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SUMMARY

A novel approach for implicit residual-type error estimation in mesh-free methods and an adaptive
refinement strategy are presented. This allows computing upper and lower bounds of the error in
energy norm with the ultimate goal of obtaining bounds for outputs of interest. The proposed approach
precludes the main drawbacks of standard residual type estimators circumventing the need of flux-
equilibration and resulting in a simple implementation that avoids integrals on edges/sides of a domain
decomposition (mesh). This is especially interesting for mesh-free methods. The adaptive strategy
proposed leads to a fast convergence of the bounds to the desired precision.
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1. Introduction

Assessment of functional outputs of the solution (goal-oriented error estimation) in
computational mechanics problems is a real need in standard engineering practice. End-users
of finite elements, finite differences or mesh-free codes are interested in obtaining bounds
for quantities of engineering interest. Using a proper error representation, the bounds in the
quantities of interest are obtained from bounds of the energy norm. Actually, these bounds are
recovered combining upper and lower bounds of the energy error for both the original problem
(primal) and an adjoint problem (associated with the selected functional output) [1, 2, 3, 4].

It is also important to note that bounds for the energy and for quantities of interest are
usually obtained with respect to a reference solution (associated with a much larger space of
approximation and a much finer discretization). Bounds for the exact solution of the boundary
value problem as presented in [5, 6, 7, 8, 9] are not addressed here.

The need of obtaining reliable upper and lower bounds of the error for quantities of interest
has motivated the use of implicit residual error estimators, which are currently the only type
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of estimators ensuring bounds for the error. Classical residual type estimators, which provide
upper bounds of the error, require flux-equilibration procedures (hybrid-flur techniques) to
properly set boundary conditions for local problems [10, 2]. Flux-equilibration requires a
domain decomposition, which is natural in finite elements but not in mesh-free methods.
Moreover, it is performed by a complex algorithm, strongly dependent on the finite element
type and requiring a data structure that is not natural in a standard finite element code.

The idea of using flux-free estimators, based on the partition-of-the-unity concept and using
local subdomains different than elements, has been already proposed in [11, 12, 13, 14] for finite
elements. The main advantage of the flux-free approach is the simplicity in the implementation.
Obviously, this is especially important in the 3D case.

From the mesh-free point of view, another advantage is the fact that the local subdomains
where the error equation is solved are the support of the functions characterizing the partition
of unity. This is a concept that also exists in mesh-free methods and thus the extension is
possible. Moreover, boundary conditions of the local problems are natural and the usual data
structure of a code is directly employed.

In the last few years, some research has been devoted to develop error estimation procedures
for mesh-free methods. Duarte and Oden [15] derive an explicit residual error estimator for the
h — p cloud method. Liu et al. [16] use a wavelet solution as an error indicator in an algorithm
where multi-scale adaptive refinement is introduced. Chung and Belytschko [17] adapt the
FEM stress projection technique for error analysis in Element Free Galerkin (EFG). Gavete et
al. [18] propose a recovery-based-like error estimate presenting the standard drawbacks of these
methods. None of these approaches furnishes bounds of the energy error. Producing bounds
for functional outputs of the solution in mesh-free methods is still an open topic.

To the authors knowledge implicit residual based estimators have not been proposed for
mesh-free methods. However, in [19] a strategy to assess the energy norm of the error for the
Generalized Finite Element Method (GFEM) is presented and the possible generalizations to
mesh-free methods are also devised. Implicit residual error estimators are now standard in finite
elements because they are mathematically sound, more accurate and allow computing upper
and lower bounds for energy norms as well as for functional outputs. In this paper the implicit
residual-type flux-free error estimator proposed in [14], which is comparable in effectivity to
the standard hybrid-flux estimators, is extended to the Element Free Galerkin Method. In the
present work, the difficulties found when extending the implicit residual methods to mesh-free
are related with the fact that the refined discretization do not induce nested functional spaces.
This is specially important for the error representation. Moreover, the bounds for the specific
quantity of interest must be in this case carefully computed. In reference [19] these difficulties
are not encountered because the error estimator is performed in terms of the energy norm and
in the GFEM the refined subspaces are nested.

Mesh-free methods are especially well suited for adaptivity. Enriching the mesh-free
discretization is straightforward because the new particles are added without any connectivity
restriction. Here, a refinement scheme based on inserting particles following a quadtree
structure in a background rectangular grid is proposed. The refinement criterion uses the
information provided by the flux-free error estimator adapted for mesh-free methods.

The remainder of the paper is structured as follows. Section 2, following [14], recalls the
basics on goal oriented error estimation in finite elements and recalls the basis of a flux-
free error estimator. Section 3 is devoted to extend step by step the previous concepts to
the Element Free Galerkin method: definition of the reference error, estimation of outputs of
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interest, upper bound estimate of the energy norm of the reference error and, finally, bounds
for the output. Section 4 deals with computational aspects related to numerical integration,
Dirichlet boundary conditions and alternative bounds for the output. The adaptive strategy is
introduced in Section 5. Finally, in Section 6, the performance of the proposed error estimator
and adaptive strategy is tested in four numerical examples.

2. Basics on goal oriented error estimation in FEM

This section recalls basic results and strategies in the context of error estimation for linear
outputs (quantities of interest) for finite elements. These strategies are extended to mesh-free
methods in the following sections.

2.1. Model Problem

Let Q@ C R™¢ be an open, bounded domain with piecewise linear boundary 9f) and ngq the
number of spatial dimensions. The strong form of the problem reads: find u such that

(1)

~Viu+ou=s in Q,
u=up on 0.

Only Dirichlet boundary conditions are considered for simplicity. Extending these concepts
to account also for Neumann-type boundary conditions does not represent any additional
conceptual difficulty. The standard weak solution of this problem is u € U verifying

a(u,v) =1(v) Yo € Wy, (2)

where
a(u,v) = | Vo-Vu+ovudQ and [(v)= / vs dSQ.
Q Q

The usual solution and test spaces are introduced U = {u € HY(Q),uloq = up} and
Wo = {v € HY(Q),v]sq = 0}, where H! is the standard Sobolev space of square integrable
functions and first derivatives. The bilinear form a(-,-) induces the energy norm, which is
denoted by ||-||, that is, ||v]|? = a(v,v).

The finite element interpolation spaces U C U and WIT C W, are associated with a finite
element mesh of characteristic size H and degree p for the complete interpolation polynomial
base. The geometric support of the elements for a given mesh are open subdomains denoted by
Qr, k=1...ne, where Q = Uk Q. It is also assumed that different elements do not overlap,
that is, Q, NQ; = O for k # 1. Then, the finite element solution ug which is an approximation
to u, lies in the finite dimensional space ¥ and verifies

a(um,v) =1(v) YveWl.

2.2. Error equations and reference error

The goal of a posteriori error estimation is to assess the accuracy of the finite element solution
ugr, that is, to evaluate and measure the error, e := u — ug, which belongs to Wy, either in
the energy norm ||e|| or in a quantity of interest as it is shown next. The equation for the error
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is recovered from (2) replacing the exact solution u by ug + e and using the linearity of the
first argument of a(-, )

a(e,v) = 1(v) — a(ug,v) = RF (v) Yo €Wy, (3)

where R”(-) stands for the weak residual associated to the finite element approximation u .

The exact error e is replaced by a reference error, ey, lying in a finite dimensional space W{}
much richer than the original finite element space W{, i.e. Wi € W} C Wy. That is, the exact
solution u is replaced by the reference (or truth) solution up; consequently, u ~ uj, = ug + €.
The reference error ep can also be introduced as the projection of the exact error into the
reference space. That is, e, € W is the solution of the problem

alen,v) = RP(v) Yo € W) (4)

Direct evaluation of ej is computationally unaffordable because the size of the system of
equations is the dimension of W¢. The idea behind any implicit residual error estimator is to
solve local problems instead of the global problem (4). Each of these local problems require
proper boundary conditions in order to obtain a good approximation of the error and to ensure
solvability.

2.8. Estimation of outputs of interest

The actual interest is to bound the output quantity [9(u), where (9(-) is a linear functional,
see for instance [1, 20, 21, 3, 22, 23]. These strategies introduce an adjoint (or dual) problem
with respect to the selected output. The weak form of the adjoint problem reads: find ¢ € W)
such that

a(v, ) =19%%) Yo e W. (5)

Note that the trial and test spaces coincide for the adjoint problem. That means that ¢ fulfills
homogeneous Dirichlet boundary conditions on 9€). This feature of the adjoint problem does
not hold in the mesh-free context. The finite element approximation of the adjoint problem is
Y € WE such that

a(v,vr) =1%v) Yve Wi,

Finally, the adjoint reference error is €5, 1= 1, — 1y € WY, such that
a(v,en) =19v) — a(v,vg) =t RP(v) Vv e WP, (6)

where RP is the weak residual associated with 1.
If v is replaced by e), in (6), then using Galerkin orthogonality — a(es,v) = RF (v) = 0 Vv €
WE — and the parallelogram identity, the following representation of [9(e;,) can be obtained

1 1 1 1
19(en) = alen, en) = ZHH@h + EﬁhH2 - Zﬂﬂeh - EehHQ (7)

for any non-zero arbitrary scalar parameter x. To simplify the notation the arguments in the
squared norms of the r.h.s. in (7) are denoted by z,jf = Kep = %Eh.

In fact, in order to bound the output of the error, [%e},), the r.h.s of (7) indicates that it is
sufficient to bound the energy norm of z,’f and z,, (i.e. the energy norm of linear combinations
”12113 is used for estimates of ||z;7||?
|2, This notation is used also in the following

2 +
||LB and ||z;
and upper bounds of the actual value of ||z;°

of e;, and ¢3). The notation ||z;F providing lower
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remainder with the same rationale. Note that the LB and UB subscripts in the norm are not

. . . . . 2 .
intending to refer to different norms than ||-||. In fact, in practice Hz,fHUB is computed as the
norm ||-|| applied to an estimate of the error function.

the output of

Once the bounds for ||z} ||? are computed, namely ||z,jf|\fB < |IZF)12 < HsziB,

the error is readily bounded as

1 2 1, 2 1 2 1. _ 2
Z”Z;{HLB - Zth HUB < lo(eh) < ZHZ}J;”UB - Z”Zh ”LB’ (8)

and, obviously, the bounds for the output of interest of the reference approximation, 19(uz,),
are

1 2 1, _ 2 1 2 1. _ 2
ZO(U’H) + Z”Z;”LB - Zth HUB < lO(uh) < ZO(U‘H) + ZHZ}THUB - Z”Zh HLB' (9)

may be set to zero, yielding the well-known bounds

Note that, in fact, since |[v]|? > 0, ||z,jf|\fB

for the output
1. .2 1 2
ZO(U‘H) - Zth HUB < lo(uh) < ZO(U’H) + ZHZ}THUB

Therefore, it suffices to compute upper bounds of the energy norm of z,jf to recover bounds
for 19(uy,).

Next section introduces a methodology to obtain upper bound error estimates in energy
norm. This approach is then used to compute ||z,J[||IQJB7 Hz,:HIQJB

Remark 1. Although in this work the lower bounds for the energy norm are set to zero, the
strategy proposed in [14] to compute lower bounds for the energy mnorm could also be used

to improve the lower bounds ||z} |, and ||z;||i3 This approach is based on postprocessing
the (discontinuous) estimate for the error function and obtaining a new (continuous) error
approzimation. The lower bound is thus easily recovered from this postprocessed error. Selecting
the postprocessing technique in the framework of mesfree methods is a problem beyond the scope
of this paper and requires further numerical testing. Consequently, in the following the lower
bounds for the energy are set to zero.

2.4. A flux-free estimator yielding upper bounds of the error energy norm

Let 2%, i=1,... , iy denote the nodes of the elements in the computational mesh (thus linked
to UM) and ¢° the corresponding linear (or bilinear or trilinear) shape functions, which are
such that ¢(z’7) = 6;;. The support of ¢ is denoted by w’ and it is called the star centered
in, or associated with, node x?.

It is important to recall that the linear shape functions based on the nodes are a partition
of unity. Using this essential property and the linearity of the weak residual R (-), defined in
(3), the residual is decomposed into local contributions over each star

l’lnp Ilnp

RP(v) = RP(Z (biv) =Y RP(¢') W e (@),

Note that RF (¢'v) vanishes if suppv Nw? = (), since w’ is the support of ¢'.
The strategy to compute upper bound estimates of the reference error, ||eh||121}3= consist in,
first, evaluate the finite element solution wg, which is necessary to compute the residual RY.
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In a second phase the local estimates efff IS Wﬁi, where ij = W(’)‘ N Hl(wi), are defined as

the solution of the following problems in each star w?

ayi (€S, v) = RE(¢'v) Yo e Wh, (10)

wi w
where a: (-, -) is the restriction of the bilinear form a(-,-) to the star w'.
Remark 2. Formally any function v € WLZ is not defined in the whole domain 0 but only in
the star w*. However, here every v € ng is naturally extended to Q by setting its value outside

w? equal to zero. Thus, functions in WLZ are continuous in w® but generally discontinuous across
the boundary of the star.

Remark 3. The local restriction W} to the element €y, ng = Wi N HY ), is also
extended to ) in the same way. This induces the broken space, namely

Nel

h L h
W o = EP W4,
k=1

The bilinear form a(-,-) and the energy norm are generalized to accept broken functions in its
arguments; that is, for v and w € Wl

Nel Nel

a(v,w) =Y ag, (v,w) and [o]* = |lvll7,
k=1 k=1

where a, (-,-) is the restriction of the bilinear form a(-,-) to the element Q and ol =

aq, (v,v).
Finally, adding the local estimates a global estimate e®! € W{fmk is obtained,

Dpp
eest = eisit,
i=1
and the upper bound of the energy norm of the reference error is recovered computing the
norm of the estimate e%?. See [14] for a detailed description, development and formal analysis
(viz. the proof of the next theorem) of this estimator.

Theorem 1. The estimate e** =1 et € W | is such that

a(e®t,v) = RP(v) YweWp,

and therefore
=11 = [lenll*.

3. Extension to Element Free Galerkin

3.1. Error equations and reference error

Similarly to finite elements, in mesh-free methods a finite dimensional space VH# < H1(Q)
is associated with a particle distribution of characteristic size H and degree p for the
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reproducibility imposed. Note however, that the functions in V¥ do not generally vanish
on 02, since the boundary conditions are weakly imposed. In this case the solution and test
spaces coincide and the Dirichlet boundary conditions are enforced using Nitche’s method as
it is discussed in the following.

Thus, the mesh-free solution ug, which is an approximation to u, belongs to V¥ and verifies

a(ug,v) =1(v) Yve V.

As in most error estimation strategies for finite elements, the exact solution wu is replaced
by a reference (or truth) solution wp, where uy, is the Galerkin approximation of u in a much
finer space. Here, a reference space associated with a denser particle distribution V" (h << H)
is considered, that is, uj, € V" is such that

a(up,v) =1(v) Yoe V"

However, contrary to in the FE context, in mesh-free methods the refined spaces are, in general,
not nested, i.e. VH# ¢ V. Therefore, in general, uj, — uy does not belong to V.

The reference error in EFG is directly defined as the projection of the exact error into the
reference space, i.e. e, € V" is the solution of

a(en,v) = RP(v) Yo eV, (11)

and, in general, e, # uj, — ugy. This weak problem is very similar to (4) and only differs in
the functional spaces because Dirichlet boundary conditions are weakly imposed. This issue is
addressed in Section 4.2.

It is important to emphasize that in mesh-free methods the reference error is not anymore
up, —ug as in finite elements but only the solution of problem (11). This also implies that the
fine solution uj, may not be recovered from ug + ep,.

Remark 4. Defining ﬁ'huH € V! to be the projection of ug into the space V", namely
a(ﬁ'huH,v) =a(ug,v) YveVh, (12)
it follows that _
Ep = Up — 7ThuH, (13)
or equivalently that up = 'ﬁ'huH +ep. Moreover, if the spaces VT and V* are nested, VT C V"
then T huy = up.
3.2. Estimation of outputs of interest

Analogously to finite elements an adjoint problem is introduced to obtain a proper error
representation, see (5). The adjoint problem consists in finding ¥ € V such that

a(v,) =19%v) Yve V. (14)

The corresponding EFG approximation and reference error are vy € VH and ¢, € V" such
that
a(v, ) =1%v) YveVH

and
a(v,en) =19v) — a(v,v¥g) =t RP(v) Vv e V" (15)
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Note again, that also in the adjoint problem the definition of the reference error is such that
€n 7 Yp — Y, where the reference solution vy, is defined analogously to wy,.
Replacing v by ey, in (15) yields

19(en) = alen, en) + alen, ¥ur). (16)

Note that e, € V* but not to V¥ and therefore in general a(ep,s) # 0.
An alternative error representation for the output [“(ey,) is found using the parallelogram
identity, see (7), in the first term of the r.h.s of (16)

1 1 1 1
lo(eh) = ZHneh + ;6h||2 — ZHneh — E€h||2 +a(en, ¥m). (17)

As already mentioned and contrary to the finite element case, where the Galerkin
orthogonality property and the fact that the spaces are nested guarantee a(ep,vy) = 0,
in the EFG context this is no longer valid. However, using the definition of the projection
of ugr into V", see remark 4, and the Galerkin orthogonality property, V¥ is included in the
kernel of RP, this term is rewritten as,

alen, ¥r) = alen, Tpg) = R (TT"y) = RY (T — ¢u).
This expression clarifies the fact that the term a(en, v y) is asymptotically negligible in front
of a(en, €r) as h tends to 0. Note that as h — 0, ep, and €, tend to the actual errors of uy and
Yy, but they do not go to zero. On the contrary, 7Ty — vy goes to zero as h decreases.

Thus, neglecting a(epn,®¥y) and replacing the energy norms in equation (17) by the
corresponding upper and lower bounds, an expression analogous to (8) for the output of the
error is found in EFG

1

4
Obviously, if the assumption V* ~ V is not fulfilled, the term a(es, ) is not negligible and
the bounds may not hold.

Recall that ej, # up —ug. Consequently, it is not straightforward to obtain bounds of 19(uy,)
from bounds of [9(ey,). Following (13), up, = 7T "ug + e, and thus,

19up) = 19T ug) + 1%en) = 19ug) + 1%en) + 10T ugy — ug). (19)

The third term in the r.h.s of (19) has the same behavior as the neglected term a(en, ¥ x) in
(18). The term 7T "ug — ug goes to 0 as h decreases and it is asymptotically negligible. That
is, with the assumption used previously

19€up) = 1%ug) +1%ep).

This allows obtaining bounds of [9(uy) from equation (18):

2 1, _, 2 1 2 1. _ 2
”Zl—zi_HLB - Zth HUB < lo(eh) < ZHZ}THUB - Z”Zh ”LB' (18)

1 2 1. .2 1 2 1. _ 2
1O + 7l 15 — 110 g < 1%un) < 1) + 71157 I — 7057 Iy (20)

In a nutshell, bounds for the output of the reference solution w, are derived in the EFG
approach using the same expression than in the FE approach. (9) and (20) are identical. Thus,
bounds for the output may be derived from upper bounds on the energy norm of z,jf, and may
be enhanced adding lower bounds for the energy norm of z,f However, it is worth noting that
in EFG these bounds are only valid under the assumption V" ~ V since the terms a(ep, ¥r)

and lo(’ﬁ'huH — up) are neglected.
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Remark 5. An alternative approach precluding the drawback of assuming that a(en,Vy) and
1T ug —up) are negligible, but involving an extra computational cost is discussed in Section
4.8. Thus, it is possible to obtain bounds for the output of the reference approximation, 19(uy),
which do not rely on the assumption V" =~ V. Namely, they are valid regardless of the size of
fine particle distribution. However, it is important to notice that in practice (for all studied
examples) these extra terms are negligible.

3.3. Extending flux-free error estimates to mesh-free methods

In this section, error estimates yielding upper bounds of the energy norm are presented. For
the sake of simplicity, the presentation concerns only the primal problem. The methodology is
general and it is also applicable to the adjoint problem or to linear combinations of both. In
particular, this methodology is applied to z,f to obtain the required upper bounds for Hz,fHQ

In EFG the upper estimate of the reference error can also be introduced with the same
rationale as in finite elements. The partition of unity is naturally induced by the mowving least
squares interpolating functions, which are also denoted as ¢° (i now being the index of each
particle).

In FE, the star associated with a node, wj;, is the support of the approximating function ¢°.
However, in the EFG context, in order to drastically reduce the computational effort, it is more
convenient to take the star w; as the smallest integration sub-grid that includes the support
of ¢*. Figure 1 illustrates the definition of the star w’. Let us denote now by Qx, k = 1...nce1
the cells of the integration grid (which may clearly be a non conforming grid).

In order to introduce the estimate of ey, the restriction of the functional space V" to the
cells Q, and stars w® are introduced, that is

Vi=ViaH (W), V=V HY(Q), and VY, o= @D VG,
k=1

Note that the only difference with the local spaces defined in the FE context is that functions

in Vu}fi, ng and V' | do not necessarily vanish on the Dirichlet boundary 0.

The local estimates ezsf are defined analogously to the FE case — see equation (10)—.
Namely, efff € V:fi are determined solving the local problems in each star w’
ayi (€5, v) = RP(¢'v) Yo e VI, (21)

Recall that a local problem is solved in each star and that ef" is extended (equal to zero)
outside of w'.
Defining the global estimate

DNnp

et = Zefﬁt, (22)
i=1

it follows that
a(e®t,v) = RP(v) Yve V",

an upper bound of the energy norm of the reference error is recovered computing the norm of
the estimate e®*!, namely
lec*“[1* > len]|*.
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| Integration grid }‘——ﬂ___b

Figure 1. Definition of the star w.

This result follows from a trivial extension of theorem 1 where now the reference error, ey,
and the local estimates, eiﬁ-t, do not necessarily vanish on the Dirichlet boundary 9f). Note

that the bilinear form a(-, -) and, hence, the energy norm |-|| include in the EFG context terms
associated with the boundary, see Section 4.2.

Remark 6. The solvability of the local problem, equation (21), is ensured because for an
arbitrary function w the kernel of ayi(w,-) includes only constant functions. Thus, for v
constant the r.h.s of (21) is zero due to the Galerkin orthogonality, i.e. RP(qSiv) = 0 for
v constant.

8.4. Bounds for 19uy): an algorithmic summary

According to equation (20), bounds for [“(uy) are available once upper bounds for the
energy norm of z,f are obtained. The general strategy to obtain these upper bounds is
devised in the previous section. Due to the linearity of the problem, obtaining the estimates

for z,jf is equivalent to obtain the estimates for the primal and adjoint problem, that is

”12113 = ||ke®s* £ Leo*!||2. The value of x that gives sharper values to the bounds of 1/(u,) is
the one that minimizes ||zf||[2JB This optimal value (see [21]) is k% = |le*st| /| ecst]].
The main steps of the procedure to compute bounds for [9(uy) is summarized in Figure 2,

for the optimal choice of the parameter k.

+
|25

4. Computational aspects

4.1. Numerical integration

The coarse (global) problem is solved with a given numerical quadrature. The numerical
approximations of the linear and bilinear forms I(-) and a(-, -) using this quadrature are denoted
by lo(-) and ag(-,-). In practice the approximate solution ug is such that,

ag(um,v) =lg(v) Yve V.
Then, as expected, the associated residual is zero for functions in the test space:

RE(w) =lo(v) — ag(ug,v) =0 Vo e VT
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Step 1.— Compute vy and ¥y € V.

Step 2.— For ¢ = 1,...,ny,, compute the local estimates eiff and efﬁt IS Vﬁi such that

ayi (€558, v) = R (@),  ayi(v,e) = RP(¢'v) Yo € V.

wi s Ct

t

Step 3.~ Define the global estimates e and €®* € V!, as

Tnp Npp
est __ E est est __ est
e = ewi N € = 60.)" .
i=1 i=1

Step 4.— Compute the upper bounds of the energy norm of z,f as
2 1oy = 2lle | [[e=*t]| £ 2a(e", €t) > |||

Step 5.~ Recover the bounds for the output [9(uy,) as

1, _ 2 1 2
ZO(U‘H) - Zth HUB < lO(uh) < ZO(U‘H) + ZHZ}J;”UB

Figure 2. Bounds for the output {9(uy)

However, for a different (finer) quadrature,
ag(um,v) # l,(v) Yo eV
and, thus, Galerkin orthogonality is no longer valid with the richer quadrature,
Rf;(v) =1,(v) — ag(up,v) A0 Vv e V.

Recall that Galerkin orthogonality is needed both to proof the upper bound property and
to ensure solvability of the local problems, see remark 6. Consequently, the same quadrature
must be used to obtain the approximate solution ug (in V) and to solve the local problems
(21) (in V). This obviously implies that integration in the “coarse” computation is performed
with a quadrature accurate enough for the reference discretization. This is obviously an extra
cost required to assess the error distribution.

4.2. Dirichlet boundary conditions

In the mesh-free context, shape functions do not fulfill the Kronecker delta property. Therefore,
imposing Dirichlet boundary conditions is not as simple as for finite elements. In recent years,
many specific techniques for the implementation of essential boundary conditions in mesh-
free methods have been developed. A general overview on existing techniques is presented
n [24]. Amongst the different techniques discussed in [24] the continuous blending method
[25, 26, 27] (i.e. introduce standard finite elements along the boundary and adapt the mesh-
free interpolation functions to obtain completeness) and Nitsche’s method [28, 29, 30] are the
most suitable alternatives. Here, it is assumed in the formulation that Nitsche’s method is used.
This results in a modified version of the weak form and a test space without any boundary
restriction.
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Using the Nitsche’s method the weak form of problem (1) is find u € H!(2) such that
a(u,v) =1(v) YveH (), (23)

where
a(u,v) = /VU-Vu + ovu dQ
Q

—/ Un-VudI‘—/ un-Vodl' + 8 [ vudl, (24)
X9) o9 o9

l(v) = /vsdQ— upn-Vodl'+ 8 | wvupdl. (25)
Q a9 a0
Note that equation (23) is identical to (2) but the linear and bilinear operators and the related
functional spaces are different. Note also that this bilinear form a(-,-) is also symmetric and
positive definite and, hence, induces a norm. In fact, the last term in (24) is required to ensure
coercivity of the bilinear form a(-,+) provided that g is large enough. The parameter 3 must
be larger than a minimum value that can be assessed as /¢, where /¢ is a characteristic size
of the discretization (say H or h for the discretizations mentioned here), and - is a constant
that can be obtained as the maximum eigenvalue of some eigenvalue problem [31]. In practice
that means that § must increase when the discretization gets finer.
In order to keep the same bilinear form both in the computational and the reference
discretization, the value of 3 is selected with the criteria associated with the fine discretization
and used for both cases, analogously as for the numerical quadrature.

4.8. Alternative bounds for the output

As mentioned in remark 5 it is possible to obtain bounds for the output of the reference
approximation, [©(uz), which do not rely on the assumption V" ~ V. That is, without
neglecting the terms (97T ugy — ug) and a(en,vr). Namely, they are valid regardless of
the size of the coarse and fine discretizations.

The key idea is to replace uy by a weaker projection of the solution ug into the fine space
VP Let g € V" be an approximation of ug such that,

a(ipg,v) = alug,v) Yve VI, (26)

It is worth noting that the projection 4y is not uniquely determined by the previous equation.
In practice (for all studied examples) iy is selected among the solutions of (26) as the element
in V" such that the euclidean norm of the vector of its nodal values is minimum.

Taking @y € V" as an approximation of uy, a modified reference error can be defined,

én =up — g € V", (27)
where &, € V" verifies
a(én,v) =1(v) — alag,v) := R (v) Yo e V" (28)

Equation (27) gives a linear expression similar to FE, and it is straightforward to provide
bounds for [9(uy,) from bounds of [9(é;,). The remainder of this section is devoted to describe
how to find these bounds and to analyze their behavior.



12 Y. VIDAL, N. PARES, P. DIEZ AND A. HUERTA

It is noteworthy that orthogonality of the modified residual with respect to the space V¥ is
verified
RP () =1(v) — a(ig,v) = 1(v) — alug,v) =0 Yo e V.
Therefore, the error estimation procedure described in Section 3.3 can be applied to find
et € Y[\ such that
a(é®t,v) = RP(v) Yo eV, (29)

est is an upper bound of the energy norm of

yielding to [|ét||? > ||ép]|?, that is, the norm of é
the reference error éy,.

Proceeding similarly for the adjoint problem, we introduce 1/A)H € V" such that,
a(v,Pr) = a(v,vg) Yo eV,
and the modified associated adjoint reference error € := ¥y — 1&H, where ¢, € V" verifies
a(v,é) = 190) — a(v,¥r) == RP(v) Yo e V. (30)
As for the primal problem, the adjoint residual is orthogonal to the space VH
RP(vy) =1%vn) — a(vg, ¥r) = 1%ve) — a(vm, m) = 0.

Therefore, the error estimation procedure described in Section 3.3 can be also applied to find
eest e yh . such that

a(v,é) = RP(v) Yo eV,

yielding to ||€¢%t]|2 > ||éx]|?, that is, the norm of €5 is an upper bound of the energy norm of
the dual reference error €.
The estimates é°5* and €°*

(27),

¢ allow to obtain strict bounds of 19(uy) as follows. First, from

up = Ug + €p
and the output can be written as,
19Cun) = 19aw) + 19n).
Second, using equation (30) with v = é;, and equation (28) with v = @y and substituting in
the previous equation [®(uy) can be expressed as,
1%un) = 1) + a(én, &) + RY ($n).

Where now RP ({y) is computable.
Applying the parallelogram identity to the term a(ép, €;,) and using the same rationale than
in Section 2.3 the bounds for the output are obtained:

PN 1 1
1%un) > 1%0g) + R (Vu) — ZHKéGSt — et
K
and 1 1
[(un) < 1Xam) + RE (V) + e+ e,
K
This alternative strategy allows to bound the output of the reference approximation without
neglecting any terms but with the extra computational cost of finding the projections 4y and

Vu.



BOUNDS FOR QUANTITIES OF INTEREST AND ADAPTIVITY IN THE EFG METHOD 13

5. Adaptive strategy

In a finite element context, adaptive strategies consist on building a new mesh adapting the
element size to the requirements of the solution. That is, reducing the element size where the
interpolation must be enriched (i.e. where more accuracy is needed) and enlarging the elements
where it is already accurate enough. The remeshing criterion is the expression that translates
the output of the error estimator into a spatial distribution of the optimal element size for the
new mesh, which is the input of the mesh generator.

The remeshing criterion takes as input the elementary error distribution and produces the
information required to build up a new mesh. If the remeshing criterion is properly derived, the
new mesh should provide an approximate solution satisfying the accuracy requirements at a
minimum computational cost. From a practical viewpoint, the remeshing criterion is produced
by a function that for each element of the mesh provides the size of the elements that will be
located in the position of the former element.

In the EFG context, the particle distribution does not define a natural decomposition of
the domain into non-overlapping subdomains where to compute the error contribution and
where to predict the new size. However, the entire domain can be partitioned into non-
overlapping cells using the integration grid. Recall that the integration cells are denoted by
Qr,k = 1,...,nc01 Where nge; denotes the number of integration cells covering the entire
domain. The size of each cell, Hy := /||, is assumed to be proportional to the interparticle

distance in that cell, H,ip. That is, it exists a constant « (in the examples o = 1/4) such that
Hy, = oH,;". (31)

The adaptive strategy consists in first, the contribution of the local error for each integration
cell, |le]|x and ||€||x must be determined. Then, use this local information to predict the new
size of the integration cells that should be located in the position of the former cell. The new
discretization is described by Hy which is the desired cell size for all the new cells lying in cell
Qf of the former discretization. Finally, the new interparticle distance for the particles of the
new discretization is H P H, /a. The goal of this section is to find an expression giving H,
as a function of the assessed error in €k, and such that the error in the new grid

fulfills an accuracy restriction of the type [I9(€)] < Ay

A key point of any adaptive strategy is to properly define the quantity that needs to be
controlled. In standard adaptivity, the aim is to control the (squared) energy norm of the
error, whereas in goal-oriented adaptivity the goal is to control |19(€)|. Obviously the resulting
expressions for Hj, are different. Here, the adopted strategy is to control the output of the
error |I9(€)| by controlling a conservative bound for |[9(€)|. However, other options could be
considered as in [32].

Indeed, using the definition of the adjoint problem, equation (14), the Galerkin orthogonality
property of the exact error é with respect to the test space V¥ and the Cauchy-Schwartz
inequality, the output [“(€) may be bounded by

19@)] = la(E, ¥)| = la(&,&)] < [1e] |l
where € = 1 — ¢z analogously to (32). This bound is less sharp than the parallelogram
identity (7) but simpler. Moreover, this bound can be decomposed into local contributions on
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the integration cells as

Nce

~Il 1] ~ 1 211 ~112 1. 2 - 1 25112 L 2
lellel = 5 (wlel” + —51el) = > 5 (+leli? + =5 el?).
k=1
where analogously to remark 3 the local norm in the new cell Qz is ||-||; and x2 := ||€]|/||€]|.
In practice  is assumed to be independent of H, that is k% = ||| /||e]|, see remark 7.
Thus )
_ _ Ncel 1 _ 1 _
@1 < el = 5 (w2112 + —l1el2)

k=1
and, consequently, in order to ensure |I9(€)| < A, it suffices that

Loopsz o Lz
5 (212 + S 1El2) < A (33)
with

Ncel

> A=A
k=1

Deriving the adaptive criterion requires some assumptions in the local convergence of the
solutions:

e An a priori estimate for the error of the mesh-free approximation uy stands, see [33],
lell < CrpPllullre (g, (34)

where the constant C; does not depend on the dilation parameter p and p may be
substituted by the interparticle distance HP since p/H?™P is kept constant.

e A local a priori error estimate (a particularization of the previous formula over one
integration cell) is available if local optimality of the EFG approximation holds, that is,

lelle < Caollu—villr Yom € VE(Q4).

This assumption stands if pollution errors are negligible, which is a rather weak
hypothesis in adaptive computation since the influence of pollution becomes negligible
as the adaptive process progresses. Under the previous hypothesis a local a priori error
estimate describing the asymptotic behavior of the local error norm in each integration
cell can be written as

lelle < Ca(H*)P ullpogen. (35)

e Assuming that the norm |lu|l3»(q,) is bounded by the global one

|Qk|1/2
llullrr @,y < C5WHUHHP(Q),

where the areas |Q;| &~ H7 and || are used to normalize the expressions, an a priori
estimate is obtained from equation (35),

lell < Ca(H*®)P Hy.
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Under the previous assumptions, the local a priori estimates for the primal and adjoint
problems
lelle < CuHP™ and  Jellx < CyHP™

are derived taking into account equation (31).
The same behavior is assumed to hold in the new discretization

lely < CuHE™  and €l < CpHP

where the local measures ||-||; refer to cells of the new integration grid lying in €.
The standard Richardson extrapolation is applied:

~];l€7+1 ~];;Jrl
lell; = =Sz llells  and [lélly =~ —Zz llells-
Hy, Hy,

Introducing this expressions into (33) yields the desired relation between the current cell
size Hy and the new ones Hj, namely
2(p+1 72(p+1

LB ey LTy

2 Hi(?'i‘l) K2 Hi(?-i-l) k
so that the new element size will be
. A~
HQ(ZDJFl) — k 2H2(ZD+1)'
§ K2[lell? + 2= llellz "

To obtain a computable expression, the local energy norms |le||x and ||¢||; are replaced by its
upper bound estimates ||e*||; and ||e**||; respectively. Also, the parameter x* = ||€||/||é|| is

approximated by ||| /||e**!||, namely
~ Ay 2(p+1)
H}z(iﬂ‘f‘l) — k 2Hk(p+ )
(k)2 [lecst |12 + (Nl)z”eest”i

Finally, in order to set Ag, an assumption must be done on the error distribution in the
optimal grid. Here it is assumed that in an optimal grid, a uniform error density is attained,
[34]. That is, the local contributions to the error must be proportional to the size of the cell

H?2 -
Ap = Amﬁ for k such that Q; C Q. (36)

The final expression to compute Hy, is

2 1
Aol 2Hk(p+ )
r2lest 7 + s lleest]l 1€

r72p _
L=

Using the proposed adaptive strategy, the generation of the new particle distribution
proceeds as follows:

1. For each integration cell, {2, the new integration cell size Hj, is computed.
2. Using relation (31) a new interparticle distance, H,F, is predicted for the particles lying
inside €.
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3. The particle distribution is generated as the nodes of a non-conforming cartesian grid.
This grid is recursively generated starting from a uniform grid of the whole domain 2 of
grid size equal to the maximum interparticle distances H ;P. Then the cells of the uniform
grid are refined using a quadtree strategy until the cell size is equal or smaller to the
minimum particle distance that has to be imposed in the nodes of each cell.

Remark 7. Using the a priori estimates for the errors of the mesh-free primal and adjoint
approzimations uy and Yy and taking in account that the constants of this estimates do not
depend on the interparticle distance, one has

lell < CrpPllullpriey  and le]| < CrpPullyer (o),

lell < Copllllser@) and [l < Cop? Y]l (-

Thus, it is straightforward that ||e||/|lel| = ||€||/]|€]]. Once in the asymptotic range, k does not
depend on the discretization.

Remark 8. Recall that in order to obtain a computable expression, the local energy norms
llellx and |||k are replaced by its upper bound estimates ||e®st||x and ||e®st||x respectively. Note
that replacing the energy norms of the exact errors by its estimates leads to,

ﬁcel 1 1
> 5 (R + e I) < Avar

k=1

It is noteworthy that the l.h.s of previous expression is the half bound gap. This means that the
proposed strategy (replacing the errors by their estimates) in fact predicts the new distribution
in order to obtain a half bound gap less than the prescribed tolerance, Aio;. In a nutshell, the
half bound gap represents where the proposed adaptive process actually refines the distribution.

6. Numerical results

This section includes four numerical examples illustrating the performance of the proposed
error estimation procedure and the behavior of the adaptive strategy presented in Section 5.

In the numerical tests presented in this section, the upper and lower bounds for the output
19(uy,) are denoted by n,,, and 7,

1, _ 2 1 2
M = 1) = i Uy < 1) < 1) + 157 1y =

The bound average, N,y5 = (Mus + Mus)/2, is taken as a new approximation of the quantity of
interest, and the half bound gap, A = (ny, —1.5)/2, is seen as an error indicator (see remark
8).

The convergence of the bounds for the output is analyzed studying the bounds for [9(e;,)

1, _2 1 2
_Z”Zh ||UB < lo(eh) < Z”Z]THUB

The convergence of the error of the EFG approximations measured in the energy norm in the
case p = 1 is linear, and therefore, the expected convergence for [“(ey,) is quadratic (since it
involves squared norms of the primal and adjoint errors).
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Figure 3. Example 1: analytical solution.

6.1. Example 1: 2D Laplace equation
The 2D Laplace problem (o =0 and s =0 in (1))
Viu=0 in (z,y) €10,1[x]0, 1]
u(z,0) = sin (7x)
u(z, 1) = u(0,y) = u(l,y) =0
analyzed in [24] is considered. The analytical solution of the problem is (see Figure 3)

u(x,y) = (cosh (ry) — coth () sinh (7y)) sin (7z).

The selected quantity of interest is the average of the solution over the domain,

19u) = / w dS.
[0,1]?

The test is used to show different features of the proposed error estimator and adaptive
strategy. First the example demonstrates that the terms that are not taken into account in the
expression of the bounds for the output are indeed negligible. Second, the convergence of the
bounds is shown using a uniform refinement of the particle distribution. Third, the behavior of
the bounds with respect to an adaptive refinement is analyzed. Finally, the adaptive strategy
is tested allowing also for unrefinement.

The influence of the different terms appearing in the representation for the output, [9(us),
is analyzed for a fixed coarse particle distribution of 11 x 11 particles (H = 0.1) and for a
varying size of the reference particle distribution. Recall, that from equations (19) and (16)

19un) = 1%un) + alen, er) + alen, Vi) + 10T ug — ug). (37)

In order to derive the bounds for [9(uy,), the last two terms of the r.h.s. are neglected assuming
that V" ~ V, and upper and lower bounds for a(e, ¢;) are computed. Table 6.1 shows the
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h 19un) 19(ug) a(en, €n) neglected terms
H/4 0.186142 | —1.120E — 3 -83E-5
H/8 | 0.187345 | 0.186034 | —1.300E — 3 —-10E-5

H/16 0.185921 | —1.426E — 3 —~10E-6

Table I. Example 1: comparison of the terms appearing in the representation of lo(uh) given in equation
(37) for a fixed coarse particle distribution of 11 x 11 particles (H = 0.1) and for a varying reference
particle distribution.

: )
_Q_Upper bound —1 (uH)
_!__lo(uH) — Lower bound

5x5  Ox0  16x16 25x25 33x33

Figure 4. Example 1: convergence of the bounds for the error in the output lo(eh) for a uniform
H-refinement of the particle distribution.

different terms appearing in (37), where the neglected terms refers to a(en, ¥y ) + 19T Fuy —
ug ), and where the reference particle distributions are obtained from the coarse distribution
setting h = H/4, H/8 and H/16. It can be seen that even in the case h = H/4, the neglected
terms are approximately 10% of a(ep, €5). Moreover, it is worth noting that as the size of h
decreases, the neglected terms converge to zero whereas the terms a (e, €x) and [9(uy,) stabilize
to the value of a(e, €) and [9(u) respectively (the neglected terms are ~ 1% for h = H/8 and
~ 0.1% for h = H/16). Therefore, even for the case h = H/4, the results are in good agreement
with the assumption made in Section 3.2 that V* &~ V. Although the alternative approach
proposed in Section 4.3 could be employed, it will yield to nearly equal results and require an
additional computational effort.

The convergence of the output bounds is analyzed for a uniform refinement of the particle
distribution in a series of structured distributions of the particles. The initial particle
distribution is composed of 5 x 5 particles (H = 1/4) and in each refinement step, the
new particle distribution is obtained dividing by 2 the interparticle distance in each direction
(Hpew = H/2). The convergence of the upper and lower bounds for 19(er,) is shown in Figure
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fpar=25 #par=171

Figure 5. Example 1: initial (5 x 5) and final (171) distributions of particles in the adaptive procedure.
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Figure 6. Example 1: primal and adjoint EFG approximations for the final particle distribution of the
adaptive H-refinement.

4 where in each step the reference particle distribution is taken as h = H/4. The evolution of
the bounds shows the expected optimal convergence rate of O(H?) — the mesh-free solution
up is computed using p = 1, this yields a linear rate of convergence for the energy norm and
a quadratic rate of convergence for the output.

An adaptive procedure is carried out starting with a coarse uniform distribution of 5 x 5
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; 0
_9_(Adapt1ve) Upper bound — 1 (uH)
+(Adaptive) lo(uH) — Lower bound
(Uniform) Upper bound — lo(uH)

___(Uniform) 1(u,) — Lower bound

25 ' ' a6 97  1n

Figure 7. Example 1: convergence of the error estimates following both the uniform refinement strategy
and the adaptive strategy.

particles (for p = 1 and h = H/4). The initial and final particle distributions are shown in
Figure 5 and the primal and adjoint EFG approximations of u and % for the final particle
distribution are represented in Figure 6. In Figure 7 the convergence behavior of a uniform
refinement strategy is compared with the adaptive strategy. It is worth noting that both the
upper bound estimates and the lower bound estimates show the standard behavior predicted
by the a priori estimates in the uniform refinement and a much better convergence rate for
the adapted refinement.

The results along the adaptive process are shown in Figure 8. The figure shows the evolution
of both the upper and lower bounds for the output, the EFG approximation of the output and
the exact value of the output. The bound average is also shown as a new approximation of the
quantity of interest. For the initial coarse distribution of particles the output is bounded by,
19(up,) € [0.1801,0.1932], that is

19(uy,) = 0.1866 =+ 0.0066 = 0.1866 + 3.54%,

while in the final particle distribution, the estimation procedure provides a much narrower
interval, 19(u;,) € [0.1858,0.1859)

19(un) = 0.1859 % 6.5E — 5 = 0.1859 + 0.035%,

with a particle distribution of only 171 particles. The half bound gap is reduced from 3.54%
to 0.035% with only three steps of the adaptive procedure. The local contributions of each
integration cell A to the half bound gap are plotted in Figure 9 for the initial particle
distribution. Since the local contributions to the half bound gap are the indicators used in the
adaptive process, the algorithm refines the zones with larger values of the local contributions.
Figure 9 also shows the spatial distribution of |I%ey,)| — in each integration cell, the value of
the restriction of the integral defining I© to cell Qk, |IZ(er)|, is represented. This is in good
agreement with the local indicators provided by the half bound gap. Although the optimal
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Figure 8. Example 1: estimates and bounds in the adaptive procedure.
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Figure 9. Example 1: spatial distribution of the half bound gap (left) and of |I%(ep)| (right).

refinement criterion should take into account the cancelations of the contributions I(en) to
the total error |I9(en)|, a safer approach is considered here. The adaptive strategy aims at
minimizing the local contributions |I(e;)| and the half bound gap is taken as an indicator for
this local contributions.

The behavior of the error estimation procedure when assessing the energy norm is also
analyzed both for the primal error e; and for the linear combinations of the primal and adjoint
errors, z;. The local contributions to the upper bound for ||ep||, [|€**!||x, are shown both for
the initial and final particle distributions in Figure 10. Although the adaptive procedure is
oriented to reduce the error in the output, it also yields a good reduction to the error energy
norm of the primal error. Figure 11 shows the spatial distribution of the effectivity indexes of

2 . .
1z Iz and ||z, ||yg- The local effectivity indexes are computed with respect to the exact value
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Figure 10. Example 1: local contributions to the upper bound of the energy norm of the primal error
for the initial (left) and final (right) particle distribution of the adaptive H-refinement.
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Figure 11. Example 1: effectivity indices of ||z} ||;L:n (left) and ||z ||§n (right) respectively in the initial
particle distribution of the adaptive H-refinement.

of the local norms, ||zi||2, that is

. 2
local cell contribution to ||z,:,|:||ub
2112
Although the particle distribution is excessively coarse and the error is large, the effectivity
indices shown for the upper bounds are always close to the optimum value of one. Since the

local contributions to ||z,:::||f';B are used to compute the indicators of the goal-oriented adaptive
procedure (local half bound gap), is is important to obtain good effectivity indexes for ||z,:f ||f';]3

Finally, the unrefinement capability of the adaptive strategy proposed in Section 5 is tested
starting with an initial uniform distribution of 289 particles (17 x 17). Figure 12 shows that
after one step of the adaptive strategy a new distribution with less particles than the initial
one is obtained (241 particles). The distribution is coarsened in regions where the half bound
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Figure 12. Example 1: refinement /unrefinement capability of the adaptive strategy.

gap is less than the desired tolerance and refined in regions where it is larger than the desired.

6.2. Example 2: Poisson equation with exponential source term

The second example is a well-known benchmark problem, see [2, 3, 35, 14]. Problem (1) is

solved for 0 =0 and up =0
V=5 imnQ,
u=0 on 99,

where the source term is chosen such that the exact solution has the following analytical

expression (see Figure 13)

u(z,y) = 22(1 — 2)2(e'®” — 1)y%(1 — y)2(e'®’ — 1)/2000.
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Figure 13. Example 2: analytical solution.

h 1(ug) 19(up,) a(en,en) | neglected terms
H/4 1.3807E — 2 | 1.369E — 3 —72E -5
H/8 | 1.2510E — 2 | 1.4293E —2 | 1.792E — 3 —9.0E -6
H/16 1.4417TE—-2 | 1.908E — 3 —1.0E—-6

Table II. Example 2: comparison of the terms appearing in the representation of lo(uh) given in
equation (6.1) for a fixed coarse particle distribution of 11 x 11 particles and for a different reference
particle distributions.

The quantity of interest is the average of the solution over the domain.

As in the previous example, the influence of the different terms appearing in the
representation for the output, [9(uy), is analyzed when reducing the size of the reference
particle distribution h. The coarse particle distribution is a uniform distribution of 11 x 11
particles. The choice h = H/4 yields to a difference between the neglected terms and a(ep, €p,)
of more than one order of magnitude. It is worth noting that, while the neglected terms
converge rapidly to zero as h is decreased, the term a(ep, €) stabilized to the value of a(e, €).
Since the assumption made in Section 3.2 is valid, it is not necessary to use the alternative
approach proposed in Section 4.3. In the following, the reference particle distribution is chosen
such that h = H/4. Thus, it is observed that the neglected terms affect the results only in
their third significant digit.

The error estimation strategy and the computation of bounds is performed for a series
of uniformly H-refined particle distributions, starting from an initial particle distribution of
5 x 5 particles and in each step dividing by 2 the interparticle distance (Hpe, = H/2). The
resulting upper and lower bounds for 1“(ey,), shown in Figure 14, show the expected quadratic
convergence rate.

A series of adapted particle distributions is produced. The initial and final particle
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Figure 14. Example 2: convergence of the bounds for the error in the output lo(eh) for a uniform
H-refinement of the particle distribution.
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. . . . . D . D Y
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Figure 15. Example 2: initial (5% 5) and final (289) distributions of particles in the adaptive procedure.

distributions are shown in Figure 15. Also the primal and adjoint EFG approximations of
u and 1 are shown for the final particle distribution in Figure 16. For the initial coarse
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Figure 16. Example 2: primal and adjoint EFG approximations for the final particle distribution of
the adaptive H-refinement (289 particles).

distribution of particles the output is bounded by, [9(uy) € [—0.0097,0.0276], that is
19(up,) = 0.0090 = 0.0187 = 0.0090 £ 207.78%,
whereas, for the final distribution the output is bounded by [9(us) € [0.0143,0.0146]
19(up) = 0.0144 £ 0.0002 = 0.0144 + 1.38%.

Figure 17 shows the evolution of the lower bound, upper bound, bound average, EFG
approximation and the exact output value in each step of the adaptive procedure.

Figure 18 shows the spatial distribution of the upper bound for the energy norm of the
primal error, ||ej ||z In this case this distribution is mainly conditioned by the original (primal)
problem. This is because the adjoint problem associated with the quantity of interest (9(-) is
pretty uniform, without zones of large gradient concentration.

6.3. Example 3: convection-diffusion problem - solution with boundary and inner layers

The proposed error estimation strategy to obtain bounds for quantities of interest is also tested
for a convection-diffusion problem. The problem reads,
—vV2u+a-Vu=0 inQ=10,1]x [0,1],
u=1 onlYy,
u=0 ondQ\T;.
for a diffusion parameter v = 1.4-1072 and for a constant velocity field a = (cos 7/6,sin7/6).
The Dirichlet boundary conditions are chosen such that boundary and internal layers are

present in the solution. Figure 19 shows the region I'y where unit Dirichlet boundary conditions
are imposed. The quantity of interest is the average of the solution over the whole domain.
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Figure 17. Example 2: estimates and bounds in the adaptive procedure.
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Figure 18. Example 2: local contributions to the upper bound of the energy norm of the primal error,
|ler]|, for the initial (left) and final (right) particle distribution of the adaptive H-refinement.

Remark 9. The error estimation strateqy has been presented for the diffusion-reaction
equation (see (1)). For this problem, the bilinear form a(-,-) is symmetric and positive definite
in V, and therefore it defines a scalar product in V. In a convection-diffusion problem, the
associated bilinear form is no longer symmetric

a(u,v) = / Vv-Vu+a-VuvdQ.
Q

Bounds for the output may be derived following [36] in a similar way as detailed in Section
3.4 introducing the symmetric counterpart of the bilinear form a(w,v),

aS(w,v) = % (a(w,v) + a(v,w)) = /QV’U-V‘U. dQ.
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Figure 19. Example 3: boundary conditions for the model problem

Figure 20. Example 3: primal and adjoint EFG approximations for the initial particle distribution
(21 x 21 particles).

The only difference w.r.t. the procedure detailed in Figure 2, is that the local residual equations
for efj‘ and e:)’f are computed using the restriction of the symmetric counterpart of the bilinear
form to the star ', a3, (w,v), instead of a,:(w,v). See [36] for a detailed description.

First, bounds for the output are computed for a uniform particle distribution of 11 x 11
particles. The primal and adjoint EFG approximations of u and ¥ are shown in Figure 20. For
this coarse particle distribution, the error estimation procedure yield a wide interval for the

<
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i W
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1
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0L .
1
L 0.5

00

quantity of interest, [9(un) € [—0.2184, 1.6237], that is

19(ur) = 0.7026 + 0.9210 = 0.7026 + 131.08%.
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Figure 21. Example 3: initial (11 x 11) and final (1035) distributions of particles for the adaptive
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Figure 22. Example 3: bounds for an adaptive refinement strategy.

A series of adapted particle distributions are produced in order to reduce the initial half

bound gap of 131.08%. The goal being to reach a final gap of less than 2%. The final distribution
is shown in Figure 21 and produces the range, [“(uy,) € [0.8025, 0.8224], that is

19(up) = 0.8124 + 0.0099 = 0.8124 + 1.22%.

The evolution of the bounds if shown in Figure 22, and the primal and adjoint EFG
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Figure 23. Example 3: primal and adjoint EFG approximations for the final particle distribution (1035

particles).
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Figure 24. Example 3: local contributions to the upper bound of the energy norm of the primal error,
|ler]|, for the initial (left) and final (right) particle distributions of the adaptive procedure.

approximations on the final particle distribution are shown in Figure 23. It can be seen that the
adaptive procedure refines the particle distribution in the zones where the inner and boundary
layer occur. Although no stabilization techniques are used, the final primal and adjoint EFG
approximations present no oscillations.

Figure 24 shows the local behavior of the upper bound for the energy norm of the primal
error both for the initial and final particle distributions.

Similarly to previous examples, the alternative approach proposed in Section 4.3 is not
necessary.
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Figure 25. Example 4: rotating transport output region.

6.4. Example 4: rotating transport

The convection-diffusion equation is considered in the domain Q = [0,1] x [0,1] with
homogeneous Dirichlet boundary conditions in all the boundary,

—vV?u+aVu = s,

for a diffusion parameter v = 1072 and a divergence free velocity field a = (—y + 0.5,z — 0.5).
The source term s is

cos (5|2[]) if |2 <1

0 otherwise

. zT—c
where T =

,c=(0.2,0.2), 0 = 0.2.

The output of interest is a local average of the solution in the square region [0.45,0.55] X
[0.8,0.9], that is

19u) = / fOu dQ,
[0.1]?

where f© =1 in [0.45,0.55] x [0.8,0.9] and f© = 0 elsewhere (see Figure 25).

The behavior of the bounds is analyzed starting with an initial particle distribution of 11x11
particles and adaptively refining the distribution. The initial and final particle distributions are
shown in Figure 26, and the primal and adjoint EFG approximations of the exact solutions are
shown in Figure 27 for the final particle distribution. As expected, the adaptive strategy refines
both in the regions where either the primal and adjoint solutions present larger gradients.

The initial coarse distribution of particles predicts that the output is bounded by, 19(uy,) €
[3.312-107%,2.541 - 1073], that is

1up) = 1.436 - 1073 £ 1.105- 1073 = 1.436 - 10~3 + 76.95%,
whereas for the final distribution [9(uy,) € [1.168 - 1073,1.234 - 1073],
1%up) =1.2-10734£3.3-107° =1.2-1072 £ 2.75%.
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Figure 26. Example 4: initial (11 x 11) and final (1426) distribution of particles for the adaptive

refinement.
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Figure 27. Example 4: primal and adjoint EFG approximations for the final particle distribution (1426
particles) of the adaptive refinement.
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Figure 28. Example 4: computed bounds for an adaptive refinement.
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Figure 29. Example 4: spatial distribution of the half bound gap (left) and of |lo(eh)| (right).

The evolution of the bounds is shown in Figure 28. The convergence of the bounds is, as in the
previous examples, quadratic as expected. However the resulting effectivities are not as good
as in the two first examples. This is due to the fact that the used methodology yields poorer
effectivities in highly convection-dominated problems. This behavior has also been noted in
[36].

The spatial distribution of the half bound gap in the initial particle distribution is shown
in Figure 29 along with the local contributions to |[“(er)|. As can be seen the local indicators
provided by the half bound gap are in good agreement with the information provided by
€2 (en)]-

Figure 30 shows the spatial distribution of the upper bound for the energy norm of the
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Figure 30. Example 4: local contributions to the upper bound of the energy norm of the primal error,
|ler]|, for the initial (left) and final (right) particle distribution of the adaptive refinement.

primal error, ||ep||yz, both for the initial and final particle distribution. Although the aim of
the adaptive procedure is to reduce the error in the quantity of interest, it can be seen that
the error in the energy norm of the primal problem is also drastically reduced.

Finally, the terms a(ex, ¥y ) and (7T huy —uy) which are neglected in the computation of
the bounds for the output — see equation (37) — have been computed also for this example for
all the steps of the adaptive procedure. Adding this terms to the bounds for the output affect
digits beyond the figures shown in the results. Consequently, the contribution of these terms
is negligible and, as in the previous examples, it is not necessary to use the complementary
error assessment proposed in Section 4.3.

7. Conclusions

An implicit residual-based error estimation strategy for meshfree methods is presented. The
resulting estimator yields upper and lower bounds for outputs of interest. Moreover, the
estimate has proved to be well suited to guide goal-oriented adaptive procedures. In this
sense, a novel adaptive strategy has been devised to predict the desired interparticle size of
the new discretization yielding a value of |I9(e)| below some prescribed accuracy.
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