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Rigid-Flexible Body Analysis Without Rotation
Parameters

R.L. Taylor *

Abstract

This paper addresses the coupled flexible and rigid body response of solids under-
going large motions and deformations. The formulation is presented in a form which is
free of rotation parameters and thus avoids the need of finding compatible integration
formulae for translations and rotations. The motion of each rigid body is represented
in terms of the nodal parameters of a simplex element subject to constraints which en-
sure rigid motions. Flexible structural members for rods and shells are then expressed
in terms of displacement and relative displacement parameters leading to total system
of equations involving only translation degrees of freedom.

The motion are integrated using classical energy and momentum conserving schemes,
thus leading to systems which are unconditionally stable for Hamiltonian (elastic-rigid)
systems. The only requirement for absolute stability is that the non-linear algebraic
equations representing the solution at each time step must converge.

The formulation is illustrated in two dimensions by representative numerical prob-
lems which involve both rigid and flexible parts or multi-rigid body situations. In all
cases the conservation properties are observed.

1 Introduction

Many situations are encountered where treatment of the entire system as deformable bodies
is neither necessary nor practical. For example, the frontal impact of a vehicle against a
barrier requires a detailed modeling of the front part of the vehicle but the primary function
of the engine and the rear part is to provide inertia — deformation being negligible for
purposes of modeling the frontal impact. A second example, from geotechnical engineering,
is the modeling of rock mass landslides or interaction between rocks on a conveyor belt where
deformation of individual blocks is secondary.

The above problem classes divide themselves into two classes: One where it is necessary
to include some simple mechanisms of deformation in each body (e.g., an individual rock
piece) and the second in which the individual bodies have no deformation at all. The first
class is called pseudo-rigid body deformation!! and the second rigid-body behavior.” For
the modeling of pseudo-rigid body analyses the reader is referred to the work of Cohen
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and Muncaster.l'! A treatment of this formulation by a finite element method has been
considered by Solberg and Papadopoulos!® and an alternative form for motions restricted
to incrementally linear behavior has been developed by Shil*¥ and the method is commonly
called Discontinuous Deformation Analysis (DDA). The DDA form, while widely used in
the geotechnical community, is usually combined with a simple linear elastic constitutive
model and linear strain-displacement forms which lead to large errors when finite rotations
are encountered.

The literature on rigid body analysis is extensive with many books devoted to the subject
(e.g., see references [2] and [5]) In addition there are many papers devoted exclusively to this
subject and here, for example, we refer the reader to papers for additional details on numer-
ical methods and formulations beyond those covered here.!~[4 In this work we illustrate
how rigid-body behavior can be described and combined in a finite element system. Two
approaches are introduced, the first being one in which the motion of the rigid body is de-
scribed by a translation and an orthogonal tensor representing rigid rotations. In the second
approach we introduce a form which can be expressed entirely in terms of translations.

2 Equations for rigid bodies

Points in the deformed position of a body are denoted by x and are defined in terms of points
in the a fixed inertial reference system X through the mapping (Fig. 1)

x = ¢(X, 1) (1)
The material velocity is given as the time derivative of the motion
V=x=¢(X,1) (2)
where
. 0 0x

denotes partial differentiation with respect to time with X held fixed.
The position in the deformed configuration may be written in terms of a displacement U

as!

x=X+U (4)
The change in shape of a solid body undergoing the motion ¢ may be described in terms
of the deformation gradient
0] ou
_9¢ _,, %Y (5)
0X 0X
in which 1 is a second order identity tensor. For a deformable body the Green-Lagrange
strain tensor is then expressed as

F

E = % (F'F —1) (6)

and may be used in constitutive equations to define the second Piola-Kirchhoff stress, S.

L A slight abuse of notation is used since normally a shifter is introduced to transform components between
reference and current states. For simplicity, however, the shifter is omitted here.
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Figure 1: Reference and deformed (current) configuration for finite deformation problems

2.1 Weak form for rigid body motion

The weak form of the balance of momentum equation for a solid body undergoing large
motions and deformations may be written in a reference configuration form as

o1 = 2 (/ 5U py vasz) + [ $BTSA - bl =0 (7)
ot Q Q

in which p, is the mass density at the reference state, §(-) denotes a variation (or virtual)
quantity, and Il.,; is the effect of external loading. For conservative loading the external
term may be written as

) | / sUTb,dQ + [ sUTTAQ (8)
Q T

in which b, is a body force per unit of volume and T a specified boundary traction on the
part T';. Points on T', (T', UT; =T) are assumed to have specified position or displacement
given by

U=U or x=x% (9)
For a rigid body the balance of momentum equation becomes
J
5H:E (/ sUT py VdQ) — 0y =0 (10)
Q

subject to the constraint

E=0 (11)



2.2 Rigid bodies using translation and rotation parameters

Traditionally, the constraint given by Eq. (11) is satisfied by representing points in the
current configuration by the mapping['zs]

x =r(t) + A(t) (X — R) (12)

in which R is a position of a point in the reference body with respect to the fixed inertial
frame and r is the position of the same point in the current configuration. In addition, A is
an orthogonal second order tensor which describes the orientation of the rigid body relative
to the fixed inertial frame (Fig. 2).

Current configuration

Reference configuration

Figure 2: Motion for rigid body in terms of translation and rotation
Upon noting Eq. (4) we have
0x = 06U (13)
Using Eq. (12) we then obtain the velocity

V = i+®BA(X—R)

= r—(x—-rw (14)
and variation

0x = or+00A(X—R)
= 0r—(x—1)00 (15)



in which (*) denotes a skew symmetric matrix, w is the spatial angular velocity and 66 is an
arbitraty angular variation.

A skew symmetric matrix is an alternative way of representing the vector cross product
which we notes induces the following properties

Gh=wxh=-hxw=-hw=hTw (16)
The last fact results from the fact that a skew symmetric matrix has the property
h=—h" (17)

as can be easily shown. We note that Eq. (16) introduces both the skew symmetric form of
the rotation and the rotation vector which gives the representations

- 0 — W3 Wo
w = [w1 Wy W3 } and = w3 0 —w (18)
— Wy w1 0

Assuming that R is placed at the center of mass, the momentum equation for a rigid
body now becomes

0

/ [&T pot + 00T (X —1)T(x —r)w| dQ — 0100 = 0 (19)
Q

in which now w is a vector of the angular velocity components. Defining the total mass of
the body as

m :/ po d2 (20)
Q
and the spatial inertia tensor as
e / P ey ) (21)
Q

this simplifies to

oIl = % [5rT mrt + (59TIw] — 0l =0

= orf'mi + 607 0

a (I(.d) — (SH&M =0 (22)

We note that the expression for computing the spatial inertia tensor may also be expressed
as

I=/ po [(Y'y)I-yy"] dQ (23)
Q

where

y=Xx-—r (24)



This may now be expressed in terms of the reference configutation inertia tensor J as
T = AT (/ (YY) I-YY"] dQ) A
)
= ATJA (25)
where similar to Eq. (24)
Y=X-R (26)

From the above we obtain for an individual rigid body the two equations

dp
= _f
dt ! (27)
and
dm

where p = m T is the translational momentum, 7 = Zw is the angular momentum, f, is the
resultant force on the body, and m, is the resultant couple. Integration of this form of the
rigid body equation has been considered by Simo and Wong'” and also used in the context
of rigid-flexible systems by Chen.?l We note that in the absense of external loadings that

p = Constant and = = Constant (29)

and, thus, defines conservation of momentum properties for a rigid body.
For situations in which multiple rigid bodies are present, the conservation of momentum
implies

Z p'® = Constant and Z (ﬂ(“) + 1@ x p(“')) = Constant (30)

in which a denotes each rigid body number. Conservation of kinetic energy then requires

1 .
KE = 5 Z [m(a) (r(“))Tr(“) + (w(”))TI(”) w(“)] = Constant (31)

a

In developing discrete models for rigid-flexible bodies in terms of translations and rota-
tions it is necessary to find consistent numerical time integration procedures. Failure to have
consistency between the discrete translations and rotation updates can lead to anomalous
results as shown by Jelenic and Crisfield for rods.?”) One way to avoid such difficulties is
to construct a formulation in terms of translation parameters only. For shell formulations
such a construction has been developed by Ramm et al.[?® 2939 and Betsch et al..?! For
rigid body dynamics the enforcement of the constraint given by Eq. (11) can be achieved
discretely.[*]



2.3 Rigid bodies using translation parameters only

If we initially represent the rigid body in terms of a simplex finite element (i.e., a 3-node
triangle in two dimensions or a 4-node tetrahedron in three dimensions) which is given by
the isoparametric representation in terms of natural coordinates L, as®® 3l

X=3 L.X, (32)
a=l
and
Nel
x=Y  Ls¥% (33)
a=1

in which X, and %, are positions of nodes in the reference and deformed coordinates, re-
spectively, and Nel is the number of nodes required to describe the simplex (i.e., 3 or 4).
The natural coordinates in this form are not all independent and are related through the
constraint®?

Nel

Y La=1 (34)

A rigid body form is achieved by constraining the length of the edges of the simplex to their
original length. Thus, the problem reduces to imposing a set of constraints

Cr=5 6= %)7 (6 ) - (X, - X)X~ X,)] =0 (35)

in which the points p and v represent the end points of an edge to the simplex element and
k is the edge number. Application of these constrains ensures that E is zero throughout the
entire rigid body and, thus, Eq. (33) now describes a rigid body motion.

For each rigid body we may now write the equations of motion in the weak form

511 = / 0UT py VAQ+ D 0N Cr+ Y 8Ck A — 8y = 0 (36)
@ k k

where A, is a Lagrange multiplier and d ) its variation.
The momentum for each master node on the simplex of a rigid body a is given by

By = M) V5 (37)
Conservation of the total linear momentum thus requires

b

= Constant (38)

~



similarly, the conservation of angular momentum requires

Z [)V(Ef) % f)ff)] = Constant (39)

a

The kinetic energy for a system of rigid bodies is given by

1 o
e _ ((L) TV(a) _
KE = 5 E (V.Y p = Constant (40)

We note that each of these forms is identical to that for a typical finite element system if
we substitute nodal quantities for the finite element for each of the nodal quantities of the
master simplex element.

3 Discrete equations for rigid bodies

A time discretized system for the rigid body may now be constructed. In the present work
we use an energy-momentum conserving scheme as introduced by Simo and Wong'"! and
used successfully for rigid body analyses in terms of the constraint form Eq. (35) by Taylor
and Chen% and Chen.?% For each rigid body we may write the discrete weak form as

ext

oIl = / sul o vr+1/2) 40 + 25/\]{’ C/(an) + Zécl(cnﬂ/?) /\gz-i-l) _ 5H("+1/2) =0 (41)
8 k k
where (-)(") represents the discrete value of the quantity evaluated at time ¢,. The variation
of the constraint Eq. (35) is given by
60’5:’!1-{‘1/2) _ (5[\}“ o 6ﬁy)T(i£n+1/2) _ )V{E,n-i"l/Q)) (42)

In the above we note that the constraints are satisfied at the discrete times t,,; whereas
other quantities are evaluated at the mid-time interval #,,,/,. The proof of satisfaction of
momentum and energy conservation using this structure is given by Chen.[®!

Introducing now the isoparametric expansions given by Eqgs (32) and (33) and noting
that nodal displacements on the simplex may be introduced as

%0 = X0 + U, (43)

we can write the discrete form as

v ¢ (n+1/2)
sUT [ / LapoLs dQ} Ve o+ e oty
Q &

i Z(‘Sﬁﬂ . Jﬁu)T(iLn+l/2) . )vc’(/n—i—I/Q)) )\Eanrl) _ sz F(n+1/2) (44)
k

in which F? are the discrete forces from body force and external loading effects.



The discrete form of the momentum equations are now given by

o (n+1/2)
M,V + Gl n+1/2 A(”“l) an+1/2) (45)

and the constraint equations by
Cr(U)) =0 (46)

The mass matrix is computed from
My = / Lo po L dQ1 (47)
Ja

with the constraint Cj, is given by Eq. (2.11) and
(SUT G(n+1/2 (5-[‘3- n 6U ) ( (n+1/2) )v(l(/n+1/2)) (48)

for each constraint.
A Newton-Raphson scheme may be adopted to solve these nonlinear equations. Lineariz-
ing the momentum equation we obtain

o (n+ 1/2) " ; >
Mﬂg dVﬁ +Kaﬁ dng+1/2) _'_G(()r;:rl/Z) d>\5;"+1) _ RS}n-}—l/Q) (49)

where dU, dV and d) denote incremental quantities, K,ps is a geometric stiffness arising
from the linearization of the variation of the constraints that may be expressed as

JUL Kop dUSTY? = N (00, — 6U,) T (dUGH/2) — qUr+1/2) (50)
and
R, = F"*1/2 _ M ﬁvﬂmm GUIH/2) \(m+D) (51)

is a residual for each iteration of the solution process. Similarly, the linearization of con-
straints gives the relations

(G (n+1) )T lU(n-!—l) [(cn—}-l) (52)

where 7y, is a residual for the constraint equation (46).

We next introduce a discrete time solution process and show that increments at time
tnt1/2 and t,., are linearly related and that the increment in the velocity rate may be
expressed in terms of an increment of the displacements. Accordingly, in this case we will
obtain a set of equations which may be expressed entirely in increments of displacements
and Lagrange multipliers at 1.



3.1 Time discrete solutions for the rigid body — energy-momentum
conservation

A time discrete form is introduced in which the conservation of linear and angular momentum
is ensured. In addition, when combined with flexible bodies with fully elastic behavior, energy
is conserved. The time integration procedure to be used for the rigid body is based on the
energy-momentum conserving schemes used successfully by Simo et al. to integrate rigid
body motions!'?, for flexible systems composed of solids and rods[*0: 41 42, 43, 44,351 4 for
combined rigid-flexible systems.?% 26: 24 The discretization proceeds by approximation of the
translational acceleration by

o (n+1/2) 1 o 5
= T (V(‘ﬂ-+1) _ V(”)) (53)

where At =t,.1 —t,. The displacement is then advanced using the average velocity as
G = GO 4 = Az (V47 0) (54)
so that the deformed configuration is given in ters of nodal quantities fo the simplex as
) = X 4 gt (55)
The mid-point position is then given by interpolation as
§n+1/2) _ % (%™ 4 xnD) (56)

Using the above formulae, the residual for the discrete momentum equation may be
written as

. 1 o o
Rfln+1/2) _ an+1/z) - M, (V(ﬁn—H) B V[(}n)) B Gg:rl/z) )\}Cn-f-l) —0 (57)
and the residual for the constraint equation as
rp = — Cp(UM) =0 (58)

Using Eqgs (53) to (56) the increments in the displacement may be related to the increment
of the velocity by

. Q-
dx" ) = dUCHD = o Apav et (59)

and the mid-point solution values by

(n+1)
(nt1)

dx(n+1/2)  —
dUnt1/2)

ST ST
G( Pc

D= | =

10



The linearization of Eqs (57) and (58) may now be written as?

2y Mo+ 1 Kop GO gy _J A (61)
(Gg;+1))T 0 d/\§;n+]) Tl(n—’rl)

The solution is then advanced using

Fr(n+1) “r(n+1) “r(n+1)
{ ;‘(’nm } ‘_{ I/\J@LH) }"‘{ C;I\J@H) } (62)
k k Nk
and iteration continues until the residuals are zero to within a specified tolerance.

As is common in energy-momentum algorithms, the above set of equations is unsym-
metric. The asymmetry appears only through the manner in which the rigid constraint Cj
must be introduced in order to conserve energy. In the case of individual rigid bodies this
fact is not too severe since in two dimensions the M,s and K,z arrays are given as 6 x 6
matrices and Gy is a 6 X 3 matrix (in three dimensions they are 12 x 12 and 12 X 6, respec-
tively). However, when combined with hyperelastic flexible bodies which are also treated by
an energy-momentum conserving scheme further asymmetry will exist with respect to the
tangent stiffness part which now is much larger in general [40 41, 45, 42]

A perturbed lagrangian scheme may be introduced to eliminate the Lagrange multipliers
locally for each rigid body. Accordingly, we modify Eq. (61) to read

2 1 (n+1/2) 4 (nt1) (nt1/2
e Ma(ﬁ J;)g Kop Gaki dUy N R,E +1/) ) (63)
n—+ n n
(G )" — 5 Oue dx"* I

in which 0y, is a Kronecker delta and 7 is the augmented lagrangian ‘penalty’ parameter.

We then perform static condensation!*® using the second row to obtain the form

n+1/s (1 n 1 1

[ 2 Mg + 3 Kop +n GO (GG)T } dUSH) = REHYD 4 (GG Tr{™) (64)

After convergence of the Newton-Raphson algorithm each Lagrange multiplier may be
updated using the simple Uzawa formulal*> 33!

Ak M+ (GG UG (65)

and another pass through the iteration steps performed. This involves an extra iteration loop
which may be used to satisfy the rigid constraints to a specified tolerance. An asymmetry of
the tangent matrix is still encountered as indicated by the coefficient matrix in Eq. (64) but
final matrices involved are of size M only. In results presented later the Lagrange multiplier
form is used exclusively.

?Note that for simplicity in notation we do not include an iteration index.

11



4 Flexible elements — no rotations parameters

4.1 Continuum elements — energy-momentum conserving

Continuum elements which satisfy discrete energy-momentum conservation for hyperelastic
formulations may be developed from Eq. (7). Here, we restrict attention to the case of a St.
Venant-Kirchhoff material where, for simplicity, the stress-strain behavior is given in indicial
form by

S17=Crki Bkt (66)

in which C} k. are the elastic moduli. Generalizations to the development may be con-
structed by following the procedures summarized by Gonzalez.?® The energy-moment algo-
rithm for a flexible body may be expressed as

1

sul M ) [Vgn.ﬂ) _ V(an)} +/ SEM1/2)g(n+1/2) 40 — sUT F(nt1/2) (67)
At [a% a s o

f a

where, again in index form

SESHD = 5By FGTYP) 4 68y FGY? (68)
and
n i n n+1)
SiT = Crke {5 (E%% + E}fl))] (69)

The development of a finite element from this form may now be constructed by intro-
ducing isoparametric interpolations for the position and displacements as

Nel
X = Z Na(g) Xa (70)
and
Nel
UM =3" N, (&) T (71)

in which £ are natural coordinates, IV, are shape functions, and X, fJgn) are nodal quantities.
A typical 4-node element of rectangular form is shown in Fig. 3.

4.2 Structural elements — energy-momentum conserving

The above form is classical as far as the finite element treatment and energy-momentum
conservation is concerned. However, the development of structural element types (e.g., rods
or shells) in which no rotation parameters exist is not typical. Formulations for small de-
formation behavior of thin plates in which no rotation parameters exist was developed by

12
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Figure 3: Solid element: 4 denotes Gauss point locations

Nay and Utku in 1972.5% More recently Ofiate and co-workers have developed thin plate
and shell elements which have only translation degrees of freedom." 3839 Such forms can
be extended to large displacement-small strain applications using updated or corotational
forms. Also recently, the development of shell elements which have no rotation parameters
has been presented by Ramm and co-workers and Stein and co-workers as already cited
above. These latter works are valid for both small and large displacement formulations.

Here we adopt a simple form of that used for large deformation of shells to analyze two-
dimensional rod (beam) applications. In the form adopted, the nodal displacements for the
isoparametric 4-node element described above are transformed to mid-surface displacements
and top surface incremental displacements as shown in Fig. 4

y
1\ (Au L ,Auz)

\ *
T I g
g (u1,u2)
|
H

Figure 4: Beam element without rotation parameters: + denotes Gauss point location

In addition, it is well known that the ‘two-node’ beam formulation will experience shear
locking unless reduced integration is used to compute the stiffness matrix. Accordingly, as
also indicated in Fig. 4 we also use a reduced integration along the beam axis direction
to compute the stress residual and stiffness terms. This form permits the consideration of
general constitutive behavior without further modification only if no coupling exists between
the beam direction normal stresses and the through thickness normal stress. Accordingly,
we consider only forms for which Cj;k; is diagonal (e.g., Poisson ratio is zero). Enhanced
strain forms can be introduced to remove this restriction. 28 31]

13



The above form is very easy to implement and leads to good performance for the problems
considered in this study.

5 Construction of the mass for rigid bodies
In Section 3 we expressed the mass for the rigid body as

M, — /Q L po L AT (72)
where L, are the natural coordinates for the simplex master element.

Here, we consider the case where a rigid body is described in terms of a finite element
representation and is to be constrained to the simplex as shown in Figure 5. We assume that

Finite Element Mesh

AN
N

Figure 5: Finite element representation of a rigid body

Rigid Triangle

the mass matrix is available for each finite element and is given by mff,) in which g and v

denote the node numbers in the finite element mesh. Accordingly, we can relate the inertial
forces for each form as

SUL Mogxs = Y 60U, m) %, (73)

to complete the transformation it only remains to express the virtual displacements and
accelerations of a node in terms of those on the simplex. Using Eqs (32), (33) and (43) we
obtain

§U, = L' §U, (74)

14



and
%, = LA %, (75)

in which L* denotes the natural coordinates evaluated at the p node. These are determined
by solving the linear equations relating the cartesian coordinates to their natural coordinates
[e.g., Bq. (32)] and considering the constraint given by Eq. (34). For example, in two
dimensions we solve the set of equations for node p which are given by

1 I T I
X)u p=1] K1 (X)) (X1)s L, (76)
(X2)u (Xo)1 (Xa)a (Xo)s Ly

In the above (X;), and (X3), denote the cartesian coordinates of node p and (X3)1, (X2,
etc. the cartesian coordinates of the simplex used to describe the motion of the rigid body.
Introducing the solution for the natural coordinates and using Eqs (73), (74) and (75)

we may express the mass [using Eq. (72)] as
M,s =Y Lhm{) L (77)
[

in which summation over repeated indices is implied.

6 Rigid-flexible interface and joint descriptions

The analysis of systems composed of rigid and flexible parts requires the treatment of two
connection processes. In the most basic form a rigid body many be ‘bonded’ directly to a
flexible body along an interface as shown in Fig. 6. Alternatively, we have situations in which
two rigid bodies are constrained to move relative to one another in a specific manner. This
latter behavior requires introduction of constraint conditions which are commonly referred
to as joints. Here we describe briefly the treatment of both types of constrained conditions.

6.1 Rigid-flexible interface treatment

The motion of nodes on the flexible body which lie on the interface of a rigid body, must
satisfy the motion constraint given by Eq. (32), assuming such already satisfies the set of
constraints given by Eq. (35). Accordingly, these nodes have the behavior

k=)  LE¥, (78)
or

0, =Y BEU, (79)
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Figure 6: Rigid-flexible interface treatment

with a similar computation procedure as defined in Eq. (76).

Using these relations the residual and tangent matrices for a flexible element node on
a rigid interface is transformed to be expressed in terms of the degrees of freedom on the
master element. In this set of transformation one need not be concerned with the rigid body
constraints as they only serve to ensure that the quantities X,, etc. are indeed moving as a
rigid body. The equations to be transformed may be expressed as

0UL K2, dU, = 6UL R, (80)

in which R, is the element residual for node p and K7, is the total tangent matrix from the
flexible element and includes inertia, internal force and geometric stiffness parts. For the
energy-momentum method it has the general form

2 1
K* — () o = (e) (e)
e A2 P T g (kuVIM k. G) (81)

with m® and k® denoting the element mass and tangent stiffness quantities, respectively.
Accordingly, for nodes on the rigid interface we perform the transformation as

sUT | Y LK, dU, + Y LEK}, L dUg | =6UL (L4 R,) (82)

Vilex Vrigid

similarly for each flexible node on which a node is attached to a rigid body we transform as

0Ul | > K3, dU, + > K, LidUs | =0ULR, (83)

Vilex Vrigid

16



Thus, in matrix form, we have the transformed equations

Lﬁ, KZU L‘I; Llci Krlu dI;Iﬁ — Lg Rll (84)
K:, Ly K, 40, R,

in which the residual in the first row is added to ther residual of the rigid body master node
and the first term in the first row of the tangent matrix is added to the appropriate term
in the rigid body tangent matrix. This step follow exactly the steps performed to combine
flexible elements with rigid bodies described by the rigid motion described by eq. (11) as
described by Taylor and Chen®¥ and Chen.?8!

The computations for incremental displacements are only slightly more complicated as
in this case we have the relation that the position here is given by

x(X, + AX,) = %, + A%, (85)
or
UX,+AX,) =U, + AU, (86)

Thus, a similar process as that described above also is performed for each node which has
degrees of freedom defined by such incremental quantities.

6.2 Multi-body coupling by joints

Often it is desirable to have two (or more) rigid bodies connected in some specified manner.
For example, in Fig. 7 we show a disk connected to an arm. Both are treated as rigid bodies
but it is desired to have the disk connected to the arm in such a way that it can rotate freely
about the axis normal to the page. This type of motion is characteristic of many rotating
machine connections and it, as well as many other types of connections are encountered in
the study of rigid body motions.[® 48] An interconnection of this type is commonly referred
to as a joint. In quite general terms joints may be constructed by a combination of two types
of simple constraints: translational constraints and rotational constraints.

6.2.1 Translation constraints

The simplest type of joint is a spherical connection in which one body may freely rotate
around the other but relative translation is prevented. Such a situation is shown in Fig. 7
where it is evident the spinning disk must stay attached to the rigid arm at its axle. Thus it
may not translate relative to the arm in any direction (additional constraints are necessary
to ensure it rotates only about the one axis — these are discussed in Section 6.2.2). If full
translation constraint is imposed a simple relation may be introduced as
— (@ (b) _
where a and b denote two rigid bodies. Thus, addition of the Lagrange multiplier constraint

ot = a7 [ — ] 4 [5x0 —5x] (88)
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imposes the spherical joint condition. It is only necessary to define the location for the
spherical joint in the reference configuration. Denoting this as X; (which is common to the
two bodies) and introducing the rigid motion yields a constraint in terms of the rigid body
positions as

T
o = X7 [ X+ Ul - xP - uP] + [aul - sul] A,

= ol (U -] + [sul —su?] A, (89)

The variation and subsequent linearization of this relation yields the contribution to the
residual and tangent matrix for each body, respectively. This is easily performed using
relations given above.

If the translation constraint is restricted to be in one direction with respect to, say, body
a it is necessary to track this direction and write the constraint accordingly. To accomplish
this the specific direction of the body « in the reference configuration is required. This may
be computed by defining two points in space X; and X, from which a unit vector V is
defined by

Xy — X
| Xy — X, |
The direction of this vector in the current configuration, v, may be obtained using the
displacements of the points. Accordingly,

V= (90)

M (91)

B | x2 — x|
where

X; = Xvi + Ui (92)

Figure 7: Spinning disk constrained by a joint to a rigid arm
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A constraint can now be introduced into the variational problem as

7 J

OI1; = 6, L (x(f‘) — x(.b)) o [(5vT (x§.“‘) - xg-b)) 4 vT ((5}(;“) — (5x§b))] A (93)

where, due to the fact there is only a single constraint direction the Lagrange multiplier is a
scalar \; and, again, X; denotes the reference position where the constraint is imposed.

The above constraints may also be imposed using a penalty function. The most direct
form is to perturb each Lagrange multiplier form by a penalty term. Accordingly, for each
constraint we write the variational problem as

Lo
where it is immediately obvious that the limit £ — oo yields exact satisfaction of the con-
straint. Use of a large £ and performing the variation with respect to A; gives

1

which may be easily solved for the Lagrange multiplier as
Ay = el (96)
which when substituted back into Eq. (94) gives the classical form
011, = 6C; k C; (97)

An augmented lagrangian form is also possible following the procedures summarized above
for treating the constraint on rigid body motion (see also [32]).

Implementation of the constraints is straight forward and follows the procedures intro-
duced above to express points in terms of the degrees of freedom of the master simplex
element (e.g., Ija) It is immediately evident that when the constraint point is chosen at a
node of the master element considerable simplification occurs and direct substitution of the
nodal quantities X, and U, may be made. Thus, for example to introduce a spherical joint
between two rigid bodies it is only necessary to place a node of the simplex for each body at
the joint location and to assign to this node the same global node number in an analogous
manner to connecting two normal finite elements at a node. This possibility is not available
when using traditional translation (r) and rotation parameters (A) for rigid bodies, thus
providing an advantage for the rotation free formulation.

6.2.2 Rotation constraints

A second kind of constraint that needs to be considered relates to rotations. We have
already observed in Fig. 7 that the disk is free to rotate around only one axis. Accordingly,
constraints must be imposed which limit this type of motion. This may be accomplished by
constructing an orthogonal set of vectors V; in the reference configuration as described by
Eqgs (90) to (92) and tracking their orientation in the deformed body.
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A rotational constraint which imposes that axis 7 of body a remain perpendicular to axis
j of body b may then be written as

i

T = VIV, =1 (98)

More general constraints on rotation may be imposed by satisfying orthogonality con-
ditions between the two rigid bodies. These constraints (assuming that V() = V() in the
reference state) are given by conditions

Ci= (v =1 (99)
or

Cr = (Vi) =0 (100)

Indeed, it is not necessary to use unit vectors if Eq. (99) is modified to
Ci= vV = V]V, (101)

again assuming that the vectors in the reference configuration are equal in the two bodies.

6.2.3 Example: Revolute joint

As an example, consider the situation shown for the disk in Fig. 7 and define the axis
of rotation in the reference configuration by the cartesian coordinate unit vectors in the
reference system E; (i.e., Vi = E;). If we let the disk be body a and the arm body b the
set of constraints can be written as (where vj is axis of rotation)

<@ _ x(©
Cj=4 W)V =0 (102)
(vi?)" v

and included in a formulation using a Lagrange multiplier form
0TI = 0A] C; +0C; A (103)

The modifications to the finite element equations are obtained by appending the variation
and linearization of Eq. (103) to the usual equilibrium equations. Here, in three dimensions,
five Lagrange multipliers are involved to impose the three translational constraints (spherical
joint) and the angle constraints for the rotating disk. The set of constraints is known as a
revolute joint. 2.

6.2.4 Library of joints

Translational and rotational constraints may be combined in many forms to develop different
types of constraints between rigid bodies. For the development it is necessary to have
only the three types of constraints described above. Namely, the spherical joint, a single
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translational constraint, and a single rotational constraint. Once these are available it is
possible to combine them to form classical constraint joints and here the reader is referred
to the literature for the many kinds commonly encountered.? & 9 26l

The only situation that requires special mention is the case when a series of rigid bodies
is connected together to form a closed loop. In this case the method given above can lead
to situations in which some of the joints are redundundant. Using Lagrange multipliers this
implies the resulting tangent matrix will be singular and, thus, one cannot obtain solutions.
Here the penalty method provides a viable method to circumvent this problem. The penalty
method introduces elastic deformation in the joints and in this way removes the singular
problem. If necessary an augmented Lagrangian method can be used to keep the deformation
in the joint within required small tolerances. An alternative to this is to extract the closed
loop rigid equations from the problem and use singular valued decomposition™ to identify
the redundant equations. These may then be removed by constructing a pseudo-inverse for
the tangent matrix of the closed loop. This method has been used successfully by Chen to
solve single loop problems.?"!

7 Example solutions

7.1 Square block

Figure 8 shows a square block with side lengths of 6 units which is modeled by one 4-node
quadrilateral finite element. The master simplex element is a triangle with sides of 3-units
and is positioned as shown on the block. No boundary restraints are applied. The motion
of the block is initiated by a pair of equal but opposite horizontal forces: A positive force at
node 1 and a negative force at node 3 of the master triangle. The force rises linearly to a
magnitude of 4 at time 2 and then decreases linearly to zero at time 4. The mass density of
the block is 2 units. The block rotates uniformly after time 4 without loads, and thus should
conserve both angular momentum and energy.

A solution to the problem is computed using (a) the energy-momentum scheme described
in this work; (b) a generalized mid-point scheme in which constraints are imposed with
constraints and G matrices given at the mid-time step; and (c) a generalized mid-point
scheme in which the constraints and G matrices are imposed at the end of each time step
(ie., at t,.;). For this problem each of the integration schemes treats the inertial terms in
an identical manner and, thus, the only difference is the manner of imposing constraints.

Figure 9 shows the angular momentum behavior and the need to satisfy constraints at
the time mid-step is readily apparent. Satisfaction at the end of the time step by (c) leads
to a decrease in angular momentum.

Figure 10 shows the behavior of energy and here it is clearly evident that the mid-point
scheme (b) which satisfies the constraint at the time mid-step is unstable, with the solution
becoming unbounded around time 150. The satisfaction of the constraint at the end of the
step by method (c) leads to loss of energy, and eventually the block will cease to rotate.
The energy-momentum conserving scheme is seen to behave properly: conserving both the
angular momentum and the energy.
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Figure 8: Square block with triangular master element.
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Figure 9: Square block: Angular momentum behavior.

7.2 Circular disk with flexible beam

As a second example we consider the problem of a circular disk with an attached flexible
beam. The configuration of the system in its initial state is shown in Fig. 11. The radius
of the disk is 3 units and the master triangle is imbedded as shown. The beam is attached
to the right in an initial horizontal position as shown, and has length 10 units and depth
0.1 units and, thus, the beam is quite thin. The density of the rigid body is 0.2 units and
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that for the beam is 2.0 units. The beam is modeled by a St. Venant-Kirchhoff material
with Crykr expressed by a modulus, F, of 100,000 and a Poisson ratio, v, of 0. The body is
completely unrestrained and is set in free motion with a loading as described in the previous
example.

A solution is constructed using the energy-momentum conserving algorithm described
above with a uniform time step size of 0.5 units. A plot of the angular momentum of the
system is shown in Fig. 12 and is clearly conserved throughout the free motion. In Fig. 13 a
plot of the kinetic energy, stored energy in the flexible beam, and total energy is presented.
Again, it is evident that the total energy is conserved during free motion. In Fig. 14 we
show the behavior of the vertical displacement of each of the nodes used to describe the
master simplex element. In particular, it is noted that the vibration of the beam causes
an oscillation of the center of the rigid disk. Finally, in Fig. 15 we show a cartoon of the
deformed positions for several of the times during the first two revolutions in the solution.
Here it is seen that the beam undergoes large oscillations while rotating about the rigid disk.

7.3 Two blocks with revolute joint

The behavior of multiple rigid bodies requires the introduction of interconnections, generally
called joints, to model the desired interactions. In the case of bodies modeled by the parent
simplex use of such joints can be partially avoided by placing the nodes of the simplex at
locations where a joint is needed. To demonstrate such situations we consider the simple
problem of two square blocks which are interconnected by a revolute joint at the common
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Figure 10: Square block: Kinetic energy behavior.
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Figure 11: Circular disk with flexible beam attached. Initial state.

corner as indicated in Fig. 16 In the case of a two-dimensional problem such revolute joint
also defines a spherical joint since the blocks cannot displace out of plane. By placing a node
at the location of the ‘joint’ the interconnection may be accomplished without addition of
constraints — one merely assigns the same node number to the common node, as indicated
in Fig. 16. This expedient is far simpler than that needed for a formulation in terms of
the center of mass motion with an added orthogonal rotation [viz.[[q. (12] and indeed it is
possible to have three such revolute joints on a single rigid body in two dimensions (provided
they are not all on a straight line). Of course if more are added it is then necessary to add
a joint constraint set to represent the interconnection as described in Section 6.2. Further,
if other types of joints are used it is necessary to specify the required constraints explicitly.

For the two block form we excite the problem by forces applied to nodes 2,3, and 5
in the same manner as in the previous two problems. The forces at nodes 3 and 5 have
equal components in the positive z and y directions and node 2 has twice these forces in the
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Figure 12: Circular disk with flexible beam attached. Angular momentum.
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Figure 13: Circular disk with flexible beam attached. Energy behavior.

negative directions. Thus, no resultant force nor couple is applied to the system. The body
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Figure 14: Circular disk with flexible beam attached. Vertical displacement at nodes of
simplex.
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Figure 15: Circular disk with attached beam. Sequence of deformed states.

123 will rotate counterclockwise and the body 245 clockwise with equal angular velocity. A
cartoon of the deformed shapes at various times during the first revolution is shown in Fig.
i7.

A plot of the vertical displacement for each node is shown in Fig. 18 where it is evident
that several revolutions have occurred with pure cyclic motions. It will be noted that the
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node 2 also moves in a cyclic, though quite small manner in order to conserve the momentum
and energy of the total system. This is apparent from the cartoon in Fig. 17 where we include
a fixed node also — the node 2 is seen to oscillate around this point. Finally, a plot of the
energy with time is presented in Fig. 19 where is again observed that energy conservation
for all times after the loads become zero (¢ = 4) is obtained.

8 Closing remarks

This work has presented an introduction to using translational quantities to represent the
motion of rigid and/or flexible bodies. It presents an alternative to using orthogonal matrices
to describe the rotational behavior of rigid and structural elements. Here each rigid body is
described in terms of a master simplex element using standard finite element isoparametric
procedures. Each body is then required to be rigid by constraining the edges of the simplex
to maintain their original length. While the method can successfully avoid the introduction
of rotational parameters and, thus, the subsequent need to find compatible time discrete
integration formulas for such parameters, it introduces the need for additional constraints to
impose the rigid body motion. Here we have used Lagrange multiplier methods to include
such constraints, however, we also indicated that it was possible to use augmented lagrangian
methods for this purpose.

The treatment of rigid multi-body response requires introduction of joints and we have
shown how such joints also can be included without need for rotational constraints. Again
we use Lagrange multiplier methods to imbed the joint constraints. However, we note that
the inclusion of a spherical joint can proceed without the need for introducing constraints
if we place a nodes of each simplex master element at the constraint location and give this
node the same global number. This is a distinct advantage for the rotation free formulation.

The numerical examples presented in this work are restricted to two-dimensional appli-

Figure 16: Two square blocks. Connection by revolute joint at node 2.
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Figure 17: Two blocks with revolute joint. Sequence of positions.

cations for simplicity. Extension to three dimensions presents no additional difficulties —
contrary to the use of rotation parameters where the difficulties are significant.

Another advantage of the form presented here is that it may be extended to include
the class of pseudo-rigid body motions by merely replacing the constraints on constant side
length for the simplex to a condition where the stored energy is required to be homogeneous.
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Such requirement is trivial using the procedures included here. Indeed the deformation need
not be restricted to be homogeneous if higher order behavior is desired. All that is needed
is to introduce a form for the master element which includes the polynomial terms desired.
This can always be done to any order desired, although at increased cost for each master
element formation.

We believe the procedures offered in the present work provide a viable method to develop
combined rigid-flexible body analysis systems. One final point is to reiterate the reason for
eliminating rotational parameters. Here, we are motivated by the findings of Jelenic and
Crisfield who observed differences in the translational and rotational response of a three
dimensional beam which was rotated several revolutions. It is our belief that the observed
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Figure 18: Two square blocks. Vertical displacement of parent simplex nodes.
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Figure 19: Two square blocks. Kinetic energy vs. time.
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response is in fact a discretization error between the rotational parameter integrations and
the translational parameters. In duplicating the problem it was observed that the response
of all variables was periodic during free motion, however, there was a phase error between
those of the rotations and those of the translations which leads to the anomalies noted. Use
of the rotational formulation presented here avoids this by always using translational pa-
rameters. Should future developments occur which find compatible integration methods for
translational and rotational parameters in three-dimensions one can then choose between the
more classical previous methods and the one presented here based on other considerations.
However, until this occurs the accurate response of structural and rigid-systems requires
elimination of the rotational constraints.
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