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Abstract. A novel conservative level-set method for saturated liquid-vapor phase change on unstruc-

tured meshes is introduced. Transport equations are discretized by the finite-volume method on col-

located unstructured grids. Mass transfer promoted by thermal phase change is computed using the

energy jump condition at the interface, as a function of the temperature gradient. The fractional-step

projection method is used for solving the pressure-velocity coupling, convective terms are discretized by

unstructured flux-limiter schemes, central difference scheme is used for discretization of diffusive terms.

Verification and validation cases have been undertaken to prove the accuracy and robustness of the nu-

merical methods, including simulation of the Stefan problem, and film boiling on a cylindrical surface.

Excellent agreement between numerical solutions against analytical solution and empirical correlations

from the literature is reported.

1 INTRODUCTION

The liquid-vapor phase change denotes a broad range of phenomena in nature and industry. Multiple

examples arise from the chemical processing industry, petrochemical refineries, and conventional or

nuclear thermal power plants. Boiling is a necessary step in evaporators, distillation towers, or steam

generators. Evaporation of droplets is used in cooling towers to reduce water temperature or combustion

of droplets of liquid fuels. Despite its technological importance, the liquid-vapor phase change is not

well understood yet, whereas their predictive models are far from satisfactory.

There are three ways in which such phenomena can be explored: i) experimentally, through laboratory-

scale measurements with the appropriate instrumentation, ii) using theoretical methods to get analytical

solutions of simplified mathematical models, and iii) through numerical and computational methods.

The complexity of multiphase flows limits theoretical methods to problems with particular conditions

[1]. Furthermore, experimental measurements can be challenging to perform with sufficient control to

obtain reproducible results or constrained by optical access. Thus, the development of computational

methods is well justified, as it is often the only mechanism to unravel the complexities of liquid-vapor

phase change.

Concerning the computational approach for multiphase flows, three methods are remarked: Euler-Euler

method (E-E) such as the two-fluid model [40], Euler-Lagrange method (E-L) [40] and Direct Numerical
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Simulation (DNS) [40, 60]. In the E-E method, continuous and dispersed phases are fully interpene-

trating continua. The E-E method structure is well developed; however, closure relationships between

fluid phases are necessary. In the E-L method, the continuous fluid phase is formulated in the Eulerian

framework. In contrast, the position and velocity of bubbles or droplets (dispersed phase) are tracked fol-

lowing the Lagrangian approach. In the E-L method, the closing relationships for the interaction forces

between the phases must be given. On the other hand, DNS of the Navier-Stokes equations, where all

scales of fluid motion are solved together with detailed interface resolution, has emerged as a powerful

tool for researching multiphase flows due to the growing power of supercomputers.

Numerous methods have been reported for DNS of two-phase flows, which can be categorized based

on the underlying scheme used for the advection of the fluid interface, for instance: Volume of Fluid

(VoF) [29, 43, 60], level-set (LS) [38, 53, 24], coupled VoF-LS [52, 51, 12], conservative level-set (CLS)

[37, 10, 15], and front-tracking (FT) [57]. In further steps, some of the aforementioned interface cap-

turing/tracking methods have been extended to deal with liquid-vapor phase change phenomena. For

instance, [63, 28, 64, 62, 39, 34] have reported VoF based implementations. Extensions of LS methods

have been reported in [47, 50, 48, 49, 44]. [23, 35, 54] combine LS method and ghost-fluid approach [25]

to incorporate jump conditions in two-phase flow with phase change. Further efforts in the framework

of coupled VoF-LS methods were reported in [36, 56, 33]. The FT method has been extended to compu-

tations of phase change by [31, 22, 21, 59, 30, 41]. Although previous efforts have reported remarkable

numerical and physical findings, most of these methods have been implemented on structured and carte-

sian meshes. As a consequence, many other configurations and flow conditions of industrial interest

are not explored yet. Moreover, to the best of the authors’ knowledge, the accuracy and capacity of the

unstructured CLS method [15, 14, 10] to tackle the liquid-vapor phase change is still to be proven. Thus,

this research aims to introduce a numerical methodology for saturated liquid-vapor phase change within

the unstructured CLS method [15]. The proposed approach adopts collocated unstructured meshes to

deal with film-boiling on complex geometries.

This research is organized as follows: Section 2 presents the mathematical formulation. Section 3 is

focused on the numerical methodology and its implementation on unstructured meshes. Verifications,

validations and numerical experiments are presented in Section 4. Finally, conclusions are remarked in

Section 5.

2 MATHEMATICAL FORMULATION

2.1 Incompressible two-phase flow

The Navier-Stokes equations for the vapor phase (Ωv) and liquid phase (Ωl) are introduced in the frame-

work of the so-called one fluid formulation [58, 40, 61] in Ω = Ωv ∪Ωl:

∂

∂t
(ρv)+∇ · (ρvv) =−∇p+∇ ·µ

(

∇v+(∇v)T
)

+ρg+ fσ, (1)

where v denotes the fluid velocity, p is the pressure field, ρ is the fluid density, µ is the dynamic viscosity,

g is the gravitational acceleration, fσ denotes the surface tension force per unit volume concentrated at the

interface (Γ). Physical properties are assumed to be constant at each fluid-phase with a jump discontinuity

at Γ:

ρ = ρlHl +ρvHv, µ = µlHl +µvHv, (2)
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where subscripts v and l denote the vapor phase and liquid phase respectively, Hv is the Heaviside step

function that is one in Ωv and zero elsewhere, and Hl = 1−Hv. At the discretized level, physical proper-

ties are regularized across Γ to avoid numerical instabilities (Section 2.2).

If ṁlv denotes the surface mass transfer rate promoted by the liquid-vapor phase change, then mass

conservation equation for the vapor phase and liquid phase are written as follows:

∂

∂t
Hv +∇ · (Hvv) =

ṁlv

ρv

δΓ,
∂

∂t
Hl +∇ · (Hlv) =− ṁlv

ρl

δΓ, (3)

where δΓ is the Dirac delta function concentrated at Γ. The sum of previous equations lead to:

∇ ·v =

(

1

ρv

− 1

ρl

)

ṁlvδΓ, (4)

which indicates that the flow is incompressible in Ω, except at the interface (Γ).

2.2 Interface capturing: Unstructured conservative level-set method

The unstructured conservative level-set (CLS) method proposed in Balcázar et al.[10][15] is here ex-

tended for interface capturing with phase change. In CLS methods the interface (Γ) is implicitly repre-

sented by the 0.5 iso-surface of a regularized indicator function, φ(x, t) = 0.5(tanh(d(x, t)/(2ε))+1),
where d(x, t) is the signed distance function [38], and ε is a parameter that sets the thickness of the inter-

face profile. At the cell ΩP, εP = 0.5(hP)
α, where hP is the local grid size, and α = 0.9 unless otherwise

stated. The CLS function (φ), is used to regularize the Heaviside step function (Hl) introduced in Eq.(3),

as follows: Hs
l = 1−Hs

v = φ. Indeed, an interface transport equation with phase change arises from

Eq.(3),
∂φ

∂t
+∇ ·φv =− 1

ρl

ṁlvδs
Γ. (5)

where δs
Γ = ||∇φ|| is the regularized Dirac delta function concentrated at the interface. Further discus-

sions on the regularization of Hs
l and δs

Γ, in the framework of the CLS method, can be found in [15].

Furthermore, a re-initialization equation is introduced to keep a sharp and constant CLS profile [10],

∂φ

∂τ
+∇ ·φ(1−φ)n|τ=0 = ∇ · ε∇φ. (6)

Eq.(6) is advanced in pseudo-time τ up to the steady-state; n|τ=0 denotes the normal unit vector, per-

pendicular to the interface, evaluated at τ = 0. Geometrical information at the interface, which includes

normal unit vector (n) and curvature (κ), are evaluated as n(φ) = ∇φi‖∇φi‖−1 and κ(φ) = −∇ ·n. Sur-

face tension force is introduced in the framework of the Continuous Surface Force (CSF) model [18]:

fσ =σκnδs
Γ =σκ(φ)n(φ)||∇φ||=σκ(φ)∇φ. Here, σ is the surface tension coefficient. Finally, fluid prop-

erties in Eq. (2) are smoothed by using the regularized Heaviside step function, ρ = ρlH
s
l +ρvHs

v , µ =
µlH

s
l +µvHs

v , where Hs
l = φ and Hs

v = 1−Hs
l , consistently with Eq.(5).
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2.3 Energy equation and temperature gradient driven phase change

In this work, the energy transport equation is solved for the unsaturated vapor phase (Ωv),

∂T

∂t
+∇ · (vT ) =

1

ρcp

∇ · (λ∇T ), (7)

with thermal conductivity λ = λv, and specific heat capacity at constant pressure cp = cp,v. The temper-

ature of the vapor-liquid interface is equal to the saturation temperature at the considered pressure, Tsat ,

which is a common approximation in numerical simulations of liquid-vapor phase change [46]. On the

other hand, temperature at the saturated liquid phase is T (x, t) = Tsat . Mass transfer promoted by the

liquid-vapor phase change (mlv) is obtained from an energy balance at the interface:

ṁlv =
−λl(∇T ·n)l +λv(∇T ·n)v

hlv

, in Γ, (8)

where hlv is the heat of vaporization. Since T = Tsat in Ωl , then (∇T ·n)l = 0. In addition (∇T ·n)v =Θn,v

is extended on φcut < φ < 1, where φcut = 0.3, solving the equation: ∂
∂τ

′ Θn,v +n ·∇Θn,v = 0, which is

advanced for the pseudo-time τ
′
.

3 NUMERICAL METHODS

Transport equations are discretized by the finite-volume method on collocated unstructured meshes [10,

15]. The convective term of momentum equation (Eq.(1)), CLS advection equation with phase change

(Eq.(5)), and energy equation (Eq.(7)), is explicitly computed at cell-faces using unstructured flux-limiter

(Superbee) schemes proposed by [10, 15]. Diffusive term of transport equations is centrally differenced

[10, 15], whereas a linear interpolation is used to find the cell-face values [15]. Gradients are computed

at cell centroids by means of the least-squares method (distance-weighted) [10, 16]. The compressive

term, φ(1−φ), in Eq.(6), is computed at cell-faces by linear interpolation [15].

The resolution of the pressure-velocity coupling is performed by the fractional-step projection method

[20, 40, 60]. Indeed, a predictor velocity (v∗) is computed at cell-centroids:

ρv∗−ρ0v0

∆t
= C0

v +D0
v +ρg+σκ∇hφ. (9)

Here, super-index 0 denotes the previous time step, Dv = ∇h · µ∇hv+∇h · µ(∇hv)T , Cv = −∇h · (ρvv).
Taking the divergence of the corrector-step (Eq.(11)), and imposing the incompressibility constraint with

phase change (Eq.(4)), a Poisson equation for the pressure field at cell-centroids is obtained,

∇ · ∆t

ρ
∇p = ∇ ·v∗−

(

1

ρv

− 1

ρl

)

ṁlvδs
Γ, e∂Ω ·∇p|∂Ω = 0, (10)

which is computed by using a preconditioned conjugate gradient method [32]. In a further step, a cor-

rected velocity (v) is computed at cell-centroids:

ρv−ρv∗

∆t
=−∇h p, (11)
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In order to avoid the pressure-velocity decoupling on collocated meshes [42], a cell-face velocity v f

[10, 14] is interpolated, and employed to advect momentum (Eq.(1)), CLS function (Eq.(5)), and temper-

ature (Eq.(7)) [14]. The global algorithm consists of the following steps: (1) Initialization of variables.

Computation of (2) Time-step. (3) Mass transfer by phase change, Eq.(8).(4) Interface advection and re-

initialization, Eq.(5) and Eq.(6). (5) Update of physical properties, and interface curvatures. (6) Energy

equation, Eq.(7). (7) Fractional-step projection method, Eq.(9), Eq.(10) and Eq.(11). (8) Interpolation

of velocity at cell-faces, in terms of volume-flux, mass-flux or normal velocity. (9) Repeat steps 2-8.

The reader is referred to [15] for additional technical details on the finite-volume discretization of trans-

port equations on collocated unstructured meshes. The novel numerical methods for liquid-vapor phase

change have been implemented in the framework of the CFD platform TermoFluids [55], which employs

C++ for object oriented design, and MPI (Message Passing Interface) for parallel communications. The

parallel scalability (strong speedup) of the unstructured multiphase solver has been reported for thou-

sands of CPU-cores in [9, 15].

4 NUMERICAL EXPERIMENTS

Validations, verifications and extensions of the unstructured CLS method without phase change [10, 15]

have been reported in our previous works, for instance: buoyancy-driven rising bubbles [10, 11, 9, 5, 4],

thermocapillary-driven motion of droplets [14, 6], bubbly flows [13, 9, 15, 16], falling droplets [8],

binary droplet collision with bouncing outcome [13], bouncing collision of a droplet against a fluid-fluid

interface [13], Taylor bubbles [26, 27, 4], gas-liquid jets [45], deformation of droplets under shear stresses

[2, 12], non-Newtonian two-phase flow [3], and mass transfer in bubbly flows [15, 16, 7]. Furthermore,

a comparison of the unstructured CLS method [10] and coupled VoF-LS method [12] is reported in [8].

Therefore, this research is a further step to develop an unstructured CLS solver with phase change.

4.1 Stefan problem

The computational set-up is illustrated in Fig. 1a. The wall, at the boundary x = 0, is maintained at the

constant temperature T (0, t) = Tw > Tsat , and the boundary at x = Lx is at the saturation temperature Tsat .

As liquid-vapor phase change takes place, the interface located at xΓ(t) is displaced from x = 0 to x = Lx,

whereas the temperature field T (x, t) varies within the vapor phase. On the other hand, temperature in

the liquid phase is maintained at Tsat .

The problem parameters are summarized as follows: Tw = 1, Tsat = 0, hlv = 2, σ= 24.5, {ρl,µl,λl,cp,l}=
{1000,10,0.1,1}, {ρv,µv,λv,cp,v} = {100,1,0.1,1}, g = 0. The computational domain is replicated as

1D, using 20 cells in y-axis and 1 cell in z-axis, whereas the domain length in the x-axis is Lx = 1.

Three grid sizes are selected h = {1/400,1/800,1/1600}. The problem is initialized with an interface

at xΓ,0 = h, using the analytical solution for the temperature field [1] .

The analytical solution for T (x, t) and xΓ(t) has been reported by [1]. The 1D Stefan problem is given

by:

∂

∂t
T (x, t) = α

∂2

∂x2
T (x, t),0 6 x 6 xΓ(t) (12)

with boundary conditions, T (0, t) = Tw, T (x, t) = Tsat ,x > xΓ(t), ρvhlv
∂
∂t

xΓ(t) =−λv
∂
∂x

T (xΓ, t). The an-
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Figure 1: (a) Computational set-up for the 1D Stefan problem, (b) Comparison of numerical results obtained by

the unstructured CLS method with phase change, and analytical solution [1].

alytical solution for xΓ(t) [1] is written as:

xΓ(t) = 2ζ
√

αvt, (13)

where ζ is the solution of the transcendental equation ζexp(ζ2)erf(ζ) =
cp,v(Tw−Tsat)√

πhlv
, and αv is defined

as the thermal diffusivity of the vapor phase. Comparison of numerical and analytical solutions is il-

lustrated in Fig. 1b. Numerical results converge to the analytical solution upon grid refinement, which

demonstrates that numerical methods for liquid-vapor phase change have been well implemented.

4.2 Film boiling on a horizontal cylinder

In this section, film boiling phenomenon on a cylinder is simulated. The computational set-up is illus-

trated in Fig. 2. Neumann boundary conditions are imposed at all the boundaries, no-slip boundary

condition for the velocity and T (xw, t) = Tw on the cylindrical surface. Initially, the vapor film around

the cylinder with diameter D is uniformly distributed with a thickness of 0.1D, whereas a liquid-vapor

interface is located at the height 8D respect to the cylinder centroid. The mesh distribution in Ω and near

the cylinder where mesh resolution is maximized, is shown in Fig. 2. The grid size around the cylinder

is h ≈ D/200, and the computational domain is divided in 52936 triangular prisms. As initial conditions,

the velocity field is zero, and temperature field in Ω is equal to the saturation temperature Tsat .

Film boiling on a cylinder can be characterized by the Grashof number (Gr), Prandtl number (Prv), Jakob

number (Jav), and physical properties ratios, which are defined as follows:

Gr =
ρv(ρl −ρv)||g||D3

µ2
v

,Prv =
µvcp,v

λv

,Jav =
cp,v(Tw −Tsat)

hlv

,
ρv

ρl

,
µv

µl

,
cp,v

cp,l
,
λv

λl

. (14)

In this research, Jav = 0.1, Prv = 4.22, Gr = {1000,4000,8000,10000}, ρv/ρl = µv/µl = λv/λl =
cp,v/cp,l = 0.01. The most dangerous wavelength (ld) [17] of Rayleigh-Taylor instability is defined as

ld = 2π((3σ/((ρl −ρv)||g||))1/2 = 8D. Characteristic length (ls), characteristic velocity (vs) and charac-

teristic time (ts) scales are defined as ls = D, vs = (||g||ls)1/2, and ts = ls/vs. Finally, the Nusselt number

(Nu) is computed as follows:

Nu(xw, t) =
D

(Tw −Tsat)
(∇T · ew)(xw, t), Nu(t) =

1

Aw

∫
Aw

Nu(xw, t)dA, Nu =
1

T

∫ T

0
Nu(t)dt, (15)
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Figure 2: Computational set-up and mesh distribution for simulation of film boiling on a cylinder.

Figure 3: (a) Comparison of numerical results (symbols) obtained by the present unstructured CLS method, against

the experimental correlation of Broomley (1950) [19], for the time-averaged Nusselt number (Nu), (b) Time evo-

lution of the space-averaged Nusselt number (Nu) for Gr = {1000,4000,8000,10000}.

where Nu(xw, t) is the local Nusselt number, Nu(t) is the space-averaged Nusselt number at the time t,

Aw is the wall surface, and Nu is the time-averaged Nusselt number in the period T .

Using boundary-layer approximations, [19] predicted the Nusselt number for film boiling on a cylinder

as follows, NuB = 0.62(Gr Prv/(1+0.34Jav))
1/4

, where the constant was adjusted from experimental

data. Fig.3a shows that the Nusselt number computed by the the novel unstructured CLS method is in

close agreement with NuB [19]. Fig.3b depicts the time evolution of Nusselt number (Nu) for 1000 ≤
Gr≤ 10000. Finally, Fig.4 shows the evolution of the fluid interface. In the beginning a vapor film covers

the cylinder, and then bubbles release from the upper region, driven by Taylor instability.

5 CONCLUSIONS

- An unstructured CLS method for two-phase flow with liquid-vapor phase change has been in-

troduced by the first time. The numerical model has been verified and validated against analyti-

cal solutions and experimental correlations from the literature. The unstructured CLS method is
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Figure 4: Time evolution of interface in film boiling (Jav = 0.1, Prv = 4.22, Gr = 10000) on a cylinder for

t/ts = {1.1,22.4,44.9,47.1,48.3,50.5}.

second-order accurate.

- Unstructured flux-limiters schemes proposed by [10, 15] to discretize convective term of transport

equations, improves the numerical stability of the liquid-vapor phase change solver.

- Altogether, numerical schemes have lead to a robust and accurate numerical model for simulation

of liquid-vapor phase change on unstructured meshes.

ACKNOWLEDGMENTS

N. Balcázar-Arciniega, as a Serra Húnter Fellow (UPC-LE8027), acknowledges the Catalan Government

for the financial support through this Program. The authors acknowledge the financial support of the

Spanish Government, “Ministerio de Ciencia e Innovación, Agencia Estatal de Investigación”, projects

ENE2015-70672-P, ENE-2017-88697-R.

REFERENCES

[1] ALEXIADES, V., AND SOLOMON, A. D. Mathematical Modeling of Melting and Freezing Pro-

cesses, 1st ed. CRC Press, 1993.

[2] AMANI, A., BALCÁZAR, N., CASTRO, J., AND OLIVA, A. Numerical study of droplet defor-

mation in shear flow using a conservative level-set method. Chemical Engineering Science 207

(2019), 153–171.
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[27] GUTIÉRREZ, E., FAVRE, F., BALCÁZAR, N., AMANI, A., AND RIGOLA, J. Numerical approach

to study bubbles and drops evolving through complex geometries by using a level set Moving mesh

Immersed boundary method. Chemical Engineering Journal 349 (oct 2018), 662–682.

[28] HARDT, S., AND WONDRA, F. Evaporation model for interfacial flows based on a continuum-

field representation of the source terms. Journal of Computational Physics 227, 11 (may 2008),

5871–5895.

[29] HIRT, C., AND NICHOLS, B. Volume of fluid (VOF) method for the dynamics of free boundaries.

Journal of Computational Physics 39, 1 (jan 1981), 201–225.

[30] IRFAN, M., AND MURADOGLU, M. A front tracking method for direct numerical simulation of

evaporation process in a multiphase system. Journal of Computational Physics 337 (may 2017),

132–153.

[31] JURIC, D., AND TRYGGVASON, G. Computations of boiling flows. International Journal of

Multiphase Flow 24, 3 (apr 1998), 387–410.

[32] KARNIADAKIS, G. E., AND KIRBY II, R. M. Parallel Scientific Computing in C++ and MPI.

Cambridge University Press, jun 2003.

[33] KUMAR SINGH, N., AND PREMACHANDRAN, B. A coupled level set and volume of fluid method

on unstructured grids for the direct numerical simulations of two-phase flows including phase

change. International Journal of Heat and Mass Transfer 122 (jul 2018), 182–203.

[34] MA, C., AND BOTHE, D. Numerical modeling of thermocapillary two-phase flows with evapo-

ration using a two-scalar approach for heat transfer. Journal of Computational Physics 233 (jan

10
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