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Abstract: The work presents two new numerical techniques devised for modeling
propagating material failure, i.e. cracks in fracture mechanics or slip-lines in soil mechanics.
The first one is termed crack-path-field technique and is conceived for the identification of
the path of those cracks, or slip-lines, represented by strain-localization based solutions of
the material failure problem. The second one is termed strain-injection, and consists of a
procedure to insert, during specific stages of the simulation and in selected areas of the
domain of analysis, goal oriented specific strain fields via mixed finite element
formulations. In the approach, a first injection, of elemental constant strain modes (CSM)
in quadrilaterals, is used, in combination of the crack-path-field technique, for obtaining
reliable information that anticipates the position of the crack-path. Based on this
information, in a subsequent stage, a discontinuous displacement mode (DDM) is
efficiently injected, ensuring the required continuity of the crack-path across sides of
contiguous elements. Combination of both techniques results in an efficient and robust
procedure based on the staggered resolution of the crack-path-field and the mechanical
failure problems. It provides the classical advantages of the “intra-elemental” methods for
capturing complex propagating displacement discontinuities in coarse meshes, as E-FEM
or X-FEM methods, with the non-code-invasive character of the crack-path-field
technique. Numerical representative simulations of a wide range of benchmarks, in terms
of the type of material and the failure problem, show the broad applicability, accuracy and
robustness of the proposed methodology. The finite element code used for the simulations
is open-soutce and available at http://www.cimne.com/compdesmat/
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1 Introduction

In the context of this work, the concept material failure refers to the process of
deterioration of the mechanical behavior in solids, produced by the reduction of the
strength of the constituent material in localized domains, which, from a macroscopic view,
constitute a manifold one-dimension smaller than the domain of analysis. Cracks, in
fracture mechanics, and shear bands (or slip-lines), in soil mechanics, are examples of
names given, in different areas of mechanics, to these failure manifolds. In addition, it is
accepted that, at the macroscopic observation scale, that deterioration of the mechanical
strength translates into discontinuities of the displacement field across those failure
manifolds. These discontinuities in the displacement field will be technically termed s#rong
discontinuities, in contrast with discontinuities in the strain field that are termed weak
discontinuities (Mosler 2005). Moreover, it will be assumed that those failure manifolds
(cracks or slip-lines) evolve along time (the term evolving discontinuities has been also coined
for this case) in the sense of propagation. Once they appear they remain in a stationary position,
but they can grow (propagate) in the domain of interest from the borders of the failure
manifold (the crack or slip-line tips). The term strain localization will be used also to indicate
that scenario in which weak discontinuities appear in the form of highly intensified strains
in propagating narrow bands (the /localization bands).

Material failure mechanics is a subject of large interest in simulation based sciences,
where the term computational material failure mechanics has been coined. This work makes some
new proposals in this area, which aim at improving the performance, in front of alternative
approaches, of reliability, accuracy and robustness, of computational simulations of
propagating material failure.

1.1 Motivation

The aim of this work is the presentation of an approach, rather than its generalization.
Therefore, for the sake of simplicity, the mechanical ingredients of the approach have been
simplified in some aspects: 1) the kinematical description of the motion is simplified to
infinitesimal strains, 2) the dimensions of the problem, are here reduced to the 2D cases, 3) dynamic
effects have been neglected and 4) thermal effects have been discarded. The authors are aware that the
extension of the present work to account for some of those effects, typically 3D analysis
and inertial effects, will open new, relevant and specific areas of application and, therefore,
they will be considered in subsequent works.

During the last decades, a large number of proposals of models for propagating
material failure have been done by the computational mechanics community, whose
classification can be done on different grounds. In the context of the present work, two
different classification criteria are chosen: 1) the kind of constitutive model at the failure
manifold and 2) the procedure through which the displacement discontinuities, inherent to
material failure modeling, are captured in the context of finite element methods.

1.1.1 Constitutive model description of the failure manifold

The first criterion refers to the manner that the de-cohesion process at the crack or slip-

line interface is modeled:

e In the so called (de)cwhesive (or discrete) approaches the mechanical behavior is
described in terms of a traction-separation law relating, by means of a non-linear
relationship, the traction vector and the vector of displacement jump across the
interface. In this law, the introduction of the fracture energy, as a material property
identified as the dissipation per unit of surface along a full decohesion process, plays



a fundamental role to make these models physically meaningful (Dugdale 1960;
Hillerborg, Modeer et al. 1976; Bazant and Planas 1998).

The continuum counterpart of the previous approach is the continuum approach,
where the mechanical behavior of the interface is described in terms of a standard
stress-strain constitutive model, equipped with strain softening, to account for the
stress release associated to failure. The difficult point here is to relate the “interface
strain” intervening in the constitutive model with the physically meaningful
displacement jump. The Continuum Strong Discontinuity Approach (CSDA), developed
by the authors, among others, in the past (Simo, Oliver et al. 1993; Oliver 1996a),
provides this link by introducing the concept of regularized strong discontinuity kinematics
(a regularized version of the description of the displacement jump at the interface in
terms of a Dirac’s delta function) which allows describing the corresponding
regularized interfacial strain. In the CSDA it is shown that any continuum stress-
strain constitutive model, when applied to a strain field described by a regularized
strong discontinuity kinematics induces an equivalent (projected) traction-separation
law at the discontinuity interface. This provides a clear link between continuum and
discrete approaches (Oliver, Huespe et al. 2002) that allows using the format of
implementation considered most convenient, but keeping the physical meaning of
the approach. In this sense, it can be argued in favor of the continuum approach
that the same constitutive model, whenever it is equipped with strain softening, can
be used for both the continuous domain and the discontinuity interface and, at a
given material point, for both the undamaged and the failure stages, this leading to
advantages as a less invasive implementation in commercial finite element codes or
an easier identification of the material parameters.

1.1.2 Numerical approach for displacement jumps capturing

The second classification of interest here is the one in terms of the selected numerical
approach for crack/slip-line capturing. Considering the capture of the propagating jump in
the displacement field as the ultimate goal of the numerical simulation, the available
approaches can be split into three groups.

The strain-localization-based methods take advantage of the trend of continuum (stress-
strain) constitutive models, equipped with strain softening, to provide solutions of
the mechanical problem exhibiting strain localization in strain-localization bands.
These localization-bands tend to propagate along finite element bands that, under
ideal conditions, encompass just one element. In this context a strain-localization
band can be interpreted as the strain field stemming from a regularized strong
discontinuity kinematics, where the regularization parameter, k, exactly coincides
with the size, h, of the finite-element-band' (h= k). The fact that this numerical
phenomena can be observed by just introducing strain softening in a continuum
constitutive model, made this approach early used and investigated (Bazant 1983).
Very soon, two large flaws were found: 1) the spurious dependence of the results on
the finite element size, not showing any convergence with mesh-size refinement
(mesh-size dependence) and 2) spurious dependence of the propagating localization
bands on the mesh-bias (mesh-bias dependence). The numerically obtained strain-
localization bands had the trend to follow structured finite-element-bands in the
mesh; therefore, slight changes in the mesh structure translate into large changes in
the resulting localization bands. Even worse, when strain localization does not

! Thisis only exactly trueif the finite element mesh is structured in finite element bands and the strain
localization propagates aong one of them. In most cases, the localization band jumps across finite
element bands encompassing more than one element.



propagate along structured finite-element-bands, the localization band encompasses
more than one element in its width. This leads to mobilization of spurious stresses
that cannot be released along the deformation process (stress-locking effects), and to
spurious extra-dissipation of the numerical results.

Mesh-size dependence can be readily overcome by introducing the concept of
regularization of the softening parameter in terms of the aforementioned fracture
energy as a material property (Oliver and Huespe 2004b; Oliver, Huespe et al.
2006a). Mesh-bias dependence, instead, is not so easy to overcome. Among many
attempts, the most successful ones seem to be based on relaxing the kinematical
strain-displacement compatibility in the elements, by imposing it in weak form, i.e.
using miuxed-finite element formulations. Initial encouraging results were obtained when it
was observed that mixed Q1-PO formulations, to deal with incompressibility issues
in the mechanical formulation, substantially improved the strain localization results
(Zienkiewicz, Pastor et al. 1995; Cervera, Chiumenti et al. 2004; Sanchez, Sonzogni
et al. 2006; Sanchez, Sonzogni et al. 2008). More recently, some improved results
have been obtained using fully mixed displacement-strain formulations (Cervera,
Chiumenti et al. 2010a; Cervera, Chiumenti et al. 2010b). However, in a recent paper
the authors (Oliver, Huespe et al. 2012) showed that mesh-bias dependence cannot
be completely (and generally) removed in strain-localization based formulations, but
only alleviated until a certain degree. The reason for this was identified as the
inability of the strain fields obtained in strain localization approaches to match the
regularized strain fields obtained from a strong-discontinuity kinematics. Apparently,
strain-localization formulations exhibit some intrinsic inabilities to completely
reproduce in the general case a propagating discontinuity interface’.

o In the supra-element-band methods, a regularized displacement jump is captured by a
band of finite elements encompassing several elements across its bandwidth. This
bandwidth is typically of order k and, therefore, the element size is h < k. Here two
distinctions should be made:

— In  material-regularization-based — approaches  (non-local models, gradient-
regularized models, Cosserat models (Muhlhaus and Vardoulakis 1987,
Pijaudier Cabot and Bazant 1987; de Borst and Muhlhaus 1992; Lordache
and Willam 1998)) continuum constitutive models, are endowed with
additional ingredients that introduce a material characteristic length, ¢ , into
the material model. Then, the mathematical solution of the resulting
mechanical problem, though continuous in the displacements, is compatible
with high concentrations of the strains (strain-localization) in propagating
bands of typical width, ¢, which, again, plays the role of the displacement
jump regularization parameter, k, at the interface, and, therefore, h< ¢ ~k.

— In the more recent phase field models for fracture (Francfort and Marigo 1998;
Miche, Hofacker et al. 2010; Miehe, Welschinger et al. 2010) diffusion-like,
k-regularized, mechanisms inserted into a potential energy functional
produce similar effects. Strain localization takes place in supra-elemental-
bands of bandwidthk and, again, h<k .

In both cases, good results can be obtained in modeling propagating material failure,
and spurious mesh-size and mesh-bias dependences are clearly overcome. Especially
in the phase field models case, the method shows high potential for modeling

% In that work some mismatch indicators were developed, which become zero as the strain-localization
propagates along well aligned, in advance, finite element meshes, but returned non-zero values of the
indicators in general cases. It was also observed that mixed formulations released the mismatch, but
neither totally nor in all cases.



dynamic fracture phenomena like branching. However, also in both cases, the fact
that the size of the finite element mesh h is smaller than the, tinny, regularization
parameter (or characteristic length) k implies that a huge number of elements are
required in the finite element mesh, even in simple cases. This leads to large, and
sometimes unaffordable, computational costs.

o In the intra-elemental methods, instead, the discontinuity interface settles znside a
propagating band encompassing only one element. The consequence is that there is
no restriction in the maximum size of the finite elements capturing the
discontinuity, and very coarse meshes can be used in comparison with the extra-
elemental methods. Besides, mesh-size and mesh-bias spurious dependences are
completely overcome. As for the technique for capturing the displacement jump,
this is done by enriching standard finite elements with additional spatially discontinuous
displacement modes. Depending on what is the support of these discontinuous
displacement modes two families arise:

— In the E-FEM based wmethod (embedded discontinuity finite element
method,(Armero and Garikipati 1996; Oliver 1996a; Alfaiate 2003; Mosler
and Meschke 2003)), the enrichment is element-based. The support of the
discontinuous modes is one element and the additional degrees of freedom
are attached to just one element.

—  In X-FEM methods (extended finite element method (Moé€s, Sukumar et al.
2000; Belytschko, Moes et al. 2001)) the enrichment is nodal-based. The
support of the enriching discontinuity modes is nodal. i.e. all the elements
sharing the same node are affected by the enriching mode.

In spite of some contradictory statements in the literature the performances of E-
FEM and X-FEM methods, for modeling propagating material failure in quasi-
brittle materials, are very similar (Oliver, Huespe et al. 2006b). Some specific
benefits of E-FEM methods, in front of X-FEM methods, can be obtained due to
the elemental support of the enriching modes, and the consequent condensability of
the additional degrees of freedom. This brings relevant savings in terms of the
computational cost and a less invasive implementation in general-purpose finite
element codes. However, in both methods, robustness and accuracy depend very
much on the precise determination of the position of the discontinuity interface (the
crack-path or the discontinuity path) which has to be precisely determined, for every
element of the band capturing the discontinuity, ensuring its continuity across sides
of contiguous elements. This is classically done through the so-called crack-tracking
algorithms aiming at predicting the position of the numerical crack-tip of the
propagating crack, quite in advance of the physical crack-tip. These tracking
algorithms (also termed zero-level-set methods in the X-FEM terminology) are
cumbersome to implement, have a code-invasive character and may seriously affect
the robustness of the method (Oliver, Huespe et al. 2006b; Armero 2012;
Contrafatto, Cuomo et al. 2012).

1.2 Objectives of the work

In this work, a combination of certain newly developed numerical techniques is
explored to overcome some of the deficiencies of previous and alternative approaches. The
well-established continuum strong discontinuity approach (CSDA), ie. the use of
continuum (stress-strain) constitutive models, endowed with strain softening, in a
regularized strong discontinuity kinematic description, constitutes the mechanical setting.
The actual newness of the method is the introduction of the strain injection concept, i.e. the
imposition of goal-oriented strain-fields, at specific stages of the local failure process, to



improve the performance of the resulting model in capturing propagating material failure.
This is done by resorting to mixed, displacement/strain finite element formulations
restricted to specific subdomains (the injection domains) in the considered body: e.g.
strictly where the improving strain fields are required.

Typically, in this work constant strain modes (CSM) in quadrilateral elements are injected to
improve the flexibility of the finite elements, in a strain-localization-based approach, inside
an appropriate region at the front of the propagating crack/slip-line tip. The injection is
oriented to extract high-quality information on the material failure propagation. This
information is used, in a subsequent stage, to perform an accurate second injection of a
discontinuous-displacement mode (DDM), oriented, in turn, to the goal of capturing the
mechanical behavior of the crack/slip-line. The concept of using mixed formulations in
restricted domains, modifies the classical issue of finite element stability, associated to
mixed formulations equally applied to the entire domain. For instance, it is shown in the
paper that the CSM injection is equivalent to the classical reduced-integration technique in
quadrilaterals, but the injected problem is completely stable: the classical hourglass-shaped
spurious modes, typical of full-domain mixed formulations, do not show up. This suggests
that the standard inf-sup conditions for stability have to be re-visited in the context of
partial-domain mixed formulations (see for instance (Buscaglia and Ruas 2013)).

Selection of the injection domains and the injection times (where and when?) is based
on consistent mechanical criteria; typically the discontinuous bifurcation analysis that qualifies a
stress/strain state as compatible with the onset of a discontinuous displacement field. In
this sense, heuristic and problem-dependent parameters in the approach are almost totally
eliminated, and the whole strain injection process, evolving in time and space, takes place
in a smooth and robust manner.

A second specific technique, the crack-path field technique, has been developed for the
goal of identifying the spatial position of an evolving crack/ slip-line, which is described by a strain-
localization field. For this purpose, a secondary problem (the crack-path-field problem) is
solved and a scalar field is obtained. Then, its zero level set identifies, in advance, the
candidate position for the crack-path inside every element, ensuring its continuity across
sides of contiguous elements. In spite of the term here used (zero level set) the proposed
technique has little in common with the level-set method used in X-FEM techniques. Here,
the crack path field is identified from some specific data provided by the mechanical
problem: the localized spatial distribution of the strain-like internal variable in those
elements, that have been injected a constant strain mode. Once the crack-path field is
obtained, the injection of the discontinuous displacement mode (DDM), which requests
the availability of a predicted, inter-element continuous, crack-path, can be done trivially.

In principle, the crack-path-field and the mechanical problems are coupled in both
senses. However, for practical purposes it is observed that the coupling is very weak, and a
staggered procedure is suggested to solve the coupled problem: at the end of the
mechanical problem, the crack-path-field-determination is reduced to a double local
smoothing of the strain-like internal variable values around every element. The proposed
crack-path field technique favorably replaces, as a much simpler procedure, the
aforementioned cumbersome and code invasive crack-propagation algorithms, improving
the locality of the implementation and the robustness of the whole method.

The organization of the remaining of the paper is the following. In section 2, the new
crack-path-field technique is developed and assessed by a number of representative
numerical simulations. Then, in section 3, the strain-injection concept is introduced and
applied to inject the constant strain mode (CSM) in quadrilateral elements. The, partial,
benefits of this injection are then assessed through some examples. In section 4, the
discontinuous displacement mode (DDM) injection is detailed and the coupled mechanical-
propagation problem is solved. In section 5 a number of representative simulations,



covering a wide range of constitutive models, application fields (like fracture mechanics and
soil stability analysis), are used to validate the applicability and the possibilities provided by
the proposed approach. Finally, section 6 is devoted to formulate some concluding
remarks. A number of specific issues, mostly referring to the numerical implementation
aspects of the proposed approach are described in the appendices of the work. Additional
information on the topics of this work can be found in (Dias 2012) and (Dias, Oliver et al.
2012).

2 The crack-path-field technique

In this section, a new technique for identification of the spatial position of a propagating
localization field is presented. First, a strongly localized field (ideally described as a Dirac’s
delta—function) will be considered and a numerical setting to capture its support will be
developed. In a second stage, the obtained results will be extended to the most common
case of a field distributed in a localization band’ .

2.1 Identification of the path of a propagating strongly localized field

Let us consider a body B in R"n , where ng, stands for the dimensions of the problem,
defined in the time interval of interest [0,T] (see Figure 1). Let us also consider a scalar field
a(x,t), propagating along time t, defined as:

a(x,0) = 657 (x) M
where & (x) stands for a Dirac’s delta distribution (Stakgold 1998). In this work a field with
the format of equation (1) will be considered the mathematical description of a propagating

strongly localized field (and also, by extension of the name, propagating strong localization); the
scalar field v, (x) = v(x,t): Bx[0,T] = R will be termed its intensity and &, ¢ B will denote

the path (or support) of the strong localization az #ime t, with unit normal ng(x) : & — RMm .
The path &; c B is considered possibly spatially discontinuous, and limited to the support
of a(x,t) = 657 (x) ie.: those points of the support of the Dirac’s distribution, §5 , where

the intensity ~(x,t) is not null:

y(x,1) =y (x) =0 Vx €& (2
According with the theory of distributions, (Stakgold 1998), a(x)in equation (1) fulfills
o008 = [ 68575 = [ 6(x)n (xS )

for all sufficiently regular functions ¢:B — R.

9B =(0uB)U (05 B)

Figure 1. Propagating strong localization path

% possibly, as the result of a strain-localization based material failure modeling.
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Our goal here is to identify the strong-localization path & ¢ B by means of another
evolving manifold, I'y C B, associated to the solution of the following variational problem:

PROBLEM :
GIVEN :t €[0,T], &, and 7, (x) € Ly (5)
V={nx):B—R;necH (B)}
3= {n(x):B—R;neH B) nly =0}
FIND : 4
(s Q)
(@) P(x,t) = vy (x) € ¥ fufilling fBWt— 557 )dB=0 Ve

(b) pu(x,t) = 1 (x) € % fufilling fBﬁ(M—%)dB:O Viey

Sub-problem (a) above identifies ;(x) as a smoothing of the strong-localization
a(x,t) = 57 (x) ; sub-problem (b) defines yu(x) , the crack-path-field, by smoothing the

directional detivative, aa—qf:EVZ/JI ‘m¢(x) . The field n(x,t) =n,(x) is a suitable, sufficiently

smooth, extension to B of the normal ns(x)in & , such that n(x)| ., =ns(xs) (see
S t

Figure 1). Solution of the problem above allows defining the crack-path-set, I';, as the zero
level set of that derivative (see Figure 2 for a 1D sketch) i.e.:

I'ii={x€B; u(x) = 0} — zero level set of 1, (x) ®)

<0

I :={ 14 (x) =0}
Figure 2. 1D Strong localization path-tracking problem

In view of the problem stated in equations (4) the following theorem holds:
THEOREM:
GIVEN : a(x,t) = 667 (x),
Uy (x), 1 (x) solutions of PROBLEM (1) (6)
and It ={xeB; u(x)=0}
THEN: & I}



PROOF:
Let us consider equation (4)-(a) with the specific test function:

D) =E@ () eV VEX) €& = {geH 5) aé(x) 0}
which yields
fsgmqﬁtdlg:fBEM(S&%dB:f‘s{gﬂi(x)%(x)dé’ VEEJ’ (8)

where equation (3) has been considered. Now from equation (4)-(b), with
i (x) =€ (x)¢ (x) € V', we obtain:

[ Enas = [ Euinds=[ €y S a5

()

)
fwn 1€ 42)dB = f (—§¢t)u ndl'=0 V€&

where integration by parts has been applied, and the restriction g—i: 0, in

equation (7), has also been considered. In equation (9) v is the outward

normal to the boundary 0B, and condition 4y (X)|azs =0Viyy €} (see

equation (4)) has been applied. Now combining equations (8) and (9):
JsEmundB = [ Emnds =0 e s

= 1 (x)(x) =0 Vx € K
Since, from equation (2), v(x) = 0 Vx € & in view of equation (6) and the

(10)

definition in equation (4)-(c) equation (10) yields:
p(x)=0 Vxe S = & C Iy (11)
which proves the theorem.

REMARK 2.1-1 Equation (11) states that #he strong localization path S lies at
the interior of the manifold I'y defined in equation (5). This is a crucial element
of the crack-path-field strategy described in next sections

Ii{ iy (x) =0}

Figure 3. Typical evolving strong localization path, &; , and the corresponding crack-
path-set I'y (zero-level-set of the crack-path-field /4 (x))

2.2 Tracking the path of aregularized strong localization

Let us now consider a material failure/fracture problem in a domain. B", discretized in
a finite element mesh of typical size h, where a propagating crack/slip-line is aimed at being
modeled using a strain localization technique. Disregard the constitutive model used to
capture the strong localization (local, non-local, gradient-type etc.) let us assume that a



scalar localized strain-like internal variable, a"(x,t) is available, which is always positive and
never decreasing, i.e.:
a"(x,00=0
a"(x,t) = 0 inelastic unloading (12)
a"(x,t) > 0 ininelastic loading

We shall assume that the considered strain-localization problem is a certain
regularization of a propagating strong localization field, with the format in equation (1),
which arises from a strong-discontinuity problem: i.e. a problem involving jumps in the
displacement field and a Dirac’s delta function in the strain field.

The exact propagating path of that strong localization is unknown, and the available
localized internal variable o"(x,t) in equation (12) is then considered a h-based regularization
of that theoretical strongly localized field, propagating across B. It is considered smeared
in a band of finite elements, the /ocalization domain Bi.(t) C B, evolving along time (see
Figure 4) whose bandwidth, hq.(h), depends on the finite element mesh size (h,. = O(h)).

The goal now is to determine the path, & (see Figure 4), of the unknown strong

localization, a(x,t) = §+a;(x), by means of an evolving manifold, " c B",

Figure 4. 2D Localization domain

whose placement is given by the discretized version of the problem in equation (4), as
shown in BOX 2.2-1:

BOX 2.2-1: Crack-path-field problem
PROBILEM:

GIVEN : a"(x,t): B"x[0,T]— R™,
n(x.t): B"x[0,T]— L= {ve R’ ||v| =1}

Nhode

Ph={n"®=> Nxmn;n"cH B}
1

Nhode

1= ") =Y N®m " € HI(B") 0", = 0
1
FIND:
(8) v (x) € %" fufilling [ @' —a"(x)dB=0 V" e

(b) 1 (x) € " fufilling f " — M)olB—o VEh e ph
/"l't (o] Bh/'l’ an - /’I’

——

V’L/)thd‘l
(© I ={xeB"; uf(x) =0} — zerolevel sat of " (x)

10



where N;(x) are the standard shape functions and »; are the nodal values of the field »"(x)
. The field p'(x) is the crack-path-field whose zero level set defines the crack-path-set, I,
which, by means of the THEOREM in equation (6), contains the actual crack path & (
Scm).

In Figure 5 the 1D version of the fields involved in BOX 2.2-1 is presented. Details on
the finite element implementation of the method can be found in Appendix A.3.

@) (b)
h « h d a,l/)th 1/ o
Ix

LY 10 =0

Figure 5 Finite element discretized 1D problem. (a) distribution of a localizing strain-
like internal variable,a"(x) and its smoothed counterpart " (x), (b) distribution of the
Y (%)

ox

derivative , the crack-path-field, s (x) , and the crack path set 1" identified as the

zero level set of (%) .

2.3 A representative simulation

The following example illustrates the procedure presented in previous sections. We
consider the double cantilever concrete beam, reported in (Kobayashi, Hawkins et al.
1985), which is loaded as indicated in Figure 6-(a). The experiment displays an inclined
straight crack propagating from the notch tip as shown in the figure. This crack, and the
corresponding structural response, is aimed at being captured by using a (plane-stress)
isotropic continuum damage model (Oliver, Cervera et al. 1990). The strain softening
parameter, # = (% , is conveniently regularized in terms of a characteristic length, ¢(h)
(Oliver 1989), and the zntrinsic softening modulus, 7 (G;) characterized in terms of the fracture
energy, Gy , in order to do the results objective with respect to the finite element size h.

Standard bi-linear quadrilateral finite elements are used for capturing the localization
process. Figure 6-(b) shows the localization pattern in terms of the (amplified) deformed

mesh, and Figure 6-(c)-(d) shows the evolution of the localization domain, Bl (t) at two
different stages of the analysis.

@) (b)

linear elastic  fracture zone

h Ou E 1% Gf
+- Fy(t) [MPa] [GPa] [N/m]
g 30 305 0,20 100
o
- -«
N g
(o]
[e0] [N
9 Fl(t)‘ F(t)
ot
N~
+ i 3.78
Fz(t) N 7 R R s s s LA R A
+ } Pseudo time
457 mm
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(d) =2

T FHH HHH
peidiss IiTIIIIIIIII

niEF: ﬂuBEi' EiEEniHuEllHBiEEHEEEE

e e e
l'l

Flgure 6 Double cantilever beam with dlagonal loads (Kobayashl Hawkins et al.
1985): (a) geometric, loading data and material properties of the isotropic damage model,
being o, the ultimate stress, E the Young’s modulus, v the Poisson’s ratio and Gy the
fracture energy, (b) deformed (amplified) mesh displaying the strain localization, (c)-(d)
Localization domain, Bl (t), at two specific stages of the analysis and (e)-(f) computed

crack path set I'" .

Figure 6-(e)-(f) displays the corresponding evolution of the crack-path-set, I'", obtained
as the solution of the problem in BOX 2.2-1. As it can be checked in the figure the central
part of the set, ", resembles the experimentally observed crack-path, with some mismatch
in the orientation angle. Interestingly enough, that numerically computed crack path has
been obtained with the only information of the localized strain-like internal variable field,
a"(x,t), and the vector field, n(x) .

REMARK 2.3-1. It is worth emphasizing that the proposed procedure does
not require specific information on the geometrical position and evolution
of the strain-localization domain, B (t), in Figure 6-(c)-(d)*, but only
knowledge of the numerical description of the localized variable «a(x,t). In
this sense, it can be use in the context of any type of strain-localization
formulation, for identification of the crack path associated to strain-
localization patterns (Dufour, Pijaudier-Cabot et al. 2008).

“ which is computed, just for plotting purposes by means of methods presented in sections below.
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3 The strain-injection concept

3.1 Variational approaches to the mechanical problem

3.1.1 One-field (u)variational problem

Let us consider the body B in Figure 1 with boundary 98 = (8,8) U (0,8) where 9,8
and 9,8 are, respectively, the portions of the boundary 98, where Dirichlet and Newman

conditions atre defined, and v is its outward normal. Let us now consider the mechanical
problem in B, considering infinitesimal strains and the quasi-static case, stated in terms of

the following boundary value problem:
PROBLEM

FIND: w(x,t): Bx[0,T]— RMn
e(x,t) 1 Bx[0,T]— Shim*Mum
o(x,t) : Bx[0,T]— S"am*Mim
FULFILLING :
V.o +b =0 — equilibrium equation (a) (14
e =V ®°u= Vu — compatibiliy equation (b)
o(x,t)= X(eg) — constitutive equation (c)
u=u (x,t) Yxed,B boundary
o-v="t(xt)Vxeo,B } - {conditions
where u, eand o stand, respectively, for the displacements, the infinitesimal strains and
the stresses, V ®@°u = V°u stands for the symmetric gradient of the displacements, u” (x,t)
, t (x,t) and b(x,t)are the prescribed displacements, tractions and body forces, and X (.)

stands for the constitutive equation supplying the stresses in terms of the strains. The one-
tield variational counterpart of the problem in equations (14) reads:
PROBLEM

GIVEN :
Y o={nxeH B);m®x)z = u (x,t)}
K ={nx)eH'B) ; nKx),z =0

FIND : (15)
u’t(X)Eu(X,t):BX[O,T]—)Rndlm : Uy e)/v
FULFILLING:

L Von: 2(Vou ) dB-W* (n,b,t) =0 Vel
Equation (15) is the classical virtual work principle, where W& (n,b,t") is the standard

external virtual work. As classically done in this context, the algebraic equations (14)-(b)
(strain-displacement compatibility) and (14)-(c) (constitutive equation) are point-wise
tulfilled, whereas the equilibrium equation (14)-(a) is imposed in weak form through the
integral equation (15).

3.1.2 Two-field « /e variational problem

An alternative variational approach to the problem in equation (14) is the one based on
two fields, displacements and strain, w/e , as follows (for convenience in future
developments, see REMARK 4.2-6, the equations are formulated in rate form and the
9(s)(x,t)

notation (;) =5

is used):
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PROBLEM
GIVEN:

Vo= (e HU(B) im ()]s = i (x,0)
% ={nx)eH(B) inKx)|,z =0

X (16)
£:={u(x) e[ (B)]™™"}
FIND:
u (x) = u(x,t) : Bx[0,T]— RMm ;o €V
& (x) =é(x,t) :Bx[0,T]— Shm m - & €&
FULFILLING :
f Von:3(é ) dB—W® (n,b,{') =0 (a)
g (17)
pr,:(e't—Vsut)dB:O (b)

Vnel Ypef
Equations (17)-(a)-(b) enforce, in weak form, the equilibrium equation and kinematic
compatibility equations (14)-(a)-(b), whereas the constitutive equation (14)-(c) is point-wise
enforced.

REMARK 3.1-1 The two-field format of equations (17) opens a number of
additional possibilities for modeling material failure. In contrast with the
one-field approach, in equation (15), the problem can be inserted in the
context of the assumed strain methods (Simé and Ju 1987), this providing
additional freedom in the choice of the strains. This fact will be
conveniently exploited in subsequent sections.

3.2 Strain injection technique

By using the strain injection concept a number of strain rate fields, é(x,t) , patterns can

be imposed at specific domains of the body B . In particular, we are interested in the
following setting (see BOX 3.2-1):

1. A injection domain By (t) C B is constructed as the union of ny, disjoint and
evolving along time, domains, Blﬂj) (t) (see Figure 7), each one equipped with a
specific incremental (in rate form) assumed strain field, s,(,'“) (x,t) . The
remaining domain B\ B (t) is equipped with the point wise compatible strain
Vsu(x,t) . In addition, the incremental strains are injected during domain-
specific time intervals, [],(;,} , not necessarily disjoint, belonging to the total

interval of interest [0,T]:
i:r\nj .
By® = BY®
nj |L:J1 nj (1 8)
BYcB BYNBY =2 i,je{1,2,.ny}
ext)=ellxt)  vxeBYM ie{L2.ng} vtellf) clo,T] "
é(x,t) =V (x,t) = Vou(x,t) VxeB\B,t) Vte[0,T] 19
2. The injection domains, B’Iﬂj) (t), and the injected strains,éi(;} (x,t), are selected

on goal-oriented basis. For modeling computational material failure purposes,
they should be chosen to minimize some of the classical problems found in
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one-field finite element approaches, typically: mesh-bias dependence of the
modeled propagating localization, and the well-known stress-locking
phenomena.

Generalization to this setting of the two field (u—e¢) variational problem in
equations(16) and (17) is presented in BOX 3.2-1.

Figure 7. Strain injection: the injection domains, lﬁﬂ]—) (t) , are injected an assumed (rate

of) strain , s,(,'“) (x,t), in the specific time interval [],(,'1} c[0,T]

BOX 3.2-1: General strain-injection variational problem (in rate form)
PROBLEM

GIVEN :
Y = {m(x)e H (B) im ()]s = i (1)
% = {n)e H'(B) i)l = 0)

X (20)
£={uE e[2(B]™"}
FIND :
uy (x) = u(x,t) : Bx[0,T]— RMm ;o €V
& (x) =£(x,t) :Bx[0,T]|— Stm kim - g &
where
f {éﬂ,’ 0 x€BYM ie{l.ny} tend 21)
Vi (x) x € B\ By (t)
FULFILLING :
f Ven: 3 ) dB—W® (n,b,{') =0 (@)
’ (22)
J ni(& - Vo )dB =0 (b)

Vnel Yuef

3.3 Application to improving the strain-localization propagation capabilities.

As a first illustration of the benefits provided by the proposed strain injection approach,
let us consider the finite element discretization of B, consisting in a 2D finite element
mesh, of four-noded quadrilateral elements of typical size h , with nge, elements and nyoge

nodes.

3.3.1 A ul-e0 mixed finite element formulation (full domain injection)

Classical mixed finite element approaches can be considered as a sub-class of the strain-
injection techniques described in BOX 3.2-1, in which @ #nigue injection domain (ngy =1)
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occupying the whole mesh at all times is considered. In other words, mixed finite element
formulations could be considered full domain injections with a stationary injection domain
(Bry = B) -

Let us now consider mixed, ul/e0, four-noded quadrilateral finite elements with linear
interpolations of the displacements and element-wise constant strains, i.e:

Mhnode Nhnode
() =a"(x) =D N (1) 5 7" =D Ni(x)m (23)
i=1 i=1
@mzéan:§%®®$M);W®:§%®®m@ (24)
e=1 e=1

where N; stands for the standard bi-linear shape functions associated to node 7 and« and

e® stand, respectively, for the corresponding nodal displacement and elemental strain
degrees of freedom’. The element-wise-constant function ¢© is defined to have its

support on the element B®, ie.:
1 if xeB®

© ()
o) {0 it x¢ BO

Considering the previous finite element approximations, at a given time t, equations
(22) read:

(25)

Naem ) L
3 [ o V(0 5EO)dB =W " b)) vah e a)
=18 (26)
f @HOEQ -Vl (x))dB=0 Vu® e=1..Ngen D)

B

(e)
N centroid (x_)

© s he
&%= vou"= v+ o(h’)

Figure 8. Quadrilateral finite element (ul/e0) with bilinear displacements and constant
strains.

Since the test functions, p"(x), and the discretized strains, e"(x,t) , in equation (24), are
element-wise constant, equation (26-b) can be trivially solved, by condensing out ¢© at the
element level, as:

vsa (x)dB

9 _ Yo o 27)

- ( -
€ 59) e=1,...,Ngem

where notation G(e) stands for the spatial average of () on the element (e) . Replacing
equation (27) into equation (26)-(a) yields

® Sub-index (+), to indicate specification at time t will be from now on omitted if not strictly
necessary.
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e P

> [0 V"0 B )b -

e=1

Naem © . C) . (28)

SN [ @V ST )AB =W b, " e
e=1

REMARK 3.3-1. For the considered case of quadrilateral elements, the

. . . . . —©
finite element implementation becomes simpler if the mean values, ()

appearing in equation (28) are replaced, at the cost of a minor error®, by
the value of the corresponding function at the centroid, x& , of the element
(see Figure 8). This stems from the well-known equivalence of mixed
formulations and selective/reduced formulations (Malkus and Hughes
1978).

3.3.2 Stabilized mixed w1/ <0 finite element formulation for quadrilaterals

In view of REMARK 3.3-1, equation (28), displays the equivalence of the proposed
(ul/e0) mixed method with a reduced integration procedure of the displacement based

formulation (sampling at the center of the element, (Malkus and Hughes 1978). This
formulation is known to be unstable’, leading to zero energy (hourglass) displacement
modes, which become dominant and pollute the solution in terms of the displacement
field. Hourglass control techniques, with different theoretical foundations and stabilization
procedures, have been proposed to overcome the instability provoked by reduced
integration methods. [(Kosloff and Frazier 1978) (Belytschko and Bachrach 1986)]. Here
the following stabilization term is proposed:

. rHem .
Wb () — Zwstab(e) CERAR)
e=1

W @0 ) = 7O [ V" () [(E) - B(VEa ()]dB = (29)

(e)

S —) .
=rOQ [ V" B )dB-rO [ V() BV (0)dB

where equation (27) has been considered and 7(®(t) €[0,1] is a stabilization parameter,
which, in principle, can be specific for every element, e, and evolve along time. The
stabilization term in equation (29) must be added to expression (28) as follows:

Ngem (e . (e) _— .

> [V BV )dB =W @"B,{)* + WP vnh e ) (30)
el

yielding

Ndem h . h
;T(@(t) fB(e)Vsn - (VSN (x))dB +

full integration
(irreducible) form

+> (-9 w) fs<e> Veph BV )dB =W (n",b,t7) Vo e )
e=1

reduced integration
(mixed) form

®Due to the bilinear character of " (x) the committed error is O(h?).

" From the point of view of the equivalent mixed formulation, the interpolation pairs bilinear displacement-
constant stain, do not fulfill the inf-sup condition (Brezzi and Fortin 1991) and, therefore, the stability of the
interpolated fields cannot be guaranted.
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The proposed stabilization method in equation (31) falls into the family of consistently
stabilized methods (see [(Bochev and Gunzburger 2004; Dohrmann and Bochev 2004)]).
The consistency of the stabilization stems from the fact that, from equation (20)-(b), the

Wstab(e)

stabilization term, , in equation (29) tends to zero with mesh refinement (h— 0,

¢® — vsyh) regardless of the value of the stabilization parameter.

REMARK 3.3-2. The stabilized formulation in equation (31) can be
regarded as a weighted combination of the irreducible displacement based
formulation (fully integrated term) and the mixed displacement-strain
formulation (reduced integrated term), weighted by 7® and (1 1)
respectively. Analyzing expression (31), it is noticeable that, for 7(® =1 ve,
the method is equivalent to the standard irreducible formulation, whereas
for, 7(® = 0 ve, the stabilization term vanishes and the unstable mixed
formulation is recovered.

After some straightforward manipulations, equations (31) can be rearranged, in a more
suitable form for implementation purposes, as:

Ndern . .

>~ [ o V"ol (0dB =W (n,b (), () V" €Y Ve[0T

=178 (32)
&9 (x) = FO OBVl (x) + (1~ T Q) DV (x) )

where a{?(x) =@ (x,t) are termed the stabilized stresses. The described setting has a

conceptually simple implementation in the context of a discretization of the time interval
[0,T]. For the time sub-interval [t,,t,.,] C[0,T] such that At =t,,, —t,, implicit integration
of equations (31), yields to the following form:

> [ Vo 1 ohdB WS e e (a)
B®eB
ol = o (0 + Aol (x) (b) (33)
Ao (x) = 79, SVl ()] - @ (1) + (L— 79 (BTl &) (©
n+1 n+1 n+1 n n+1 n+1 n
209, (x) A5,

Notice that this version preserves the typical structure of the residual force vector in
standard non-linear finite element codes, where the regular stresses, o, (x) are substituted

by the stabilized stresses o®, (x) . Hence, the integral in equation (33)-(a) can be evaluated,

for the considered quadrilateral element, by a standard quadrature, for example using a
2x2 Gauss integration rule. The specific nuance is that, in addition to the regular stresses

,(21 (x) = 32(Vull,, (x)), the stabilized stresses, o-,(le (x), should be computed and stored at

the regular Gauss points, and the elemental-wise constant stresses, ar(fgl = X (Vsu H(x) )
should be also computed, and then possibly stored, at an additional sampling polnt (see
REMARK 3.3-1).

The summary of the formulation for implementation purposes is given in BOX 3.3-1.

8 This additional sampling point can be therefore regarded as a zero-weight integration point, just used for
stress eval uation.
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BOX 3.3-1: Stabilized ul/e0 mixed finite element formulation for quadrilaterals (in rate

form)
PROBLEM

GIVEN :
V= ()€ H'(B) in ()], 5 = & (x.1)}

34
W= (" (e HU(B) in" ()], 5 = 0) (34)
FIND :
’l'.l’th(X)E’l:[,h(X,t):BX[O,T]—)]Rndim ; uth cph
FULFILLING :
B(E)Vsn el dB =W, V" ey

B®eB

_ (e) (X) O.S]e) (X) + Aa_sszl (X)

20,00 ) (082,00~ ot () + (1~ 79 (512, 71

Aok (o) 2%,

ol (x) = 2(Voul,, (x»

59, = BV, (0) ) ~ BT, (x9))

From now on, sub-indices (),,()n;1, to indicate evaluation at the time sub-interval
bounds, will be omitted when not strictly necessary.

3.3.3 Evolving injection of an element-wise-constant strain mode in quadrilaterals, for
strain localization problems

Let us now consider a specific strain-injection scenario with one injection domain
(ny =1) but, this time By (t) c B . The injection domain, By , evolves along time (
By (t) = @ Vt €[liy C[0,T]) and it is defined through:

Br(t) ={xeB|t>tg(x); a(x,t)>0)} (35)
where tg(x) is the so-called bifurcation time computed trough the discontinuons material
bifurcation problem° (Oliver, Huespe et al. 2012), which reads:

PROBLEM
GIVEN : c'“f’ad)(x,t):M te[0,T]
0e(x,t)
FIND: thefirst t=tg(x) €[0,T] and n(x) € 7 == {v e R~ [|v]=1}; (36)

FULFILLING:
Qe (M) -m =[n-C1*D(x,t5)-n]-m =0 for somem € 7

In equation (36), ¢ stands for the in-loading tangent constitutive operator of the
chosen constitutive model, described as o(x,t) = S(e(x,1)) , and Qioc =[n- € .nis the
so-called localization tensor (sometimes also termed the acoustic tensor), computed in terms
of the bifurcation direction described by the unit vector field, n(x) . More information on
obtaining analytical and numerical solutions of the discontinuous material bifurcation

problem in equation (36) can be found in references (Oliver and Huespe 2004a; Oliver,
Huespe et al. 2010)

? The bifurcation time, ¢ (x) , signals the first time that the stress-strain constitutive equation is compatible

with the appearance of a, regularized, displacement discontinuity in the considered material point, x, thus
triggering the strain localization.
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From equations (12), (35) and (36) the injection domain at a given time, t, here also
termed the localization domain and denoted By (t) = By (t) , is defined as zhat set of elements
whose barycenter has previously bifurcated (t > tg(x) ) and is in in-loading regime (c.(x,t) > 0).

The motivation for this definition is rather intuitive: the aim of the proposed technique
is to inject the elemental-wise constant (localized) strain mode (from now on shortened as CSM)
only into the localizing elements at the current time t. On the other hand, the injection of the CSM
implies the weak imposition of the geometric compatibility (see equations (14)-(b) and (21))
and this is expected to provide additional flexibility to the element uproving its capacity to
capture and propagate the strain localization.

The bifurcated points are the points amenable to develop a localization of a strain field,
and only those elements having a bifurcated centroid are injected according to equation
(35). The reason for injecting only those bifurcated elements, and not all the elements of
the mesh, will be given in next sections.

Notice that when an element unloads (d(x,t) =0), according with the definition in
equation (35) it leaves the injection domain B(t) and, therefore, this injection domain

remains as small as possible while fulfilling equation (35).

Figure 9. Injection domain in a strain localization problem.

The variational equations corresponding to the finite element strain-injection problem
(injection domain-restricted mixed u /e formulation), in equation (20), read as follows:
fB\&Vsnh (B(VEdB+ S fB(e)Vth : 2(E9)dB =W (n,b,§) V' eV
" YB By (1)
RG] s,-h e (e) (37)
fB(e)u (@9 -V (x))dB=0 vYu® VBO CBy(t)

where & is the injected CSM field and p(® the corresponding (element-wise-constant)

weighting field. Comparing equation (37) with equation (26), we notice that the kinematic
equation (14)-(b) now is weakly imposed only for those elements belonging to the injection domain

3nj (t) .
Repeating the process for solving the injected strains, in equations (206) to (28), one
arrives to the counterpart of equation (28) for this znjection case:

. C—
fm Vet BB+ fB(e)vsn“ (Ve )dB =W (n,b,t) vi" eV (3g)
" vB® ch,

3.3.4 Isochoric constitutive models — special treatment

As commented above, the idea behind the injection concept in equations (37) is to inject
specific strains at that part of the domain where strains localize, enhancing the performance
of the corresponding finite elements as for localization and propagation of material failure.
Intuitively, it seems then reasonable to define the domain of injection as the set of elements
where discontinuous material bifurcation is detected. Nevertheless, when incompressible
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(e.g. ], plasticity) models are used, an additional difficulty appears due to the isochoric
character of this constitutive equation. In fact, for this model, in earlier stages of the
nonlinear loading, the irreducible formulation fully locks and the appropriated
determination of the injection domain By (t) in equation (35) becomes seriously affected.

Therefore, for this specific cases a slightly different strategy, combination of the techniques
presented in sections 3.3.2. and 3.3.3 is proposed. The idea is to use as underlying element
in B\B, the mixed/stabilized formulation in equations (33), endowed with an

appropriated stabilization parameter, i.e. 7 = 74y, VB® € (B©® \Lﬁnj)w’, so as to break the
incompressibility locking and produce a good enough estimation of the injection domain.
Then, the injection of the CSM in B is based on the same scheme than in equation (38):
. ) ©
Von"  [Tap 2 (V0" (X)) + (1 - Tgap) (VR )]dB +

Mixed stabilized formulation at B\ By

(9
+ 3 [@vn WO (v )dB =W (n,b,E) V" e W

v8® g,

(39)

Injection of CSM at By

For the time sub-interval [t,,t,.,] C[0,T] such that At=t,,, —t,, implicit integration of
equations (39) yields, eventually, the algorithm in BOX 3.3-2 in terms of the effective
stresses 619, (see Appendix A.1, for a proof in a more general case).

BOX 3.3-2: Time-discretized algorithm for injection of a constant-localized-strain-mode
(CSM) considering a possible isochoric case
GIVEN :t,,1,bp, tn+110'r(1)(x) U(e) (x), Ur(F)) 3[1] (ths1)
Nnode

V= (0" () = D N 0" (9 € HIB") ;") 0 = 0 (ot}
1

nnode

B= "= Ni®mi ; n(x) e H' (B 0" (M), , =0}
1

FIND: ul, (x) = u"(x,t,,,) € V"

FULFILLING :
Z fB(e) Vsnh r('I?ldB n+1 (nhaanrLt:prl) V’l”h & V(]h (a)
B®eB
69 (x) = 60 (x) + 469, (x) © @0
0 @S — o () + (-7 @, —5) BO < B\ B,
Ac'® A5®
AO'r(SZl (X) = B B ni1 (%) n+1 (C)
@ ) B C &,
ntl —7n J .
A"’ﬁl
ol (x) = D(Voull, ) (d)
7 = ST () ) ~ B(Voul () ©
7O Tgab = 0.1 — isochoric case
™ Tgap = 1.0 — genera case

10 Parameter T4, is not of physical nature, but a stabilization parameter whose optimal value is obtained

from numerical experimentation. In practice, good results have been obtained in al tested benchmarks by using
Tgab = 0.1 (no instabilities show up and the injection domains are properly determined).
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3.3.5 Representative simulations

3.35.1 DCB test using an (stabilized) mixed v —e formulation

Let us consider again the DCB test in Figure 6-(a). The reported experimental crack
path follows a straight line (inclined a =19°with the vertical axis). Therefore, vertically
aligned meshes as the one in the figure will strongly challenge the standard finite element
formulations, since the experimentally observed discontinuity path intersects the elements
in directions not coincident with the mesh alignhment.

The mixed formulation BOX 3.3-1 is now used to model the crack propagation. Figure
10 shows the localization pattern for different values of the stabilization parameter,
assumed spatially constant, 7gp,.

Regarding the proposed stabilization method, it was mentioned in REMARK 3.3-2, that
for values of 4., = 7 approaching the unity (i.e. for 7 — 1.0) the method is equivalent to
the irreducible standard finite element approximation and therefore, the benefits inherent
to the mixed formulation are expected to vanish. It is notorious the improvement on the
element performance in terms of mesh bias independence for decreasing values of 7. For
7=0.1, it is shown the good agreement between the simulated crack path with that
reported by experimental observation, while for 7 =1.0 the simulated crack is clearly
affected by the vertical mesh alignment only zigzagging to the next raw after having
propagated vertically a large number of elements.
b7 =05

caao

o
=

[
Figure 10. DCB test. Iso-displacement plots for different stabilization parameters 7.

In view of these results, one could be tempted to decrease further the values of the
stabilization parameter. For 74, = 0 the unstable mixed formulation is recovered and, on

this view, for decreasing values of 7 (i.e. for 7 —0), it is expected that instabilities show up.
Figure 11 displays the numerical solutions obtained with 7 = 0.0001.

@) (b)

Figure 11. DCB test. Results for 74y, = 0.0001 : (a) mesh deformation, (b)
iso-displacement contours.
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It is clearly noticed the appearance of hourglass modes, dominating the solution in
terms of the displacement field, which propagate across the mesh leading to a miss
predicted collapse mechanism.

3.3.5.2 DCB test using a CSM injection

Now, results obtained with the injection of the CSM (BOX 3.3-2) are compared with
those obtained with the stabilized mixed formulation in the previous section. It must be
recalled that the CSM injection is a specific case in which the mixed formulation is
restricted to the injection domain (By;(t) C B see equation (35)), evolving along time and
that no stabilization is performed. Therefore, the issue of the appearance of the hourglass
modes remains in principle. However, results in Figure 12 show that no hourglass mode shows-
up (see Figure 11-(a)) and that the localization-band inclination matches the experimental one (see

Figure 12-(b)).

@)

Figure 12. Results for the CSM injection strategy: (a) deformed mesh,
(b) Iso-displacement plots.

For this non-homogeneous problem, in which the strain localization band evolves along
time, it is interesting to see the evolution of the injection domain, B, . In Figure 13 this

evolution is depicted for four representative sequential time steps.

Figure 13. Evolution of the injection domain By (t) (shaded zones) for different

stages of the analysis.

Notice that, for initial stages of loading (Figure 13-(a)), the specimen behaves elastically
(thus no injection domain is observed) and the irreducible standard formulation is applied
in the entire body. For increasing loading, (Figure 13-(b)), some elements enter into a
nonlinear regime and material bifurcation is detected. Those elements are then included in
the injection domain, By, trough the condition in equation (35), and, therefore, the CSM is

injected into all them. It can be noticed the bulb-shaped character of the injection domain
front, at the tip of the advancing localization band. Soon later (Figure 13-(c)-(d)), most of
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the bifurcated elements behind the bulb unload (i.e. @ =0) returning to an elastic
condition, so they leave the B, domain according to equation (35), except for an inclined

band, behind the bulb, which remains in inelastic loading and defined the corresponding
strain localization band.

PR —Irreducible formulation

4. Mixed formulation (t=0.1)
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Figure 14.Curves F, vs. Crack Mouth Opening Displacement (CMOD), obtained with
the different procedures.

In Figure 14 quantitative responses for the different options are depicted in terms of the
force-CMOD (crack-mouth-opening displacement) curves, together with the reported
experimental results. None of the results matches perfectly the experimental curve'' but the
interesting issue is the CSM injection produces the most flexible results (this being
associated to a smaller dissipation and less stress-locking), and, thus, the smallest residual
force values at the curve tail. This clearly indicates the benefits of the proposed technique
in reducing the stress-locking effects.

3.3.6 Isochoric problem. Homogeneous strip subjected to tensile stretching, in J2
plasticity.
In order to rigorously assess the quantitative performance of the proposed technique, a
simpler problem, for which an exact analytical solution is available, is necessary. This is the
case of the problem sketched in Figure 15.
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Figure 15.Strip subjected to tensile stretching using a J, plasticity model, where o
stands for the yield stress, E for the Young’s modulus, v for the Poisson’s ratio and Gy
for the fracture energy.

The theoretical solution for this quasi-homogeneous problem (when it is slightly
perturbed at some point, to break the initial homogeneity) consists of a straight slip line,

11 Neither no attempt was done to get a better fitting by tuning the material parameters of the model
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inclined 45° and passing through the perturbed point. A rather coarse, unstructured, mesh
of quadrilaterals is used to perform the tests as shown in Figure 16. Again, results with the
mixed (u/e) stabilized formulation and with the injection of CSM techniques are

compared.

(@7=1.0

Figure 16. Strip subjected to tensile stretching using a J, plasticity model and
mixed stabilized formulation. Iso-displacement contours obtained, for different
values of 7, at the final stage of analysis.

Figure 16 shows the localization patterns obtained with the mixed formulation and
decreasing stabilization parameters. For the irreducible formulation (r =1.0) the extreme
locking of the problem does not allow any type of strain localization (Figure 16-(a)). To
obtain a single-element-bandwidth localization band with the appropriated 45° inclination,
extremely small values of the stabilization parameter (7 = 0.0001) have to be used, at the
cost of evident instabilities and the appearance of hourglass modes polluting the solution

(Figure 16-(d)).

Figure 17. Strip subjected to tensile stretching using a J, plasticity model. Iso-
displacement contours: (a) Mixed formulation (z = 0.0001) , (b) CSM injection.

Instead, using the CSM injection results become much better (see Figure 17-(b)). The
CSM injection'” provides results that are equal or better than the best of the solutions with
the mixed formulation but, this time, no type of instability is observed.

ZInthiscase 7= tgq = 0.1 in B\ By
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@)

Figure 18. Strip subjected to tensile stretching using a J, plasticity model and
CSM injection. Evolution of the injection domain, By (t), (shaded zones) at different

stages of the analysis. (a) Elastic stage, (b) Immediately after the bifurcation stage, (c)
final stage-

Figure 18, shows the evolution of the injection domain B (t) at different stages of the

analysis. It is remarkable that, at the bifurcation time, the injection domain appears as two
bands inclined +45°, which correspond to the symmetric theoretical solution obtained
from the bifurcation analysis of the homogeneous problem. The slight perturbation
produced by the asymmetry of the mesh is then enough to break, immediately after
bifurcation, the balance of the two bands (see Figure 18-(b)) in favor of one of them
(Figure 18-(c)). This indicates the excellent propagation solution provided by the CSM injection
technique.
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Figure 19. Strip subjected to tensile stretching. Force-displacement curves obtained
with different techniques.

However, these promising qualitative results (in terms of propagation) do not translate
into equally good quantitative results. For constant strain-softening modulus (# = (# ;
H = %(ay)2 /Gy ) the theoretical solution of the problem can be computed, and it is plotted

in Figure 19 for the purposes of comparison with the considered cases.

Again, the benefits of the CSM injection technique, as for obtaining the most flexible
solution, are evident. However, as it can be also checked in the figure, #here is wide room for
improvement with respect to the theoretical solution. Moreover, refinement of the mesh does not
translate into substantial differences, and some degree of stress locking at the tail of the
curve is noticeable even in the CSM case. This suggests further refinements in the strain
injection technique presented in next sections.
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4 Injection of propagating discontinuous displacement modes
(DDM)

In section 3 limited capabilities of the mixed finite element formulations, to reproduce
the theoretical solutions of material failure/fracture problems were obsetrved.

In terms of the gualitative correct propagation of the material failure, the CSM injection
exhibits noticeable large improvements with respect to alternative (irreducible)
formulations, this indicating that classical mesh-bias dependence flaws are almost totally
overcome. However, the gquantitative results, as compared in terms of action-response
(force/displacement) cutves, exhibit some mismatches when compared with those
theoretical solutions, and non-negligible stress-locking effects are still noticed.

In a recent paper of the authors (Oliver, Huespe et al. 2012) a reason for these
mismatches was identified and quantified in terms of error measures. The main conclusion
of this work is that strain localization solutions, do not generally match fracture mechanics solutions.
Excepting for very specific cases, typically finite element meshes specifically aligned with
the (in general a-priori unknown) fracture path, they provide solutions exhibiting a relevant
degree of mismatch with respect to the theoretical ones. This mismatch is caused by the
limited ability of standard, or improved, finite elements to reproduce the strong
discontinuity kinematics associated to a regularized strong discontinuity embedded into
them, as it corresponds to fracture mechanics solutions. Indeed, the constant strain mode
injection introduced in section 3.3.3 clearly provides extra flexibility to the element and
largely enhance its propagation capabilities, but, on the other hand, the kinematics still
exhibits a limited capability to describe a discontinuity in a one-element-bandwidth finite
element band. In the ambit of the proposed injection techniques, the next natural
improvement attempt is the injection of an additional strain mode, enhanced with the
kinematics of a regularized displacement discontinuity, on those elements that capture the
discontinuity. This additionally injected strain mode stems (in the limit of the regularization
parameter) from a real discontinuous displacement field, and it will be therefore termed
discontinuons displacement mode (DDM).

4.1 Continuum Strong Discontinuity approach to material failure

The continuum strong discontinuity approach (CSDA) to material failure was initially
developed in the nineties (Simo, Oliver et al. 1993; Oliver 1996a) and subsequently,
extended and used in a variety of applications by several authors (e.g. (Armero and
Garikipati 1996; Alfaiate, Wells et al. 2002; Alfaiate 2003; Alfaiate, Simone et al. 2003;
Mosler and Meschke 2003; Blanco, Huespe et al. 2006; Linero, Oliver et al. 2006; Linder
and Armero 2007; Armero and Kim 2012). For the sake of completeness, the main
elements of the CSDA, necessary for the central issues of this work, are described in next
sections.

4.1.1 Strong discontinuity kinematics

Here we recall the basic ingredients of the strong discontinuity kinematics (Oliver and
Huespe 2004b). Let us consider the continuum body, B, (see Figure 20-(a)) split into two
parts, B and B~ , by the strong discontinuity path, S , across which the rate of
displacement  field, w(x) , experiences a jump  (strong  discontinuity)
[l =l —

Xe(@B+NS) xe(@B~NS)
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Figure 20 (a) Body exhibiting a strong discontinuity in the displacement field. (b) Strong
discontinuity kinematics.

The mechanical description of the corresponding displacement field reads:
i =1u+ sl (41)

where @ stands for the smooth part of the (rate of) displacement field and 7 is the

Heaviside (step) function, shifted to & . Due to computational reasons, related to the
imposition of the essential boundary conditions, it is convenient to re-formulate equation
(39) as the following equivalent expression (see (Oliver 1996b) for further details):
w=u—oplul+ Hslul=a+ (Hs —p)lul
u Ms

(42)

where 4 is termed the generalized rate of displacement field, fulfilling the Dirichlet
conditions of the problem, ¢(x) is the so-called zndicatrix function, a continuous, in principle

arbitrary, function fulfilling

0 Vxe(B\By )
1Vxe(B\By )"
and M (x) = Hs —(x) 1s the wnit jump function, whose support is B,, and exhibits a unit

o(x) = (43)

jump across <, see Figure 20. The (infinitesimal) strain field corresponding to equation (42)
reads:

¢=V% = VSu+(M; @ VIal)® —(Voalal)® + 65 (nolal)® =465 (n@lal)®
é(regular)
where n is the unit vector orthogonal to S (pointing to B™).

(44)

4.1.2 Boundary value problem

In the context of the mechanical problem in Figure 20-(a), exhibiting strong
discontinuities and the kinematics in equation (44), the original boundary value problem in
equation (14) translates into the following one:
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PROBLEM
FIND: @(x,t):Bx[0,T]— RMm
[ul(x,t): Bx[0,T]— Rm
g(x,t) : BX[0,T]— Shem*Nsm
o(x,t) : Bx[0,T ] — Sham*Mm

FULFILLING:

V-6+b=0 vx e B\ S —equilibrium equation ()
E(x,t) = VS + (M 0 VIal)® —(Voo[a])® compatibiliy equation
éx)= é(xt) +8s(n@lul)’ — 1 (strong discontinuity  (b)

(regular) singular kinematics) (45)
' 1) = Z(Ext vxeB\S - _
o(x,t) = Im\s () ] .(g(x ) S X \ — constitutive equation (c)
O'&*(X,t)Ez(é(x,t)“’&‘f(n@[[u]]) ) VXE(S’
. . . — & —outer traction
B\ lgras M= 0815 lyg-ns M (E g5 (x) 1) Vx €S continuitiy (d)
— & —i tracti

Fp.s(X) n=0s(x)'n Vx €S |nne.r r on (e)

continuitiy

=14 (x,t) Vx e, (B\S) {boundary )

65V ="t (x,1) Vxea,(B\S) conditions

4.1.3 Athree field (w/&/141) variational problem
Inspired in the boundary value problem of equations (45), let us now extend the two

field, u - € variational problem in section 3.1.2 to the following three-field, wlEllal,

problem (in rate form):
PROBLEM

GIVEN :

Vo= {n®e[H(B)] ™ in(¥)]y5 = (x,1)}
)$ = {n®eH(B) in ()],s =0
E={uell (B}

7 ={Bell2(B]™: [B](x)=0Vxe S (40)
I'={y=x5:Ben)° ;Bei}

FIND

ﬁt(x)zﬁ(x,t):Bx[O,T]ﬁRm‘m ; 17161/?

&(x)=E(x,t) :Bx[0,T]— SumMan . & cf

[al (x) =[al(x,t) :Bx[0,T]— Rm [al €2/
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FULFILLING

fBVsn:dt dB-—W®(n,b,f)=0 VneX (@)
fB\Su:[a_ét(ﬁt,uuﬂt)]dzs:o Ypeé
& (g, Lul)= Vo (x) + (M @ VIl )® — (Voo lul)® (b) @
)= &) +6s(nolal)®

(regular) singular

fBa - 6,dB = fB XH(B@n)S:6,dB = {ﬁ.[[c;—t I5-nds=0 vyel (o)

5(x,t) = 01 (x) = B(& () =E [& + 65 (n@lalh)°] (d)

In equations (46) and (47), x stands for a dipole-like generalized function” defined through
JpeengdB= [ [615 (ds

[[925]]:; (x) = o(x) |xe(33+05) - ¢(X)|xe5 vxeds
for any, sufficiently regular, test function ¢(x).

(48)

REMARK 4.1-1. Notice, from equation (48)-(c) that the stresses ¢, belong
to the space, I'*, orthogonal to the test space I, in equation (40), i.e.:

[ = {res) ;. [yi@en)®rdB= [B1r1nds =0 VB &}
B S

(49)
=Tt ={7(x): B— SN Mam - []5L.n=0 Vx €S}
Therefore, equation (47)-(c) implicitly imposes the traction & -n to fulfill
the & inner- traction continuity equation (45)-(e), i.e.:
[[a'-t]]}-n:dB\‘g(x,t)m—o"‘;(x,t)-n:O Vx €S (50)

Straightforward computations show that the solution of the variational problem in
equations (47) corresponds to that of the B.V.P. in equations (45). More specifically, the
variational equation (47)-(a) imposes the equilibrium equation (45)-(a), the  -outer traction
continuity equation (45)-(d) and the Dirichlet boundary equation (45)-(f). The variational
equation (47)-(b) imposes the strong discontinuity kinematics in equation (45)-(b) and,
finally, the variational equation (47)-(c) imposes the & -znner traction continuity equation
(45)-(e) (see REMARK 4.1-1). Finally, the constitutive equation (45)-(b) is imposed in
strong form through equation (47)-(d).

REMARK 4.1-2. The previous formulation can be considered as a specific
application of the Assumed Enhanced Strain Method (Simé and Rifai 1990)
where the kinematically compatible strains, VSu(x) , ate enhanced by the

strains, &(x), such that (see equations (42) to (44)):
& (x) = Vou, (x) + & (x)
&(x)=VS(UMslul (x) = (M @ VI ) — (Voo lul)® +6s (n@lul)®
enhanced strains &

Therefore, the spaces of the enhanced strains, £ , and the test space, I", are
(see equations (46) and (51)):

(51)

3 returning, from its convolution over B with any function ¢(x) (possibly discontinuous across <5),
the integral of the jump [[qs]]jc (x) dong the manifold & .

30



E={e=V(M:B) : Bed)
I'={F=x5B®n)s; pBei}
The fact that the functional space &, where the enhanced strains & in

(52)

equation (51) live, and the test space I', where the functions testing the
stresses ¢y in equation (47)-(c) live, are different, renders the variational
setting unsymmetrical (Hughes 1987).

Also it should be noticed, from equations (48) and (52), that

fB'?dB:fB x}(,@@n)sdB:l[[(ﬁ@n)s]];dé’:o vyel (53)

this satisfying the so-called pazh test condition for assumed enhanced strain
methods (Sim6 and Rifai 1990).

4.2 Finite elements with embedded (regularized) displacement discontinuities

Let us now consider the body B discretized in 2D mixed, 41/20/[«10, four-noded
quadrilateral finite elements B, of typical size h (see Figure 21).

®)

Figure 21 (a) Discretized domain crossed by displacement discontinuity
path s" , (b) Finite element, B® crossed by a displacement discontinuity
path with elemental counterpart §©.

We shall consider linear interpolations of the displacements, and element-wise constant
regular-strains and displacement-jumps, i.e.

W)= NEEH O "® = N® (54)
i=1 i=1
Ndem Ngem
E"(x ) =Y ¢@mEQM) ; p'x) = ¢ x)pu® (55)
e=1 e=1
[al” (x,t) = rf'f&e)(x)ﬂuﬂ(e) ® ; B"x)= rf&e)(x)ﬂ(e) (56)
e=1 e=1

where ngenand nyge are, respectively, the number of nodes and elements of the finite
element mesh, U is the nodal generalized displacement vector associated to the node 7, N,
are the standard isoparametric shape functions, [41® and © are, respectively, the

elemental displacement jump and regular strains degrees of freedom associated to the

clement (¢), and ¢ is the elemental collocation function defined in equation (23).
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The discretized versions of the total displacement field in equation (42), at global, 4",
and elemental, «4®, levels read (see Figure 22):

Nhnode . Ngem
a"(xt) =Y N @) () + Y (A — " )lul" vxeB
i=1 e=1 W
ah s
4 | (57)
w@x,t) =Y NO@ G )+ (79 -9 )[ul®(xt)  vxeB® e=1,..Ngen
i=1 —_—
: (e)
@ (xt) My
and the indicatrix-function, ¢, appearing in equation (57) is determined as follows:
Mnode anode
P =Y N®e = N,y (x)
i=1 i=1 (58)

4 4
PO =3 NT@e? =3 NP (x)
i=1 i=1

where ¢ is a nodal value, determined by the position of the crack-path-field, " .

Therefore, the indicatrix-function takes unit and null values for nodes belonging to B and
B, respectively'’. The subscript + refers to nodes belonging to B* (goi . =1) (see Figure
21 and Figure 22).

Figure 22. Elemental functions: Heaviside (step) function, 7z © R

indicatrix function, ¢¥, and unit jump function, A7 ® .

REMARK 4.2-1. As explained above, in order to construct the elemental
indicatrix function @, distinction between nodes belonging to B+ and

B®~ is necessary, and, therefore, information about the position of the
discontinuity path inside the finite element is required. In addition, in order
to ensure the continuity of function ¥ in equation (43), the crack path has
to be continuous across the sides of contiguous elements. Fulfilling this
condition generally requires the use of cumbersome and code invasive

techniques (e.g. crack-path-tracking algorithms or level set methods
(Stolarska, Chopp et al. 2001; Oliver, Huespe et al. 2004)) to determine the

precise position of &" in the finite element mesh. The new crack-path-field
technigue, presented in section 2, becomes a powerful technique to achieve
such a purpose. This issue will be tackled in subsequent sections.

Y Therefore, itsvalue ¢, € {0,1} at agiven node indicates at what side of the discontinuity path the
node lies, which justifiesits name.
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4.2.1 Strong-discontinuity regularization: finite element with embedded strong
discontinuity.

The spatial discretization of the CSDA variational problem in equations (46)-(47)
requires some further elaboration.

At the element level, the unit vector n(® , is assumed constant and normal to that part of
the discontinuity path, SO | crossing the finite element (as a straight segment
S® = B 0 S") (see Figure 21-(b)). In addition, the generalized functions Dirac’s delta, 6,
and dipole-like, x5, (in equations (47) and (48)) are approximated, through k-regularized
sequences, as follows (see Figure 23):
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Figure 23. Dirac’s delta, 65, and dipole-like, \ I generalized functions
approximated, through k-regularized sequences.

—  wvxepB®
85 ~ 85O x) = kO (a)

0 VxeBE\BKE

59

*—k(le) vx € B4© 9

Xb 20 (x) = o (b)
(e) (e
—g(e)_k(e) Vxe B9\B

In equation (59), 6% is an elemental £-regularized sequence approximating the Dirac’s
delta-function §sinside the element (e) in terms of the regularization parameter k© , B
is a band, of width k® , crossing the element B® (see Figure 21-(b)), containing the
elemental crack-path S©, and ¢® is the elemental effective bandwidth computed as'>:

(e)
= —— =) (60)

The elemental regularization parameter, k(® | can be written as a fraction, ¢ (considered the
same for all the elements of the mesh), of the elemental effective bandwidth, i.e.:

k® = ¢0® ¢ e (0,1] (61)

where ¢ can take, in principle, any value in the semi-open interval (0,1], with the only
limitation of remaining inside the bounds of interval in terms of the computer accuracy.

15 When the computation of meas(S'®) is done assuming its placement through the element

barycenter, equation (60) returns the so-called consistent characteristic length used in some strain-
localization formulations to provide mesh-orientation objective dissipation (Oliver 1989).
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It can be readily checked that, with the definitions in equation (59) to (61) in hand,
replacement of the regularized versions §%® and of y*®into the discrete version of the
variational problem of equations (46) and (47) converge to the continuous problem as
h— 0. In addition, the softening k-regularized versions of the constitutive models ensure
the proper dissipation of he fracture energy (Oliver and Huespe 2004a; Oliver and Huespe
2004b).

REMARK 4.2-2

It is interesting to notice the effects of the regularization procedure in the
numerical integration rule involved in the numerical problem. From
equations (59) and Figure 23 we realize that the regularized versions of 45
and x} are discontinuous inside the element. Therefore, a specific
numerical integration rule accounting for this discontinuity has to be
implemented in the spatial discrete version of equations (47). In the context
of the adopted, element-wise-constant, approximation of the regular strains,
g" and displacement jumps, [41", (see equations (55) and (56)) this suggests
consideration of two specific additional sampling points in every element
capturing the discontinuity:
o One singular sampling point, named x, attached to that portion of the
element where the discontinuity is regularized (the regularization
band B*(® | in equations (59).
o One regular sampling point, named xp\s , corresponding to the rest of
the element (B® \ B*©®in equations (59).
The weight associated to the integration point differs in each case, as it is
indicated in Table 4.2.1-1 in terms of the values of the regularized Dirac’s-
delta, 85, x% and dipole-like generalized functions, and the corresponding
areas of support.

Table 4.2.1-1. Values and weights associated to the generalized functions 65, x%, at

regular and singular (injection) sampling points, for finite elements with regularized
embedded discontinuities

Injection Singular sampling point (x) Injection Regular sampling point (xp\s)
Value Area (weight W(xs) ) Value Area (weight W(xz\s))
1
ki(e) _ k,
O C] & =0
ik L k® . meas(s®) X},k,(e) =3 1 i meas(B(®) — k© . meas(5 (@)
< Gl ©® —k®

4.2.2 Space-discretized mechanical problem
Considering the spatial discretized version of the three field mixed formulation of
section 4.1.3, and denoting he strong discontinuity injection domain as By C B (the set of

elements to be injected), substitution of equations (54) to (50) into the variational problem
in equations (47) yields



s,.h . yiyoSAh s.h. (@4 _\wext(,h 1 i* h - 5h
fs\an,-V" B(VSENdB+ Y fB(e)Vn @B =Wt (" b,{') e}  a)

VBOeB,
50 H(e) : [5‘;(6) _ (vS&h _ (v@h ® [[u]](E))S]dB =0 VB(G) c Eﬁnj vu(e) b)
e
©2)
o X},k,(e) (5(6) ®n(6))S codB = 3©. f [615 ds -n® =0
s5@ vB® € B, 0)

=[l617© -n@ls@ =0
¢® = 2E® + 69 (u]l® @n®)®)
where §%® and 1% stand for the regularized Dirac’s-delta or dipole-like functions in
equations (59) (see Table 4.2.1-1).
Equation (62)-(b) can be trivially solved for the elemental strain values, £© , as'®:

. < ®  —(e
@ — ySgh _(V<Ph e ®[u]](e))3 vB® ¢ 3nj (63)

where, again, the over-bar stands for average elemental values. Also, equation (62)-(c) can
be solved for every element of the injection domain, 5, leading to the element-wise 5 -

inner traction continuity (see equation (50)):
3(E@ 1+ 6500 [419)%.n@ = 3(E®).n®@ vBO e 5,

= 64
7B s o

Replacement of equations (63) and (64) into equations (62) yields the set of equations:
N - 1o Sah
fB\an;V n": 3(VSaM)dB +

+ 3 [ V" i BE@ 4550010 ©n®)%)dB W (" b,E) ") ()

VBO By
. —=©® ——( (65)
@ =vSu" T — (Vo @lul®)s
2'5 (g(e) _|_5‘|;(e) (n(e) ®[[1'1,]](e))s-n(e) — SB\J (E(e))~n(e) vBO ¢ 3nj (b)
et 7
&8 &9
S B\s&

Equation (65) is a set of two equations, in the unknowns (u;[41), since the third field,

£, has been condensed. As usual in the CSDA, to prevent the trivial solution [4]® =0
elastic unloading is forced at B\ (Oliver and Huespe 2004a). In equation (65)-(b), Xp.s
stands for the incremental stresses evaluated at B\ & from an zucrementally elastic constituve
model and 3¢ stands for the incremental stresses evaluated at § from the chosen k-

regularized strain-softening continuum constitutive model).

REMARK 4.2-3. A significant property of the proposed mixed formulation,
with respect to standard strong discontinuity formulations, is the release of
the so-called s#ress locking, associated to the inability of some finite elements
(typically bi-linear quadrilaterals equipped with four integration points) to
capture the independent rigid-body motions at the two sides of an element
crossed by a discontinuity. This inability translates into generation of
spurious stresses, which give the name to the phenomenon. In appendix B
this issue is deeper studied.

181t can be proven that the term (A7s @ VIul;)® in equation (47)-(b) can be neglected ((Dias 2012;
Dias, Oliver et al. 2012)
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Large computational savings can be obtained if, in the variational problem in equation
(65), the element displacement jump, [41® , is condensed out by solving independently the
(non-linear) equation (65)-(b), for every element B® c B, and replacing the obtained
[%1® = g(u") into equation 65)-(a).

This gives rise to the condensed variational mechanical problem in BOX 4.2-1.

BOX 4.2-1: Discontinuous-displacement mode (DDM) injection. Condensed problem

s, . s SAh
B\lin,v n" : X(V>u")dB +

+ 30 [ Vo BE® 4850 (g(@") @n@))dB =W (0", b )
VB®eR, B (66)
€)

. —<©® — 2
E(e) _ VSuh o (v@h ® g(uh) (e))S

Details about this element-wise condensation procedure are given in appendix A.2

REMARK 4.2-4. In equation (66), n® stands for the unit vector computed
by resorting to the discontinuous material bifurcation analysis in equation
(36) (as the bifurcation direction). However, the algorithms providing these
vectors (Oliver and Huespe 2004a; Oliver, Huespe et al. 2010), usually
furnish two admissible local directions. In applications, and in order to
perform the DDM injection in BOX 4.2-1, it is necessary to select, among
these local directions, the one more compatible with the global failure
mechanism provided by the crack-path-field technique. This selection can
be done with different criteria (see Appendix A.3 for details).

4.2.3 Injection of a displacement discontinuity mode (DDM) in a two-stage procedure

As commented above, the use of finite elements with embedded discontinuities,
requires information about the placement of the elemental discontinuity path, $® inside
the element that is going to be injected a DDM (see Figure 21-(b) and
REMARK 4.2-1). Typically, global tracking-like algorithms (Oliver, Huespe et al. 2004) are
required for such a purpose. Here an alternative of local character is proposed, based on
the new crack-path-field technigne in combination with the injection of specific strain fields at
two different stages:

In a first stage (the tracing stage”’), an element- wise constant strain mode (CSM) is injected,
in an appropriated injection domain, based on the procedures and algorithms described in
section 3.3. This first injection is devoted exclusively to provide reliable information about
the propagation of a strain-localization field. In section 3.3, it has been shown that the
improved flexibly stemming from the weak enforcement of the compatibility equation,
endows the resulting element with remarkable good ability for the correct propagation of
the strain localization in initial stages. Nevertheless, the element equipped with the CSM
kinematics still exhibits a limited capability to match a real displacement discontinuity and
some degree of stress locking appears. Those finite elements injected with a CSM in this
stage supply the localized strain-like internal variable «"(x,t), identified as the strongly

" This name comes from the fact that the “strain localization procedure” used in the stage in combination
with the crack propagation problem described in Section 2, allows tracing the position of the discontinuity (the
crack propagation path). This information is essential to inject, subsequently, displacement discontinuity
modes.
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localized field in the algorithm in BOX 2.2-1. Then, the outcomes of this algorithm, e.g. the
crack-path-field p, and the crack-path-set !, are used to predict the discontinuity propagation
path required in the second stage.

Therefore, in a second stage, as soon as the element is considered endowed with reliable
information about the crack-path position (typically the crack-path-field 4, and the crack-

path-set I}, see Figure 24) a discontinuous displacement mode is injected according with
the procedure described in next sections.

Figure 24. Construction of the nodal values of the zndicatrix-function, @ | for injecting
the strong discontinuity, zz terms of the sign of the nodal values of the crack-path-field y; .

4.2.4 The injection domains

The procedure can be inserted in the context of the multi-domain injection technique
presented in section 3.2. (see equations (18) and (19) and Figure 25) for ny; =2, as follows:
i=2
Brj (1) = [JBY (1) = Boe (t) U Byis (1) ;
i=1

300 (t) N Bdis(t) =0
where B (t)is the (total) injected domain, at time t, and B (t) and Bys(t) are, respectively

the sub-domains where the CSM and the DDM are being injected. They are defined as:

(67)

By®):={JB9; t>t(:¥); ax@,)>0} (a)
Bis() = {JB@ €B, (1) ; axP.t) < dusxP) = 7ot ) ; BONIL =2} (b) (68)
Boc (t) = 3nj (t) \ Bdis(t) (C)

where x{® stands for the barycenter of the element “e”.
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Figure 25. Localized constant strain mode (CSM) injection domain, B, and
discontinuons displacement mode (DDM) injection domain, By

A more detailed description of the domains defined in equation (68) is given next:
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® By (t)is the set of elements fulfilling the following conditions at their barycenter
x®
— The discontinuous bifurcation condition, in equation (36) has been
fulfilled in a previous time (t>tg(x{)); i.e.: the element is teady to
accommodate strain localization.
— 'The element is in #n-lading regime at the current time (& (x{,t) > 0) since
unloading elements cannot localize.
®  Bys(t) is the set of elements of B (t), which fulfill the following conditions:
— The barycenter has achieved a “sufficient” degree of softening. The

degree of softening is measured in terms of the stress-like internal
variable (see Figure 26) defined through q= #da, q|,_, = a, where g,

(the parameter characterizing the elastic strength) and Z <0 (the
softening modulus, related to the fracture energy) are material

properties. Parameter o (x®)is the value taken by the variable at the
bifurcation time tg. The “sufficient” degree character of the softening is
imposed by the value ggs(x®) = Fau (x) in terms of the parameter 7.
Typically qq4s (smaller than gy ) is a value close to o (7 €[0.8,1.0]).
— They are crossed by the discontinuity path (through condition
B® N1y = ). This identification is done in terms of the nodal values of
the crack path field, p(x,t), being of different sign (see Figure 27).
Elements belonging to Bys(t) are incrementally injected a discontinuous
displacement mode (DDM).
®  Bul(t) is the remaining set of elements of By (t) not belonging to Bys(t). They

are injected a constant localization mode (CSM).

ao %if adis 21

Figure 26. Thresholds in the evolution of the stress/strain-like internal variables.
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Figure 27 Elemental crack-propagation field 1@ in elements belonging to Bys. Change

of sign of the nodal values ; along a side indicates that the elemental discontinuity path

I'® crosses that side.
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REMARK 4.2-5. In general, at the neighborhood of the crack tip, where
material points are near to fulfill the bifurcation condition, yielding and
damage still occur in a diffuse manner. In order to inject successfully the
DDM strain mode, it is important to obtain in advance (from the crack-
path field technique) reliable information about the propagation of the
crack .path. This is why, in the definition of the domain, Bys(t), in equation
(68)-(b), it is required that the finite element (sampled at its barycenter)
must achieve a “sufficient” degree of softening, which is controlled directly
by the parameter 7. From the author’s experience, 5 = 0.95 provides a
good balance between the (little) error produced by the delay in the
injection of the DDM after bifurcation and the necessity of having reliable
information on the crack path prior to that injection. Nevertheless, for
some very specific cases other values of ¥ can be more effective (see

REMARK 5.1-1 and REMARK 5.5-1).

4.2.4.1 Stress sampling and numerical quadrature rule

The injection procedure described in this section is aimed at being effectively
implemented in a finite element code, on the basis of an underlying “standard element” (in
this case the four-noded quadrilateral element) in a fairly simple manner and with little code
invasion. For this purpose, the following effective-stress-based integration scheme is proposed.

The standard (fout) sampling/integration (Gauss) points are complemented with two
additional sampling points (placed at the center of the element™), see Figure 28. They are
termed znjection sampling points and denoted xp\ s (the regular injection poini) and xs (the singular
injection point).

Some entities (typically the stresses) are then additionally sampled, and stored, at these
injection-sampling points as it is done in the regular sampling points. The following stress
fields are then considered at the discrete time t,,; :

—  Regular (physical) stresses o, (x;) : computed at all sampling points
(xi,1 =1,2,3,4,B\5,8) in terms of the corresponding compatible strains
Voug® (x) -

—  Effective stresses &,‘fﬂl(xi) : appropriated combinations of the regular stresses at the
sampling points to return equivalent stresses for numerical integration purposes.
They are only computed and stored at the standard (Gauss) sampling points

(x;, i =1,2,3,4).
Standard
sampling points
oge)(x ) &Ie)(x ) Singular injection point
i/ [ ()
(i=1,...,.4) o (xs)

Regular

injection poin oge)(x Bs)

Figure 28 Sampling points involved in the numerical integration
procedure.

18 therefore, sampling of elemental continuous functions at those points provide approximate values of
the elemental averages of those functions (see REMARK 3.3-1).

39



4.2.4.2 Time integration of the mechanical residue for the general strain injection case.

Let us consider the general strain injection case, when the body B is split, at time t,
into the disjoint parts By (t)and B\ By (t) where, in turn, By (t) = Bec(t) U Byis(t) . Let us,
consequently, consider a constant-strain mode (CSM) injection in B (t) combined with a
mixed stabilized formulation in B\By(t), according with section 3.3.4 (summarized in
BOX 3.3-2) and a discontinuous-displacement-mode (DDM) injection in Byg(t) , as
explained in section 4.2.2 (summarized in BOX 4.2-1), see Figure 29.

Figure 29 Evolution of the injection domains for three typical stages
of loading

As commented in section 4.2.4.1, the combination of CSM injection and a DDM
injection requires, in principle specific integration rules, i.e.: a standard four-point Gauss
quadrature rule, x;, i =(1,2,3,4) , in B\By(t) , the integration with a single integration
point, at the barycenter of the element, x¢c = x5, in By(t), and a two-point integration
rule, xz s and xs (the injection points in Table 4.2.1-1) in Bys(t) . This domain-specific
integration rule can become cumbersome in two senses:

1) Domains B\By(t) , Be(t) and Bys(t) change with time. This poses, in principle,
some additional problems on the time integration of the resulting rate of mechanical
balance of forces, Rpecn(wh,;(t).t) .

2) The implementation of those specific integration rules in a standard finite element
code, which becomes code-invasive.

However, by resorting to the definition of some ad-hoc stress entities (the so called
¢ffective stresses, O (x.t) (i = 1,2,3,4)), as appropriate combinations, at the standard Gauss
points, of the physical stresses at all sampling points, the integration rule can be simplified
to a more appropriated four-points integration rule, common at all points in the domain B .
Appendix A.1 is devoted to explain and justify this issue.

The final, time-integrated , mechanical residue reads,

Reen (@i (@fa)) = > [ BY (0-{6%,(x)}dB-F4 =0 69)
vB®cB
where the effective stresses &f,?l(xi) are derived in Appendix A.1 and displayed in BOX
4.2-2.

In equation (69), F&4 (b,t") stands for the external forces, computed in a regular manner
in terms of the body forces, b, and the boundary tractions, t', B®(x) is the standard

elemental deformation matrix for the four-node quadrilateral element and bracketed
notation {() }is used to denote the vector (Voigt’s notation) form of the symmetric second

order entity (s).

REMARK 4.2-6. It is worth noting that the strain injection procedures
proposed in this work, crucially rely on the incremental character of the injected
strains, this allowing the smooth evolution, along time, of the corresponding strains and
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stresses, consistently with the evolutionary character of the injection domains.
This is the reason for the B.V.P being initially stated in rate form in
equations (45) and for the resulting rate form of the mechanical residue
(stemming from the variational problem in equations (47)) to be integrated
in time, according with the procedure presented in Appendix 1 and yielding
equations (69).

BOX 4.2-2. Strain injection. Effective stress evaluation algorithm.
DATA: 1 (x), a1 (), [ul, , 60 (%), o (%), B (t:1), Boc (tr1). Bs (tar1)
OUTPUT : 6%, (x;), o', (x;)
1)Computetheel emental indicatrix function:

k=4
0 (x) = " Nk ()i (111
k=1

2) Computestrains,e', , at all sampling points
r(fZl(X )= Vsunﬂ( )(X ) Xi=xg (i=1,..,4)

(x )= vs un+1 (Xp\s) B® € B\ Bdis(th)
+1 Xp\s) = N
o VAN, (xpis) — (VSDS& (xp\s) @Lu ]]521)3 B® € Bys(tnss)
VSﬁRH (XS) B(e) € B\ Bdis (tn+1)
(xs) =
enh(xs VSl (x0) +[on® — (Ve (x0)] @lul®) S BO € Byg(tn,)

(e)
n+1

3) Computeregular stresses, o), , at al sampling points

ﬁl(x )= 2[6531(1(- N, xi=xg (=1,.,4)

o (xpvs) = Zel; (xp5)]
ol (xs5) = B, (x5)]

4) Compute effectivestresses, &%, , at regular sampling points — x; = xg (i = 1,..,4)

Ont1s
6 (xi) =P (xi) + A6, (%)
(e () —o@(x) + - TP (xs) — 0P (xs5)  BO C B\ By (ty)
209, (x) A0, (xs)
© (xs)—o® (x B® C Byt
40'531(&): ( n+1( S) ( ‘5')) 300( n+1)
Ao‘ﬁll(xﬂ
£ (xs) — @ (x5)) + (1 — (@2, (xprs5) — o (xp15)) B® € Byg(tns1)
A0 (x5) Ac? (xp5)

Tgan = 0.1 — isochoric case

() _
Taly =T ,—
1~ Tstab {Tgab =1.0 — general case

£ — regularization user defined parameter (k(® = ¢¢(®)

REMARK 4.2-7. For implementation purposes, determination of belonging

of a given element B® to the different injection domains,
B\ By (thi1), Boc(thy1) and Bys(th1) , as requested in BOX 4.2-2 is

systematically stated by defining an injection status indicator, (1S), € {0,1,2}

In appendix A.5 the corresponding definitions and a systematic procedure
for determination of this indicator are presented.
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4.3 Staggered resolution of the coupled propagation-injection problem

The crack-path-field problem defined in BOX 2.2-1 is stated in terms of o" (the
localized strain-like internal variable, which depends directly in the solution of the non-
linear mechanical problem in equation (69). On the other hand this mechanical problem
also depends on the crack path, 4", obtained from that crack path field problem in
BOX 2.2-1.

Thus, both problems are coupled, and two sets of discretized, in time and space,
equations can be written in terms of the corresponding residuals:

Rivecn. (ﬁRH!lLEH) =0, @ (70)
Rprop ('&'rqﬂ 'uﬂﬂ) =0, (b)
where Ry = A (R,(T‘Zch> , stands for the residual of the non-linear mechanical problem,

B9eB
in equation (69) ,assembled from the residuals of the individual elements RS, .
® ., are provided in the Appendix A.2. In equations (67)-(b)

Expressions for computing R,
R o, stands for the residual of crack propagation problem' in BOX 2.2-1.

Thinking of the strain injection procedure, it can be noticed that in the initial stages
of the non-linear loading process Bys = @, no discontinuity is injected and therefore the
problem in equation (70) is uncoupled in the sense propagation-problem —
mechanical-problem. In this case equation (71)-(a) can be first directly solved for 4j,

and then, equation (71)-(b) can be solved for 41, :
Riecn. (URH) =0— u2+1a (a)

Rprop (URH ,MEH) = R:Jrop (HHH) =0— HEH- (b)
As soon as at least one element belongs to By, the problem becomes coupled in both

(71)

senses.

However, numerical experiences show that the coupling is weak. In fact, the
dependence of the mechanical problem on the variable p"(x) is only through the
instantaneous position of the discontinuity path ", to determine the indicatrix function
¢ and the sets Bys in BOX 4.2-2, so that the coupling between «fl,; and pfi,, in the term
Rpen(ull 1,10 1) can be considered weak. This suggests the use of a staggered simplified
procedure, replacing uft; by uf in equation (70)-(a), this leading to the set of
uncoupled equations

Rppecn (w1, 16) = Riveen (1) =0 — ufty, (a) 72)

Rprop (urqﬂ ) NRH) = R:Jrop (Urrl]ﬂ) =0— Urrl]ﬂ @ (

REMARK 4.3-1.The staggered resolution of the coupled problem that leads
to the uncoupled equations (72) allow envisaging the crack-path-field
problem in BOX 2.2-1 as a post-processing procedure (typically a double
smoothing) of the strain-like internal variable o"(x,t) in the mechanical
problem. The crack propagation problem can be then interpreted as a local (element
wise based) #racking algorithm that can be straightforwardly, implemented in a finite
element code in a non-invasive manner.

' which, unlike the mechanical problem, can be proven to be a linear problem.
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Specific details about the staggered finite element implementation of the discontinuous
displacement mode (DDM) injection techniques and the coupled crack-path-field can be
found in Appendices A.2 and A.3, respectively.

5 Representative numerical simulations

A set of representative benchmarks have been selected to assess the proposed combined

crack-path-field and strain injection techniques. Specific aspects to be assessed are:

1) The ability of the proposed methodology to propagate correctly the captured crack,
disregards the type and orientation of the finite element mesh.

2) Its ability to improve the results provided by the strain-localization based injection
methodology, explored in section 3.3, getting it rid of the stress-locking effects.

3) The ability of the proposed methods to provide less dissipative, and, therefore, more
physically meaningful numerical solutions, for the structural response of problems
displaying propagating material failure.

For comparison purposes, reference analytical solutions are retrieved (when available) in

addition to computational solutions based on classical strain-localization methods, either
standard irreducible elements or the improved B-Bar mixed approaches (Hughes 1980).

5.1 Strip in homogeneous uniaxial tensile stress state.

The problem in section 3.3.6 is retaken again in the context of the DDM injection
techniques, and its available theoretical solution is used for quantitative assessment of the
results. Figure 30 shows the geometrical and mechanical properties of the problem.

su
10m —>
i oo E v G |7
g A ” [kPa] [kPa] [N/m]
0l A0 ‘
o % /,545 10 120 049 22.7.0.99
su
>

Figure 30. Strip subjected to tensile stretching using a J, plasticity model.
Geometrical data and considered material properties.

Two different challenging meshes are selected to check the performance of the method.
One of them is unstructured (see Figure 31-(a)), with irregular mesh size, and the second
one (see Figure 31-(b)) is misaligned, i.e. the mesh lines are oriented with an inclination that
drifts from the theoretical slip-line inclination: 65° and 45°, respectively. This forces the
propagation algorithm to break the “natural” trend of localized solutions to follow the

mesh alignment (mesh-bias dependence(Rots 1988)). Parameter 7 , establishing the

threshold for injection of the DDM after bifurcation (see equation (68)-(b) and Figure
206) is taken 7¥=0.99. For the regularization parameter in equation (61) it was used
k® = ¢© (¢ =1.0) although very similar results are obtained by using different values of

£=€(0,1].
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(a) Meshi (b) Mesh ii

Figure 31. Strip subjected to tensile stretching. Finite element meshes:
a) unstructured mesh, b) misalighed mesh.
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Figure 32 Strip subjected to tensile stretching.
Force-displacement curves.

In Figure 32, results are compared in terms of the force-displacement curves obtained
with different strategies. It can be checked that 1) the results provided by the DDM
injection improve very much the ones provided by the strain-localization based
methodologies (B-bar), 2) they match almost perfectly the theoretical solution and 3) they

are completely independent of the mesh-size and the mesh orientation.
(a)Mesh 1)- DDM Injection (b) Mesh ii)- DDM Injection

(c)Mesh )- B-bar * (d) Mesh ii)- B-bar

NN ]

Figure 33. Strip subjected to tensile stretching. Iso-displacement
contours

In Figure 33 it is clearly noticed that, unlike in the strain localization (B-Bar)
formulation, the slip-line is sharply captured by the DDM injection technique in a one-

44



element-width band, without spurious stress transfer to the neighboring elements, which
unload elastically after the discontinuity is triggered. Figure 34 shows the deformed mesh
for the DDM case. It can be observed that, consistently with the expected theoretical result
(Oliver 2000), a perfect slip-line mode (exhibiting zero normal displacement jump) is
obtained .
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Figure 34. Strip subjected to tensile stretching - Mesh ii)- DDM Injection:
(a) displacement jump evolution (tangential, [w]t, and normal, [wIn, components),
(b) Deformed mesh and displacement vectors.
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In Figure 35 the injection domains, B, and Bys, are shown for the non-structured
mesh case.

(a) (b)

N 5
5y

Figure 35. Strip subjected to tensile stretching. Injection domains, for two different
times of analysis: (a) immediately after the bifurcation time (signaled with B in Figure
32, (b) after the discontinuous displacement mode injection.

Figure 35-(a), corresponds to a time immediately after the bifurcation point. The shaded
elements display the domain By, where the constant strain mode (CSM) is injected. The
crack path S", belonging to the zero level set of the crack-path field ,uh, is also shown
in that figure. At this time, the discontinuity domain, B, is empty. As soon as the
discontinuous modes are injected”, those elements of Bnot containing the crack path
(B® N s =2) automatically unload and leave the injection domain, which collapses

into a single-element-width band of elements; all of them belonging to the discontinuity
displacement mode (DDM) injection domain, Bys, shown in Figure 35-(b).

REMARK 5.1-1. For near-homogeneous problems, like the one focused
here, the crack propagation is almost instantaneous. This is why the value of
the ¥ parameter, generally recommended 7 =0.95 (see REMARK 4.2-5),

can be set in this case, to 7 = 0.99 without noticing any loss of robustness.

% Notice that this numerical example is a near-homogenous problem, for which the propagation of the
localization band is amost instantaneous.
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5.2 Isotropic continuum damage model: double cantilever beam (DCB) with
diagonal loads

The DCB test considered in section 3.3.5.1 is now retrieved using the proposed DDM
injection. This example, described in Figure 36, provides a clear illustration of the evolution
of the injection domains B, (where the localized constant strain model, CSM, is injected)
and Bys (where the discontinuity displacement mode, DDM, is injected). The parameter
7 , establishing the threshold for the DDM injection , is set to 7 =0.95.

@) () ©
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Figure 36. Double cantilever beam with diagonal loads. a) geometrical

data, b) loading data, c) material properties of the isotropic damage model

In Figure 37 the evolution of injection domains is depicted. This evolution follows the

scheme outlined in section 4.2.4. It can be observed a bulb-shaped domain, B, at the tip

of the advancing localization band, where the material initially bifurcates (fulfilling
condition in equation (306)) and remains in in-loading state, so that the constant strain mode
(CSM) is injected. Soon after, most of the bifurcated elements behind the bulb unload (i.e.

a" =0) and leave the By domain, according to equation (68)-(a), excepting for an

inclined band, Bjs,crossed by the crack path (shown in Figure 38), encompassing one

element, which is injected the discontinuous displacement mode (DDM).
(@) =1 (b) t=2

B B
E  Siis

Figure 37. Double cantilever beam with diagonal loads. Evolution of
the injection domains, B, and Bys, at different stages of the analysis.
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(a) t=2

Figure 38. Double cantilever beam with diagonal loads.

Crack path set I (" =0), at two different times of analysis.

Figure 39. Double cantilever beam with diagonal loads

(b) t=4
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Force-displacement curves.

5.3 Four-point bending test

47

In Figure 39, the force-displacement curve obtained using DDM injection techniques is
compared with results already presented in section 3.3.5.2 (see Figure 14). A significant
reduction in terms of the dissipation (area below de curve) is observed in the DDM
injection solution in comparison with the strain-localization-based alternatives. This fact,
displays the stress locking minimization achieved by the proposed injection technique.

The classical four point bending test of a concrete beam, reported in (Arrea and
Ingraffea 1982), is now considered. The geometry of the problem is depicted in Figure 40-
(3). The material behavior is modeled by a Rankine-type plasticity ” model whose
parameters are summarized in Figure 40-(b). According to physical experiments, a fracture
path, with curved trajectory, is expected to develop from the notch tip, as it is sketched in

Z'For the Rankine plasticity model a specific IMPL-EX integration scheme is derived in (Dias 2012;
Dias, Oliver et a. 2012).




Figure 40-(a). The numerical analysis was carried out by controlling the Crack Mouth
Sliding Displacement (CMSD) in plane stress conditions.

(2) (b)
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Figure 40. Four-point bending test with Rankine-type plasticity:

(a) geometrical description, (b) material properties.

5.3.1 Kinematic locking release.

At this point, it is interesting to introduce the following topic: it is well known in the
Continuum Strong Discontinuity Approach (CSDA) that the evolution of the displacement
jump is constrained by the so-called strong discontinuity conditions. For most constitutive
models, these conditions do not imply relevant restrictions, but, for some specific ones,
they are restrictive in terms of the problems that can be effectively modeled. For instance,
for J2 plasticity models the strong discontinuity conditions establish that the normal
component of the jump has to be zero, and only the tangential component, [%]i can
develop (pure mode II of fracture) (Oliver, Cervera et al. 1999). Consequently, only slip-
line type failure modes can develop (following straight or circular paths). Therefore, one
has to be aware of these limitations when choosing the constitutive model to capture a
specific failure mechanism. If the kinematics of the failure mechanism aimed at being
modeled is not compatible with the restrictions stemming from the strong discontinuity
conditions, this incompatibility can translate into unexpected locking effects here termed as
kinematic locking”.

Another case of kinematic loading arises when Rankine-type plasticity models are used.
Rankine-type plasticity is only compatible with development of the normal component of
the jump, [uln, so that the tangential component has to be zero ([ult = 0). Consequently,
locking-free propagation of a single fracture path under this fracture mode can only take place 7f
the crack path is straight.

This is the case in the tackled problem. The onset of fracture at the crack tip occurs in
Mode I, while in the stress-released part of the crack a mixed mode is experimentally
observed (Galvez, Elices et al. 1998). Therefore, though a Rankine-type model seems to be
a good choice to model the crack tip propagation, it is not suitable for modeling the mixed-
mode at the de-cohesive part of the crack, and, therefore spurious secondary cracks that
lead to extra-dissipation can appear if a pure mode 1 is exactly imposed by the strong discontinuity
kinematics. Here is where the strong discontinuity regularization referred to in sections 4.2.1
(see also Table 4.2.1-1) comes into play by releasing the aforementioned kinematic
constraint. This can be checked in Figure 41, where evolution of the Crack Mouth Sliding
Displacement (CMSD) with the applied load P is depicted, for different values of the
regularization factor parameter ¢ (— k(® = ¢ ¢ (h®)). The kinematic constraint ([ul =0)

is strictly imposed if the regularization parameter, k(® tends to zero for finite values of the
finite element size h® (¢~ 0, see equation (61)). which translates into large degrees of

2 This kind of “kinematic locking” stems from reasons completely different from the “numerical
stress locking” referred to in REMARK 4.2-3 and analyzed in Appendix B.
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kinematic locking observed in the figure. On the contrary, for larger values of the
parameter ¢ (¢~ 1,0, i.e.: the regularization parameter, k® | is similar to the element size)
the constraint (lult=0) is only weakly imposed and the kinematic locking is almost
completely released.

—DDM inj. (§=1)
175r--——-rF—————¢——————— —DDM inj. (§=1E-2)
! =='DDM inj. (§=1E-4)
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Figure 41. Four-point bending test with Rankine-type plasticity.
Force-displacement curves for different values of the regularization parameter
k® = ¢g® |

In Figure 42, the injection domains, at a representative time of the analysis are
compared for both types of regularizations. For the small regularization parameter case,
Figure 42-(a) shows the spurious in-loading bifurcated elements (B, domain) at the
bottom part of the injection domain, where spurious transversal cracking starts developing.
Instead, for the large regularization parameter case (Figure 42-(b)) the spurious in-loading
elements are almost negligible and the crack can further progress.

b)

N B
5

Figure 42. Four-point bending test with Rankine-type plasticity. Evolution of the
injection domains: a) Small regularization parameter ¢ = 0.01 b) Large regularization

parameter ¢ = 1.0 (plots corresponding, respectively, to points B and A of Figure 41).

These results show, the enormous benefits of large regularization parameters in minimizing the
kinematic -locking effects (much less dissipative solution).

REMARK 5.3-1 It is well known that the four point bending test exhibits a
mode I fracture mode at the tip of the crack, and a mixed fracture mode far
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from the crack tip (Galvez, Elices et al. 1998). In this sense, using a
continuum Rankine plasticity model all along the crack path, as done here,
could not seem an appropriate choice for modeling the total crack
evolution, in front of alternative constitutive models as, for instance,
continuum damage models (Oliver 2000), which are not kinematically
constrained. However, the purpose of the study above is to show that even
using an “imperfectly fitting model” (kinematically constrained, like the Rankine one),
the resulting kinematic locking can be widely released in a simple manner: just by using
larger values of the regularization parameter (§ ~1.0).

5.3.2 Comparison of results in terms of the strain-injection technique

In Figure 43, the effects and benefits of the proposed injection techniques are assessed.
The Force vs. CMSD displacement curves, obtained using the classical (irreducible)
formulation, the constant strain mode (CSM) injection and the discontinuous displacement
mode (DDM) injection (§ = 1.0) , are compared.

~—Experiment
—DDMinjection
.j==CSM injection
=*** Irreducible form.

0 002 004 006 008 01 012 014
CMSDnim)

Figure 43. Four-point bending test with Rankine-type plasticity. Force-

displacement curves.

The benefits of the injection procedures and, very specially, the minimal-dissipation
character of the DDM injection are clearly displayed. As additional information the
experimental envelop provided in (Arrea and Ingraffea 1982) (shaded zone) is also
plotted™.

5.3.3 Crack-propagation issues

In figure Figure 44 the strain-localized domains, in terms of the concentration of the
displacement contours, for the DDM injection and the classical (irreducible formulation)
procedure, are compared. Notice the sharpness of the localized domain for the DDM case
(encompassing one element) in contrast with the classical solution (encompassing 2-3
elements). The additional elements across the band, in this last case, are responsible of the
huge-extra dissipation observed in the structural response in Figure 43.

% this experimental envelop is not displayed for purposes of quantitative comparison of numerical vs.
experimental results, but only for illustration of the “shape and size” of this envelop. Asit is classica in
this benchmark, some issues of the experimental set-up seem to be missed in the numerical modeling.
Notice the drift of all numerical solutions, from the experimental band, at the initial (elastic) stage of the
problem.
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Figure 44. Four-point bending test with Rankine-type plasticity.

Iso-displacement contour plots: a) DDM injection, b) Irreducible
formulation.

Figure 45. Four-point bending test with Rankine-type plasticity .
Evolution of the injection domains for different times of the analysis.

In Figure 45 the evolution of the injection domains is depicted for several stages of the
analysis. Stage t=4 corresponds to the end of the analysis. At this stage, as the crack tip
approaches the top of the beam some spurious cracking is also noticed at the bottom of
the localization band. Notwithstanding, this effect is considered negligible since it just
appears at the very end of the analysis.

(a) t=2

o e ey
Figure 46. Four-point bending test with Rankine-type plasticity.
Crack path set, I'", at two different times of the analysis

In Figure 46, the crack path set I'",in BOX 2.2-1 (zero level set of the crack-path-field,
p™) is depicted. The central part of that set, cleatly displays a single line, which is taken by
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the proposed techniques as the propagating crack path, $" (notice that the DDM injection
domain, Bys, in Figure 45 is clearly crossed by <" in Figure 46.

In those figures it is also noticed a secondary crack path, discoursing parallel to the
primary crack, corresponding to elements that at stage t =2 are crossed by an active crack.
However in subsequent stages these elements unload elastically, leave the injection domain
and come off B, in Figure 45-(c)-(d). This is a secondary crack onset/arresting

mechanism cleatly captured by the simulation.

5.3.4 Mesh refinement analyzes

To study the finite element mesh-size influence, in Figure 47 and Figure 48 results
obtained for three different meshes are presented. Similar solutions are obtained in all cases
(Figure 47) in terms of crack propagation, whereas in terms of force-deflection curves
convergence with mesh refinement and, therefore, mesh-size and mesh-bias objectivity of
the obtained results are clearly shown (Figure 48).

Mesh ¢)

A

Figure 47. Four-point bending test with Rankine-type plasticity .

Iso-displacement contours for three different meshes
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Figure 48. Four-point bending test with Rankine plasticity .

Force-displacement curves for three different meshes.
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5.4 Slope stability problem using a J, plasticity model

We switch now to benchmark problems exhibiting slip-lines. This kind of problems is
typical in soil mechanics or metal extrusion problems (Regueiro and Borja 2001). The
unstable response of a rigid indenter (footing), resting on an inclined soil embankment,
modeled using a ]2 plasticity model, is first analyzed. The geometrical and mechanical data
are depicted in Figure 49.

‘ 4m ‘ 6m ‘
| | |
oP
Rigid indenter ‘
. R =— oy E v G 7
[MPa] [GPa] [KN/m] |
Slip line 01 100 045 8,0 :0.95

10m solution .

| 10m | 10m |

Figure 49. Slope instability problem using a ]2 plasticity model.
Geometrical data and considered material properties

As commented in section 5.3.1, J2 plasticity models are compatible only with slip-line-
type kinematics (mode II of fracture) and straight, or perfectly circular, slip-line paths (see
Figure 49). Consequently, they are prone to provide results with kinematic-stress-locking.

In order to obtain a “reference solution” a finite element mesh “a-priori” adapted to the
theoretical solution, consisting of a circular slip line passing through the rightmost footing
corner, has been generated (see Figure 49 and Figure 50-(a)). For numerical assessment, a
second mesh, completely misaligned with the theoretical slip-line, has been considered (see
Figure 50-(b)-(c)).

In Figure 50, results obtained with the different simulation methodologies, are
compared with those reference® results. A large value of the regularization parameter
k®(¢ =1,0) has been used in the discontinuity displacement mode (DDM) injection
technique.

(a) Aligned mesh (b) Misaligned mesh (DDM Injection) (c) Misaligned mesh (B-bar)

Localization patterns (iso-displacement contours) for different solution strategies.

2 Results obtained with the aligned mesh are almost coincident independently of the formulation employed
(either B-bar or DDM injection). For that reason, they are condensed under the name of “aigned mesh”.

53



Again, sharp localization in a band encompassing one element is obtained, with the
DDM injection, for the misaligned mesh (Figure 50-(b)). Instead, strain localization
techniques make the displacement jump localize in a band encompassing several elements
(Figure 50-(c)). This translates into stress-locking and a stiffer response in terms of the
structural force-deflection response, depicted in Figure 51.

900 ----- - oo ro-o-- — Aligned mesh
; oo™, | == Miss-dlig. DDM inj.
750F ------ -7 - I % -| - Miss-dlig. B-bar
R
> | S N |
a0/ N |
o | | \ ‘.‘ | |
: : \\\ , : :
300 /- A R N :
| | | \ [cS |
| | | \\ | e, . |
150 /- R T AN
: : R\ !
| | I \\_ |
0 | | | S ———
0 0.05 0.1 0.15 0.2 0.25
am)

Figure 51. Slope instability problem using a ]2 plasticity model.
Force vs. displacement curves for different solution techniques.
Notice the excellent agreement with the reference (aligned-mesh) solution provided by

the DDM-injection technique .
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Figure 52. Slope instability problem using a ]2 plasticity model.

Evolution of the injection domains along several stages of the analysis.

Figure 52 shows the evolution of the injection domains, at four representative stages of
the analysis. It is observed, that once the discontinuity mode is injected, in Bys, the
neighboring elements unload and leave the localization domain B,.. Eventually, the slip
line is captured by the single-element-width band of injected elements following an almost
perfect circular path (Figure 52-(d)). This is corroborated in Figure 53 displaying the crack
path &" | captured by the proposed crack-path-field technique, at an intermediate stage
(Figure 53-(a)) and at the final stage of the analysis (Figure 53-(b)). Notice, by comparison
with the corresponding stages in Figure 52, that the crack-path is anticipated long in
advance of what is required for the injection of the DDM mode.
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Figure 53 . Slope instability problem using a ]2 plasticity model.

Propagating crack path, S", at two different stages of the analysis.

5.5 Prandtl's problem resolution using a J, plasticity model

The numerical example presented in this section corresponds to the classical soil
mechanics problem of an undrained soil domain undergoing a central footing (see Figure
54). The analytical solution of the problem has been often considered a benchmark (Chen
1975; Oliver, Cervera et al. 1999)) and consists of a rigid and rough surface footing
(indenter) acting on a large (theoretically indefinite) soil domain, where the Prandtl’s failure
mechanism, consisting of a number of slip lines (Mode II of fracture), are expected to
develop (see Figure 54).

0.8m

v

Rigid indenter
T C\ﬁC/F oy E v G '7
B X E [MPa] [GPa] [kN/m]:
Prandtl's ‘
2m Solution 10 10 045 40 /08
4 4m J%

Figure 54. Prandtl’s problem resolution using a ]2 plasticity model.

Geometrical data and considered material properties.

5.5.1 Discontinuous displacement mode (DDM) injection solution

In Figure 55, the force-displacement curves, either considering the B-bar methodology
or the proposed DDM injection technique are plotted). Again, as it can be checked in the
figure, DDM injection supplies a much less dissipative response (stress locking-free) when
compared with a standard strain-localization technique (B-Bar method).
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Figure 55. Prandtl’s problem resolution using a J2 plasticity model.

Force-displacement curves (labeled points correspond to time-stages depicted in
Figure 56).

In the following, the failure mechanism obtained with the DDM injection technique is
described.

(b)-Point B

(f)-Point T

I fiitisssses

aR=Izrizs
T
T

From (a) to (e ): evolution of the injection domains at points in Figure 55.

(f) Deformed (amplified) mesh at the end of the analysis showing the final failure
mechanism
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Yielding initiates at the bottom corners of the footing, at early stages of the loading
process, and spreads, in a diffuse manner (Figure 56-(a)). A triangular wedge of soil,
beneath the footing, starts moving downwards vertically (jointly with the rigid footing)
without any plastic deformation.

As loading progresses, the yielding zones keep spreading, now laterally, towards the
sides of the footing (see Figure 56-(b) and (c)). In step C the symmetric Prandtl’s failure
mechanism, is already formed: #he central triangular wedge beneath the footing induces an upward
movement of two lateral wedges which slide with respect to the adjacent soil layers. The triangle wedges
moving upwards also remain elastic as it can be seen in Figure 56-(c). This symmetric
mechanism is unstable™, i.e. small numerical perturbations, as those arising from numerical
perturbations of the symmetry (note that an un-symmetric mesh is used), will trigger the
solution collapse into an unsymmetrical failure mechanism trough a near-bifurcation
process. This leads to the pattern displayed in Figure 56-(d). Is at this time when the
unsymmetrical failure mechanism starts developing: the rightmost plastic wedge unloads
elastically and the footing rotates.

It is noticeable that, until this point, the failure process is almost fully dominated by
strain localization modes. The discontinuity injection domain By is just a minimal part of a
relatively large injection domain, By . Beyond point D, the unsymmetrical failure

mechanism persists, in a stable manner, along points D-E-F of Figure 55 until the end of
the analysis. However, the injection mechanism evolves substantially: a unique straight-
circular-straight slip-line propagates from the right most corner of the footing translating
into a rigid body motion of the footing and the soil beneath. Along this bifurcation
process, the power of the proposed crack-path-field technique is strongly challenged.
Figure 57 shows as it anticipates, successfully and much in advance, the slip-line path s"
to be subsequently injected with a DDM mode.

(2) ()

DY S

Figure 57. Prandtl’s problem resolution using a J2 plasticity model.

Zero level set of the crack path field ' (u" = 0) corresponding to: (a) point-B , and (b)
point D in Figure 55.

REMARK 5.5-1. The authors would like to remark the specific challenges
posed by this problem, that emerge from its symmetry (displayed in the
Prandtl’s mechanism in Figure 54 and Figure 56-(c). This failure mechanism
15 essentially wunstable, since, at point C of Figure 55, any infinitesimal
perturbation unfolds the symmetry and leads to the, less dissipative, single-
slip-line mechanism displayed in Figure 56-(d). In consequence, if a large
value of the parameter ¥ are used (thus injecting the DDM before the

%in contrast, the analytical Prandtl’s solution is obtained under the “slip-line-theory” that assumes
perfect plasticity (no strain-softening). Therefore, the symmetric mechanism is “un-physicaly” stable and
provides only an upper bound of the critical load.
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bifurcation unfolding via the perturbation produced by the finite element mesh)
the proposed crack-path-field technique is unable to discriminate between
the two symmetric slip lines. However, using values of 7 slightly smaller
than usual (see REMARK 4.2-5), delays the DDM injection beyond the
bifurcation unfolding, and the unsymmetric single-slip-line failure
mechanism, in Figure 56-(e-f), can be captured at no problem.

5.5.2 Mesh dependency analysis

Figure 58 compares the obtained failure mechanism for three different, increasingly
refined, meshes in terms of the displacement contours that signal the slip-line path. There,
it can be checked that they are, essentially, the same. In quantitative terms the force-
deflection solutions, in Figure 59, obtained for the three meshes, confirm the mesh
objectivity character of the solutions provided by the proposed methodology.

Mesh a) Mesh b) Mesh (c)

Figure 58. Prandtl’s problem resolution using a ]2 plasticity model.

Iso-displacement contours for three, increasingly refined, meshes.
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Figure 59. Prandtl’s problem resolution using a J2 plasticity model.

Force-displacement curves for three different meshes in Figure 58.

6 Concluding remarks

Along this work, two new techniques for propagating material failure modeling have
been presented:
1. The so-called crack-path-field technigue to identify the crack-path represented by a
strain localization-based solution of a material failure problem.
2. Strain-injection techniques to insert, in selected specific domains, appropriate strain
field with two goals: 1) provide a reliable strain localization field, to be used in the
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context of the crack-path-field technique and 2) capture and model the
discontinuous displacement fields arising from material failure (cracks and slip-
lines) overcoming classical flaws, typically mesh-bias dependencies and stress
locking, in alternative procedures.

The combination, in a staggered manner, of both techniques provides a new numerical
method for simulation of propagating material failure. It has been assessed by its
application to a comprehensive variety of benchmarks, and the following conclusions have
been obtained:

The proposed methodology effectively overcomes classical drawbacks of standard
strain-based localization methods for propagating material failure. The results
obtained in all tested cases show no spurious mesh dependence, even when tested in
combination with very demanding meshes, and minimize, to almost full elimination,
the stress-locking effects.
Its character is completely general. It is based on the use of the Continuum Strong
Discontinuity approach (CSDA) and, therefore, the material is modeled using a
strain-stress—type constitutive equation, with no other restriction than being
equipped with strain softening regularized in terms of the fracture energy. In
principle, any family of internal-variable-based local constitutive models (plastic models,
continunm damage models etc.) can be used with no other limitation than their physical
appropriateness for the considered problem.
The method is minimally invasive as for the simulation code in which it is
implemented. Any standard finite element code for non-linear solid mechanics analyses can be
equipped with the proposed finite element technology at the cost of some modifications to affect
essentially the “element level”. Typically those modifications are (for the considered case
of quadrilateral —bilinear finite elements) the following:

— Addition of two extra sampling points at the center of the element (section

4.2.4.1)
— Storage of one additional effective stress field at every regular sampling points
(section 4.2.4.2 and BOX 4.2-2)

— An algorithm for tagging the elements of the injection domains B, and By
(section 4.2.4).

— A specific algorithm, based on a double smoothing procedure, to determine
the crack-path-field at the nodes of the injected elements (BOX 2.2-1 and
Appendix A.3), and select the sides crossed by the crack-path.

— Inclusion of an analytical solution or a numerical algorithm for determining
the bifurcation time and the bifurcation directions (Oliver, Huespe et al.
2010)).

— Inclusion of the strain field corresponding to the discontinuous
displacement mode BOX 4.2-2 and Appendix A)

— Condensation of the internal discontinuous displacement mode (Appendix
A2).

The resulting implementation exhibits the following features:

— Conceptual simplicity: the method keeps for the user the apparent format
and, therefore, the simplicity of classical strain-localization methods.

— Gets rid of cumbersome, and code-invasive crack-tracking algorithms, i.e.
propagating level-set methods and global tracking algorithms (Stolarska,
Chopp et al. 2001; Oliver, Huespe et al. 2004 ) with almost no apparent cost
in terms of its accuracy and robustness.
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— Low computational cost: since the additional discontinuous degrees of
freedom are condensed at element level, the computational cost is kept in
the order of standard finite element methods.

o The method can be effectively used in combination with very coarse finite element meshes. In
contrast with other methods aiming at capturing propagating cracks, which require
several elements across a band to capture the discontinuity, e.g. phase-field models
(Miehe, Welschinger et al. 2010), the proposed approach is an intra-element method.
Consequently, only one-element-width band (no matter the element size) is used to
capture the discontinuity. Therefore, actually coarse meshes can be used and local mesh
refinement is not needed. This reduces enormously the final computational cost of the analysis.

So far, the, method has only been implemented in 2D cases (tough its extension to 3D
cases seems straightforward) and on the basis of quadrilateral elements.

In addition, the assessment of its application field has been limited, in this work, to
quasi-static problems of quasi-brittle fracture. Its ability to capture some failure
mechanisms appearing in fast propagating dynamic fracture, as crack branching, and the
extension to the three-dimensional case, and to other families of finite elements has to be
object of additional investigation.
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Appendix A. Implementation issues

A.1 Numerical time integration and quadrature of the mechanical residue

After the statements in section 4.2.4.2 the residual rate of the mechanical problem,
Rpeen » Stemming from equations (39) and (65), using Voigt’s notation, reads:

Ripeen (0" (1), B\ By (1), Boe (1), Biis (1) =
- % fB(e)B@T W {eP® B+ > fB(e)B(e)T {6 x) JdB +

vB© CB\By (1) VB® By (1)
T . i ecti T .
z.Z'BG%“:(t)[B(e) (X)'{5t(e) (x)}] z_Z-l;?i\/(ltl)ruact on[g(e) (X)~{o-t(e) (x)}]
@ (). {5® _ pex
+ > [ B0 {ePm)B —F

VB CBys (1)

T gty "B ({6 )

Tgap = 0.1 — isochoric case A.(D)

(&) (v) — (8 ()5 (©) ® 11\~ ® 1y —
o (xX)=7"VDo"xX)+1—-7" (), T{Ht)=T —
- (X) ®)or” (x) +( 1) o ® stab {Tstab 1.0 g |

50 (x) = BEP () ) ~ (VSN (xc))
{9 (x) = Z(e{ (x))
9 (x) = Vo (x) B© C B\ Bys (1)

. (e
() = Vol (x) + (g p (e()") n®@ — (V@ ()@ lal®)S | BO C By(t)

where the dependence on time of Ry, , trough the integration domains, B\ By (t) , Bec(t)
and Bys(t) is emphasized®. In equation A.(1), F*(b,t") stands for the external forces,
computed in a regular manner in terms of the body forces, b, and the boundary tractions,
t', B®(x) is the standard elemental deformation matrix for the four-node quadrilateral
element and bracketed notation {(s)}is used to denote the vector (Voigt’s notation) form
of the symmetric second order entity (). The stabilized stresses ¢ (x) in A.(1) have been
introduced to account for a possible isochoric case in B\ By (t) (see equation (39)).

G X
Also in  equation A.(1) the  functionals Z, B\al;ijs(t) [B(e)T (x)- {0' t( ? (x) }]
jgir(tl)njeaion[B(e)T (x)- {d't(e) (X)}] and jz?d?sl\?t)lmecnon[B(e)T (x) - {d't(e) (x) }] are defined as

the numerical quadratures of the corresponding kernels using, respectively, the regular
four-point Gauss quadrature, x;,i = (1,2,3,4), the barycenter-injection-point quadrature, xc = x5 ,
and the two-injection-point quadrature defined in Table 4.2.1-1,xsand xp\s , 1.€.:

i=4
Z'B(\;Z:“: [B(e)T (X) . {é_t(e) (X) }] — iZZ;B(E)T (Xi ) k {5'.1(6) (Xi ) } W (Xi ) (a)
ZEENBOT () {50 (x) )] = B (xc) {619 (xc) meas(BC)  (0) AQ)
f;ji’;/”njemn[B(e)T ®)-{s¥9x}= BO (xp5)- {d't(e) (XB\S)}W(XB\S) + 9
c
+BO" (x5)- {60 (x5) JW(xs)
where w(x;),i =(1,2,3,4) are the weights corresponding to the four-point Gauss

integration, meas(B(®) the weight corresponding to the barycenter-injection point and
W (xz.s),W(xs) are the weights corresponding to the injection points in Table 4.2.1-1.

% which renders not trivial the time integration of R, e (t) -
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A.1.1 Rephrased numerical quadrature at the CSM injection domain B.(t)

The term in equation A.(2)-(b) can be rephrased as:
ZEMENBOT (3). {5 () ] = B (xc)- {517 (xc) } meas(59) =

Boc(t)
. BO'
- i=4
T . T .
=B meas(B) {6{%(xc) } = 3B (x))- {617 (xe) fwi (x1) =
i=4 i=1
SBO (x )W (x)) A.(3)
= Z 2B () {6{9(x) ]
constant
atall x;

519 (xi) = 61" (xc) = 5% .i=(1.2.3.4)
where the smooth character of the deformation matrix, B(®(x) and the mean value
theorem has been considered.

Results in equation A.(3) involve the definition of the eguivalent stresses computed at the
standard Gauss points, & (x;), defined trough

#9(x) =& J=(1,2,3,4) ,VB©® C B (t) A.(4
and fulfilling the following property:
Zﬂcszl)injection[B(e)T (x)- {d_t(e) (x) }] — ]Bi?t{[?[B(e)T (x)- {o;_t(e) (x) }] A(S)

A.1.2 Rephrased numerical quadrature at the DDM injection domain B;(t)

In turn, the term in equation A.(2)-(c) can be rephrased as:

O T . .
Zsziylnmlon[B(e) ®)- {6} = B® (xps)- {O't(e) (XB\S)}W(XB\S) +

=B (x)
+B® (xs)- { d't(e) (xs) }W(XS)
= B (x5).({ 619 (xpns) JW(xins) + {602 (x.5) JW(xs)) = B meas(5) {5 } =

EB(e)T Eﬁ't(e) nEaS(B(e)) §B(8)T (XI )\NI (Xl)
4 i=1
=3B () {5200 } W () = ZZHFIBO" 57 ()
=1 constant
atall x; A.(6)
5 1 . .
5O(x) = meas(B®) [6® (xp15 W (x5) + (0 (x5 W (x5)] =
meas(S®), . meas(S®) . -
= (1-k® '—meas(zg@;) 6 (xp5) + KO ~—ms§3<e>§ o¥(xg)=  i=(L234)
(1-9 £

=& (x5) + (1 ggr'f@ (Xp\s)

(@ meas(s®) _ k(®

meas(B®) (@ ¢

where, again, the smooth character of the deformation matrix, (B® (xzs) = B® (xs) = B®)

has been considered. In equation A.(6), ¢©® is the finite element characteristic length
computed according (Oliver 1989) (see equation (60)) and ¢ is a user defined parameter

used for regularization purposes (see equation (61)).
Results in equation A.(0) involve the definition of some new eguivalent stresses computed
at the standard Gauss points, &{?(x;), through:

69 (x) = (1— 80 (xps) + €09 (x5), 1=(1,2,3,4), VBO C Bys(t) A.(7)
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tulfilling the following property:

Zigoy "B (9 {67 ()1 = ZEFBY (9 {57 ) A®)

A.1.3 Rephrased numerical quadrature at the remaining domain B\ 5 (t)

The term in equation A.(2)-(a) is already a four-point Gauss quadrature. Therefore, the
following equivalence is straightforward:

a0 (x;)) =¥ (x;) i =(1,2,3,4) ,VB® c B\Bj (1) A.9)
fulfilling the following property:
uss 5 T < uss €, T 2
ZB?; > [BO (x)-{c®x)}]= ZB?;‘W > BO (x)-{6®x)]] A.(10)

A.1.4 Unified numerical quadrature at the total domain B = (B\ By (1)) U B (t) U Byis(t)

Results in equation A.(5), A.(8) and A.(10) can be inserted into equation A.(1) yielding:
Ripeen (" (), B\ By (1), Boc (), Bis (1) =
_ Z 77 Gauss [B(e)T (x)- {5’t(e) (x) }] +

BORE M)
T B A.(11
P swat SHORELICHE 4y
VB B (1)
T . -
> ZENIBO ) {6 (0 1 -F
VB CBys(t)
Where the equivalent stresses &9 (x;),i = (1,2,3,4) ate computed according the
corresponding injection domains (see equations A.(4), A.(7) and A.(9)), i.e:
6% (x)) = o{?(x)) = 7O 6 (x)) + (1 - 77 (1)) 7" . B C B\By (1)
&% (x) = 5" . B C Boo(t) A12)
(% (x)) = (1- 961 (xp\s) + &6 (x5) . B C Byis (1)

Therefore, they can be interpreted as some effective stresses computed for integration
proposes at all Gauss-integration points of the domain B . Finally, expression A.(11) can be

trivially condensed in terms of the equivalent/effective stresses &, (x;) in equation A.(12)

n+1
yielding:
Rmech (&(ﬁh (tn+1 )) =
= VB(eZ)CBZ-BGaUSS[B(e)T (x)- {5't(e) (x) }] —Fe O = Rmech (61) A.(13)
~ fBBT-{&I(x)}dB

where condition B = (B\By(t)) U B (t) UBgys(t) has also been considered. It is worth

nothing that, #he use of the effective stresses definition in equation A.(12) allows removing the direct
dependence of the residue rate, Ry, (6¢) on the injection domains. Therefore, the residue in

equation A.(13), now considered a functional of the effective stresses, &y, can be trivially

integrated in time, considering the initial conditions &{®(x)|,_, = 0, yielding,

Roeen (@ (1)) = S ZE8*[BO@' (x)-{6©@, (x) )] - F4 =

vBE B
~ [ 4oB@ (0{o, (0]aB A14)
= Y [B9 0{o 0 JaB - FeH,

vB®cB
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where the effective stresses, o- 1(x) are incrementally computed through time integration

of equations A.(12) i.e.,

& (xi) =68 (x) + Aaéell (xi) i =(1,2,3,4)
7808, (x) + (1 - 79)AFE, , B C B\ By tn1)
A6 (x) = {AFS, B C B (ta-) A3)
AT (x5) + (1— AT, (x5.5) BO C Byg(tn:)
R {Taab = 0.1 — isochoric case
n1 — stab Teap = 1.0 — general case

which matches the definitions BOX 4.2-2. Finally, the total mechanics residue in equation
69) can be computed using a standard Gauss- quadrature in terms of the effective stresses in
P & q
equation A.(15), as
A T
Rueen(0(@"(ths1)) = ) Z*[B@ (0) {58, (x) J] - Feq

vBEe B

] A.(16)
78=[BO (x)-{5© ()} = ZB@ (xi)-{ & (x) fwi (x)

A.2 Strain injection. Expressions for implementation

For the elements injected with a DDM, the element-wise constant degrees of freedom
[%]® (that have elemental support), can be solved, at the element level, by a standard

condensation procedure that is summarized here.
The residual balance of forces R® = R, in equation A.(13), and the residue of

equation (65)-(b), #®, can be expressed in the following form:

. (e) (e)
R® K,, K, {a }(6‘)
{ 7@ } - []® B C s A7)

where {u}® stands for the element vector {4} ={af, a 4f u } composed by the

(e) (e)
Kl Klallu

(e (e)
S SO N ()_8R e (e _ aR (e) _87’
u; = {iy, iy}, degrees of freedom, and K{) = PR K.l = [a]® K7, = 50® and
or® . .

K. = —— are the elemental tangent stiffness matrixes.

[wllu] 8[[’&]]05)

Solving the second equation of A.(17) for [4]®:

. =1/, .
[a]® = (KO, ) (79 1 KO, (1)0) B By, A(18)

by substituting [% ] in the first equation of A.(17) and reorganizing terms:
—(R® _K® (¢) 28 = K© _( g®© (e) 1 () CI=C)

(R K (Kp) 7 )—(Kw (Ka (B ) KR ) B C By A19)

AE K®©

where K® and R® are the elemental condensed stiffness matrix and residual vector
respectively”’:

% For the elements, B‘® ¢ B\ By, Where no condensation procedure is necessary, the elemental
residue vectors and tangent stiffness matrixes can be inserted in the general framework by A.(20) -(b).
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RO _RO KO (KO )@
2@ _ k@ [[<£>< [[ TL)H) el B B @

-1

. A.(20)
RO _ R®

K© — K© B C B\ Bys (®)

Once the condensed element matrices are computed, the global entities K and R can be
assembled and then {4} can be solved at the global level in a standard manner:

~R=K-{u}
K- A (&), k- A (i)
eeBdis ecBys

where {u} stands for the global vector composed by the w; degrees of freedom

{u}={u b, ... Umodes }T , being nnodes the total number of nodes of the finite element
mesh).

Once equation A.(21) is solved for {4}, [u ]](e) can be computed at the element level, by
using expression A.(18), in those elements belonging to Bys.

Expressions for the entities in equation A.(20) are summarized in BOX A-1.

BOX A-1 — DDM injection — expressions for implementation

i=4
RO =3B (x)-{o (x)}-wx) - 4@
i=1
r@ = meas($)-[n@]-({o{), (x5)} ~ {0 (xprs)}) VB € Bys(tnin)
i=4
K® — @ SBOT (x).L®@ x ). BO (x.)- w(x
=7 2B () {4500 | BO ) wlx,) + o
T
+(1=71) B (x5)-{ G (x5) }- B@ (x5)- meas(B®)
K =BO (x0)- {0 (x5) | B (x) - meas(5) B C Bog
(K =BO (x5) { G (x5) } BO (x5) W(xs) +

T
+BO (xp5){ G0 (xars) | BO (xp15) - W(xps)

K9, =B () {GR ) | g [n9 ] = [ Vel () | | Wens) -

o
—BO (xp5)- {Cﬁ(ﬂ (Xp\.s) } ‘ [V‘Pr(gl (s )] Wixgs)

K0, = memss9)-[19]-{ 60 05) ) BOx)
—meas(5®)-[n@]-{ G (xp5) } BO (x.5)

,B(e) C Bdis

Ky = meas(S)[n® |- {4 (xs) }- +

n+1 k;e) [n(e) ] - [V(ﬂg?l (X&’)]

+1
+ meas(5®)[n® |- { 6 (xp5) | [Vl ()]
T4ap = 0.1 — isochoric case

Tg?l =Tga VB — {T " Z10 > general
g —_— . Caa%
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where w(x;),i =(1,2,3,4) are the weights corresponding to the four-point Gauss
integration, W(xp.s) and W(x) are the weights corresponding to the injection points in
Table 4.2.1-1, 6',(1‘1)1 (x) are the effective stresses computed from BOX 4.2-2, C’n('j)l (x) stands
for the in-loading tangent constitutive operator, F&4(® stands for elemental external
forces, computed in a regular manner and meas(S ©) is computed from equation (60) as:

meas(B')

meas(S®©) =

A.(22)

being ¢©® the finite element characteristic length (computed according (Oliver 1989)).

A.3 -Discontinuous displacement mode (DDM) injection. Selection of the unit
normal vector

Determination of the injection normal n®, to be used in the DDM injection procedure
in BOX A-1, is a relevant aspect of the proposed methodology. After computing the crack-

path-field , o, the explicit position of the elemental crack path I'® | and its corresponding

unit normal n{®, can be straightforwardly computed at the element level in terms of the
position of the zero value of p along the element sides (see Figure A. 1). Then, two

options for the determination of n‘® arise:
OPTION I: Crack path field criterion. The normal is evaluated directly as that of the

elemental crack path (n® =n{®)

OPTION 11: Bifurcation analysis criterion: n'® is the one out of the two solutions (n{®,n{?)
obtained from the discontinuous bifurcation analysis (performed at the bifurcation time
t and stored at that time), whose direction approaches better the elemental crack path

normal, n{?. This evaluation is done in terms of the absolute value of the dot product of

every of the two vectors times n{®.

Figure A. 1 Determination of the crack path I'® | at the element level.

For an easier implementation, the explicit determination of the crack-path position and
corresponding normal, ngf’) , can be circumvented, by using, as an alternative to n}e) , the
crack-path field gradient, Vu®  evaluated at the finite element centroid (assuming
Vu® ~nl®). The gradient, Vu® | can be casily determined for the time step 7+1, as:

Vi = [VN]7 {u)) A(23)

n+1°

66



where, {u}ﬁl stands for element vector of degrees of freedom {N}Eﬂ = {1, o, 130 11 };H

and [VN]® stands for the elemental matrix of shape functions gradients.

BOX A-2 Normal selection

DATA: {u},,,, 0, n{? n{®

OUTPUT :n®
OPTION | (crack pathcriterion) :n© =n{®
OPTION Il (bifurcation analysiscriterion) :

1) Compute Vi = Vil (x.5)
Vil (xs) =[VN@xs) @ - {n ) A.24)
2) Compute dot products (absolute value)

dotprod, :|VM(21(X5)'H§G) ; dotprod, :|V,u§21(x5).n§e)

3) Sdlect normal n‘®
, [n{® if dotprod, > dotprod,

(e

~ |n® if dotprod, < dotprod,

The corresponding algorithms are displayed in BOX A-2. Results provided by both
options are, in general, very similar for damage models, whereas for J2 and Rankine
plasticity models OPTION 1I is preferable. In the examples presented in this work, the
second option has been used.

A.4 Crack-path-field technigue: implementation aspects

In this section some details about the implementation of the crack-path-field problem
summarized in BOX 2.2-1 are given.
Introducing Voigt’s notation, the rate version of equation (a) in BOX 2.2-1 reads:

/e4(f3(e) N(e)T N(e)dB){Q/,}: '/94(fB(e) N(e)T at(e)dB -
M®
. T
5t

i)

where M stand for the global mass matrix M = .4 (M® ), N© stands for the element
e

A.(25)

vector composed by the N® shape functions associated to node /i (
N@© :{Nl(e) N NE NE }), M®© stands for the element mass matrix, ¢{® stands for
the value of a associated to the element (e) and {'¢}t stands for the global vector

composed by the ¢; degrees of freedom {4} = {4 vy, -, ¥rnodes }tT being nnodes the total

number of nodes of the finite element mesh.
Substituting M by a lumped mass matrix version M, , equation A.(25) can be easily solved

for {w}t as:
() = (M) R},

A.(26)
Ui = AGH. G0 = [, N a%as)
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Alternatively to equation A.(26), an improved version, proposed by Weyler”, consisting
of the introduction of a cotrection in the extrapolation of the Gauss point variable 4{® to

the nodes, can be used. Then, as for equation A.(26), the extrapolated corrected nodal
values are weighted by the corresponding nodal masses (lumped global mass matrix):

{9} =M A9 MmO ()0) A.(27)
correction

Using the same procedure for equation (b) in BOX 2.2-1
. -1
{IJ' }t = ML : {q }t
,(€)
(@ho=A1®. (@ ={ [ ~om 9 gp)
e B®© dn
being {p}, the global crack-path-field vector of degrees of freedom

A.(28)

{i}, = {fu, fio, s Fonnode }tT . The improved version, reads:

{M}t :Mljl .’/94(]\4(9)71 ,MI(_e) _{Q}Ee) ) , A(Zg)

The term, [%
dn

equation A.(27) is solved for {4} , as:

(e)
in equation A. (28) can be computed on an element wise basis, once

[ = s () a0 A-GO

where {w}fe) is the element vector of degtees of freedom {1/;}fe) = {4, v, 3,0y }tT and

[VN]® stands for the elemental matrix of shape functions gradients,
ON;  ONy  ON3  ON,

9x  Ox  ox O

ON; 0N, ONg ON, |’

gy oy gy oy

[VN]®© = A.(31)

Due to the evolutionary strain injection procedure, the term {;}{® in equation A. (26)

has to be computed trough specific quadratures depending on the injection domain to
which element e belongs, similarly to what has been introduced in A.(2), i.e:

©F 2@z . 7Gauss (n(€) =(€) C) .
fB<e>N o dBNZ-B\Bdis(‘) [N o] BY CB\By (1)
o N(e)T at(e)dB ~ Z—ﬂCS(:/)IInjection[N(e)T O[t(e)] B(e) C 300(':)
©T < (© 4R ~ 7DDMInjectionrar(e)T :(e)7_ © .
JgoN® 6008~ ZTMNEING 6= B C Bysl) A(32)
af® = r{9{% (x) + (1~ 7{?)a®
& ~ 6l (x5) B c B\ Bys(t)
© Tgap = 0.1 — isochoric case
Tt " = Tstab —
Teab = 1.0 — general case

where

BR. Weyler, personal communication, 2012.
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T - - 3 ~
Z8= INOTG(9] = SN ()il (x ) (x) (@
i=1

Z-ﬂc&::l)llnjection[N(e)T 091 = NGH (xc)a®@meas(B®) (b) A.(33)
Z 2N 4] = NOT ()0 (3.0 )W(x.5) ©
where w(x;),i =(1,2,3,4) are the weights corresponding to the four-point Gauss

integration, meas(B(®) the weight corresponding to the barycenter-injection point and
W(xs) are the weight of the corresponding injection point in Table 4.2.1-1.

For purposes of numerical integration in time, it is convenient to rephrase the
functionals in A.(33) in terms of some equivalent values of the strain like internal variable,
a® . The equivalent values, a®, are computed at the standard Gauss points according
with a procedure similar to that presented in section A.1.

A.4.1 Rephrased numerical quadrature at the CSM injection domain B(t)

Following a similar procedure to that used in section A.1.1., the term in equation A.(33)-
(b) can be rephrased in terms of some equivalent values, &{®(x;) , of the internal strain
variable 6 :

& (xi) = o ~ a{® (xs) Jd=(1,2,3,4) ,VB® C B(t) A.(34)
tulfilling the following property:

injection T . U U <
Zi " ING GO ()] = ZZSING T (x) 6 (v)] A.(35)
A.4.2 Rephrased numerical quadrature at the DDM injection domain B;(t)

The term in equation A.(33)-(c), is now rephrased trough the following change of
variable a{® :

. K©4©
ce) t  _ ¢s(0
such that:
j ecti T . T . TN (ONT
ZPOMINSHNNET G{9] = N (x,5) 6{ (x5 W(x.5) =(N@)T {7k meas(s©) =
(N@)T al9ee
(© i=4 A.(37
measBE) N (i (x) S

1=1

i=4
T A T A
= NG ()w(x) 4O = ZSUSING G0 ()]
i=1 constant
atall x;

where N©@' stands for the mean value of N©' and ¢ is the finite element characteristic
length (according with (Oliver 1989)). In equation A.(37) the continuous character of the
shape functions and the fact that the integration point xs is placed at the finite element
centroid is take into consideration.

Results in equation A.(37) involve the definition of some new eguivalent valnes &

computed in Bgs(t) , at the standard Gauss points, @ (x;) , through:

&9 (x) = &9 = &a® i =(1,23,4), VB® cBy(t) A.(38)
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tulfilling the following property:
Zry "IN 60 ()] = ZEFING (x)6(7 ()] A(39)

In equation A.(36), 4{® can be interpreted as a distributed version, of the strong localized

variable &{®, over the element bandwidth ¢® (see Figure A.1).

Figure A. 2 Interpretation of variable a{®.

A.4.3 Rephrased numerical quadrature at the remaining domain B\ 5 (t)

The term in equation A.(33)-(a) is already a four-point Gauss quadrature. Therefore, the
following equivalence is straightforward:

&9 (x) = al?(x) J=(1,2,3,4) ,VB® C B\ By (t) A.(40)
tulfilling the following property:
Zima N @01 = ZZEING ()60 (9] A1)

A.4.4 Unified numerical quadrature at the total domain B = (B\ By (1)) U B (t) U Byis(t)

Using the results of equations A.(35) A.(39) and A.(41) , the term {;}{®, in equation A.

(26) can be rewrtitten in terms of the equivalent/effective values in equations A.(34),A.(38)
and A.(40)) yielding,

=AU,

) ~ {Zga=INe (i W) @
04 (x) + 1~ (xs)  BO CB\By
2@ (4. — | < (e) C) b A@2)
o (xq) G (Xs) B C Boc (b)
€649 (x5) BE C Bys

Tgap = 0.1 — isochoric case
Tgap = 1.0 — general case

Then, equation A.(42)-(a) can be trivially integrated in time, considering the initial
conditions {®(x)|_, =0 , yielding,

7't(‘s) = Tstab — {

T _ T -
i = { [ N al9d5) ~ { ZgmmINGT (A ()] A
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where the effective values, o?,(le (x), are incrementally computed through time integration
of equations A.(42)-(b). i.e.,
a? (x)=a®Px)+Aa (x)  ix(=1..4)
Th A () + (1 =r)Aa (xs) B C BBy

A () =1 Aaf, (x5) BO ¢ By A.(44)
é'AOér(fZI (XS) B(e) C Bdis
7@ - Tsab = 0.1 — isochoric case
m Tgap = 1.0 — general case

Finally, the suitable for implementation matrix equations of the crack-path-field
problem are summarized in BOX A-3.

BOX A-3 Crack-path-field - algorithm.
DATA: & (x;), o (%)), & (x), o2 (%), oty (x5) (i =1,...,4)
OUTPUT : &, (xi), {1},
1)Compute{ v},

-1 -1
{¢}n+1 =M, .4[1\4(6) ,MI(_e) '{h}ﬁl

correction

T ~
i ={ [ N () 4%, 5}

where:
al? (x)=a®x)+ A9 (x)  x(i=1234)
being:

A () + (=7 A0l (xs)  BO C BBy, A.(45)
348000 09 0 o 5,
anr(le (XS) B(e) C Bdis

Tgap = 0.1 — isochoric case

(& _
T, =T —
nL T s {Tstab =1.0 — general case

2) Compute{ g},
_ - o . d (e)

{Bhoa = M “94 MO 'Ml(-)'fs(e)N( 4 (X)'[d_lrzlj(")]nﬂdg]:

d (e) € € e

(@] =T8I (), )0

n+1

A.5 Algorithmic management of the injection domains: injection-switching
strategy.

This appendix systematizes, for implementation purposes, the algorithmic treatment of
given element, B®, when it moves from one to another the injection domains B\ B Boc
and Bjs. It is based on the following ingredients:

1) The elemental injection status indicator 1S9, € {0,1,2} defines the status of element

B® | during the time interval [t,,t,.,] , in terms of its belonging to the injection
domains B\ By, Bocand Bys(see Table A-1).
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Table A-1. Injection status indicator

INJECTION STATUS

INJECTION DOMAIN
BEI.ONGING

INJECTION STATUS
INDICATOR

No strain injection

B® c B\ By (tn;1)

(19, =0

Localized Constant Strain
Mode (CSM) injection

B® ¢ Boc(thi1)

(19§, =1

Discontinuous displacement

B(e) - Bdis(tn-H)

(19§, =2

mode (DDM) injection

2) A set of flags («) €{0,1} (evaluated at the end of the preceeding time step) are used

to control the belonging of element B® to the injection domains during the current
time interval [t,, t,,;] (see Table A-2)

Table A-2. Injection flags

INDICATOR NAME FLAG INDICATOR DEFINITION
LLABEL
0 if t, <t
Bifurcation Flag BF (BF)® = l <t (o)
1if t, >t (xg)
. . © _|0if Ar®(xg)=0
Loading/unloading Flag LF (LF)) = {1 it AMO (x0) > 0
. 0 if o (xs) > Gy
Softening degree Fla S= (SF )(e) :{ . :
e & " Lif g (xs) < Gy
1 if element e is crossed by the crack
Crack path Flag CF (CF )Ef) =1 path I, (accross two sides)
0 otherwise

3) The injection status of element (1S)!®, in Table A-1 is set in terms of specific

products of the flags in Table A-2, according to Table A-3. Notice that check
conditions in Table A-3 stem directly from the definitions of the injection domains
B\ By, Bocand Bys (see Section 4.2.4).

Table A-3 Injection status setting
H\jff AC%OSN CHECK CONDITIONS
(time-step n+1) ime-step )
195, (BF )y x(LF )Y (SF )Y x(CF )
0 0
1 1 0
2 1 1
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Appendix B. Stress-locking issues in finite elements with
embedded discontinuities

Let us consider a strong discontinuity approach based on finite element quadrilaterals
with constant embedded discontinuities. The strong discontinuity kinematics in equations
(40) and (44) is described in terms of a two-field, 4,[«], approach where the generalized

displacement filed,  , is bilinear and the displacement jump [«] is element-wise constant.

Under these conditions, integration of the resulting equations requires a standard four
points-based Gauss quadrature for integration of the terms in equation (60)-(a) in B®\S
plus one additional sampling point, x, for the integration in S (see Figure B. 1.-(a)).

It is well know that, in this formulation, the appearance of stress locking is noticeable
specially when trying to reproduce non-constant separation modes along the element
discontinuity®. This issue was analysed in (Linder and Armero 2007) and (Manzoli and
Shing 2006) where the authors propose elements with linear interpolation in the
displacement jump to circumvent the problem.

In this work, instead, the displacement discontinuity mode (DDM) injection in the
domain By (t) is introduced via the three field «,z,[4] mixed formulation in section 4.2.2

and this fact translates into an element-wise-constant regular strain field.. The corresponding

variational form in equations (66) requires only two sampling points (singular and regular)
in Figure B. 1.-(b).

(@) (b)
?aﬁdﬁrr? reg:Jr:?Sr(x ) Aditional regular
pling p i sampling point K9 _
(Xp15) &t~ Singular sampling

pointin $©
(xs)

Singular sampling
pointin s©
(Xs)

Figure B. 1 Quadrature rules a) 4,[4] formulation. b) 4,z,[«] formulation.

The interesting practical property of using the here proposed 4,z,[4] constant -
ump/constant-strain formulation in quadrilateral elements, is that the element (unlike the
u,[u] case) is stress locking free. In next sections an explanation for this improved
behavior is given.

B.1 Motivation

We assume that for an element to be stress locking free its kinematics should allow rigid
body motions of one part of the element with respect to the other (Figure B. 2), when the
discontinuity is fully open (full softening, stress released state, of the element).

2 Though mesh refinement tend to strongly reduce this stress locking.
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Figure B. 2 Quadrilateral element with a discontinuity inducing a rigid body motion in
B©" with respect to B .
Recalling the strong discontinuity kinematics of equation (41)

u(x) = u(x) + s[4 ](x), B.(40)
where % stands for the smooth part of the displacement field and 7 stands for the
Heaviside (step) function (#s(x) =0,¥ x€ B~ and Zs(x) =1 ,¥xe€ B*').

For the stress-released case we assumeu = 0, thus:

\ 1 [0 s =0

— 72/ ) xeB ]
U(X) S IIU]](X){U(X)lxeB+ — [[UH(X)
For the general three-dimensional case, the rigid body motions of B®" in the stress-
released state requires the displacement [« ](x) in equation B.(47) being described as a rigid

B.(47)

body motion in terms of 6 degrees of freedom: 3 displacements (traslation) and 3 rotations,
Le.,

[e](x)=c+0Ax, B.(48)
wheree = {¢,c,,c; }' and 9 = {4,,6,,6, }' are vectors of degree of freedoms associated with
traslation and rotation, respectively. Notice that the displacement jump in equation B.(48)

linearly depends on x.
Equation B.(48) can be written in matrix form, for element e, as:

G
c
1 0 0]0 x %
- 7(6) =0 1 o0l- 0 ‘3 = GO (x).§©
[@]™ (x) X3 X o (x) B.(49)
0 0 1% —-x 0" ’
G (x) 2
)
5

where x,(i =1,2,3) stand for the Cartesian coordinates measured with respect to an
(arbitrary) origin of coordinates. In a two-dimensional framework, equation B.(49)
simplifies to:

a

1 0]-
‘ 2l | = @ (x).5©

[4]® (x) = [ !

G(e) (X) E(fg)/

B.(50)

B.2 Specification for 2D quadrilateral elements

Since rigid body modes are allowed for the full stress-released state, any finite element
Sformulation admitting linear jumps, like the one in equation B.(50) should be stress locking free disregard
the type of finite element (triangles, quadrilaterals etc.).
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It is evident that the kinematics bilinear quadrilateral with a constant-jump embedded
discontinuity, (,[]), with a 2x2 quadrature rule in B©\s and the additional sampling
point inS® (x5 ), does not fulfill equation B.(50) at all sampling points for an arbitrary

(constant) [u]® (see Figure B. 3)* Therefore, rigid body modes cannot develop for the
general deformation case and the element can potentially suffer from stress locking.

S(e)
Figure B. 3 Quadrilateral element associated to a 4,[«] formulation.

Instead, for the DDM injection quadrilateral element proposed in this work, with only
the two regular/singular sampling points, condition B.(50) for the proposed (constant)
[%]®, can be trivially fulfilled at the two sampling points for any arbitrary [u]®. The

proof is rather simple: since the origin of coordinates is arbitrary, let us take this origin at
Xs = Xg\s (= 0) (sce Figure B.4).

Figure B.4 Quadrilateral element associated to a w,é,[« ] formulation.

The third column of the operator G(x) (in equation B.(50)), when evaluated at the two
sampling points, is null and
G(x)z{1 0‘ 0] - [a]® :{Cl} B.(51)
0 10 c
The solution is {c, ¢, }' =[4]®, and the rotational degree of freedom, 6 , does not appear

in the formulation. This is precisely the proposed kinematics and, therefore, the resulting
finite element should be stress-locking free.

B.3 Numerical example

The following numerical example, already considered in (Linder and Armero 2007) and
(Manzoli and Shing 20006) (see Figure B. 5), illustrates the behavior of quadrilaterals with,
constant jump embedded discontinuities in front of stress locking.

The test consists of a square block with imposed displacement at the top, éq, and

bottom , §py , With &y increasing twice as the top displacement in the loading pseudo-time

1(s).

% Infact, the only solution for equation B.(50) in thiscaseis 6© = 0= [u]® =0.
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Figure B. 5 Bending of one element test: a) geometrical data, b)theoretical deformed
shape, c)loading data.

This bending test will strongly challenge the constant displacement jump, since the
theoretical solution of the problem involves both, a rigid body translation and rotation.
Figure B. 6 compares the results obtained with the standard 4,[«] and the proposed

4.é[4w] (DDM injection), with the analytical solution * in terms of reaction vs.
displacement curves. We remark that both formulations consider a constant
displacement jump [%]®. There, the stress-locking free character of the DDM injection

can be observed. As expected, due the constant jump character of the displacement jump,
the analytical solution is only linearly approximated by the DDM injection.

K e G qmmsoomoooo |
J‘ —— Analytical :

e ~ T |—spAscP |
200 - - -f-1- N\ - - -==SDAIGP ||
|

L A
-100f - - - - - SR
|
_ |
150 001 002 0.03 0.04
o, (mm)

Figure B. 6 Reaction force vs. imposed displacement at the top comparing the analytical
solution with solutions computed with the standard 4,[«4] strong discontinuity formulation

that is integrated with 4 Gauss points (SDA 4GP) and with the proposed 4,é,[ ]
formulation that is integrated with two sampling points (SDA 1GP).

REMARK B. 1: In references (Manzoli and Shing 20006; Linder and Armero
2007) to avoid the stress locking problems associated to constant jump
embedded formulations (for quads), a linear description of the jump along
the discontinuity using 4 displacement degrees of freedom is proposed. As
suggested by this analysis, a four degrees of freedom description of the
kinematics can become excessive (in front of the #hree-degree-of-freedom
kinematics in equation B.(50)) this explaining the additional stabilization
treatment suggested in (Manzoli and Shing 20006; Linder and Armero 2007).
Also, in 3D cases, six degrees of freedom should be used to describe the
clemental displacement jump according with equation B.(49).

3! The analytical solution is taken from (Linder and Armero 2007).
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