

If such a function exists, the solution is asymptotically stable. Otherwise, if perturbations grow
exponentially, the solution is unstable.

4.2 Numerical Stability of Discretized MAE
To validate our analytical results numerically, we discretize the MAE using a finite difference

scheme. Using central difference approximations, we obtain

Ui+1,j − 2Ui,j + Ui−1,j

Δx2
· Ui,j+1 − 2Ui,j + Ui,j−1

Δt2
−

(
Ui+1,j+1 − Ui+1,j−1 − Ui−1,j+1 + Ui−1,j−1

4ΔxΔt

)2

= fi,j.

To assess stability, we perform von Neumann stability analysis:

1. Assume Fourier mode solutions of the form

Ui,j = Ûeikxeiωt.

2. Substituting into the discretized equation leads to a characteristic equation for the amplification
factor G:

G = 1 − λ1 − λ2

1 + λ1 + λ2

,
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where λ1 =
4 sin2

(
kΔx

2

)

Δx2
and λ2 =

4 sin2

(
ωΔt

2

)

Δt2
.

3. Stability requires |G| ≤ 1, expanding the expression for G, stability is ensured if:

4 sin2

(
kΔx

2

)

Δx2
·

4 sin2

(
ωΔt

2

)

Δt2
−

(
sin (kΔx) sin (ωΔt)

ΔxΔt

)2

≤ 1.

Additionally, for iterative solvers, we analyze the condition number of the discretized system matrix.
A large condition number indicates numerical instability, requiring stabilization techniques such as
preconditioning or implicit schemes.

5 Lie Symmetries of the Generalized MAE

In this section, we explore the Lie symmetries of the generalized Monge–Ampère equation (MAE),
which is less commonly discussed than its classical form [11,12,27–29]. By systematically applying the
method outlined in Section 2, we derive the corresponding infinitesimal generator for this extended
model.

The generalized MAE is(
uttuxx − utx

2
) + σ2utt + σ3utx + σ4uxx + σ5(x, t, u, uxut) = 0, (8)

where σi (i = 2, 3, 4) coefficient functions and σ5 (x, t, u, ux, ut) = σ5 are constants. This equation is not
seen so frequently as Eq. (1). Applying the given procedure in Section 2, the infinitesimal generator is
obtained:

X = (C1x + C2)
∂

∂x
+ (C1t + C3)

∂

∂t
+ (2C1u + C6x + C4t + C5)

∂

∂u
. (9)

As a result, six one-parameter groups with infinitesimal transformation are obtained which
include not only trivial transformations also new transformations. In the case C1 = 1 and others

are zero, the infinitesimal generator X1 = x
∂

∂x
+ t

∂

∂t
+ 2u

∂

∂u
and the transformation is

u (x, t) = x2F (ζ ) , ζ = t
x

.

Consequently, the reduced equation is given below:(
ζ 2σ4 − σ3ζ − 2F + σ2

)
F

′′ + (F ′)2 + (−2ζσ4 + σ3) F ′ + 2Fσ4 + σ5 = 0. (10)

Eq. (10) represents a nonlinear ordinary differential equation that can be solved using the
Bernoulli approximation method or the ansatz technique. The ansatz is determined by balancing
principle that F (ζ ) = g0 + g1z (ζ ) , g0, g1 are constants and z (ζ ) is the solution of the Bernoulli
differential equation z′ (ζ ) = P (ζ ) z (ζ )+Q (ζ ) z2 (ζ ), P (ζ ) and Q (ζ ) will be determined by the system.
Applying the considered method’s procedure,

P (ζ ) =
8σ4

(
σ4 (ζ − 2C1) − 1

4
σ3

)

4ζσ4
2 (ζ − 4C1) + σ4 (σ3 (−2ζ + 8C1) − 4σ2) + σ3

2 − 4σ5

, (11)
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where

g0 = − σ5

2σ4

C1 = σ3 ± 2
√−4σ2σ4 + σ3

2 − 4σ5

8σ4

, Q (ζ ) = 0.

The parameters derived for Eq. (11) and the corresponding transformation are formulated in the
ansatz, leading to the general solution of Eq. (8), as the group transformation remains invariant:

u (x, t) = x2

⎛
⎜⎜⎜⎝− σ5

2σ4

− g1

C2

⎛
⎜⎜⎜⎝

2σ4t
(
σ3 + 2

√−4σ4σ2 + σ3
2 − 4σ5

)
x

−4t2σ4
2

x2
+ 2tσ4σ3

x
+ 4σ4σ2 − σ3

2 + 4σ5

−σ3

(
σ3 + 2

√−4σ4σ2 + σ3
2 − 4σ5

)

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠ . (12)

The classification of Eq. (9) into elliptic, parabolic, and hyperbolic forms based on the coefficients
is illustrated in Fig. 2. These plots were generated with the parameters g1 = 2 and C2 = 1 for different
cases:

a) Elliptic form: σ2 = 0.1, σ3 = −1, σ4 = −0.1, σ5 = 1, Δ > 0,

b) Hyperbolic form: σ2 = 0.1, σ3 = −1, σ4 = −0.1, σ5 = −1, Δ < 0,

c) Parabolic form: σ2 = 1, σ3 = √
8, σ4 = −1, σ5 = −1, Δ = 0.

(a) (b) (c)

Figure 2: Solution behavior of (a) elliptic, (b) hyperbolic, and (c) parabolic forms of MAE with
specified parameters. (a) σ 2 = 0.1, σ 3 = −1, σ 4 = −0.1, σ 5 = 1, � > 0. (b) σ 2 = 0.1, σ 3 = −1,
σ 4 = −0.1, σ 5 = −1, � < 0. (c) σ 2 = 1, σ 3 = √

8, σ 4 = −1, σ 5 = −1, � = 0

Fig. 2 demonstrates the distinct solution behaviors of these forms, providing valuable insights
into their underlying dynamics. The elliptic form (a) exhibits bounded solutions, the hyperbolic form
(b) shows unbounded wave-like behavior, and the parabolic form (c) presents a transitional state. In
existing literature, exact and numerical solutions are typically obtained under the assumption that the
coefficient functions σi = 0 for i = 2, 3, 4. However, to the best of our knowledge, no exact solutions
for Eq. (8) have been reported. The approach in this study generalizes the modified algebraic equation
(MAE) by including all terms with nonzero coefficient functions. This comprehensive consideration
of coefficients bridges the gap in existing research, yielding exact solutions that account for all terms
in the equation.

The proposed solutions not only fill this gap but also demonstrate the robustness of the method
in addressing the generalized MAE. These solutions offer flexibility for analyzing a variety of physical
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scenarios where all terms contribute significantly to the equation’s behavior. Thus, the methodology
provides a broader framework for both theoretical analysis and practical applications.

6 Conclusion

This work examines the fully nonlinear MAE and its variations with diverse source functions.
Using Lie group transformations, the equations are simplified into solvable forms, and exact solutions
are derived through ansatz-based methods, some of which are novel. The solutions are presented
in a generalized form, with constants determined by initial or boundary conditions. Stability of the
solutions is rigorously studied, ensuring their validity both analytically and numerically. Comparisons
with existing results for equivalent parameter values highlight the robustness and reliability of the
proposed solutions. This study fills critical gaps in the literature and introduces general solutions,
backed by stability analysis, that have potential for widespread applications.

Acknowledgement: The authors would like to acknowledge Deanship of Graduate Studies and
Scientific Research, Taif University for funding this work.

Funding Statement: This research received no external funding.

Author Contributions: Conceptualization, Pshtiwan Othman Mohammed and Muteb R. Alharthi;
Data curation, Özkan Avit; Funding acquisition, Dumitru Baleanu and Muteb R. Alharthi; Inves-
tigation, Zehra Pinar Izgi, Özkan Avit, and Majeed Ahmad Yousif.; Methodology, Zehra Pinar Izgi
and Majeed Ahmad Yousif; Software, Dumitru Baleanu; Supervision, Dumitru Baleanu and Muteb R.
Alharthi; Validation, Pshtiwan Othman Mohammed; Visualization, Majeed Ahmad Yousif; Writing—
original draft, Zehra Pinar Izgi and Majeed Ahmad Yousif; Writing—review & editing, Muteb R.
Alharthi and Pshtiwan Othman Mohammed. All authors reviewed the results and approved the final
version of the manuscript.

Availability of Data and Materials: Data are contained within the article.

Ethics Approval: Not applicable.

Conflicts of Interest: The authors declare no conflicts of interest to report regarding the present study.

References
1. Gutiérrez CE. The Monge-Ampère equation; progress in nonlinear differential equations and their appli-

cations. Cham, Switzerland: Birkhäuser; 2016.
2. Wang P, Jin L, Li Z, Yi L. Spectral collocation method for numerical solution to the fully nonlinear monge-

ampère equation. J Sci Comput. 2024;100(77). doi:10.1007/s10915-024-02617-y.
3. Figalli A. On the Monge-Ampère equation. Séminaire Bourbaki. 2018;414:477–503.
4. Bakelmann I. Convex analysis and nonlinear geometric elliptic equations. Berlin/Heidelberg, Germany:

Springer-Verlag; 1994.
5. Zheligovsky V, Podvigina O, Frisch U. The Monge-Ampère equation: various forms and numerical

solution. J Comput Phys. 2010;229(13):5043–61.
6. Trudinger NS, Wang X-J. The Monge-Ampère equation and its geometric applications. Handb Geom Anal.

2008;1:467–524.

https://www.scipedia.com/public/Izgi_et_al_2025 9

https://doi.org/10.1007/s10915-024-02617-y
https://www.scipedia.com/public/Izgi_et_al_2025


Z. P. Izgi, Ö. Avit, D. Baleanu, M. A. Yousif, M. R. Alharthi and P. O. Mohammed,

On nonlinear monge-ampére equations

and their symmetry classifications,

Rev. int. métodos numér. cálc. diseño ing. (2025). Vol.41, (4), 64

7. Caboussat A. Computation of portfolio hedging strategies using a reduced Monge-Ampère equation. In:
Proceedings 20th International Conference on Computing in Economics and Finance; 2014. p. 22–4.

8. Koleva MN, Vulkov LG. Numerical solution of the Monge-Ampère equation with an application to fluid
dynamics. AIP Conf Proc. 2018;2048:030002.

9. Rozhdestvenskii BL, Yanenko NN. Systems of quasilinear equations and their application to gas dynamics.
Providence, RI, USA: American Mathematical Soc.; 1983.

10. Léonard C, Mohayaee R. Monge-Ampère gravitating fluids. Least Action Principles And Particle Systems.
arXiv: 2503.01537v1 [math.PR] 3 Mar 2025.

11. Manno G, Olivieri F, Vitolo R. On differential equations characterized by their Lie point symmetries. J
Math Anal Appl. 2007;332(2):767–86. doi:10.1016/j.jmaa.2006.10.042.

12. Fedorchuk VM, Fedorchuk VI. Reduction of the (1 + 3)-dimensional inhomogeneous Monge–
Ampère equation to first-order partial differential equations. Ukr Math J. 2022;74(3):342–58.
doi:10.1007/s11253-022-02076-4.

13. Figalli A. The Monge-Ampère equation and its applications. In: Zurich lectures in advanced mathematics.
Helsinki, Finland: European Mathematical Society; 2017.

14. Minkowski H. Allgemeine Lehrsätze über die konvexen Polyeder. In: Ausgewählte Arbeiten zur Zahlenthe-
orie und zur Geometrie. Vienna, Austria: Springer; 1989. p. 121–39. doi:10.1007/978-3-7091-9536-9_5.

15. Minkowski H. Volumen und Oberfläche. Math Ann. 1903;57(4):447–95. doi:10.1007/bf01445180.
16. Alexandrov AD. Existence and uniqueness of a convex surface with a given integral curvature. C. R.

Doklady Acad Sci URSS (N. S.). 1942;35:131–4.
17. Alexandrov AD. Smoothness of the convex surface of bounded Gaussian curvature. C. R. (Doklady) Acad

Sci URSS (N. S.). 1942;36:195–9.
18. Alexandrov AD. Convex polyhedra. Berlin/Heidelberg, Germany: Springer; 2005.
19. Benamou J-D, Froese BD, Oberman AM. Two numerical methods for the elliptic monge-ampère equation.

ESAIM Math Model Numer Anal. 2010;44(4):737–58. doi:10.1051/m2an/2010017.
20. Nochetto RH, Ntogkas D, Zhang W. Two-scale method for the monge-ampère equation: convergence to

the viscosity solution. Math Comp. 2019;88(316):637–64. doi:10.1090/mcom/3353.
21. Jäntschi L. Eigenproblem Basics and Algorithms. Symmetry. 2023;15(11):2046. doi:10.3390/sym15112046.
22. Awanou G. Spline element method for Monge–Ampère equations. BIT Numer Math. 2015;55(3):625–46.

doi:10.1007/s10543-014-0524-y.
23. Dean EJ, Glowinski R. On the numerical solution of the elliptic Monge-Ampère equation in dimension two:

a least squares approach. In: Partial differential equations. Dordrecht, The Netherlands: Springer; 2008. p.
43–63. doi:10.1007/978-1-4020-8758-5_3.

24. Dean EJ, Glowinski R. Numerical methods for fully nonlinear elliptic equations of the Monge-Ampère
type. Comput Methods Appl Mech Engrg. 2006;195(13–16):1344–86. doi:10.1016/j.cma.2005.05.023.

25. Meleshko SV. Methods for constructing exact solutions of partial differential equations. New York, NY,
USA: Springer Science+Business Media; 2005.

26. Hazewinkel M. Encyclopaedia of mathematics Monge-Ampère equation—rings and algebras. New York,
NY, USA: Springer Science+Business Media; 1995.

27. Yang S, Xu T. Lie symmetry analysis for a parabolic Monge-Ampère equation in the optimal investment
theory. J Comp Appl Math. 2019;346:483–9. doi:10.1016/j.cam.2018.07.035.

28. Udriste C, Bila N. Symmetry lie group of the Monge-Ampère equation. Balkan J Geom Appl. 1998;3:
121–34.

29. Alekseevsky D, Alonso-Blanco R, Manno G, Pugliese F. Contact geometry of multi-dimensional Monge-
Ampère equations: characteristics, intermediate integrals, and solutions. Ann Inst Fourier. 2012;62(2):497–
524. doi:10.5802/aif.2686.

https://www.scipedia.com/public/Izgi_et_al_2025 10

https://doi.org/10.1016/j.jmaa.2006.10.042
https://doi.org/10.1007/s11253-022-02076-4
https://doi.org/10.1007/978-3-7091-9536-9_5
https://doi.org/10.1007/bf01445180
https://doi.org/10.1051/m2an/2010017
https://doi.org/10.1090/mcom/3353
https://doi.org/10.3390/sym15112046
https://doi.org/10.1007/s10543-014-0524-y
https://doi.org/10.1007/978-1-4020-8758-5_3
https://doi.org/10.1016/j.cma.2005.05.023
https://doi.org/10.1016/j.cam.2018.07.035
https://doi.org/10.5802/aif.2686
https://www.scipedia.com/public/Izgi_et_al_2025


Z. P. Izgi, Ö. Avit, D. Baleanu, M. A. Yousif, M. R. Alharthi and P. O. Mohammed,

On nonlinear monge-ampére equations

and their symmetry classifications,

Rev. int. métodos numér. cálc. diseño ing. (2025). Vol.41, (4), 64

30. Pınar Z, Özis T. Classical symmetry analysis and exact solutions for generalized Korteweg–
de Vries models with variable coefficients. Int J Non-Linear Mech. 2018;105(4):99–104.
doi:10.1016/j.ijnonlinmec.2018.06.009.

31. Pınar Z, Özis T. An observation on the periodic solutions to nonlinear physical models by means of the aux-
iliary equation with a sixth-degree nonlinear term. Commun Nonlinear Sci Numer Simul. 2013;18(8):2177–
87. doi:10.1016/j.cnsns.2012.12.025.

32. Kumar A, Kumar S. A modified analytical approach for fractional discrete KdV equations arising in particle
vibrations. Proc Natl Acad Sci Sect A Phys Sci. 2017;1–12. doi:10.1007/s40010-017-0369-2.

33. Wazwaz AM. The Tanh-Coth Method combined with the Riccati equation for solving the KdV equation.
Arab J Math Math Sci. 2007;1(1):27–34. doi:10.1016/j.chaos.2007.09.029.

34. Pinar Z, Mohammed PO, Agarwal RP, Yousif MA, Lupas AA, Abdelwahed M. Efficient study on
westervelt-type equations to design metamaterials via symmetry analysis. Mathematics. 2024;12(18):2855.
doi:10.3390/math12182855.

35. Kukkar A, Kumar S, Malik S, Murad MAS, Arnous AH, Biswas A, et al. Lie symmetry analysis of cubic–
quartic optical solitons having cubic–quintic–septic–nonic form of self-phase modulation structure. J Opt.
2024;271(4):2863. Published online: June 24, 2024. doi:10.1007/s12596-024-01922-x.

36. Benoudina N, Zhang Y, Khalique CM. Lie symmetry analysis, optimal system, new solitary wave solutions,
and conservation laws of the Pavlov equation. Commun Nonlinear Sci Numer Simul. 2021;94(22):105560.
doi:10.1016/j.cnsns.2020.105560.

37. Ghanbari B, Kumar S, Niwas M, Baleanu D. The Lie symmetry analysis and exact Jacobi elliptic solutions
for the Kawahara–KdV type equations. Results Phys. 2021;23(7):104006. doi:10.1016/j.rinp.2021.104006.

38. Boyko VM, Lokaziuk OV, Popovych RO. Admissible transformations and Lie symmetries of lin-
ear systems of second-order ordinary differential equations. J Math Anal Appl. 2024;539(2):128543.
doi:10.1016/j.jmaa.2024.128543.

39. Mohammed PO, Agarwal RP, Brevik I, Abdelwahed M, Kashuri A, Yousif MA. On multiple-type wave
solutions for the nonlinear coupled time-fractional Schrödinger model. Symmetry. 2024;16(5):553.

40. Vivas-Cortez M, Yousif MA, Mohammed PO, Lupas AA, Ibrahim IS, Chorfi N. Hyperbolic non-
polynomial spline approach for time-fractional coupled KdV equations: a computational investigation.
Symmetry. 2024;16(12):1610. doi:10.3390/sym16121610.

41. Pinar Z. Simulations of surface corrugations of graphene sheets through the generalized
graphene thermophoretic motion equation. Int J Comput Mater Sci Eng. 2020;9(1):2050005.
doi:10.1142/s2047684120500050.

42. Yousif MA, Guirao JLG, Mohammed PO, Chorfi N, Baleanu D. A computational study of time-fractional
gas dynamics models by means of conformable finite difference method. AIMS Math. 2024;9(7):19843–58.
doi:10.3934/math.2024969.

43. Yousif MA, Hamasalh FK. Conformable non-polynomial spline method: a robust and accurate numerical
technique. Ain Shams Eng J. 2024;15(2):102415.

44. Vivas-Cortez M, Yousif MA, Mahmood BA, Mohammed PO, Chorfi N, Lupas AA. High-accuracy
solutions to the time-fractional KdV–burgers equation using rational non-polynomial splines. Symmetry.
2025;17(1):16. doi:10.3390/sym17010016.

https://www.scipedia.com/public/Izgi_et_al_2025 11

https://doi.org/10.1016/j.ijnonlinmec.2018.06.009
https://doi.org/10.1016/j.cnsns.2012.12.025
https://doi.org/10.1007/s40010-017-0369-2
https://doi.org/10.1016/j.chaos.2007.09.029
https://doi.org/10.3390/math12182855
https://doi.org/10.1007/s12596-024-01922-x
https://doi.org/10.1016/j.cnsns.2020.105560
https://doi.org/10.1016/j.rinp.2021.104006
https://doi.org/10.1016/j.jmaa.2024.128543
https://doi.org/10.3390/sym16121610
https://doi.org/10.1142/s2047684120500050
https://doi.org/10.3934/math.2024969
https://doi.org/10.3390/sym17010016
https://www.scipedia.com/public/Izgi_et_al_2025

	On Nonlinear Monge-Ampere Equations and Their Symmetry Classifications
	1 Introduction
	2 Methodology
	3 The Symmetries of MAE with Source Terms
	4 Stability Analysis
	5 Lie Symmetries of the Generalized MAE
	6 Conclusion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


