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Abstract. The extended and improve version of the investigation described in [1-2] and the 
firstly presented in [3] is proposed in this work. Distinguish features of these investigations 
are applications of the theory of multi-component dry friction [4-16] in the problem of the ball 
rolling on boundaries of two identical frames. Father development of this model can be used 
in investigation of the dynamic of the a so-called “Butterfly” robot, consisting of two identical 
shaped plates rigidly placed parallel to each other on a small distance aimed at manipulating a 
ball that can freely roll on the plates’ boundaries as on rails [17]. The difficult control systems 
considered in [18-20] are another engineering application of the combined dry theory. 
Following developed in previous investigation approach, the friction force and torque are 
computed by the integration over the contact area so that the exact dynamically coupled 
integral model accounting the relationship of all the components of friction is obtained. This 
exact model is replaced by approximated analytical model [1-2] which is completely satisfy to 
all analytical properties of integral model as function kinematics parameters without 
increasing the number of coefficients. 
 
1 INTRODUCTION 

The problem of the ball rolling on boundaries of two identical frames is interested 
applications of the theory of the combined dry friction. It was on the example of the study of 
the classical problem about the dynamics of a ball on a rough plane that the necessity of 
creating this theory and its further development were demonstrated. The distinguishing 
feature of this theory is presenting a more convenient form of the coupled friction models for 
the problems of solids dynamics. One of the main assumptions of this theory is the validity of 
the classical Amonton-Coulomb law in differential form for a small element of the area inside 
the contact spot of the rubbing solids. Then, the net vector of the friction force and torque are 
computed by the integration over the contact area and presents the exact coupled integral 
models of the combined dry friction.  

It is worth explain the used of the term "Exact integral model" because any model can not 
be exact, because it is only an approximation to a real phenomenon. This notion is used in the 
sense that, after the initial assumptions about the validity of Coulomb's law in classical and 
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generalized differential form and general properties of the normal contact distributions inside 
of contact spot, all other computations, from a mathematical point of view, are being made 
exactly, without the use of approximate methods. Thus, after writing expressions for the 
differentials of the dry friction principal vector and torque, all subsequent transformations are 
exact results, reflecting the nature of the phenomenon. 

The integral model gives a good description of the dry friction effects in the case of 
combined kinematics, but is inconvenient to be used in problems of dynamics, because it is 
required to calculate multiple integrals in the right-hand sides of the equations of motion. To 
avoid calculating double integrals, the exact model is replaced by an approximated analytical 
model [4-16], which fully satisfies all the analytical properties of the integral model as a 
function of kinematic parameters without increasing the number of coefficients. 

The proposed dry friction models enables as well to describe the relationship between 
force and kinematical characteristics by smooth analytical functions over the entire range of 
angular and linear velocities as to take into account the more realistic representation about 
normal contact stresses distribution and differential characteristics of the friction law. The 
approximate models preserve all analytical properties of the models based on the exact 
integral expressions and correctly describe the behavior of the net vector and torque of the 
friction forces and their first derivatives at zero and infinity.  

Moreover, the models coefficients are numbers that can be identified from 
experiments [21-24]. Consequently, these models may be considered as phenomenological 
models of the combined dry friction.    

Development of the friction model of ball rolling friction along two rigidly connected rails 
is not only of independent interest. This model can also be used in the future in order to 
describe more correctly the effects observed under investigation of the dynamics of the so-
called “Butterfly” robot [17]. “Butterfly” robot consists from the two identical shaped plates 
rigidly placed parallel to each other on a small distance aimed at manipulating a ball that can 
freely roll on the plates’ boundaries as on rails. 

2 PROBLEM STATEMENT AND BASIC ASSUMPTIONS 

A free rolling of a heavy uniform ball of radius bR (Fig.1.b) along the two identical rails 

rigidly placed parallel to each other (Fig.1.a) is considered (Fig.1). It is supposed that the ball 
is involved in the complex motion: simultaneous rolling, spinning and sliding along the rails. 
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(a) (b) 

Figure 1. Scheme of contact 
 

The ends of the rails are assumed to be rounded, which allows us to assume that the contact 
surfaces of the rubbing bodies are locally spherical and the contact spots have circle form. 
Therefore, normal reactions at the point of contact are directed along the radiuses of the ball. 
Under these assumptions, the distributions of the normal contact stresses inside of contact 
spots at the absence of ball motion are can be described by the Hertz law [19-20]: 
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Here index i  denotes the number of contact spot, but x  and  are coordinates of the small 
areas inside of contact spots (Fig.2.a) in the rectangular systems of 
coordinates . Origins of the considered coordinates systems are hardly 

connected with the centers of contact circles. Unit vectors  are directed along the direction 

of the ball sliding, parallel to the rails. Unit vectors  are perpendicular directed to the plane 

of contact spot parallel to ball radius. Unit vectors e  are directed perpendicularly to the 

direction of the ball sliding and complement vectors  and  up to the right triple. 
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The resultant vectors of friction forces and torque of friction can be presented in the 
considered coordinates systems by the following formulas: 
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The difference in signs in formulas (2) is connected with difference in direction of the ball 
rotation relative to the contact spots. 

Another main assumption is that the Amonton-Coulomb law in differential form holds for 
the small surface element  in the interior of the contact spot. According to this law, the 

differentials of the resultant vector  and the moment of friction  with respect to the 

contact spot center are determined by the following formulae [5-15]: 
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where f  is the coefficient of friction; ( , )x yr  is the position vector of an elemental area in 
the interior of the contact spot with respect to its center Fig. 2.a;  is velocity of the relative 
sliding inside of contact spot, but 

v
  is the component of the angular velocity of the ball 

rotation respectively to the contact spot plane. The velocity   can be considered as 
velocity of the contact spot rotation relatively to the ball. Its perpendicular directed to the 
contact spot in the direction the ball radius. In addition, index i  in formulas (3) is omitted 
for briefly of writing.  

3 DRY FRICTION MODEL 

There are well known results from the theory of elasticity [10-11, 14-15] that tangent 
stresses lead to shift in the symmetric diagram of the normal contact stresses in the direction 
of the instantaneous sliding velocity v  or in the rolling direction Fig2.b.  

To use these results in the dynamics problems, it is proposed the simple asymptotic 
representations for the contact stresses distributions based on their general properties [1-14]:  

 1 10( , ) 1 x yx y k x R k y    R  (4)

 2 20( , ) 1 x yx y k x R k y    R  (5)

where R  is the radius of contact spots, which are assumed to have identical dimensions, but 

xk  and  are dimensionless coefficients that describe the components of the displacement of 

the center of gravity of the contact spot relative to its geometric center.  
yk

The difference in signs in formulas (4)-(5) is connected as in formula (2) with difference in 
direction of the ball rotation relative to the contact spots. 

Presence of the simultaneously sliding and rolling in the different directions leads only to 
summarization of the corresponded coefficients, which can be used on the base of the results 
of theory of elasticity or procedure developed in [5-15]. 

The displacement of the contact spot gravity results to the appearance of the rolling 
moment  parallel to the contact plane whose projections parallel (i

r
M M  ) and 

perpendicular ( M ) to direction of the relative sliding can be determined by the simple 

formulas from [14-15]. 
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(a) (b) 

Figure 2. Kinematics inside the contact spot. 
 
Integration of the corresponded differentials over the contact spot yields the resultant 

vectors  of the friction force and torques : iF ( 1)i
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Here index i  as in above is omitted for briefly of writing. The modules  and  of the 

respective components of the resultant vector directed along the tangent (longitudinal friction 
force) and the normal (lateral friction force) to instant velocity of sliding and the module of 
friction force torque 

F F

CM  perpendicular directed to the contact spot plane are calculated by 

the formulas from [5-15]: 
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These doubles integrals (8) can be calculated in elementary functions for Hertz distribution 
of the normal contact stresses [14-15]. 

The exact integral models gives a good description of the dry friction effects in the case of 
combined kinematics, but is inconvenient to be used in problems of dynamics, because it is 
required to calculate multiple integrals in the right-hand sides of the equations of motion. 

Approximated model [5-12] based on the analytical properties of the integral model as a 
function of kinematic parameters allowed to avoid this inconvenience without increasing the 
number of coefficients. Coefficients of this model are numbers that can be easy calculated [5-
12] or identified from experiments [21-23] in more complicated cases. This fact permits use 
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results of previous investigation directly in considered problem. Thus, the dry friction model 
which is described the interaction between ball and rails can be represented in following form: 
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Coefficients of this model were calculated in previous works [5-15], but, as above, index i  
s omitted for briefly of writing. 
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