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Abstract: Separate flow friction formulations for laminar and turbulent regimes of flow through

pipes are in common use in engineering practice. However, variation of different parameters in a

system of conduits during conveying of fluids can cause changes in flow pattern from laminar to

fully turbulent and vice versa. Because of that, it is useful to unify formulations for laminar and

turbulent hydraulic regimes in one single coherent equation. In addition to a physical interpretation

of hydraulic friction, this communication gives a short overview of already available Darcy’s flow

friction formulations for both laminar and turbulent flow and additionally includes two simple

completely new approximations based on symbolic regression.
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1. Introduction

To avoid the inconvenience of determining which type of hydraulic regimes occurs
in pipes, a coherent equation that unifies laminar and turbulent flow friction would be
useful [1–3]. This Communication gives a short overview of a few already existing such
formulations and also includes two completely new approximations which are generated
using symbolic regression [4] and which efficiently can approximate flow friction during
both laminar and turbulent flow through pipes. Coherent formulas which unify laminar
and turbulent flow should be used in systems of pipes that can be found in offshore
oil fields [5,6] or in similar conditions where flow conditions can be changed caused by
variations in viscosity due to variation in temperature [7], etc.

This introduction is followed by a short physical interpretation of hydraulic friction,
and with an overview of unified equations for laminar and turbulent Darcy’s flow friction,
which includes two new formulations based on symbolic regression, and, finally, this
Communication ends with conclusions. The findings are valid for the Darcy–Weisbach
flow model [8,9]. The software tool for testing all presented equations is written in Python
and is given in the Supplementary Materials attached to this Communication.

2. Hydraulic Friction

Hydraulic friction is essentially caused due to energy consumption by the interaction
between the flowing fluid and the conduit that it is moving through. This loss of energy is
mainly manifested through the fall of pressure, which is different in a laminar and turbulent
flow. In addition, a short description of already existing works and approaches that gives
unified formulas for laminar and turbulent flow is given in this section.
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2.1. Physical Interpretation

For the calculation of flow parameters for the transport of fluids through a system
of conduits, it is essential to obtain an equation to relate flow and pressure loss. For that,
the most used is the empirical Darcy–Weisbach model [10] as given in Equation (1) where
one of the most important parameters is Darcy’s flow friction λ, which is the main topic of
computation in this Communication:

∆p

L
≈

8·λ·ρ·Q2

D5·π2 (1)

The following symbols are used in Equation (1):

- ∆p is pressure loss in Pa;
- L is the length of pipe in m;
- λ is non-dimensional Darcy’s flow friction;
- ρ is density of the fluid in kg/m3;
- Q is flow in m3/s;
- D is the hydraulic diameter of the pipe in m; and
- π is Ludolph number; π ≈ 3.1415.

In engineering practice, commonly, the non-dimensional Darcy’s flow friction λ is
calculated using separate formulas for laminar and for turbulent flow:

1. For laminar flow using theoretically founded Hagen–Poiseuille formulation as given
in Equation (2):

λ =
64
Re

(2)

2. For turbulent flow, many empirical formulations are available, but among the most
used is given by Colebrook in 1939 [11] in Equation (3), which is empirically based
on an experiment with the flow of air through pipes with different inner roughness
performed by Colebrook and White in 1937 [12] (while examples of other empir-
ical equations can follow Nikuradse’s inflectional shape of curves which modify
monotonic behaviour of Colebrook’s curves [13,14] or can be based on some newer
experiments [15–17]):

1
√

λ
≈ −0.8686· ln

(

2.51
Re

·
1
√

λ
+

ε

3.71

)

(3)

In Equations (2) and (3), the following symbols are used:

- ln is a natural logarithm;
- λ is non-dimensional Darcy’s flow friction;
- Re ≈ V·D/ν is the non-dimensional Reynolds number (V is the flow velocity of the

fluid in m/s, D is the hydraulic diameter of the pipe in m, and ν is kinematic viscosity
in m2/s), and

- ε is the non-dimensional relative roughness of the inner pipe surface (if the real
absolute roughness of the pipe is ε∗, then ε = ε ∗ /D).

As can be seen from the structure of Equations (2) and (3), flow friction λ in laminar
flow depends only on the Reynolds number Re, while, in turbulent flow, effects of the
roughness of inner surface ε of the conveying conduits gradually also begin to affect the
flow friction λ. The turbulent regime includes smooth, transitional turbulent and rough
hydraulic regimes. In more detail, in laminar and smooth turbulent flow regimes, flow
friction λ depends only on the Reynolds number Re, for transitional turbulent flow on
both the Reynolds number Re and the relative roughness of inner pipe surface ε, while,
for a turbulent rough regime, only on the relative roughness of inner pipe surface ε. The
value of the inner roughness of pipe depends on the type of material and its condition and
age [18–21], and it affects flow by forming a viscous sublayer near the inner pipe wall [22].
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A detailed graph for all types of flow, which includes laminar and turbulent regimes,
is given by Moody in his diagram [23–25], as given in Figure 1. The turbulent flow of
Moody’s diagram as given in Figure 1 is based on the Colebrook equation (on the other
hand, a similar diagram that follows Nikuradse’s findings [13] is given by McGovern [26]).

𝑅𝑒 𝜀 𝜀
–

–
Moody’s diagram as given in Figure 1 is based on the Colebrook equation (on the other 
hand, a similar diagram that follows Nikuradse’s findings [13] is given by McGovern [26]).

 

𝑅𝑒
–𝑅𝑒𝜁 𝜁𝜁 𝜁 = 𝜀 · 𝑅𝑒 · √𝜆

‐ 𝜁 𝜁𝜁𝜁
‐ 𝜀
‐ 𝑅𝑒 𝑅𝑒

Figure 1. Different flow regimes; Laminar and Turbulent (Turbulent includes Smooth, Transitional
and Rough).

Generally, as can be seen in Figure 1, laminar flow occurs for the Reynolds number
Re below 2000 or slightly more, then an unstable transition from laminar to turbulent
flow occurs between 2000 and 3000–4000, where turbulent regime starts for the Reynolds
number Re higher than 4000. In more detail [22,27], a smooth turbulent regime occurs for
ζ < 16 while the rough turbulent regime is for ζ > 200, while in between is the transitional
turbulent regime, where ζ is defined in Equation (4):

ζ = ε·Re·
√

λ (4)

In Equation (4), the following symbols are used:

- ζ is a non-dimensional parameter that is used for determining the specific type of
turbulent flow (in the case of turbulent regime, smooth turbulent flow occurs for
ζ < 16, transitional or partial turbulent flow for 16 < ζ < 200, while fully developed
rough turbulent flow occurs for ζ > 200);

- ε is the non-dimensional roughness of the inner pipe surface (it has no effect on laminar
and smooth turbulent flow, partial effect on transitional turbulent flow, and significant
effect on fully developed rough turbulent flow);

- Re is the non-dimensional Reynolds number (the flow for Re < 2320 is surely laminar);
- λ is the non-dimensional Darcy’s hydraulic flow friction factor.
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2.2. Background and Related Works

The most difficult part for modelling of the laminar and turbulent part in the sharp
change of behaviour between these two regimes. Different approaches are used for mod-
elling this inconvenient circumstance:

1. The main strength of the model from [28,29] is in assuming the sharp flow transition
as a sigmoid type of function that results from the randomness of the flow associated
with the turbulence;

2. Using balance between mass and energy in the transition from laminar to turbulent
flow, Ref. [30] is developed using the formulation for turbulent flow [31], where it is
flexible and can be replaced by any other available equation developed for turbulent
flow [32–36];

3. Using the rationale that flow friction changes during the flow of oil in offshore
pipelines due to variation of viscosity due to temperature oscillations [37], a unified
equation from [38] is derived using the equation for turbulent flow [39];

4. The same rationale for the flow of oil, but using experiences from Russian pipelines, a
unified equation from [40] is developed on a very common equation from [41], which
is in common use in Russian engineering practice for the calculation of turbulent
flow friction;

5. The interpolation method which is based on probability is used in [42] to develop a
unified model;

6. Through the similar reasoning like for the submarine model, a unified model [43] is
developed using a specific equation for turbulent flow from [44] this time;

7. The interchangeable model for unified equation in [45] is based on an experiment
from [46] where switching functions between specific flow regimes are developed
using symbolic regression, and finally

8. Two unified equations for flow from laminar to turbulent ape developed using sym-
bolic regression, and they are new in this Communication.

The models are presented in the next section of this Communication.

3. Unified Equations for Laminar and Turbulent Darcy’s Flow Friction

Although following the same principle to unite laminar and turbulent flow friction λ,
some of the equations presented in this section follow Colebrook’s monotonic while others
Nikuradse’s inflectional behaviour for the turbulent flow [27].

The non-dimensional Reynolds number Re together with the non-dimensional relative
roughness of inner pipe surface ε are used as inputs in unified flow friction models given
in this section, while the non-dimensional Darcy’s flow friction λ is valid for both laminar
and turbulent flow is an output. All other quantities, such as, in order of their appearance
L, Tt, Tf , λt, δ, A1, A2, A3, a, b, α, β, x, y, z, Ts, T, are auxiliary in the presented models,
while ln is a natural logarithm, log10 is decimal logarithm and e is exponential function.

3.1. Six Parameter Model

A six-parameter model to estimate the friction factor λ is given by Díaz-Damacillo and
Plascencia [28] and by Plascencia et al. [29]. It follows Nikuradse’s inflectional behaviour
for its turbulent part. This model is given in Equation (5):

λ ≈ L + Tt + Tf

A = 0.77505
ε2 − 10.984

ε + 7953.8

B =
∣

∣

∣0.02 −
(

−2· log10

(

ε
3.71

))−2
∣

∣

∣

L = 64
Re

Tt =
0.02

1+e
3000−Re

100

Tf =
B

1+e
ε·(A−Re)

150























































(5)
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3.2. Unified Model Based on the Turbulent Transitional Formula

The structure of the new explicit friction factor formula for laminar and turbulent flow
friction given in Equation (6) is developed by Avci and Karagoz [30]. In their paper [30],
Avci and Karagoz used a model from their previous work [31] to calculate λt, while
Equation (6) is modified here with a more accurate formula for turbulent flow friction factor
λt from Praks and Brkić [32]. The main strength of this formula is that it can be modified
using any of many available formulas for turbulent flow friction factor λt which can be
found for example in [33–36]:

λ ≈ λt +
(

64
Re − λt

)

·e−( δ·Re
2560 )

8

δ = 1 + ε + ε·
√

ε
1+225·ε3 + 500·ε4

λt ≈
(

0.8685972·
(

A1 − A3 +
A3

A2−0.5588·A3+1.2079

))−2

A1 = ln(Re)− 0.779626

A2 = A1 +
Re·ε

8.0897
A3 = ln(A2)



















































(6)

3.3. Submarine Model

Due to variations in the temperature of crude oil, its viscosity also varies [37]. Because
of that flow regime, in some parts of the pipeline, it can be turbulent, while, in some other
parts, it can be laminar. This can especially occur in submarine pipelines used for transport
from offshore locations. Using this reasoning, Swamee [5] (also presented in [38]) developed
his formula; Equation (7) is based on his previous work with Jain on the turbulent flow [39]:

λ ≈





(

64
Re

)8

+ 9.5·

(

ln
(

ε

3.7
+

5.74
Re0.9

)

−

(

2500
Re

)6
)−16





0.125

(7)

3.4. Russian Formula for Transport of Crude Oil

Following the same idea for the transport of crude oil through pipelines, Chernikin
and Chernikin [40] developed Equation (8), which is based on the equation by Altshul [41]
for turbulent flow from Russian practice, which is commonly used there instead of the
Colebrook equation:

λ ≈ 0.11·
(

a+ε+b1.4

115·b+1

)0.25

a = 68
Re

b = (28·a)10















(8)

3.5. Interpolation Method

Cheng [42] used an interpolation method to provide a transition between different
flow regimes. Cheng’s formula is given in Equation (9). This formula follows data from
Nikuradse’s experiment [13]:

1
λ ≈

(

Re
64

)α
·
(

1.8· log10

(

Re
6.8

))2·β·(1−α)
·
(

2· log10

( 3.7
ε

))2·(1−α)·(1−β)

α = 1

1+( Re
2720 )

9

β = 1

1+( 160
ε )

2



























(9)
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3.6. Churchill Equation

The friction-factor equation spanning all fluid-flow regimes by Churchill [43] is given
in Equation (10). Churchill’s equation is based on his previous formula developed only for
turbulent flow [44]:

λ = 8·
12

√

√

√

√

√

(

8
Re

)12

+





(

−2.457· ln

(

(

7
Re

)0.9

+ 0.27·ε

))16

+

(

37530
Re

)16




−1.5

(10)

3.7. Multisegmented Equation

The multisegmented equation by Brkić and Praks [45] is developed using the idea by
Uršič and Kompare [46] to use any available equation for laminar, turbulent smooth, and
turbulent rough hydraulic regimes which are connected using switching functions devel-
oped using symbolic regression. One example of this approach is given in Equation (11). All
multisegmented equations, no matter the particular equation which is used for segments,
follow Nikuradse’s inflectional behaviour [13]:

λ = (1 − x)· 64
Re + (x − z)·Ts + y·T

x = 1 − 1048
4.489
1020 ·Re6·(0.148·Re− 2.306·Re

0.003133·Re+9.646 )+1050

y = 1.012 − 1
0.02521·Re·ε+2.202

z = 1 − 1
0.000389·Re2·ε2+0.0000239·Re+1.61

Ts =
0.316
Re0.25

T =
(

−2· log10

(

ε
3.71

))−2



















































(11)

3.8. Symbolic Regression-Based Unified Equation

Using the same idea as used to develop an explicit approximation of the Colebrook
equation through symbolic regression [47], which is further developed in [32,33], here gives
two completely new unified formulas; Equations (12) and (13):

λ ≈ 0.024202 + ε +
50.701

Re
−

254760 + 16876000·ε
13838000 + Re2 (12)

λ ≈
61.395

Re
+

0.024444 + 0.60915·ε

e
( 8188400

Re2 )
(13)

The symbolic model was found by Eureqa Newtonian software [48,49]. The approx-
imation is very computationally efficient, as it requires only basic arithmetic operations.
Only elementary operations (+, −, ×, /) were used in Eureqa as building blocks of the sym-
bolic regression process. Consequently, Equation (12) obtained is a simple, rational function
following reasoning as in Praks and Brkić [50]. Contrary to Equation (12), the exponential
function was also allowed as the building block in Eureqa, which gives Equation (13). The
advantage of Equation (13) is that the approximation is very simple and explainable, where,
e.g., the first part 61.395/Re corresponds to laminar flow.

Equations (12) and (13) were obtained by the following three steps:

1. Quasi Monte Carlo sampling [51,52] of Equation (5) from Section 3.1 of this Commu-
nication was constructed to obtain a table of triplets with n = 65,535 combinations of
the Reynolds number Re, the relative roughness of inner pipe surface ε and Darcy’s
flow friction λ according to Praks and Brkić [53]; then,

2. the symbolic regression tool Eureqa [48,49] was used to build the explicit approxi-
mation of Darcy’s flow friction λ using the obtained triplets from the previous step,
and finally
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3. constants of Equation (12) were optimized in Matlab using the derivative-free method
“fminsearch” [54] to minimize the absolute value of the relative error of
the approximation.

To develop Equations (12) and (13) from this section, experience gained from develop-
ing the Artificial Neural Network for modelling hydraulic resistance was valuable [55].

None of the already existed formulations cannot be accepted as accurate, but, for the
purpose of comparisons, Equation (5) is considered the ground truth for the error analysis to
feed the accurate value λi, while λi is taken from λ calculated using Equations (12) and (13)
to calculate the Mean Absolute Error (MAE); MAE = 1

n ∑
n
i=1

∣

∣λi − λi

∣

∣ is in a sufficient
number of testing points i = 1, 2, . . . , n where the symbol n represents the number of
combinations of the Reynolds number Re, the relative roughness of the inner pipe surface ε

and Darcy’s flow friction λ; n = 65,535 in this case. The Mean Absolute Error (MAE) for
Equation (12) is 0.004673045, and, for Equation (13), it is 0.000281439.

4. Graphical Interpretation and Discussion

No matter which formula is used for the eight presented, the general trend is the
same as can be seen in Figure 2. The comparison of the presented formulas shows relative
variation among them due to differences in their nature; some of them follow Colebrook’s
formula while some follow Nikuradse’s findings as listed in Table 1. In addition, Table 1
shows which of the presented formulations are flexible, i.e., which can be modified using
different available formulations for turbulent flow (interchangeable).

Using the presented equations, Darcy’s friction factor λ can be easily calculated no
matter which type of hydraulic flow, laminar or turbulent, occurs in the observed pipeline.
The main strength of the presented formulations is that, with the known values of input
parameters, the Reynolds number Re and the relative roughness of inner pipe surface ε,
it is not required to know in advance if laminar or turbulent types of flow occur in the
observed pipeline.

A new formulation based on symbolic regression presented in this paper as
Equation (12) or Equation (13), relatively well fitting all already available formulations for
the same purpose.

The real evaluation of the presented formulations is not easy to perform because,
although universally accepted as an informal standard, it is questionable how accurate the
Colebrook equation is, or how reliable data from Nikuradse’s experiment are knowing that
his data were measured on very rough pipes, compared to modern materials and that they
are a little old, and there is also the controversy with unreported corrections he made to
the data [56–62]. In the final instance, the only valuable comparison can come through real
measurements, which are relatively rare [63,64].

In addition, last but not least, it is not easy to estimate with sufficient accuracy the
value of the relative roughness of the inner pipe surface ε [65–67].

Table 1. Formulations that follow monotonic 1 and inflectional 2 shape of curves in turbulent flow
and ability for modification.

Formulation Type Flexible 3

Equation (5) Inflectional Partially
Equation (6) Monotonic Yes
Equation (7) Monotonic Yes
Equation (8) Monotonic No
Equation (9) Inflectional Partially

Equation (10) Monotonic Partially
Equation (11) Inflectional Yes
Equation (12) Inflectional No
Equation (13) Inflectional No

1 Colebrook type, 2 Nikuradse type, 3 Can it be modified using other different equations?
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(a) 

(b) 

(c) 

Figure 2. Graphical interpretation of all eight presented equations: (a) Equations (5)–(7);
(b) Equations (8)–(10); and (c) Equations (11)–(13).
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5. Conclusions

In addition to a short overview of already existing models that unifies laminar and
turbulent formulations of flow friction, two new formulations based on symbolic regression
are given. Compared with the other seven models, the new approximations are relatively
simple. None of those shown existed already, and the new ones cannot be favorized
as the more accurate because all of them were developed using different experimental
approaches. The submarine model was developed initially for offshore pipelines, whereas
the Churchill equation, the Russian formula for transport of crude oil, and the two new
symbolic regression-based unified equations are relatively simple. On the other hand, the
Multisegmented equation and the unified model based on the turbulent transitional formula
are flexible because they can be easily readapted using different experimental formulas
from the available literature. By definition, the Six parameter model, Interpolation method
and Multisegmented method always follow behaviour from Nikuradse’s experiment, while
the new symbolic regression-based unified equations are also based on the Six parameter
model, resulting in it being the only available relatively simple formulation that follows
the behaviour of flow predicted by Nikuradse.

Based on the analysis from this Communication, every presented equation can be used
in engineering practice while the final decision can be made based on simplicity and on
the experimental data, which is preferred based on the previous experience of the designer.
A weak point of the two new formulas is that regression was based on other formulae
and not on actual experimental data (because of that error, all equations have very limited
application and are only illustrative).

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/axioms11050198/s1. The software tool for testing all presented
equations is written in Python and given as attached materials.
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