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Abstract. The combination of topology optimization, lattice structures and 3D printing has
quickly emerged as a potential alternative for the design and manufacturing of lightweight
components. However, the size of the building chamber restricts the size of this kind of
lightweight designs. A possibility to overcome this limitation is to design assemblies of 3D
printed lightweight components put together with contact interfaces. To design such an opti-
mal lightweight assembly, the components should not be optimized separately, but the whole
assembly should be optimized simultaneously with all components including their unilateral
contact interfaces. This is the topic of the following work. In this paper, a framework for
multi-scale topology optimization of assemblies of bodies with triply periodic minimal surfaces
(TPMS)-based lattice structures and unilateral contact interfaces is developed and implemented
in 3D. The contact interfaces are formulated for finite element bodies with non-matching meshes
using the mortar approach which in turn is solved by the augmented Lagrangian formulation
and Newton’s method. The multi-scale topology optimization formulation, suggested in [1],
is set up by defining two density variables for each finite element: one macro density variable
governed by RAMP (Rational Approximation of Material Properties), and a micro density
variable governed by representative orthotropic elastic properties obtained by numerical finite
element homogenization of representative volume elements of the TPMS-based lattice struc-
ture. Thus, the macro density variable defines if an element should be treated as a void or be
filled with lattice structure, and the micro density variable sets the local grading of the lattice.
The potential energy of the system is maximized with respect to the design variables, in such
manner no extra adjoint equation is needed for the sensitivity analysis. Both density variables
are treated with a density filter, and the macro density variable is also passed a Heaviside fil-
ter. The final optimal assembly design is realized by transforming the optimal density fields to
implicit surface-based geometries using a support vector machine and Shepard’s interpolation
method, which then can be 3D printed as the corresponding stl-file obtained by applying the
marching cube algorithm. The implemented framework is demonstrated for three-dimensional
benchmark problems.
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1 INTRODUCTION

Recently, a framework for multi-scale topology optimization of TPMS-based lattice struc-
tures was presented in [I]. In this paper, unilateral contact is included in this framework by
adopting a mortar approach, se e.g. [2]. In such manner, topology optimization of assemblies of
bodies with non-matching meshes can be performed efficiently. Topology optimization is very
sensitive to the set up of the boundary conditions. Therefore, if contact interfaces between bod-
ies in an assembly is not handle properly, the design generated by the topology optimization
might be far from optimal. In design for additive manufacturing, this might be an issue when
an assembly of 3D printed components is designed. In this work, such contact interfaces be-
tween bodies are formulated using an augmented Lagrangian formulation where non-matching
meshes are taken care by a mortar approach. The derived state problem is then solved using
a non-smooth Newton method [3]. In [4], frictional impact and rolling were solved using this
Newton approach, and frictional heating in disc pad system was considered using this method
in [5]. The potential energy used in the derivation of the state problem is maximized in the
topology optimization formulation. For zero prescribed displacements and zero initial contact
gaps, this corresponds to minimizing the compliance. The main advantage of maximizing the
potential energy is that no extra adjoint equation needs to be solved in the sensitivity analysis,
which improves the numerical performance significantly. Topology optimization with unilateral
contact can be found in e.g. [6] [7].

The outline of the paper is the following: in section 2, the governing equations are pre-
sented, in section 3, details about the mortar approach is revealed, in section 4, the topology
optimization formulation is discussed, in section 5, a lightweight rocker arm with Schwarz-D
lattice structures is optimized, and, finally, some concluding remarks are presented.

2 GOVERNING EQUATIONS
The potential energy of the assembly of bodies reads

1
H<p777 d) = §dTK<p7 'Y)d_ FTd7 (1)
where d is the nodal displacement vector, F' is the external force vector and

Pe

K—K(p,’y) _O 1+n(1_pe)ke(’ye) (2)
is the global stiffness matrix depending on macro element densities collected in p = {0 < € <
pe < 1} and the local relative element densities of the lattice v = {0 < [, < 7. < u, < 1},
where € is a small number, [, and u, are prescribed lower and upper limits on the relative lattice
density 7., respectively. Furthermore, [ represents an assembly operator, n is the RAMP factor
[8] and k. = k.(7.) is the local element stiffness matrix for element e, which in turn is governed
by the effective elastic properties of the TPMS-based lattice structure obtained by numerical
homogenization, see [9].



N. Stromberg

The effective elastic properties are formulated using Voigt notation as

[ fiici faicor faiem 0 0 0
forca1  fazc1n fs2cm 0 0 0
_ | faiesr faacs fscss 0 0 0
Ce - Ce(’YE) - O 0 O f44C44 O 0 5 (3)
0 0 0 0 fsscaa O
| 0 0 0 0 0 fesCos

where fi; = fi;(7.) are material interpolation laws obtained by the numerical homogenization
approach presented in [9] and ¢;; are the transversely isotropic elastic properties for the bulk
material, i.e. C' = C,(1), where

1/E —I//E —1/13/E 0 0 0

—I//E 1/E —1/13/E 0 0 0

-1 __ —1/13/E —1/13/E 1/E33 0 0 0
¢ = 0 0 0 1/Gos 0 0 (4)

0 0 0 0 1/Gos 0

i 0 0 0 0 0 2(1+v)/E |
The prescribed displacements are represented by

Dd -4 =0, (5)

where D is a matrix representing orientations of the prescribed displacements collected in §.
The unilateral contact conditions of the non-matching meshes are given by

where g contains intial gaps, and Cs and C); are the mortar normal transformation matrices
which are derived by starting from the virtual power in the next section.
For given density distributions p = p and v = 4, the state of static equilibrium is obtained
by solving
min 11(p. . d)
ot {Dd—azm (7)
o Csd+CMd—g§0.

The corresponding Karush-Kuhn-Tucker (KKT) conditions read

Kd—F+D'k+CiA+CA=0,
Dd— 6 =0,
>0, (8)
Csd+Cyd—g<0,
Ao (Csd+Cyd—g) =0.

Here, Kk is a vector of Lagrange multipliers, which can be interpreted as the reaction forces to
enforce the prescribed displacements in (H). Furthermore, A contains mortar contact forces,
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which are governed by the three latter constraints in (§]) also known as Signorini’s contact
conditions. The system of equations and constraints in (§]) is solved using the augmented
Lagrangian approach and a non-smooth Newton method [3], where details are presented in the
next section. By solving (§)), we can obtain d, k and A as implicit functions of p and =, i.e.
d =d(p,v), K = k(p,7v) and A = X(p,~). This is utilized in section 4, when the nested
formulation of the topology optimization problem is presented.

\ N

Figure 1: Examples of matching and non-matching meshes of a contact interface.

3 THE MORTAR CONTACT FORMULATION

Contact between deformable bodies with non-matching meshes as shown to the right in
Figure [1l can efficiently be treated by applying the mortar approach, see e.g. [2]. The mortar
approach is briefly presented here in a setting of small displacements. In the case of small
displacements, the potential contact zone is identified by two contact surfaces I' that are
almost coinciding, i.e. 'l ~ T'2. T'! belongs to the first body Q! (slave body) and I'? is a part
of the second one Q2 (master body). The virtual power of the total contact pressure p on this
potential contact zone is defined by

f;tz/ p-wldA—/ p-wdA, (9)
ri r2

where w’ denotes the virtual velocity field of respectively body. Since, I'. = T'l ~ T'%, (@) can
also be written more compactly as

P = / pi(w] — w?) dA. (10)
e

By introducing the normal contact pressure p,, and assuming that the tangential forces are zero,
we can rewrite (I0) to

Ph. = / po(w; — w?)n; dA, (11)

c

where n; represents the outward unit normal of the slave surface T'..
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The finite element discretization of ([I]) is done by introducing the following approximations:

A=1

w; = Z NAcH, (12)
A=1

wf = Z MAc;4
A=1

Here, N4 = N4(x) represents the shape functions on I'!, which are taken to be the correspond-
ing trace functions of the global shape functions on Q!. The total number of shape functions
N4 on Tlis n. In a similar way, M4 = M#(x) represents the shape functions on I'?, which are
taken to be m in number. By inserting (I2)) into (III), one gets

Pr = i i /F NANBn; dANACP —

A=1B=1

or written as

I o SN o e O]

A=1B=1

where

Cal = / NANBp,; dA,
Te

Cif = — / NAMEBn; dA.

Y / NAMPn; dANACE, (13)
A=1 B=1 ¢

(14)
A=1B=1

(15)

The latter integral is known as the mortar integral. It is tricky to solve this integral because
it cannot in general be dived into subdomains defined by the finite elements depending on the
non-matching meshes. One way of fixing this problem is to us a quadrature rule with many
integration points such as the Lobatto rule with 10 points presented in Table [Tl

Table 1: Lobatto rule with n;,; =10 integration points.

Nint

&i

Wi

10

£0.1652789577

£0.4779249498

£0.7387738651

+0.9195339082
+1

0.3275397612
0.2920426836
0.2248894320
0.1333059908
0.0222222222

Assuming that the bodies 2 are linear elastic, using (I4) in the finite element discretization
of the global weak formulation, then one recovers the equilibrium equation in (8), where Cg

and C) contain (I3]).
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In addition, if one assumes that Signorini’s contact conditions hold, then these can be for-
mulated by the following variational inequality: find p,, > 0 such that

/ (ujni = uini = g)(gn — pn) AA< 0 Vg, > 0. (16)
Te

By inserting the finite element approximations of the displacements u} and u?, and the contact
forces ¢, and p,, (I6) can be written as

AP >0 253 X <0 AP >0, (17)

where
n

=Y ( / NANEBn; dAd? — / MANPn; dAd? —
c FC

NBgdA) (18)
A=1

Ie

is the weighted mortar nodal gap. By using (I3]), this can also be written as

0F = Cgrdt + Cyidt — ¢, (19)
or in matrix notations as
6=Csd+Cyd—g, (20)

where g is a vector containing all initial gaps. The variational inequality in (I'fl) must hold for
any index B. Thus, the corresponding KKT conditions read

A>0, Csd+Cyd—g<0, Ao(Csd+Cyd—g)=0, (21)

where o represents the Hadamard product. These conditions are the same as the three latter
conditions presented in (8) previously.

For any r > 0, and by also inserting (I9), the inequality in (I7) is equivalent to the following
projection, see [3],

A= (NP +r(Cgldl + Cridt — g7)), - (22)
By introducing & = {d, k, A}, using (22]), (8) can be formulated compactly as

Kd+ D'k +CA+Ci AN F
h(x) = Dd —§ =0. (23)
NP+ (VP (CEAP + CRd — 7)),

This equation system can be viewed as an augmented Lagrangian formulation. The standard
approach is to solve this using Uzawa’s algorithm, but in this work it is solved using the fol-
lowing Newton algorithm [3]:

Algorithm: Let g; = 0.9, §; = 0.1 and erop, be a small value. Repeat the following steps:

0: Let Y be a sufficiently good starting point and let ¢ = 0.
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1: Find a search direction z which satisfy
h(x?) + J(x%)z =0,
where the Jacobian J(x?) is defined below.

2: Let a = 7", where m is the smallest integer 0 < m < 22 which satisfies the following
criterium:

Ba? + 5'z) < (1 - 2507)B(a"),  Bx) = Jh (x)h(z).

3: Let &9t = 27 4+ az.

4: If ®(x9") < eror, then terminate with 24! as an approximate zero of h(x). Otherwise,
update ¢ with ¢ + 1 and return to step 1.

The Jacobian needed in the Newton algorithm above is defined by

Kz,+ D%z, + ng)\ + C’f/]z)\

. Dzd
{r{C& 25 + Ciit 2 Be s

where z = {z4, 24, 22},

Ty ={B: X’ +r(CE S + Cdl — g7) <0},

(2

and
Jo = {B : \P +r(CE At + CBAdt — ) > 0}

4 TOPOLOGY OPTIMIZATION FORMULATION

The total volume of bulk material generated in the assembly procedure is given by

VP = VP (o) = Y " peyeVe, (25)

where V, represents the total volume of each element e when p. = 7. = 1. By using (27]), the
design volume V418" the volume of macro layout V™3 and the total volume of lattice in the
design volume V' are defined as

i _ bk 1)
y/macro _ Vmacro(p) — Vbulk(p’ 1)’ (26>
J/lattice _ y/lattice (7) = Vb‘ﬂk(l, ")/)-

Notice that the total volume of lattice in the design volume differs from the volume of lattice
in the macro layout V!4 which in turn is given by

macro ?

Vlattice — Vlattice o (Vdesign _ Vmacro)lb' (27)

macro
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A more detailed discussion of these volume measures can be found in [I].

For the system presented in the two previous sections, the potential energy is maximized
for separately constraints on the volume of macro layout, i.e. V™2 < ymacre and volume of
lattice, i.e. Vattice < Ylattice pospoctively, using a nested approach. That is,

max I1(p, v, d(p,7))
(P, ) .

Vmacro( ) S V acro

Vlattlce( ) < f/lattlce (28)
S.t. —

el <p<1,

Ll <~v <ul.

The objective function in (28) can be interpreted by inserting the KKT-conditions from (]
into (). This yields

1 1 1
I(p,v,d(p,7)) = —§FTd — Qan — §>\Tg, (29)

implying that maximizing the potential energy is equivalent to minimizing
F'd + k"6 + X'g. (30)

Here, the first term is the established compliance, the second term implies that the reaction
force —k is maximized for positive values on §, and, finally, the third term implies that the
mortar contact forces A is minimized for positive initial contact gaps and maximized for g < 0.
Thus, for g = 0 and d = 0, the established compliance objective is recovered in (28]).

The sensitivity analysis is carried out by introducing the corresponding Lagrangian

‘C(p777 da K, A) = H(p777d) + K’T(Dd - 6) + AT(CSd+ CMd - g) (31)

At the state of equilibrium, defined by (8]), this becomes

L=L(p,7y,d(p,7), k(p,7), Ap, 7)) = lL(p,7,d(p,7)), (32)
which is utilized in the sensitivity analysis in the following manner:
oIl _ oL :1 TaKd
Ope  Ope 2 0Ope (33)
ol oL —ldTaKd
e 0 2 O
because o7
d =Kd—-F+D"s+CiA+CyA=0,
0L =Dd—-46=0,
0K (3
aLN\" oA N 34
(ﬁ) 7 = (Cgd+ Cpyd —g)" . =0,
oL\ oA oA
— = d d—g)” =0.
<3>\) oy, ~ (Csdt Cud—9)5 =0
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The two latter equalities in (B4]) are a result from the last complementary condition in (§]). In
addition,

oK n+1 o(7.)
= e\Ve)s
ape (1 + 'ﬂ,(l - pe))2 (35)
0K Pe ok,
e  14+n(l—pe) 0
are inserted in (B3)), where 0f;;/07. also are needed.
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Figure 2: Material interpolation laws for the Schwarz-D lattice structure.
The sensitivities of the volume V™ar® and Vlattice are
8vmacro avlattice
= = V.. (36)

pe 0e

The sensitivities with respect to both p. and 7. are treated using a linear density filter
by applying the chain rule [I0]. In addition, p. is passing a smooth Heaviside filter [I1].
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Summarized, the sensitivity with respect to p. in ([33)) is treated by the following formulas:

o1l B dc O pheav o pﬁlt

m m

dp.  Ophea Opfil Op,

Tel
Z%Vgpg

flt _ 9=1

pe - el I
> 6y
f=1

dp = 0(e) = (i — dist(e, f)) .,
heav _ tanh(Bn) + tanh(B(pf" — 7))

Pe tanh(8n) + tanh(8(1 —n)) ’

where dist(e, f) denotes the distance between the center of element e and f, and 7y, is the filter
radius, which is set to 2 times the characteristic length of the finite elements in the numerical
examples, n defines the threshold and /3 sets the slope of the smooth Heaviside filter. In the
numerical examples, n = 0.5, # is ramped from 1 to 20, and the Heaviside filter is activated
after 50 SLP iterations.
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Figure 3: Topology optimization of a rocker arm with TPMS-based lattice structures and mortar contact
conditions.

5 A NUMERICAL EXAMPLE

The multi-scale topology optimization approach for TPMS-based structures with mortar
contact conditions presented in the previous sections is demonstrated in this section for shell-
based Schwarz-D lattice with isotropic bulk properties, where Young’s modulus is F=2.1E5
N/mm? and Poisson’s ratio is »=0.3. The material interpolation laws f;; are established using
numerical homogenization and the established laws are plotted in Figure 2l as well as the
corresponding upper Hashin and Shtrikman bounds [12].

10
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The demonstration is done for the rocker arm presented in Figure Bl The design domain is
presented in green and mortar contact conditions are defined between the green and red parts,
as well as the green and grey parts. The ends of the red support and the grey cylinder are fixed
and the green design domain is subjected to an upward force at the right end. Furthermore,
I, = 0.2, uy = 0.6, V™2 = (.25 and Vattice — () 4. Thus, the total volume fraction of bulk

material is only 0.1. The optimal solution is plotted at the upper right of the figure. This
solution is then represented as an implicit-surface based geometry which in turn can be studied

using detailed finite element analysis [13].

6 CONCLUDING REMARKS

In this paper, a multi-scale topology optimization framework for assemblies of TPMS-based
lattice structures with mortar contact conditions is developed and implemented for 3D prob-
lems. The framework is most promising and next development would be to modify the formu-
lation such that contact pressure also can be optimized.
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