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Cartade bienvenida

La Sociedad Mexicana de Computacién Cientifica y sus Aplicaciones, A.C. (SMCCA) y el Comité Editorial,
les damos una cordial bienvenida a la octava edicidn del Boletin electronico anual de la SMCCA, el cual
tiene como objetivo mantenerlos informados de las actividades realizadas por la SMCCA y sus asociados.
En el Boletin se publican noticias, eventos, articulos de divulgacion y de investigacion de alto nivel en el
area de las Matematicas Aplicadas y Computo Cientifico, asi como resumenes de las mejores tesis de Li-
cenciatura en Matematicas Aplicadas.

En esta octava edicion del boletin se presentan: una breve semblanza de la XXX Escuela Nacional de Opti-
mizacion y Analisis Numeérico, llevada a cabo en conjunto con el Centro de Investigacion en Matematicas,
CIMAT-Unidad Mérida, en modalidad hibrida del 4 al 8 de julio del presente afio en la Facultad de Matema-
ticas de la Universidad Autonoma de Yucatan, en la Ciudad de Mérida, Yucatan, e incluye tres articulos de
investigacion, dos de ellos por solicitud y el otro corresponde al ganador de la vigésima edicion del premio
Mixbaal.

La SMCCA agradecera que ante el interés que surja en los lectores en los temas que se presenten en nues-
tra publicacion, éstos se conviertan en usuarios asiduos, asi como en miembros activos de nuestra socie-
dad. La informacion del registro de membresias a la SMCCA la pueden consultar en el Mdodulo de Registro
de nuestra pagina www.smcca.org.mx.

Justino Alavez Ramirez
Presidente
Sociedad Mexicana de Computacion Cientifica y sus Aplicaciones, A.C.


http://www.smcca.org.mx
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Reseia de la XXX Escuela Nacional de Optimi-
zacion y Analisis Numérico

Justino Alavez Ramirez

Rina Betzabeth Ojeda Castafieda
Miguel Angel Uh Zapata

Carlos Francisco Brito Loeza

Del 4 al 8 de julio de 2022 se celebrd con gran éxito la XXX edicidn de la Escuela Nacional de Optimizacion
y Analisis Numérico (ENOAN 2022). En esta ocasion y debido a las restricciones impuestas por la pandemia
COVID-19 se llevo a cabo en modalidad hibrida, siendo las sedes el Centro de Investigacion en Matematicas
Unidad Mérida y la Facultad de Matematicas de la Universidad Autdonoma de Yucatan, en la Ciudad de Mé-
rida, Yucatan.

El comité organizador estuvo constituido por el Comité Local formado por profesores-investigadores, ad-
ministradores y técnicos del Centro de Investigacion en Matematicas (CIMAT), CIMAT Unidad Mérida y de la
Facultad de Matematicas de la Universidad Autonoma de Yucatan, y el Comité Nacional conformado por
profesores-investigadores miembros en activo de la Sociedad Mexicana de Computacion Cientifica y sus
Aplicaciones (SMCCA).

Como en anteriores ediciones, las actividades académicas realizadas en esta ENOAN 2022 comprendieron:
10 cursos cortos, 6 conferencias plenarias y 22 conferencias invitadas a cargo de reconocidos investigado-
res tanto nacionales como internacionales, 6 trabajos de investigacion en formato de cartel y 29 en forma-
to de comunicacién oral agrupados en 6 sesiones tematicas; adicionalmente se tuvieron 2 sesiones espe-
ciales: la sesién “Homenaje al Professor Roland Glowinski” y la seccion "Primer Foro Conjunto de Socieda-
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des Cientificas". Al ser un evento hibrido, todas las actividades tanto presenciales como virtuales se trasmi-
tieron en linea via Zoom, salvo la exposicidon de los carteles en modalidad presencial. Las actividades virtua-
les también se proyectaron en la sala para los participantes presenciales.

En cuanto a los 10 cursos cortos, estos fueron de diferentes niveles: basico, intermedio y avanzado, y fue-
ron impartidos por profesores-investigadores, de diferentes Instituciones de Educacion Superior y Centros
de Investigacion del Pais. Se ofrecieron para alumnos de licenciatura y posgrado, asi como a profesores y
profesionales interesados, de distintas instituciones educativas del pais y del extranjero, y con topicos es-
pecificos, los cuales generalmente no son abordados con regularidad en sus instituciones. El nombre de
los cursos impartidos, asi como la asistencia promedio en cada uno de ellos se presenta en la Tabla 1.

Tabla 1: Cursos impartidos en la XXX ENOAN.
Las grabaciones de estos cursos se encuentran en
https://www.youtube.com/channel/UCOrIXGJ1Qx70VURphWTykXQ
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En cuanto a las 6 conferencias plenarias, la conferencia inaugural "Diego Bricio", estuvo a cargo del reco-
nocido Profesor-Investigador, el Dr. Pedro Flores Pérez, profesor jubilado de la Universidad de Sonora, la
conferencia "Catedra Humberto Madrid" estuvo a cargo del reconocido Profesor-Investigador, el Dr. Faus-
tino Sanchez Gardufo, de la Facultad de Ciencias de la Universidad Nacional Auténoma de México vy las
cuatro conferencias restantes estuvieron a cargo de los reconocidos profesores investigadores: el Profes-
sor Richard A. Tapia de Rice University, Dr. Humberto Madrid de la Vega, profesor jubilado de la Universidad
Autonoma de Coahuila, Dr. Jesus Lépez Estrada de la Facultad de Ciencias de la Universidad Nacional Au-
tonoma de México, Dr. Luis B. Morales Mendoza del IIMAS-UNAM Meérida, Dr. Gilberto Calvillo Vives del
IMATE Cuernavaca.

La presentacion de trabajos en forma de cartel se realizo a través de la exposicion de seis carteles someti-
dos y aprobados por la comisién de evaluacion de trabajos, dos en modalidad virtual expuestos en la red
social https://www.facebook.com/SMCCA.org.mx y cuatro en modalidad presencial. La presentacion de los
29 trabajos en forma de comunicacion oral, agrupados en 6 sesiones tematicas, se llevo a cabo en modali-
dad hibrida y transmitidas a través de las aulas virtuales de la plataforma Zoom.

Las 6 conferencias invitadas de la escuela, estuvieron a cargo de la Dra. Ursula X. lturraran Viveros de la
Facultad de Ciencias de la UNAM, Dr. Erick Trevifio Aguilar del IMATE Unidad Cuernavaca, Dr. Carlos Fran-
cisco Brito Loeza de la Universidad Autonoma de Yucatan, Dr. Marcos Aurelio Capistran Oampo del CIMAT,
Dr. Fernando Brambila Paz de la Facultad de Ciencias de la UNAM y Dr. Jonathan Montalvo Urquizo de Mo-
deling Optimization and Computing Technology SAS de C.V.

En cuanto a la sesion especial "Homenaje al Professor Roland Glowinski", coordinada por el Dr. Héctor Jua-
rez Valencia del Depto. de Matematicas de la UAM Unidad Iztapalapa, se conto con la participacion del Pro-
fessor Richard A. Tapia de Rice Univesity, Dr. Enrique Fernandez-Cara de la Universidad de Sevilla, Espafa,
Professor Tsorng-Whay Pan de University of Houston, Dra. Patricia Saavedra Barrera de la UAM Unidad Izta-
palapa, Dr. José Jacobo Oliveros Oliveros de la FCFM-BUAP, Dr. Jorge Lopez Lopez de la UJAT, Dra. Susana
Gomez Gomez del IIMAS-UNAM, Dr. Francisco Javier Sdnchez Bernabé de la UAM Unidad lIztapalapa, Dra.
Diana Assaely Ledn Velasco de la UAM Unidad Cuajimalpa y Dr. Héctor Juarez Valencia de la UAM Unidad
Iztapalapa.

En la sesion especial "Conferencias del Primer Foro Conjunto de Sociedades Cientificas", coordinada por el
Dr. Justino Alavez Ramirez de la SMCCA, se conto con la participacion de conferencistas de cinco socieda-
des: Dra. Yasmin Agueda Rios Solis de la Sociedad Matematica Mexicana, Dr. Luis Fernando Morales Men-
doza de la Sociedad Mexicana de Investigacion de Operaciones, Dr. Pedro Gonzalez-Casanova de SIAM
Seccion México, Dr. Felipe Javier Medina Aguayo de la Asociacion Mexicana de Estadistica, y la conferencia
plenaria del Dr. Gilberto Calvillo Vives de la SMCCA.

Toda la informacion correspondiente al programa de la XXX ENOAN se puede consultar en la liga https://
www.smcca.org.mx/Boletines/Cuaderno_de_Resumenes_ENOAN_2022.pdf.


https://www.facebook.com/SMCCA.org.mx
https://www.smcca.org.mx/Bolet%C3%ADnes/Cuaderno_de_Resumenes_ENOAN_2022.pdf
https://www.smcca.org.mx/Bolet%C3%ADnes/Cuaderno_de_Resumenes_ENOAN_2022.pdf
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Los videos de los cursos y conferencias se pueden accesar desde la pagina https://www.smcca.org.mx/
Productos_y_Resultados_2022, dando clic en las ligas de Youtube o Facebook o bien directamente en:
https://www.youtube.com/channel/UCOrIXGJ1IQx70VURphWTykXQ, https://www.facebook.com/enoan.

Ganadores del décimo noveno Premio Mixbaal

Desde 2002, dentro del marco de la ENOAN, se instituyd el "Premio Mixbaal a la Mejor Tesis de Licenciatura
en Matematicas Aplicadas", cuya convocatoria esta dirigida a los egresados de carreras de matematicas y
areas afines. El ganador de la vigésima edicion de este premio, evaluado en la ENOAN 2022, es:

Ganador del Premio Mixbaal
Analisis del Proceso Espacio-Temporal de los Incendios Forestales en el
Estado de México.
Luis Ramoén Munive Hernandez
Lic. en Estadistica
Universidad Autonoma de Chapingo
Director: Dr. Antonio Villanueva Morales

El ganador expuso su trabajo en la ENOAN 2022 como ponente invitado.

Concurso de Carteles

Continuando con la tradicion de las anteriores ediciones de la ENOAN, se realizo el concurso de carteles,
en el cual una vez que los participantes exponen ante el jurado y el publico su trabajo, el jurado lleva a
cabo una evaluacion para decidir la premiacion. En esta ocasion, al ser una edicion hibrida (presencial y
virtual), el procedimiento que se establecié fue que los participantes en modalidad presencial expusieron
su cartel ante el jurado y el publico en forma oral; los participantes en modalidad virtual enviaron su cartel
en formato PDF junto con un video grabado de 10 minutos exponiendo su trabajo, mismos que estan ex-
puestos en la red social https://www.facebook.com/SMCCA.org.mx. El jurado, integrado por el Dr. Justino
Alavez Ramirez (Coordinador), Dr. Pedro Eduardo Miramontes Vidal y el Dr. José Luis Batun Cutz, revisd
cada uno de los videos y los carteles en formato PDF de los participantes en modalidad virtual y analizo la
exposicion de los participantes en modalidad presencial, y con base en la Convocatoria emitida para tal fin
y bajo los Criterios de Evaluacién: Calidad Cientifica, Impacto Visual, Creatividad y Originalidad, los Miem-
bros del Jurado revisaron reservada y libremente la totalidad de los carteles presentados, dictaminando lo
siguiente:

Mejor Cartel Nivel Licenciatura
Ruteo de entrega de productos para una empresa de e-commerce.
Echeagaray Gonzalez Juan Pablo
Emily Rebeca Méndez Cruz
Verdnica Victoria Garcia de la Fuente
Carolina Longoria Lozano
Instituto Tecnoldgico y de Estudios Superiores de Monterrey


https://www.smcca.org.mx/Productos_y_Resultados_2022
https://www.smcca.org.mx/Productos_y_Resultados_2022
https://www.youtube.com/channel/UC0rIXGJ1Qx7OVURphWTykXQ
https://www.facebook.com/enoan
https://www.facebook.com/SMCCA.org.mx
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Mejor Cartel Nivel Maestria
Analisis numérico del rango de operacion de un motor de ignicion por carga homo-
génea con recirculacion de gas de la combustion.
América Eileen Mendoza Rojas
Juan Manuel Garcia Guendulain
Rodrigo Hernandez Alvarado
Universidad Politécnica de Querétaro

Cobertura de las actividades

De acuerdo al registro oficial del Certificado de Inscripcion a la ENOAN 2022, se contd con la asistencia de
119 personas, de las cuales un 27.73% pertenecia al género femenino y un 72.27% al género masculino. Cabe
aclarar que en la cédula de registro, se considero la opcidon de "Prefiero no contestar", pero no se obtuvo
ningun registro con esa respuesta, por lo que no aparece en la Grafica 1.

Género asistentes

804

70+

60+

50

40-

Porcent aje

304

204

104

Mujer Hombre
Género

Percent vithin all data.

Figura 1. Grafica de porcentajes del género de los asistentes a la
XXX ENOAN

Los intervalos de edades que se establecieron en la cédula de registro fueron de los 18 afios a mas de 64
anos, que eran las edades probables de la audiencia para este tipo de evento (jovenes, adultos y adultos
mayores), y los resultados que se obtuvieron con respecto a la edad se presentan en la Tabla 2 y Figura 2.
Se puede observar que el mayor nimero de personas se dio en el rango de 25 a 34 afos (27.74%), seguido
por el rango de 35 a 44 anos con el 23.54% y el rango de 18 a 24 afios con 21.0%, siendo el menor nimero
de asistentes en las edades adultas de 55 a 64 afios con 6.72%. Es interesante ver que hay una participacion
de aproximadamente del 21% de jovenes que desde sus primeros semestres de la licenciatura estén deci-
diendo participar en la ENOAN.
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Intervalos de edades Porcentaje de asistentes

18a24 21

35a44 23.54

55 a 64 6.72

TOTAL 100

Tabla 2: Porcentaje de asistentes al evento por intervalos de
edades.

Mayor nimero de asistentes por intervalos de edades
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Figura 2: Gréfica de porcentajes por intervalo de edades de ma-
yor a menor de los participantes.

En la Figura 3 se muestran las frecuencias cruzadas edad-género, en la que se muestra que en todos los
rangos de edad de 18 a 64 afios y mas, se tuvo mayor porcentaje de asistencia de hombres que de mujeres,
siendo una diferencia menor de participacion de género en el intervalo de edades de 18 a 24 afos.

A continuacién se muestra en la Figura 4, los porcentajes de asistentes en cada una de las dos modalida-
des (presencial y virtual) y en la Figura 5 se presenta una grafica cruzada de porcentaje de asistentes con
respecto al género y la modalidad seleccionada por género.
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Figura 3: Grafica cruzada género-edad (por intervalo de edades).

Modalidad solicitada por los asistentes

204

10

Virtual Presencial

Modalidad
Percent within all data.

Figura 4: Grafica de porcentaje de seleccidén de modalidad de
los asistentes.

Se tuvieron asistentes de diversos paises de América (Norte y Sur) y Europa como se muestra en la Figura
6. El 95.8% manifestod tener nacionalidad mexicana y el resto 4.2% extranjera (2 de USA, 1 de Espafa, 1 de
Francia y 1 de Guatemala). Del 95.8% que indicé ser de nacionalidad mexicana, como se puede observar en
la Figura 6 y en la Figura 7, que el mayor porcentaje de asistentes 22.7% radica en la Ciudad de México, se-
guido por el estado de Yucatan, Tabasco, Nuevo Ledn y Coahuila.
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Figura 5: Grafica cruzada género-modalidad del evento.
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Figura 6: Nacionalidad de los participantes: mexicana: 95.8%,
USA: 1.68%, Espafna: 0.84%, Francia: 0.84% y Guatemala: 0.84%.

Por lo que respecta a la identificacion de pertenencia de los asistentes a alguna etnia, la respuesta se pue-
de ver en la Figura 8; el 89.2% respondio no identificarse con ninguna, 3.61% con los Mayas, 2.41% con los
Zapotecas, 1.20% con Mixtecos, 2.41% con Afromexicano y 1.20% indico ser Mestizo.
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Estado de nacimiento de |l os asistentes
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Figura 7: Lugar en el que manifiestan radicar los asistentes.

Grupos Etnicos de algunos asistentes

Porcentaje
8

Mayas Zapoteca Afromexikano Chiango Mestizo Mixteco
Grupo Etnico
Percent within all data.

Figura 8: Grupos étnicos con los que se identifican los asisten-
tes.

En la Figura 9 se presenta el porcentaje del tipo de ocupacién que tenian los participantes al evento. Se
puede observar que el 47.9% eran alumnos, el 31.09% profesores-investigadores, el 10.08% profesores, el
9.24% investigadores y el 1.68% otra ocupacion.

10
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Figura 9: Grafica de porcentajes de la ocupacion de los partici-
pantes al evento.

Es importante sefalar que gracias a que el evento se realizé en modalidad hibrida (presencial y via remota),
en esta edicion de la ENOAN se tuvo una asistencia virtual de mas del 40% de los participantes. Por otro
lado, se puede observar que como era de esperarse el mayor nimero de asistentes tenia nacionalidad me-
xicana (95.8%).

Consideraciones finales

Por ultimo es de gran importancia sefalar que el gran esfuerzo de trabajo realizado tanto por el Comité
Local (Centro de Investigacion en Matematicas, Centro de Investigacion en Matematicas Unidad Mérida y
Universidad Autonoma de Yucatan) como el Comité Nacional (aglutinados dentro de la SMCCA) en la orga-
nizacion, y contando con el importante apoyo financiero de Instituciones, Dependencias y Centros de In-
vestigacion como: CONACYT, la Sociedad Mexicana de Computacion Cientifica y sus Aplicaciones, A.C., el
Centro de Investigacion en Matematicas, el Centro de Investigacién en Matematicas Unidad Mérida, la Fa-
cultad de Matematicas de la Universidad Auténoma de Yucatan y el Departamento de Matematicas de la
Universidad de Sonora; permitié obtener un conjunto de resultados a beneficio de una comunidad cientifi-
ca conformada por alumnos, profesores, investigadores y profesionales interesados en la Computacion
Cientifica y las Matematicas Aplicadas, que incidieron en indicadores de impacto como los que se presen-
tan en la Tabla 3.

Indicador Cantidad
Total de asistentes registrados: 19
Cuerpos Académicos o Grupos de Investigacion beneficiados: 15

N
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Indicador

Cantidad

Conferencias (Diego Bricio, Humberto Madrid, Plenarias e Invitadas):

Carteles expuestos:

Investigadores y Docentes beneficiados:

Hombres beneficiados:

Numero de Instituciones Internacionales participantes:

Integrantes del Comité Local:

Aula Magna para inauguracion, conferencias plenarias e invitadas:

Salones equipados con caidn proyector y pizarrén para ponencias:

Licencias de uso de aulas virtuales de la plataforma ZOOM:

26

62

86

13

Tabla 3: Indicadores de impacto.

Finalmente, se muestran algunas imagenes de las actividades desarrolladas por los participantes de la

ENOAN 2022.

12
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Stabilizing a Josephson Junction Array Memory around
an unstable equilibrium: A control approach using a
first-order state model

Jorge Lopez Lépez!, Lorenzo Héctor Juarez Valencia®, and Roland Glowinski®

Universidad Judrez Auténoma de Tabasco
2Universidad Auténoma Metropolitana, Iztapalapa
3Department of Mathematics, University of Houston

Abstract

In this paper we consider a system of three nonlinear ordinary differential equations that model a three
Josephson Junctions Array (JJA). Our goal is to stabilize the system around an unstable equilibrium employing
an optimal control approach. We first define the cost functional and calculate its differential by using
perturbation analysis and variational calculus. For the computational solution of the optimality system
we consider a conjugate gradient algorithm for quadratic functionals in Hilbert spaces, combined with a finite
difference discretization of the involucrated differential equations.

Keywords: Josephson Junction, Cryogenic Memory, Conjugate Gradient Algorithms, Stabilization, Optimal
Control.

1 Introduction

In this article we discuss the numerical simulation of a control approach to stabilize a Josephson Junction Array
(JJA) around an unstable steady state. Our methodology relies significantly on a conjugate gradient algorithm
operating in a well-chosen control space. It has been shown recently that such an array can carry out the functions
of a memory cell operations [2, 3, 6, 10, 11], consequently this array is frequently referred as a Josephson junction
array memory (JJAM).

A Josephson junction is a quantum interference device that consists of two super-conductors coupled by a
weak link that may be, for example, an insulator or a ferromagnetic material. A Josephson junction can carry
current without resistance (this current is called supercurrent) and such a device is an example of a macroscopic
quantum phenomenon. In 1962, B.D. Josephson proposed the equations governing the dynamics of the Josephson
junction effect, namely:

v = hdo
2e dt’ (1)
I =1.5ing,

where i = h/2m, h being the Planck constant, —e is the electric charge of the electron, V' and I are the
voltage and current across the junction, respectively, ¢ is the phase difference across the junction, and, finally,
the constant I, is the critical current across the junction. The Josephson junction technology offers numerous
applications and could potentially provide sound alternatives for computer memory devices. In a 2005 US National
Security Agency (NSA) report it has been alluded that, as transistors were rapidly approaching their physical
limits, their most likely successors would be cryogenic devices based on Josephson junctions [1]. Indeed, (cf.
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[7]), “Single flux quantum (SFQ) circuits produce small current pulses that travel at about 1/3 the speed of
light. Superconducting passive transmission lines (PTL) are also able to transmit the pulses with extremely
low losses”. These are currently the fastest switching digital circuits, since (cf. [8]) “Josephson junctions, the
superconducting switching devices, switch quickly (~ 1 ps), dissipate very little energy per switch (< 1079.J),
and communicate information via current pulses that propagate over superconducting transmission lines nearly
without loss”. Recently it was suggested that a small array consisting of inductively coupled Josephson junctions
possesses all the basic functions (WRITE, READ, RESET) of a memory cell ([3, 11] and the references therein).
In the two above articles, stable zero-voltage states were identified and basic memory cell operations based on the
transitions between the equilibrium states were identified.

The equations modeling the dynamics of the inductively coupled Josephson junction array can be written in
the following dimensionless form (¢t = 1 corresponds to 4.15ps)

2
ddlgl + %% + k1(p1 — ¢2) +singy = I,
2
ddfég +’Yz%+/ﬁ(¢2—¢>1)+H2(¢2—¢3)+Sin¢2 = Iy, (2)
o3 dos

a2 tv gt Ka(¢s — ¢a) + sin¢s = I,

where I; = i; + ad;, i; being a direct current and ad; an additional energy as a current pulse. Plausible values
for the various quantities in the model are:

Y1 :0‘77"/2i 11,"}/3:07711 = l,iz :087’L3i —17 (3)

K1 = Kg = 0.1. (4)

For those regimes where the second order derivatives can be neglected (meaning the junctions are (relatively)
highly dissipative), (2) reduces to

N1 4 ki(61— 6o) +singy = I,

WQ%J”“(%7¢1)+”2(¢2*¢3)+sin¢2 — L .
V3 dcqlis + ka3 — @) + sin g = I.

The “Read/Write” operations can be performed by applying appropriate Gaussian pulses ([3, 6, 10]) in order
to drive the system from an equilibrium configuration to another one. In [5], we went beyond Gaussian pulses
and investigated an optimal controllability approach in L? to perform these transitions between equilibrium
configurations. These approach is closely related to the methodology discussed in [4] for systems modelled by
partial differential equations.

For the driving currents and coupling parameters provided in (3) and (4), the ordinary differential equation
systems (5) (and (2) with —(0) = 0) have several steady state solutions, consisting of phase triplets. In many
cases, the steady state phases are near the values 27ny, for certain integers ny, and, according to Braiman, et. al.,

([3]), equilibrium junction phases can be defined by their offsets o, from the negative cosine function’s minima,
as shown in the following equation

0k227mk+0k. (6)

Following Braiman et al., ([3]), Table 1 includes all the possible triplets of stable steady state offsets, where
2 > ny > ny > ng. For the steady states, we assumed, without loss of generality, that ng = 0, since all the phases
can be shifted by the same multiple of 2w. Also we include in Table 1 three unstable steady states, namely:
{n1,n2,n3} = {1,0,0(u)}, {2,1,0(u)}, {2,2,0(u)}. Here the description of some unstable equilibria is artificial
(in the sense that the terms o;/27 are not small and its only purpose is to be consistent with the description of
stable states).

For the set of dc currents and coupling parameters defined by (3) and (4), no stable steady state exists when
the first junction phase is about 27 (respectively 47) greater than both of the other two junction phases (see row
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Table 1: Stable and unstable equilibrium configurations for the JJAM system defined by (2) and (3). The
symbols (u) and (s) qualify the unstable and stable equilibria, respectively

‘ ny ‘ N9y ‘ ns ‘ o1/2m ‘ 09/2m ‘ o3/2m ‘ 0, ‘ 03 ‘ 03 ‘
0| 0 [0(s)|0.1992 | 0.1187 | —0.1552 | 1.2517 | 0.7458 | —0.9752
110 |0(s) no stable | equil
1] 1]0(s)|0.1810 | 0.0338 | —0.0515 | 7.4207 | 6.4958 | —0.3236
210 |0(s) no stable equil
2 | 1 ]0(s)|0.0661 | 0.1164 | —0.0437 | 12.9821 | 7.0148 | —0.2746
2 | 2 10(s)|0.1671 | —0.0443 | 0.0333 | 13.6151 | 12.2884 | 0.2092
110 |0(u)|0.0908 | 0.3591 | —0.4140 | 6.8539 | 2.2566 | —2.6015
2 | 1 [0(u)|0.1011 | 0.4539 | —0.0125 | 13.2016 | 9.1355 | —0.0786
2 | 2 | 0(u) | 0.1576 | —0.1029 | —0.5938 | 13.5568 | 11.9196 | —3.7436

where {ni,ng,n3} = {1,0,0} (respectively {ni,nq,n3} = {2,0,0})). Following Braiman, et. al., [3], for memory
cell demonstration it is sufficient to manipulate the system within the particular sets of states, namely states
{0,0,0} and {1,1,0}. The circuit of three coupled Rapid Single Joint (RSJ) unit circuits associated with model
(5) can operate as a memory cell if a set of operators can transition the system to clearly defined states and can
output a signal that discriminates memory states. The value n;, as presented in equation (6), will describe the
location of the k** junction phase. When all three junction phases are in the same sinusoidal potential well, the
system will be considered in the ‘0" state, {n1, na, n3} = {0, 0,0}. When the phases of the first and second junctions
are shifted to the next potential well (about 27 greater), the cell will be in the ‘17 state, {n1,ns,n3} = {1,1,0}.
These two states correspond to the first and third rows of Table 1. Figure 1 shows the phases of the junctions
when the systems starts from zero initial conditions. The junctions settle into the steady state ‘0’ where all phases
are close to the same multiple of 27. For convenience, in several of the following figures the phases are normalized
by 27 and in all the graphs that include different colors, color blue, red and green is associated with junction 1,
2 and 3, respectively.

—junction 1
——junction 2
junction 3

phasel(2r)

Figure 1: Time series of the phases scaled by 27, with zero initial conditions.

In this work we investigate a controllability approach in order to stabilize the phase junctions of (5) around
an unstable equilibrium. Figures 2 and 3 show the behavior of the system when the initial conditions are
approximations of the unstable equilibrium {n,ns, n3}= {1,0,0(u)}, {2,1,0(u)}, {2,2,0(u)}.

The organization of this paper is as follows. In Section 2 we focus on a methodology to stabilize the JJAM
system around an unstable equilibrium configuration, via a controllability approach. Section 3 is concerning the
practical aspects of this methodology. In Section 4 we show the numerical results and in Section 5 we give the
conclusions.
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Figure 2: Evolution to state {1,1,0(s)}(left), {2,1,0(s)}(right) from an approximation to the unstable

equilibrium {1,0,0(u)}(left), {2, 1,0(u)}(right).
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Figure 3: Evolution to {2,2,0(s)} from an approximation to the unstable equilibrium {2,2,0(u)}.
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2 Formulation of the optimal control problem for the stabilization of the JJAM
and the conjugate gradient algorithm

2.1 The approach

As we explained in the Introduction, Figures 2 and 3 show the behavior of the system (5) when the initial
conditions are approximations of the unstable equilibrium configurations {n,ns, n3}= {1,0,0(w)}, {2,1,0(u)},
{2,2,0(u)}. Our goal in this subsection is to stabilize the system (5), around an unstable equilibrium, controlling
it via one, two or three junctions i.e., we want to maintain the phase values in Figures 2 and 3 almost constant
along time. This constant value must be the initial value on each case. The approach taken here is the following
classical one, namely,

(a) Linearize the model (5) in the neighborhood of an (unstable) equilibrium of the system.
(b) Compute an optimal control for the linearized model.
(¢) Apply the above control to the nonlinear system.

Let us consider an unstable state @ = {6y, 6, 03} of (5) and a small initial variation §0 of 8. The perturbation
d¢ of the steady-state 8 in (0,T) satisfies approximately the following linear model

D01 1 1861 — 862) + 01 cos by = 0,

N=gt
gp) d?i?Q + k1(0¢2 — 0¢1) + Ka(d¢2 — 0¢3) + Sz cos B = 0, (M)
’Y3d((51?3 + r2(0¢3 — 6¢p2) + dps cos b3 = 0,

5¢p(0) = 56.

At least one of the eigenvalues of the jacobian of system (7) is positive. This means that the system can
develop blow up phenomena (in infinite time). Figures 4, 5 and 6 show the solution of (7) for the three unstable
equilibriums given by {ni,na,n3} = {1,0,0(u)}, {2,1,0(u)},{2,2,0(u)} in Table 1, respectively. The used value
for the initial perturbation was §0 = [le — 2, le — 2, 1le — 2].

800 &}
junction 1
700 == *junction 2 &
-~ junction 3 |
600 h
i 4
= i
c 500 A
=
z E
2 400 i1 £
a =
@ =
@ 300
2
=3
2
200
100 A
o
0 o ] :
1} 5 10 a a il
time tirne

Figure 4: Solution y = d¢ of (7) for the unstable equilibrium given by {ni,ns,ns} = {1,0,0(u)} and
00 = [le —2,1e — 2,1e — 2].

It is clear that the model (7) is no longer valid if 66 becomes too large but the idea behind considering the
linearized model (7) is to use it to compute a control action preventing d¢ from becoming too large (and possibly
driving d¢ to zero) and hope that the computed control will also stabilize the original nonlinear system (5) with
initial condition

»(0) = 6 + 56. (8)
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Figure 5: Solution y = d¢ of (7) for the unstable equilibrium given by {ni,ns,ns} = {2,1,0(u)} and

00 = [le —2,1e — 2,1e — 2].

Figure 6: Solution y = d¢ of (7) for the unstable equilibrium given by {ni,n2,n3} = {2,2,0(u)} and

00 = [le —2,1e — 2,1e — 2].
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2.2 The Linear Control Problem

Using the notation y = d¢, we shall (try to) stabilize the controlled variant of system (7) (the three junctions are
used to control):

1,
%% + K1(y1 — y2) +y1cosly = vy,

72% +R1(yo — Y1) + K2(Y2 — Ya) + yacos O = vy, (9)
7’3% + ka(ys — y2) + ys cos by = vs,
y(0) = 46.
via the following control formulation:
uel,
{ J(w) < J(v), Vv €U, (10)
where - .
1 k k
9w) =5 [IviPaes 3 [yl + 2y ()
0 0

and [ly|]? = |y1)* + lyal* + lys|*.

2.3 Optimality Conditions and Conjugate Gradient Solution for Problem (10)

2.3.1 Generalities and Synopsis

Let us denote by D.J(v) the differential of J at v € U = L*(0,T;3) = (L?*(0,T))3. Since U is a Hilbert Space for
the scalar product defined by

(v, W)y = /‘V(t) -w(t) dt,

the action (DJ(v),w) of DJ(v) on w € U can also be written as

(DJ(v),w) = /DJ(V)(t) -w(t) dt, Vv, w € U,
0

with DJ(v)(t) € U. If u is the solution of problem (10), it is characterized [from convexity arguments (see, e.g.,

(9])] by
DJ(u) = 0. (12)

Since the cost function J is quadratic and since the state model (7) is linear, DJ(v) is in fact an affine function
of v, implying in turn from (12) that u is the solution of a linear equation in the control space Y. In abstract
form, equation (12) can be written as

DJ(u) — DJ(0) = —DJ(0),
and from the properties (need to be shown) of the operator v.— DJ(v) — D.J(0), problem DJ(u) = 0 could be
solved by a (quadratic case)-conjugate gradient algorithm operating in the space Y. The practical implementation
of the above algorithm would requires the explicit knowledge of D.J(v).

2.3.2 Computing DJ(v)

We compute the differential DJ(v) of the cost function J at v assumming that U = L?(0,T}; 3). To achieve that
goal we will use a perturbation analysis. Let us consider thus a perturbation dv of the control variable v. We
have then,
T T T
§J(v) = [DJ(v)-dvdt = [v-dvdt + ki [y - Sydt + kay(T) - 5y (T), (13)
0 0 0

where in (13):

(i) We denote by a-b the dot product of two vectors a and b.
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(i) The function dy = {dy1, dyz, dy3} is the solution of the following initial value problem, obtained by perturbation

of (9):
1dg¥1 + k1(dy1 — Oya) + C1dy; = dvq, in (0,7,
72 B2 46, (5ys — Syn) + walBys — Gys) + Cadye = Sua, i (0,7), (14)
’Y%dgjd -+ /iQ((SJF; (5}/2) + C’«;(Syg = 5"[)3, in (07 T),

dy(0) =0,

where C} = cosfy, Cy = cos 0z, C3 = cos 3. In matrix-vector form (14) reads as follows:

{ rdoy + (K + C)dy = bv, in (0.7). 15)

dy(0) = 0.

where C' and T" are diagonal matrices with coefficients C; and v;, i = 1,2, 3, respectively, and

K1 —KR1 0
K= —K1 K1+ K2 —K2
0 —KRg Ko

We introduce now a vector-valued function p = {py, ps, p3} that we assume differentiable over (0,T); multiplying
by p both sides of the differential equation in (15), and integrating over (0,7") we obtain, after integrating by
parts, and taking into account the symmetry of the matrices I' and K, the following equation

I'p(T)-oy(T) + / {—F%p +(K+C)p } Oy dt = /p-év dt, in (0,7). (16)

Now suppose that the vector-valued function p is solution of the following adjoint system:

—I%p +(K+C)p = hy, (17)
I'p(T) =koy(T).
It follows from (16), (17) that
T T
koy(T) - 6y(T) + k1 /y~5y dt:/p-(?v dt. (18)
0 0

Combining (13) and (18) we obtain that

T T T T
/DJ(V) Sovdt = /v~5vdt + K /y dydt + kay(T) - / v+ p) - ovdt, (19)
0 0 0 0
which implies in turn that
DJ(v) =v+p. (20)

Remark 1. So far, we have been assuming that a control v; is acting on the i-th junction. The method we
used to compute D.J would still apply if one considers controlling the transition from y(0) = d¢(0) = 60 to
y(T) = d¢(T) = 0 using only one or only two controls. The same apply for the results in the next sections.

2.3.3 Optimality conditions for problem (10)

Let u be the solution of problem (10) and let us denote by y (respectively, p) the corresponding solution of the
state system (9) (respectively, of the adjoint system (17)). It follows from Subsubsection 3.3.2 that D.J(u) = 0 is
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equivalent to the following (optimality) system:

u=—p, (21)

FC(th +(K+C)y =u, in (0,7), (22)
y(0) = 46, (23)

—I‘Cfl—p + (K + C)p =kyy, in (0,7T), (24)
Ip(T)=kay(T). (25)

Conversely, it can be shown (see, e.g., [9]) that the system (21)-(15) characterizes u as the solution (necessarily
unique here) of the control problem (10). The optimality conditions (21)-(25) will play a crucial role concerning
the iterative solution of the control problem (10).

2.3.4 Functional equations satisfied by the optimal control
Our goal here is to show that the optimality condition D.J(u) = 0 can also be written as
Au=B, (26)

where the linear operator A is a strongly elliptic and symmetric isomorphism from U into itself (an automorphism
of U) and where B € U. A candidate for A is the linear operator from U into itself defined by

Av=v+ p(V)./

where p(v) is obtained from v via the successive solution of the following two problems:

{ iy + (K +Cy = v, in (0.7), &)

y(0) =0,

which is forward in time, and the adjoint system (17) in (0,7") which is backward in time. To see that operator
A is a symmetric and strongly elliptic isomorphism from I into itself consider v!, v? belonging to I and define
y', p' by

we have then
T T

T
/(Avl) vidt = /(V1 +p')-vidt= /v v dt + /p -v2 dt. (28)
0 0 0

On the other hand, we have, starting with the differential equation in (27) and using integration by parts, that

T
0:/<F%y2+(K+C)y2—v2) -ptdt
0

T T
=Tp' (T +/( r— p+K+C) )-yZdt—/v2~pldt
0 0
T T
= kyy'(T +/k1y1 - y2dt — /V2 - pldt.
0 0
This implies that
T T
/V2 -pldt = kyy (T)-y*(T) + /klyl - y2dt. (29)
0 0
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Combining (28) with (29) we obtain
T T T
/(Avl) v dt = /v1 V2 dt + koy' (T)-y*(T) + /klyl - y2dt. (30)
0 0 0
Relation (30) imply the symmetry of A; we also have
T T
/(Av).vdtz/\v\2 dt, ¥v e U,
0 0

which implies the strong ellipticity of A over Y. The linear operator A, being continuous and strongly elliptic
over U, is an automorphism of U. To identify the right hand side 8 of equation (26), we introduce Y, and Py
defined as the solutions of

T4y, + (K +C)Y, =0, in (0,7), (31)
YO(O) = 607
and
—T 4P, + (K + C)Po=h Yy, (32)
I'Po(T) =k2Yo(T).
Suppose now that y and p satisfies the optimality conditions. Define
y =Yy - Y07
p=p-P,
Subtracting (31) and (32) from (27) and (17) we obtain
do .
F%y + (K t C)y =u,1n (07 T)7 (33)
y(0) =0,
and
TP + (K +C)p=hy. (34)
I'p(T) =key(T).
From the definition of operator A it follows that
Au=u+p = -p+p = —Py; (35)

the right hand side of (35) is the vector 3 that we were looking for.

From the properties of A, problem (35) can be solved by a conjugate gradient algorithm operating in the
Hilbert space Y. This algorithm will be described in the following subsubsection.

2.3.5 Conjugate gradient solution of the control problem (10)
Problem (35) can be written in variational form as
uclU (= L*0,T;3)), (36)

From the symmetry and U-ellipticity of the bilinear form
T
{v,w} — /(Av) - w dt,
0
the variational problem (36) is a particular case of the following class of linear variational problems:

uey,
{ a(u,v) = L(v),Yv €V, (37)

where
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(i) V is a real Hilbert space for the scalar product (-,-) and the correspondent norm ||-||;

(i) @: V x V — Ris bilinear, continuous, symmetric and V-elliptic, i.e., Ja > 0 such that a(v,v) > a||v||*, Vv €
V;

(iii) L : ¥V — R is linear and continuous.

If the above properties hold, then problem (37) has a unique solution (see [4]); in fact, the symmetry of a(:, )
is not necessary in order to have a unique solution to problem (27); however, the symmetry of a(-,-), combined
with the other properties, allows problem (37) to be solved by the following conjugate gradient algorithm:

e Step 1. u® € V is given.

e Step 2. Solve

0
{ (¢%v) = a(ug, vffi(v),w ev, (38)
and set
w® = ¢°. (39)
e Step 3. For ¢ > 0, u?, g? and w? being known, compute u?*!, g?*! and w?*! as follows:
= [lg’|I* /a(w?, w?), (40)
and take
wl™ =yl — ply?, (41)
Solve PRI
{ (g7 v) = (g",'v) — ,oqal/(w"7 v),Yv €V, (42)
and compute
v =g/ llgl (43)
wq+1 — gq+1 4 ,\/qwq. (44)

e Step 4. Do n=n+1 and go to (40).
T

Let us recall that & = L2(0,T;3) is a Hilbert space for the inner-product {v,w} — fv -wdt and the
0

T
associated norm v —s 4/ [ |v\2 dt, implying that problem (10)-(36) can be solved applying the conjugate gradient
0

algorithm (38)-(44). The above algorithm takes the following form:

e Suppose
u? is given in L*(0,7;3) (u® = 0 for example). (45)
e Solve
Py’ + (K + C)y® =u’, in (0,7), (46)
y°(0) = 46. '
and then
(T 5 OBt Shtin 1), )
Ip’(T) =kay (T).
e Set
g’ =u"+p°. (48)
T o P
o If [|g%"dt < tol? max[1, [ [u°|” dt], take u = u’; otherwise, set
0 0
w! =g". (49)
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For ¢ > 0, u?, g and w? being known, we compute u?*!, g?*! and if necessary, wi*! as follows:

e Solve
{ riy? 4+ (K + C)y? =w?in (0,7), (50)
y’(0) = 0.
and then . .
-T4p? + (K +C)p? =k, in (0,7), (51)
I'pYT) =koy4(T).
Set
g'=wi'+p’, (52)
and
T
pu=lg'1”/ [ (53)
0
e Set
ut =u? — p,wi. (54)
e Set
g =g"—pE" (55)
fT |get! \Zdt
o If — 2~ < tol?, take u = u?t!; otherwise, compute
max[[|g0|?dt, [ ur+!|*dt]
0 0
T 2
J g dt
Y B— (56)
J g7 dt
0
and set
witl = gt 4y W, (57)
e Do ¢+ 1 — ¢ and return to (50).
e End of algorithm.
The state variable y? can be actualized simultaneously with the control u? since for all ¢ we have
Pyt 4 (K + C)yt = w, in (0,7), 59
yv4(0) = 6.
S0,
Py = y0) 4 (K + O)y™ — ) = ur! —ut = —p,wt, in (0,7), 50
(y* —y9)(0) =0,

which, by definition of ¥, implies that

q+1 q+1

Y =yt =y =y =y = pgy”
The practical implementation of algorithm (45)-(57), via a finite difference discretization of problem (10), will

be discussed in the following section.

25



Boletin de la Sociedad Mexicana de Computacion Cientificas y sus Aplicaciones
Ano VIII, Nimero 8, Diciembre 2022

3 Discrete formulation of the optimal control problem

3.1 Finite difference approximation of problem (10)

We approximate (10) when U = (L2(0,T))* b

UA
{ JA (At < JA(v), Wy € U, (60)
where:
e At =T/N with N a “large” positive integer.
o UL = (R3N,

The cost functional J2 is defined by

k1At o k
n et n 2 v
Py Zn P+ P2y + 22y
n=1
with v = {v"}*_, and {y"})__, obtained from v and 4 via the following discrete variant of (9):
y’ =09, (61)
and forn=1,....,. N
yn _ yn—l
FT + (K +C)y"=v" (62)

To compute y" we have thus to solve a linear system of the following type:
(T+ At(K + C))y" = RHS"™. (63)

The matrix I' + At(K + C) being a 3 x 3 matrix symmetric and positive definite, solving (63) is easy.

3.2 Optimality Conditions and conjugate gradient solution of (60)
3.2.1 Computing DJ*!(v)

Assuming that one wants to use the conjugate gradient algorithm (38)-(44) to solve the discrete problem (60), we
compute first DJ2(v). On UA = (R*)™N we will use the following inner-product

N
(vowW)ar = ALY v w" Wy ={v' L, w ={w"}L, € (RY)Y.
n=1
We have
N N
5JM(v) = At Z vVt 4 kAt Z vy oy 4 kyy™ - oy, (64)
n=1 n=1

with {§y"}¥_, obtained by perturbation of (61), (62), that is
sy° =0, (65)
and forn=1,....,. N

n—1

+ (K + C)oy™ = ov™. (66)

n

— Sy
At

Let us introduce {p"}_; € (R®)". Taking the dot product of p* with each side of equation (66), we obtain
after summation and multiplication by At :

%y

N N N
6yn B 5yn71 n n n n n
AtE FT-p’—&-AtE (K+C)6y’~p':At§ ov™ - p". (67)

n=1 n=1
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Applying a discrete integration by parts to relation (67), and considering that dy° = 0, we obtain:

¥y 4 arS TR TP o S (K 4 O)pt byt = AES ave - pr, 68
y ; AL y ; y ; v".p" (68)
or equivalently
N pn pn+l N
V. oy + At I + (K mh Sy =AY v ph.
p oy + ; A T E OOy gv p (69)
Suppose that {p"}M! verifies the following discrete adjoint system:
IpY = kay™, (70)
and forn =N, ..., 1
pn _ pn+1
It follows from (64), (69)-(71) that
N N N
STA(V) = ALY V"oV kALY Yoy + kay ™ -y = At (v 4p") v (72)
n=1 n=1 —
that is
DJ*(v) = {v" + p"}; 1. (73)

3.2.2 Optimality conditions for (60)

The optimality conditions for the discrete problem (60) are

= pn=1,.N, (74)
y? =46, (75)
yn 7yn—1
FT-i—(K—&-C)y":u” in (0,7), n=1,...,N, (76)
IpV* = kyy™, (77)
pn _ pn+1
I———+ (K +CO)p"=ky",n=N,..., 1L (78)

At

3.2.3 Functional equation for the discrete control solution of (60)

Following the letch for the continuous case we can show that the discrete version A®! of operator A and the
discrete version B2 of B satisfies the equation

AAf At ﬂAt (79)

where u®* is the discrete control satisfying the optimality condition (74). Operator A2! enjoys the same properties
than the continuous version: symmetric, strongly elliptic and continuous, allowing us to use a conjugate gradient
like (38)-(44) to solve (79).

3.2.4 Conjugate gradient solution of the discrete control problem (60)

Using y; = {y{;}g’:l to denote the discrete value of the vector-valued function y at time nAt¢ and iteration g;
similarly, uj will denote the discrete value of the control u at time nAt and iteration g, the conjugate gradient
algorithm (38)-(44) to solve the finite dimensional problem (60) reads as follow:

e Suppose
w = {{ul )2}, is given in UL = (R®)N (uy = 0 for example). (80)
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o Compute {yi}N_, = {{yn 121V, and {pp ! = {{pp 2 }M4! via the solution of
Yo = 60,
forn=1,...., N solve (81)

-1
Yo Vi (K 4 Oy = u,

and then
FpN+1 — k?2yN7
forn=N,....,1 solve (82)
pn _ pn+1

o=+ (K + O)pj = kg
e Set

8o = {gg}yjyzl = {uy + pg}ﬁ:r (83)
o If

N L
At anl ‘go |2
max[1, At Zivzl \HH\Q]

take u® = uyg; otherwise, set

< tol®, with \gg\z = |9?0|2 + |ggo|2 + |ggo‘27

Wo = 8o- (84)

For ¢ > 0, u,, g, and w, being known, the last two different from 0, we compute ug;1, 8411 and, if necessary
W1 as follows:

e Solve -
yq = 07
forn =1,...., N solve (85)
it A e
—Qar T (K + )yq =Wy,
and then
F7N+1 = k?y(]]\]7
forn=N, ..., 1 solve
p pn+1 / ' (86)
F‘A% + (K + C)ﬁ;‘ = k1yy-
e Set
gq = Wq +ﬁq7 (87)
and

AfZ|g"| /Ang; w) (88)

e Compute

Ugp1 = Uy — PgWo, (89)
and
gq+1 = {gZJrl}fy:l =8¢ — P48y (90)
o If
ALY, |g§+1|2 < tol2,
max[At S0, lgbl®, At S0 [ug |
take ut = Ug41; otherwise, compute
X legal o)
" el |
and set
War1 = g1 T Vg Wq- (92)
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e Do ¢+ 1 — ¢ and return to (85).
e End of algorithm

Similar to the continuous case, we can deduce that if y, = y(u,) then

Yor1 =Yg = —PqYq = Yo+1 = Yq — LY g

4 Numerical Results

In previous sections we have described a methodology and the respective practical algorithms to use a control on
each joint in order to stabilize the linear JJAM perturbation system around an unstable equilibrium. It is easy
to simplify the procedure and algorithm to the case when we want to control via only (any combina-tion of) two
junctions or via only one junction. However, since (according to the experiments) it is necessary to control via at
least two junctions in order to stabilize the system around an unstable equilibrium, we show only the results when
two and three junctions are used to control the system model. For the calculations we used tol?> = 10716 for the
stopping criteria in conjugate gradient algorithm, and At = 10~2 for solving the differential systems. In the next
two subsections we use as 6 the equilibrium given by {ni,ns,n3} = {1,0,0(u)} and 60 = [le — 2,1e — 2, le — 2;
the time interval under consideration being [0, 2]. Finally we apply iteratively this control process to stabilize in
the longer interval [0, 7] using 10 subintervals of length 2.

4.1 Controlling via two junctions

When controlling via two junctions only the case when using junctions 2 and 3 is a successful one (for all values
of k; and k). In Figures 7 and 8 are shown the respective results.

k1=10; k2=10 k1=10; k2=10* k1=10; k2=10° k1=10; k2=10 k1=10; k2=10° Kk1=10; k2=10°
0= 0——=m 0——== 0.02 0.02 0.02
0.02| £ 002 & 0.02( & 001 001 001
0.04 0.04 0.04 o o 0
0 1 2 0 1 2 0 1 2 0 1 2 o 1 2 0 1 2
time time time time time time
k1=10% k2=10 Kk1=10°% k2=10° k1=10% k2=10° k1=10% k2=10 Kk1=10% k2=10° Kk1=10% k2=10°
05 05 05 0.02 0.02 0.02
O‘ ‘ 0‘ | G‘ ‘ 001M 001M OmKJ
-0 5F ‘ 0. J | 05 f ‘ 0 0 0
0 1 2 %0 1 2 0 1 2 0 1 2 o 1 2 o 1 2
time time time time time time
K1=10% k2=10 K1=10% k2=10° k1=10% k2=10° Kk1=10% k2=10 K1=10% k2=10% K1=10% k2=10°
2 | ‘ 2‘ | 2 | ‘ 0.01 001 001
0 0 0 0.005 N 0.005 N 0.005 N
l | Ll |l \ . . .
0 1 2 “o 1 2 7o 1 2 0 1 2 0 1 2 0 1 2
time time time time time time

Figure 7: u® (left) and |[y®*(-)|| (right) for several values of k; and k,. The unstable equilibrium 8 is given
by {ni,na,n3} = {1,0,0(u)}. The junctions used to control are 2 and 3.

K1=10; k2=10 K1=10; k2=10° K1=10; k2=10°
20
0 ~— 0 ~— | 0 ~—
20 20 20
o 5 10 15 0o 5 1 15 0 5 10 15
iteration iteration iteration
k1=10% k2=10 k1=10% k2=10° k1=10% k2=10°
20 20
OM { 0}\"‘\%‘ | OM |
20 20 20
0 50 0 50 [ 50
iteration iteration iteration
k1=10% k2=10 k1=10% k2=10° k1=10% k2=10°
20 20 20
20 20 20
0 100 200 0 100 200 0 100 200
iteration iteration iteration

Figure 8: Ln|g2!|| for several values of k; and ky. The unstable equilibrium 6 is given by {ni,ny, ng} =
{1,0,0(u)}. The junctions used to control are 2 and 3.
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4.2 Controlling via three junctions

Figures 9 and 10 show the results when the three junctions are used to control. As we can see, for all values of
the penalty parameters, the linear system is controlled.

k1=10; k2=10 Kk1=10; k2=10° k1=10; k2=10° K1=10; k2=10 k1=10; k2=10° k1=10; k2=10°
0 0 0 — e 0.02 0.02 0.02
OOZV 70.02% 7002% 001k 001K OO‘K
-0.04 0.04 0.04
0 0 0
0 1 2 0 1 2 0 1 2 0 1 2 o 1 2 0 1 2
time time time time time time
k1=10% k2=10 k1=10% k2=10° k1=10% k2=10° k1=10% k2=10 k1=10% k2=10° k1=10% k2=10°
0 5l ‘ o. 5l | 05 l ‘ 2 0 0.02
oFr ‘ or | 0 r ‘ 0.01 001 001
05 05 05 o 0 0
0 1 2 % 1 2 0 1 2 0 1 2 o 1 2 0 1 2
time time time time time time
k1=10% k2=10 k1=10% k2=10° k1=10% k2=10° x10° Kk1=10% k2=10 x10° K1=10%k2=10°  xq0° K1=10%K2=10°
ol |l |l \ ; ; :
ol |l | ol \ 1‘ 1\ { 1\
-1 - Kl 0 0
0 1 2 "o 1 2 o 1 2 0 1 2 0 1 2 0 1 2
time time time time time time

Figure 9: u®* (left) and |ly2!(-)|| (right) for several values of k; and ks. The unstable equilibrium 6 is given
by {ni1,n2,n3} = {1,0,0(u)}. The junctions used to control are 1, 2 and 3.

Kk1=10; k2=10 k1=10; k2=10° Kk1=10; k2=10°
20 20 20
0 \ 0 \ 0 \
20 20 20
0 10 20 o 10 20 o 10 20
iteration iteration iteration
k1=10% k2=10 k1=10% k2=10° k1=10% k2=10°
20 20 20
20 20 20
0 50 100 o 50 100 o 50 100
iteration iteration iteration
k1=10% k2=10 k1=10% k2=10° k1=10% k2=10°

20 20 20
-20 -20 -20
0 100 200 300 0 100 200 300 0 100 200 300
iteration iteration iteration

Figure 10: Ln||gqm|| for several values of k; and k. The unstable equilibrium 6 is given by {ni,ns, n3} =
{1,0,0(u)}. The junctions used to control are 1, 2 and 3.

For the particular values ky = 1F + 3 and ky = 1FE + 3 of the penalty parameters we show in Figure 11 the
controls and the norm of the solution of the nonlinear system (the behavior of the solution of the linear system
is shown in Figure 9).

In Figure 12 we show the solution for the linear and nonlinear model, using controls in Figure 11 (we continue
from t = 2 to ¢ = 20 with no control).

4.3 Controlling via three junctions in the interval [0,20]

To control during the whole time interval (0,20) we have divided the time interval into subintervals of smaller
length AT =T/Q = 2, and we denote gAT by T, for ¢ = 1, ..., Q; we proceed then as follows:

e For g = 0, we denote by yy the difference ¢, — 6, and we solve the associated linear control problem (9)-(11)
in [0, T1]; let us denote by u; the corresponding control. This control is injected in (5) with initial condition
(8) and d0 = yy, and we denote by y; the difference ¢(77) — 6.

e For ¢ > 0, we denote by y, the difference ¢(T}) — 6; we solve the associated linear control problem (9)-
(11) in [T, Ty41], with yo replaced by y,, and we denote by ugy1 the corresponding optimal control. The
control u, is injected in (5) with initial condition (8) and 660 = y,, and we denote by y,+1 the difference
&(Tyi1) — 6.

e We do ¢ = ¢+ 1 and we repeat the process.
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Figure 11: Optimal controls (left), and Euclidean norm of the controlled solution ¢*! of the nonlinear system
(right).
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Figure 12: Extended controlled solution y2* of the linear perturbation model (left), and extended controlled
solution ¢ of the nonlinear system (right). After ¢ = 2 the controls are extended as cero.
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The above time partitioning method has been applied with ¢, = @ + J0 and 660 = [le — 2,1e — 2, 1e — 2], the
time interval under consideration being [0, 20]; we have used AT = 2.0. After ¢ = 20, we have taken v = 0 in
(9) and in (5) to observe the evolution of the suddenly uncontrolled linear and nonlinear systems. The results
are reported in Figure 13. We observe that the system is practically stabilized for 1 < ¢ < 20, but if one stops
controlling, the small residual perturbations of the system at ¢ = 20, are sufficient to destabilize the linear and
nonlinear systems and induces the nonlinear one to transition to a stable equilibrium in finite time.

0.05 0.25
0 T T T T T T
0.2
-0.05
0.15
o 01
K] 3
€ <
8 0.15
| 0.1
-02f
0.05
-025f
03 . . . . . . . 0
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
time time
10
9.5-
ol
85
sl
75F
7 . . . . . . .
0 5 10 15 20 25 30 35 40

time

Figure 13: Controls calculated each two seconds (top-left); Euclidean norm of the controlled solution y**
using the controls in the top (top-right); Euclidean norm of the controlled solution @>! using the controls in
the top-left (bottom).

5 Conclusions

We have stabilized the phases of a JJAM model, around an unstable equilibrium by using the classical approach:
linearize the state model around the unstable equilibrium; control the linear model in order to stabilize it around
the unstable equilibrium; apply the linear control to the nonlinear model and hope this control will also stabilize
it. Since the time interval is large (¢ € [0,30]) in certain applications, and could be that the linear control do
not stabilize the nonlinear model, we subdivi-ded the original interval into subintervals and calculate iteratively
the linear control on each subinterval, obtaining a piecewise control that stabilize not only the linear model but
also the nonlinear one. For an efficient calculation of the control we formulated an operational linear equation
satisfied by the control. The associated operator is self-adjoint and elliptic, so a conjugate gradient algorithm for
quadratic functional was used.
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Parameter estimation in ODEs. Modelling and
computational issues

Lorenzo Héctor Judrez Valencia! and Jessica Rojas’
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Abstract

In this work we discuss a variational approach for the determination of the parameters of systems of ordinary
differential equations (ODE). We construct a model for fitting observed noisy data into the given dynamical
system. Also we explain in detail the advantage of using the adjoint equation method to compute the
derivatives or gradients, which are needed for the application of gradient methods and quasi-Newton algorithms
to find the minimum of the cost function. In particular, we consider two classic iterative algorithms: the
conjugate gradient (CG) algorithm and the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm. For
educational purposes we try to explain several numerical and computational issues with some detail and
illustrate them with the Susceptible, Exposed, Infected, Recovered, and Deceased (SEIRD) epidemiological
model.

Keywords: Inverse problem, noisy data, parameter determination, adjoint method, variational approach.

1 Introduction

Systems of ordinary (and partial) differential equations are an important tool to model the physical state of a
real phenomenon that arise in many areas of applied sciences and engineering. Predicting the future behavior or
allowing control of these processes requires not only accurately describing the system but also finding or improving
its parameters. Estimation of unknown or inaccurate parameters in turn requires fitting partially observed noisy
data or experimental measurements to the model. More generally, in the statistics and machine learning literature
various methods have been employed to fit differential equations to data, from maximum likelihood approaches,
[13] to Bayesian sampling algorithms, [4] or traditional deterministic approaches. Thus, parameter estimation
needs efficient ODE (forward) solvers, optimization routines, statistical and possible stochastic procedures. There
are several stochastic, deterministic and hybrid optimization routines [3]. Contrary to stochastic algorithms,
deterministic ones are computationally efficient but they tend to converge to local minima. However, they
are the departure point in many applications and in the design of better and efficient procedures. For these
methods the gradient is combined with information from line searches or methods involving a Newton, quasi-
Newton (low-rank) or Fisher information based curvature estimators to update model parameters, [10]. The
main computational bottleneck in these algorithms is the computation of the gradient (or the curvature) of the
parametric cost function. Then, efficient methods to evaluate gradients or for parametric sensitivity analysis of
differential-algebraic models is important, no only for the determination of parameters, but also in other areas of
application like model simplification, data assimilation, optimal control, process sensitivity, uncertainty analysis,
and experimental design, among others, for a wide range of scientific and engineering problems.

In this work we concentrate in deterministic optimization procedures, mainly those for quadratic non-linear
programming and based on gradient methods and quasi-Newton algorithms. Our purpose is to explain in some
detail modelling, algorithmic and computational issues to a wide, and possible non-expert, audience. In Section 2
we introduce the quadratic non-linear model that incorporates noisy data into the cost function and it is adapted
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to the SEIRD epidemiological deterministic model, which is employed to illustrate the algorithms and their related
computational issues. Section 3 is devoted to explaining the adjoint equation method for computing gradients
of the given cost function and its advantages over other methods. In section 4 we describe the CG and BFGS
optimization algorithms and discuss important computational issues. Numerical results are shown in Section 5
and finally, in Section 6, we give some conclusions and perspectives for future work in order to improve the model
and overcome some drawbacks and algorithmic problems.

2 The quadratic model

Let x(t) € R? be a state variable at time t € I = [to, ] of a continuous time ordinary differential equation (ODE)
satisfying the following initial value problem:

x(t) = £(t,x(t),0),  x(to) = xo, (1)

where the upper dot on the left hand side denotes derivation with respect to time. The vector function f :
R x R? x R™ ++ R? depends on the parameter vector & € R™ with np the number of parameters. The solution
at time ¢ of this problem is denoted by x(t; x, @) when its dependence of x¢ and 6 is made explicit. Frequently,
we use the short notation x(¢) for simplicity, like in equation (1) above. A set of vector measurements at times
to <ty <...<ty <t;in I are available:

Xz:X(tl7x070)+€l, i= 17"'7m/ (2)

where €; € R? are independent random vectors and represent measurement errors with a multivariate Gaussian
distribution having zero mean and vector variances o? € R% In many problems not all components of the state
x(t) are observable, so this vector variable is decomposed in observable variables X and non-observable variables x,
which can be regarded as orthogonal projections of x over the coordinates of these observable and non-observable
variables. A model to estimate the unknown parameter vector @ and the initial conditions xg, from the given
measurements, relays on the minimization of the least squares objective function

1 m
P>
where the state variable x(¢) is subject to satisfy the ODE (1). The first norm is the euclidean norm in R and

the norms into the sum are the euclidean norms in R"°, no = number of observable variables. The fixed vector s,
denotes an experimental measurement of the initial conditions.

2

; (3)

no

1
K(Xoﬂ) = 5

2 _
X — So X(ts; X07 —X;

0o

Remark 1. We assume that all components of the state variable are observable at the initial time to, otherwise
the first term in (3) can be modified accordingly. The most used norms, in the construction of objective functions
0(x¢,0), are those of the form ||x||, = (Z;Ll |z;|P)/P with p =1, p = 2, p = 00. Choosing the most appropriate
norm depends on the particular application and of the properties of the state variable. As mentioned before we
use the usual euclidean norm, i.e. p = 2.

Remark 2. Observe that the quantities in (3) are vectors, so the quotients are computed component-wise. In
general, if ¥; is the covariance matriz at experimental time t;, then

[(R(t %0, 8) — %)/ (@I [2, = (%(tii %0, 8) — %) Wi(K(Li: %0, 0) — %)

where W; = 71 is the precision matriz. If the symmetric matriz W is positive definite, then it defines a norm
in the corresponding subspace of the observable variables, as |[X||,, = X' W;X. Of course, it is possible to define
the cost function (3) taking @; as the unitary vector for every i, however the minimization process using iterative
gradient methods converge faster when using the weights ;. The attraction ball around the global minimum is
also larger in this case.

Example 1. To illustrate the previous concepts and notation we consider the SEIRD epidemiological deterministic
model that describe the dynamics of the propagation of an infections disease, like COVID-19, [12]. If we have
a closed constant population of N individuals, at each time t a compartmental model separates this population
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in five segments: susceptible, exposed, infectious, recovered and dead, denoted by S(t), E(t), I(t), R(t), D(t),
respectively. The system of equations they satisfy is given by

ds «a
= _Zgr
dt NS
dE  «
—=—=SI-p38F
dt NS B
dI 1
—=0BFE——1 4
il T (4)
ar_1-f
(lti T[
dD f
Al
dt T

which is complemented with appropriate initial conditions, S(to), E(to), I(to), R(to), D(to). In this system o is
the infection rate, 3 is the incubation rate, Ty is the average infectious period and f is the fraction of individuals
who die. Here the dimension is d = 5 and the state variable is the vector x(t) = (S(¢), E(t), I(t), R(t), D(t))T, the
number of parameters isnp = 4 and 0 = («, B, Ty, f)T ~ (a, 8,7, )T with~y = 1/T; and p = f/Ty. Figure 1 shows
the solution x(t), obtained with the standard RK4 solver, of (1)-(5) in the time interval [to,t¢] = [40,80] (days),
with ezact parameters @ = (o, 8,7, )T = (1,1/7,1/5,1/70)7, initial condition xo = (91647, 4853, 1755, 1620, 125)7
and total population N = 10°. The points are experimental measurements at times t; = 40 + 14, 1 < i < 13
(m = 13). Of course, not always all variables are observable, as shown in this figure. Most frequently the observed
variables reported by the medical or government agencies are those people in the population that have been infected,
recovered and died, i.e. X; = (I;, R;, D;) at times t;, so that the non-observable variables are x; = (S;, E;).

12 x10*  Exact solption with 0 = (1,1/7,1/5,1/70) and noisy data

Population size

0 et =
40 45 50 55 60 65 70 75 80
Time (days)

Figure 1: The solution of the SEIRD model and synthetic measurements with white noise.

Assuming that the total population is constant or its change is negligible during the time period, then above
system must be complemented by the conservation equation

S(t)+ E(t) +I(t)+ R(t) + D(t) = N, Vte [to,ty], (5)
so (1)-(5) describe an differential-algebraic system. Accordingly, we may modify the optimization model (6),
adding a penalized term, obtaining the extended model:

i , 1
+ 50 1= N) +§z

5 i=1

2

, (6)

3

1 —so? X(ti;%0,0) — X;
L(Xoﬂ):i Xo — So X(ti; %0,0) — X

[0 o;

The penalty parameter k may be proportional to N. The added penalized term in (6) helps stabilizing the

optimization process to estimate the initial conditions. The constant vector 1 € RY has components all equal to
one, so the scalar product xq - 1 is equal to the sum of the components of Xg.
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3 Variational approach

Our goal is to find the initial conditions x € R? and the parameters @ € R™ that minimize the cost function (6)
subject to (1) and (5), given that we have a set of noisy experimental measurements (2) at different times. Since
the model is deterministic and all the variables and functions are both continuous and smooth, we can employ
gradient descent methods or quasi-Newton algorithms and its variants. The most expensive and delicate task,
when applying these methods, is the calculation of the gradient or Jacobians of the cost function at each iteration.
Some options are available to compute these quantities as shown in [5, 6, 14], and references therein. Here, we
are interested on two approaches which are based on variational calculus.

Let z = (20,0)7 € R¥™ be the vector which contain the unknown initial conditions and the unknown vector
of parameters of the dynamical system, then to first order
VIL(z) -0z~ L(z + 0z) — L(z) (7)
where 0z = (dx¢,0)7 is an small increment of z. If we want to be more specific we can write
Vxo L(X0,0) - 0%9 + Vg L(x0,0) - 60 ~ L(xq + 0%, 0 + 660) — L(xo, 0), (8)

where Vy, and Vg denote the gradients with respect xo and 6, receptively and the dot is used to denote the
corresponding scalar products. Evaluating directly L(xo + dxo, 0 4+ 60) from (6), and simplifying, we obtain

Vo, L(x0,0) - 6%0 + Vo L(x0, ) - 66 ~ XOG_Q 50 §xo + k(xo-1— N)1- 8% 9)
0
" X(tix0,0) — X; [ OX(ti; %0, 0) 0% (t;;%0,0)
+> o7 ( e 5xo + 5o 00 ).

i=1
At the limit 6z = (6xg,50)T — 0 we obtain the gradient VL(z) = (V,, L(x0, ), Vg L(x0,0))T with the above
derivatives distributed accordingly. In (9), matrices 0X(¢;; Xo, ) /0%o and 9X(t;; Xo, 8)/00 are the Jacobians of the
observable variables X(t;; X0, @) with respect x¢ and 0, respectively. In the literature, their partial derivatives are
commonly called ”sensitivities of the observables”, and their evaluation may require considerable computational
effort. The first matrix is of size no x d and the second matrix is of size no x np, then the total number of
partial derivatives that we must compute in (9) is m x no(d + np). For instance, in the above example for the
SEIRD model, if the number of observable variables is no = 3, and there are m = 13 experimental measurements,
we have to compute 13 x 3(5 + 4) = 351 sensitivities at each iteration of a typical gradient or quasi-Newton
method. The most basic method to compute these derivatives is the finite difference method (see [14]), but it
has some disadvantages. As mentioned before, we concentrate only in variational methods, which may be more
sophisticated but they are commonly more efficient.

3.1 Variational method to compute the sensitivities

This method is also known as the “forward approach”, because a forward dynamical systems is solved to compute
the sensitivities. We consider first the calculation of the sensitivities with respect to the parameter 0, so let us
denote the Jacobian 0x(t; %o, 0)/90 by J(t;xg, 0) for simplicity. Then

J(t; %0, 0) 60 ~ x(t; %0, 0 + 50) — x(t; %X, 0).
Taking derivatives with respect to ¢, we obtain
J(t;0) 08 ~ x(t;x0, 0 + 68) — x(t; %, 6)
= f(x(t;x0,0 4 66),0 + 60) — f(x(t;%0,0), )
~ fy(x(t;%0,0), 0) J (t; X0, 0) 60 + fo(x(t; %0, 0), 0) 6.
Then, x(t) = x(t; X0, 0) and J(t) = J(t;x0, @) satisfy the following variational system:
x(t) =f(x(t),0), to<t<ty,

x(to) = Xo,
J(t) = f.(x(t), 0)J(t) + fo(x(t),0), to<t<ty, (10)
J(to) = 0.
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Last two relations in (10) form a system of matricial differential equations and its initial condition reflects the
fact that xy does not depend on #, because

J(to) = J(to; X0, 0) = 0x(to;X0,0) /00 = 0xc/90 = O (the null matrix).

A similar variational system is satisfied by the matrix with the sensitivities with respect x,. Therefore,
with this approach, most of the computational work is concentrated in the solution of two matricial systems of
differential equations and their evaluation at the experimental times ¢;, 1 <14 < m. The amount of computational
work will accumulate at each new iteration of the optimization algorithm, which in some cases may be prohibitive.

3.2 The adjoint method to compute the sensitivities

The total variation of x(t;xo, @) with respect to x¢ and 0 is given by

Ox(t; xo, 9) - 0x(t; %0, 0)

0%(t; x0, 0) = x(t; X0 + 0X0, 0 + 60) — x(t;%0,0) = e 20
X0

56. (11)

Our goal is to avoid the explicit calculation of the Jacobian matrices on the right hand side. Before we proceed
further, let us first introduce the following Hilbert spaces:
ty
[ viear < oo
to

H = H'([to, t;;RY) = {v € V]dv/dt € V},

V = L*([to, t;; RY) = {v to, 7] — R?

where the ||v( )||2 = V(t) ( ) = v(t) - v(t) is the usual scalar product in R?. Then a natural inner product in V
is given by (u, v) L -v(t) dt with induced norm given by |Jully = (u, u)/2.

Since x(t) = x(t;x¢, 0) € H satisfies the state equation (1), then the following inner product is null
-ff
[ Gt ~ tx(t). x0,0)) - plt) dt =0, Vot
to

Differentiating this expression, we get

/ttf&'((t) -p(t)dt = /ttf[ fi(x(t), %0, 0) 0x(t) + £, (x(t), X0, 0) %0 + fo(x(t), %0, 0) 60 ] - p(t) dt,

where fx, fx, and fy are the Jacobians of f with respect to x, xo and 0, respectively. Integrating by parts the
left hand side, and observing that on the right hand side [f, dx] - p = [fxT p} - 0x, [fp0%0) - p = [fg p] - 0%, and
[fo 60 -p = [fg' p} - 00, we obtain

p(t)-0%(t) ig 7/ )-6x(t) dt = / {[£] p] x(t) + [£L p] (t)-0%0(t) + [£5 p] (t)-00} dt,

and, assuming that f does not depend explicitly of x (it depends only through x, but the variation w.r.t. xq is
already accounted in §x), then

_ /{” (p(t) + [£7p] (1)} - ox(t) dt = /f 16 p] (1) - 0 dt, (12)

where 0x is given by (11) and arise in the last term of (9). One way to avoid the explicit computation of (11) is
forcing a relation with (12) by introducing the following adjoint equation

m

—p(t) = £ (x(t),0 +Zt“xo’—_ii)6[,(t—ti),tf >t >t (13)
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with dp(t —t;) the Dirac measure centred at t;. This adjoint equation (a backward in time differential equation)
contains all the information about the experimental data {X;}7,, and its variational formulation is obtained
multiplying by a differentiable test function ¢(t) and integrating:

(o) + [ ] (O} - bty dt = / Z“"“’—ﬂsn(t—mw(t)dt. (14)

The integral on the right hand side is equal to Y -, W ¢(t;). Choosing ¢(t) = 6x(t) in (14) and
substituting the result in (12), we obtain
tu X0, 0

Bl D=3 xie - | 830 ()00, (15)

to

(to) [SX(tO -‘ri

where p(t) is the solution of the adjoint equation. Finally, the substitution of this equation into (9), gives

Vzo L(Xo, 0) . (5X0 + Vg L(Xo, 0) - 00

~ X020 s+ k(xo -1 — N)1-dx0 + plto) - 6% + [/tf [fs p] (1) dt} -96. (16)
0 to
Therefore, the gradient of the objective function (6) is VL(z) = (V, L(x0, 8), VoL (xo, 8))T, with
V.o L(x0,0) = XOG_% %0 4 k(%o 1= N) 1+ plto), (17)
Vol(x,0) = /;f £a(x(1), %0, 8)7 p(1) dt, (18)

where x(t) solves the state equation (1) and p(t) solves the adjoint equation (13).

Remark 3. Formulas (17)-(18) avoid the explicit calculation of the sensitivities, they only requiere the solution
of the state equation (1) and of the adjoint equation (13), regardless of the number of experimental data, m, the
number of parameters, np, and of the observable variables, no. Furthermore, these same equations must be solved
to compute either the gradient with respect xo or with respect 0, or both gradients simultaneously.

Remark 4. The solution of the adjoint equation turns out to be the Lagrange multiplier of the optimization
problem, with objective function L(xg,8), subject to the constraint (1). To show this property, let us introduce the
Lagrangian function

ty

£0xa,0,9) = Lixa,8) + [ p(t)" [F(tx(0),6) ~ (0] . (19)

to
where p is the Lagrange multiplier associated to the given constraint, and the last term is the inner product of this
multiplier with the restriction. Our goal is to compute L0 from this expression. Formally, the second term
on the right hand side of (4) is zero because the state x(t) solves the ODE, therefore 0L/00 = OL/06. However,
the differentiation of L reveals additional information and gives more freedom. Doing integration by parts of the
term — f;f p(t)Tx(t) in (4) first, and then taking the derivative with respect to 0, we obtain

tf O
/ T xdt+/ [fx—+f9] dt
to

+ /f‘ (i)+fpr) B—dH/‘prgdt. (20)
Jio 20" "/,

oL 9L _ pox|Y

90 00 P oo,

i(x(tl X0, 9)7x,)Tzr Taj
a0 P 0|,

The first term on the right hand side is obtained directly from (6) and can be expressed as

m

Z( X(ti, X(;f)—xz) / Z( tXO _XZ)T%(SD(t—ti)dt.

i=1
Now, if p satisfies the adjoint equation (13) then the sum of first and third terms in (20) vanish, and also the
boundary term pT 2| since p(ty) =0 and 0x(ty)/00 = Q. Therefore

aew

oL oL /ff . t T
== pifydt = VeL(x0,0 :/ fo(t,x(¢),0)" p(t)dt.
=26 ), P oL(x0,0) 3 o(t,x(1),0)" p(t)

A similar development can be applied to obtain OL/0xq.
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3.3 Solution of the adjoint equation and computation of the gradient

The adjoint equation (13) is a system of ODE with backward in time propagation. We apply a change of variable
from the symmetric relation t; — 7 =t — {o:

p(t) =p(ty — (1—t0)) = palr) = p(t) = —pa(7), (21)

obtaining the equivalent system with forward in time dynamics

. X 7—7, Xo, im —i
Pa(T) = Fe(x4(7),0)" palr) + Z & 3 M (i — 1), te < T <ty (22)
m+1—i

pA(TO) = O./ (23)

which can be solved with any usual numerical ODE solver like Runge-Kutta methods.

For the SEIRD model, if the observable variables are X(t) = (I(¢), R(t), D(t))T, the adjoint equation (22) takes
the form

pAl(T) _%(T) a%ﬂ 0 0 0 pAl(T) (0)

) 10 (T 0 — 0 0 (T

Z.)“( ) aS(r) 05267) p Pa(7) s I(ri)— Im+1 Sp(s —T)
Pas (T) — -y YK B pr(T) + i=1 o2

. N N m  R(r;) Rm+1 i

Pau(7) 0 0 0 0 0f|ru(m) Lim Tt op(T = 7)
Das(T) 0 0 0 0 0] [Pas(7) s w(h( —7)

with v = 1/Th, p = f/T1 in (1). After solving this forward adjoint equation we recover the solution p of the
backward adjoint equation (13) with p(t;) = pa(Tmy1-:), i = 1,...,m or by interpolation and using (21) for other
values of ¢. The last step to compute the gradient is the calculation of the integral in (18). Observe that

soI swin o [0
T 2(t
fo(x(t),0)" p(t) = N 0 —]\J]E(t) E(t) 0 isgt;
0 0 —I(t) I |pa(t)

S(t)1(t)

) -m) |
E(t) (ps() —pa(t)) | = HO
](t)( () p:s(t))

Then, using the Simpson’s rule in a set of given times (nodes of the mesh or interpolated times) we have

[ ot 0 plo)ar = 51 S (a1 + 41 + Hr0) &N

to j=1

4 Numerical algorithms for the optimization problem

4.1 Conjugate gradient algorithm

This algorithm is one of the most important algorithms for quadratic optimization problems with positive definite
Hessians and for unconstrained continuous convex optimization. It may be considered as a variant of gradient
descent where the search directions are generated progressively based on the orthogonality of the residuals and
conjugacy of the search directions. The conjugate directions are calculated at each iteration a linear combination
of the most recent negative gradient and the last conjugate direction, as indicated in step 9 of Algorithm 1 bellow.
Its computational cost is comparable to steepest descent, but it has faster convergence, specially for ill conditioned
problems, [10].
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Algorithm 1. Conjugate Gradient Algorithm
1. Initial quess z° = 7z = (X, 0)T. 2. Initial gradient g° = VL(z%). 3. Initial direction d° = —g°. ”’Descent”’
For (>0, given z¢, g*, d°, find 2z, g, d*', doing the following 4. Find p, = arg m>161 o(p) = Lz + pd®) 5.
p>
Update 2571 = 2 + p,d’. 6. Bvaluate g = VL(z'+') "’Convergence test and new direction”” ||gt*|| < €||g°| 7.
041

ge+1 g

Take z* = z*'. Stop and exit. 8. FEvaluate 3, = 7 : [ 9. Update dt' = —g’ + 3,d*10. Make { = ¢+ 1 and
g g

go back to 4.

If 5, = 0 for all £ we recover steepest descent. Some variants for computing 3, # 0, include:

41, 041 041 (bl _ b
eFletcher-Reeves: B = % e Polak-Ribiere: §, = w
e et — g g g

o Hestenes—Stiefel: §, = e Dai-—Yuan: (3, = q

d‘- (gt —g) (g —gf)

We use the short notations F-R, P-R, H-S, D-Y, for these variants.

4.2 BFGS algorithm

This is one of the most popular quasi-Newton algorithms for nonlinear optimization. It is usually more effective
because it involves information about curvature, besides the information about the gradient. The curvature
information is incorporated by approximating the Hessian matrix during the iteration process, which formaly
plays the role of preconditioner for the gradient. The general idea about these methods comes from the second
order approximation:

L(z* 4 Az) = L(z") + VL(z")" Az + %AZTA Az,
with a matrix A close to the Hessian. Then the so called secant condition is obtained:
VL(z' + Az) = VL(z") + A Az.
Forcing the gradient to be zero (to look for a minimum), we obtain the Newton step
Az = —HVL(z"), where H=~ A7
and the following search direction d’ is obtained;
d‘=—-Hg', with d'=Az, g'=VL(z".

The Hessian and its inverse are updated at every iteration adding rank-one or rank-two matrices. The BFGS
algorithm updates the approximated Hessian with a rank-two matrix as showing in step 9 of Algorithm 2 bellow.

Algorithm 2. BFGS algorithm

1. Initial guess ans initial Hessian: z° given, and H® = I. 2. Initial gradient g° = VL(z%). 3. Initial direction
d’ = —g® 7’Descent”’ For { > 0, given z*, gf, d°, H® find z'*1, g*!, d“*', H™*', doing the following 4. Find
pe = arg IlI)1>10n o(p) = L(z* + pd®) 5. Update z+' = 2* + p,d’. 6. Bvaluate g'+' = VL(z"*") ”’Convergence test

and new direction” gt < €llg®l| 7 Do z* = z**'. Stop and exit. 8. Evaluate u = Az’ = z*' — z° and
1 vul\ uv? vvT

v=Agl =gt — g9 Update H' = (I — —— | H' ([ — —— | + —— 10. Update d**' = —H"* gt 11.
ulv ulv ulv

Make ¢ =0+ 1 and go back to 4

Remark 5. Another very popular method for least squares problems is the Gauss-Newton method and it variant,

2}"’,
i=1

with respect to xo and @ must be computed at each iteration. These partial derivatives can also be computed with

variational methods.

X(tix0,8)—X;
T

the Levenverg-Marquadt method (see [10]), where the Jacobian of the residual vector v = {
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4.3 Line Search

The most critical step in Algorithms 1 and 2 is the solution of the one dimensional optimization problem at step
4. This is not a trivial step and requires careful treatment. There are several algorithms for this problem, the
most common are line search methods and trust region methods. Some classic references are [9] and [10], or the
more recent one [15], while some publications, e,g, [1] and [11], show that this topic is still under development.

Given that we have a efficient way to compute the derivative ¢'(p) = VL(z’ + pd’) - d’, we may use the secant
method, whose iteration formula is

(o) (e = pr1) _ prr9” (o) = P’ (Pr-1)
¢'(pr) = @' (pr-1) ¢'(pr) = ¢ (pr-1)

with two initial values pg = 0 and p; ~ € %, € < 1. The initial value p; takes into account a proper scaling (see

step 5). Computing ¢’(p) requires solving the state equation (1) with initial conditions x4 + pd§ and parameter
0 + pdy, obtaining a solution that we call x’;, and then solving the corresponding adjoint equation (13) with
x =x! and 6 = 6 + pdj, obtaining the solution p/,. Thus

Pk+1 = Pk — k:1727 (25)

— az =
ph(to) + L0 Y0 g (x4 pdf] 1 - N) 1 g
¢'(p)= 7o { 0} ~

B tr L pt INT L dg
f9 (X/)v 0 + P d@) p;) dt
1,

0

(26)

Remark 6. The secant method for line search may be improved, incorporating standard bracketing strategies that
keeps track of upper and lower bounds for the location of the root [1]. We will try this enhancement in a future
work.

Remark 7. Newton’s method for line is also possible. However, it is more costly because we must compute p"(p),
i.e. the derivative of (26) with respect to p . This operation involves the solution of another two systems of ODE
at each iteration: one forward-in-time problem (related to the state equation) and a backward-in-time problem
(related to the adjoint equation), where the Jacobians fx and fg must be evaluated at different values. We leave
this task for a future work.

5 Numerical results for the SEIRD model

To validate the fitting model and the proposed optimization algorithms we consider the SEIRD model, described in
Section 2. Our base or reference true solution is the one obtained numerically in the time interval is [to, t ;] = [40, 80]
(days), parameters 8 = («, 8,7, )T = (1,1/7,1/5,1/70), initial condition x, = (91647,4853, 1755, 1620, 125)”
and total population N = 105 shown in Figure 1. Synthetic data is generated adding white noise to the
true solution with the random Gaussian generator of Matlab, with zero mean and standard deviations s(¢;) =
noise_level * x(t;) at the times t; where we suppose to have experimental measurements. The proposed model
and numerical algorithms are tested at three levels of noise, 0.05, 0.1, and 0.2. We will divide the experiments in
two parts: 1) only the vector parameter € is unknown, 2) both the initial conditions x, and the vector parameter
0 are unknown.

Example 2. Case when xq is known and 0 is unknown, noise_level = 0.1.

In many problems we are interested in recovering the vector of unknown parameters 0, assuming that we are
gwen the exact initial conditions xo and the experimental data {X;}I, at the corresponding times t;. We consider
synthetic experimental noisy data with noise_level = 0.1, where the observable variables are X(t;) = (I, Ri, D;)T
i the time window t = 40+, 1 <1i < 13. Table 2 shows the numerical results obtained with the CG-algorithm
(F-R wvariant) and the BFGS-algorithms, with initial guess 0° = (1.4,0.09,0.2,0.001)T and tolerance ¢ = 1078 to

stop the iterations. The relative error is computed component-wise.

We obtain almost the same numerical value for the computed 6 with both algorithms, the main difference is the
number of iterations for each algorithm to achieve convergence to the given tolerance. Owverall, the most important
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Table 1: Numerical results with the CG and BFGS algorithms.

Method ‘ CG (F-R variant) ‘ BFGS ‘
a° (1.4,0.09,0.2,0.001) (1.4,0.09,0.2,0.001)
Data time window ti=40+1,1<:<13 t;i=40+14,1<:i<13
€, no. iters. e=107%, 168 e=10"%, 14
Computed 6 (1.0769, 0.1425,0.2180,0.0143) | (1.0768,0.1426,0.2179,0.0143)
Relative error (0.0769, 0.0022, 0.0898, 4.8¢(—5)) | (0.0768,0.0021,0.0897,0.0001)

feature in this experiment is that the numerical computation is stable and the relative error is smaller than the
noise level 0.1 (10%) for each parameter. Figure 2 (left), shows the behaviour of ||VL(0)|| (logarithmic scale)
and clearly show the faster convergence of the BFGS algorithm. Figure 2 (right) illustrate the convergence of
the parameters 6° = (ae,ﬁé,vé,pf)T. Finally, Figure 2 shows the dynamics of the true solution x (continuous
lines) and the numerical solution obtained with the computed parameters (dashed lines), along with the noisy
data (points). We want to emphasize that the initial value for parameter 4° = 0.2 is the exact one, since this a
parameter is usually assumed to be known. However the numerical algorithms converge for other initial values,
like 4° = 0.1 or 0.8 with a similar number of iterations.

Convergence of parameters
: : T

—CG
—— BFGS

log( gradient )
)

)
Parameter value

051

4o b L L L L L . . | 0
0 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80
Iteration Iteration

Figure 2: Left: graph of log (VL(B)Z) against iteration value ¢. Right figure: Convergence of 6° =
(o/7 B¢, //)T with respect to iteration ¢ for CG (continuous lines) and for BFGS (dashed lines).

Example 3. Case when both xg and @ are unknown, noise_level = 0.1.

This problem needs a more careful treatment, we now have to compute nine parameters instead of four and the
scale of both unknowns is different: xo may have components of the order of 10° while @ has components of the
order at most 100 = 1. The initial guess ° to start iterations is the same for both algorithms (CG and BFGS).
However, the election of the initial guess x3 is more subtle. We first fiz the value of sy in model (6) with the
following formula

5
so = round(N/N)%y where N = Z@O, (27)
i=1
where Xo 1s obtained from the noisy data at t = 40. The adjustment in (3) ensures that the sum of the components
of so be equal to N = 10°. Observe that N is not guaranteed to be equal to N, because experimental data have

inherent noise. Finally, we choose X3 = sy for the CG algorithm and X = X, for the BFGS algorithm. The CG
algorithm does not always converge properly with an arbitrary initial value like Xy = Xy. Table 2 summarize the
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Figure 3: The dynamics of the true solution x(t) = (S(t), E(t), I(t), R(t), D(t))" (continuous lines) and the
one obtained with computed 6 (dashes lines), along with noisy data for the observable variables (I;, R;, D;)

numerical results.

Table 2: Numerical results for computed 6 and x, with CG (P-R) and BFGS algorithms.

‘ Method ‘ CG (P-R variant) ‘ BFGS ‘
a° (1.40,0.09, 0.20,0.001) (1.40,0.09,0.20,0.001)
x (91503, 4978, 1872, 1643, 132) (91503, 4978, 1872, 1643, 132)
Data time window ti=40+ (2 —1),1<i<8 i =40+ (20 —1),1<i<8
€, no. iters. 1073, 229 1076, 41

Computed 6 (1.0075,0.1420, 0.2018,0.0134) (1.0077,0.1419, 0.2003, 0.0132)

Relative error (0.0075,0.0058, 0.0090, 0.0590) (0.0077,0.0064, 0.0016, 0.0758)

Computed x, (91386, 4972, 1870, 1641, 132) (91340, 4996, 1844, 1681, 130)

Relative error (0.0029, 0.0245, 0.0654, 0.0128,0.0548) | (0.0034, 0.0294, 0.0505, 0.0379,0.1148)

This time the CG algorithm does not admit tolerances smaller than ¢ = 107° and also the P-R wvariant to
compute By at step 8 turn out to be more efficient than F-R. We observe that the window time for experimental
data is wider but with less data points for both algorithms. The computed @ obtained with both algorithms is
almost the same, but the computed xo exhibits more discrepancy. This lack of stability on the estimation of initial
conditions from noisy data is already known by the scientific community. In fact, if £ is Lipschitz continuous with
constant L > 0, then the sensitivity of the solution of the system (1) with respect to initial conditions is given by
[|%(t; x0) — x(¢; %0 + 6%0) || < =0 ||5x]|.

Figures 4 and 5 show information about the convergence of both methods like in the previous example. We
have only added in Figure 5 (left) a plot that shows convergence of x5. The main difference with respect to the
previous example is that convergence not only is slower for both methods but also it is not as smooth as before. The
convergence curves oscillate a lot more due to a destabilization effect of the unknown initial conditions. Howewver,
Figure 5 (right) shows that the overall numerical reproduction of the true solution x(t) is much better than in the
previous example (all curves are very close to each other).

Example 4. This last example includes numerical results obtained with the BFGS algorithm only, but with
perturbations noise_level = 0.05,0.2 for the generation of synthetic noisy measurements. Table 4 summarizes the
numerical results. Comparing these results with those for BEGS in Table 2 we observe that the speed of convergence
decreases with increasing noise_level for the same tolerance. Also, since the initial guess x3 is closer to exact xg
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Figure 4: Left: gradient behaviour obtained with the CG (blue line) and the BFGS (red line) algorithms.
Right: convergence of 8 with CG (continuous lines) and BFGS (dashed lines) algorithms.
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Figure 5: Left: convergence of xo with the CG (dashed lines) and BFGS (continuous lines) algorithms. Right:
dynamics of the true solution (continuous lines) and the numerical obtained from (x, @) computed with CG
(dased line) and BFGS (dash-pointed line) algorithms, and noisy data for observable variables (I;, R;, D;)
(points)

Table 3: Effect of the noisy data on the numerical results for 8 and xy computed with the BEGS algorithm.

[ noiselevel | 0.05 (5%) \ 0.15 (15%) \
o° (1.40, 0.09, 0.20, 0.001) (1.40,0.09, 0.20,0.001)
x) (91645, 4782, 1844, 1605, 124) (90474, 5782, 1628, 987, 129)
Data time window t;i=40+14,1<:<10 ti=40+21,1 <1< 8

€, no. iters. 1078, 30 1078, 43

Computed 0 (1.0256, 0.1356, 0.2055, 0.0143) (0.9953,0.1385,0.2126, 0.0153)

Relative error (0.0256, 0.0508, 0.0277,0.0004) (0.0047,0.0307,0.0628,0.0705)

Computed xg (91546, 4795, 1886, 1646, 127) (90759, 5780, 1637, 1690, 135)

Relative error (0.0011,0.0119, 0.0746, 0.0160,0.0194) | (0.0097,0.1910, 0.0675, 0.0433,0.0770)
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for the 5% noisy case, then the accuracy of the computed value is better in this case. This sensitivity is not so
evident in the calculation of the parameters 6, since the achieved accuracy is comparable. Another feature is that
the time window of noisy data is wider the higher the noise_level to achieve convergent results. Figures 8 and 9
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illustrate the performance of the BFGS algorithm with respect to noise_level.
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Left: plot of log(V L(x, 0)) against iteration obtained with the BFGS algorithm for 5% noisy data

(blue line) and 15% noisy data (red line). Right: convergence of 8 for 5% noisy data (continuous lines) and
15% noisy data (dashed lines).
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Figure 7: Left: convergence of xq for 5% noisy data (continuous lines) and 15% noisy data (dashed lines).

Right: dynamics of the true solution (continuous lines) and of the numerical solution obtained with 5% noisy
data (dashed lines) and 15% noisy data (dash-pointed lines). Here we only show the points with 15% noisy

data (see

Another way to enhance convergence of the optimization algorithms is adding observable variables.
instance, adding E as observable variable for the case of 15% noise and using the same numerical parameters in
Table 4, the BEGS algorithm converges in 27 iterations for the given tolerance. The best improvement, besides

Table 2).

the faster convergence, is the estimation of the initial conditions, as shown in Table 4.

Figures

8 and 9 show the corresponding improvements.

For
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Table 4: Numerical results obtained with the BFGS algorithm, adding E as observable variable.

log(gradient)

‘ Parameter ‘ Computed ‘ Relative error ‘
o (1.0106,0.1415,0.2131,0.0153) ((0.0106, 0.0092, 0.0657,0.0731)
X0 (91154, 5381, 1632,1698,135) | (0.0054,0.1088, 0.0704, 0.0480, 0.0821)
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Figure 8: Left: plot of log(VL(x,0)) against iteration obtained with the BFGS algorithm for 15%
data and observable variables (E, I, R, D). Right: convergence of 6
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Figure 9: Left: convergence of x, for 15% noisy data and observable variables (E, I, R, D). Right: dynamics
of the true solution (continuous lines) and of the numerical solution (dashed lines).
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6 Conclusions

We have introduced a deterministic model for fitting observed noisy data into a given dynamical system to find
initial conditions and the parameters of the associated system of ordinary differential equations. The classical CG
and BFGS optimization algorithms are employed to minimize the quadratic non-linear cost function. It is shown
the advantage of using the adjoint equation approach to find the derivatives or gradients. We explain with some
detail the implementation of this methods and algorithms with the SEIRD epidemiological model. However, this
approach can be equally applied to other problems modelled by ODEs.

Similar numerical results are obtained with both algorithms, CG and BFGS using the same tolerance to
achieve a given accuracy, but as expected the BFGS algorithm has better convergence properties and it is more
robust. Numerical results show that more experimental data points and more observable variables increase the
convergence properties of these algorithms. On the other hand, the higher the noise of the experimental data the
slower is the convergence of the optimization algorithms. The main drawback of the proposed methodology is
that it is sensitive to the location of noisy data and also to the initial guesses for initial conditions. However, if the
algorithms converge properly, then the numerical results obtained are more accurate when x; is also estimated
along with 6.

For future work, we want to overcome some difficulties or deficiencies that arise with the proposed model
and numerical algorithms. First, we must include explicitly into the fitting model (6) the positivity constraint
of the unknown parameters, x, and 6, specially for those that are relatively small and extend the proposed
algorithms accordingly, like in [8]. The inherent instability and difficulty to find the initial conditions may be
fixed incorporating the technique of multiple shooting, e.g. [7, 2]. Concerning the efficiency of optimization
algorithms, we still need to test the Gauss-Newton method and if necessary its variant, the Levenberg-Marquardt
algorithm. Finally, as mentioned before, the line search strategy is crucial for gradient descent algorithms. We
may improve the performance of the secant method incorporating bracketing strategies like in [1], or trying the
Newton’s method as mentioned in remark 7.
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Abstract

Wildfires are an example of a phenomenon that can be investigated using point process theory. We analyze
public data from the National Forestry Commission. It consists of wildfire records, specifically their coordinates
and dates of occurrence in Mexico State from 2010 to 2018. The spatial component was examined, and we
found that wildfires tend to cluster. Afterwards, a time series analysis was conducted. This shows that the
data comes from a stationary stochastic process. Finally, some spatio-temporal features that demonstrate
the point process’ regular behavior in space and time were investigated. This research could be a reference
to describe wildfire behavior in a specific space and time.

Keywords: Environmental statistics, point processes, spatio-temporal statistics, wildfires.

1 Introduction

Wildfires are complex phenomena with serious socio-environmental consequences, including economic and biodiversit
losses, among others. Anthropogenic factors are responsible for nearly all wildfires in Mexico State, according to
data from the National Forestry Commission (Conafor, its Spanish acronym) [9] (see Figure 1).

Agricultural, livestock or forestry activities
1

44.7%

Animal hunters _
1.9%

m Unknown
n" Trash burning
Smokers

.%H Other productive activities

Other

20.2%
Campfires ~

Deliberate

Figure 1: Mexico State wildfire causes (2010-2018).

There is plenty of specialized literature available on wildfires (see [22] and [23]). The authors of [7] use a logistic
regression model to assess the risk of wildfire in Puebla, Mexico, taking into account land cover, meteorological,
topographic, and social variables. Using two different data sources: Conafor’s open data and Modis’ (Moderate
Resolution Imaging Spectroradiometer) data, the authors of [8] show that wildfire spatial patterns in Mexico tend
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to cluster. The spatial and temporal relationships between Conafor’s wildfire records from 2005 to 2015 and the
Standardized Precipitation-Evapotranspiration Index (SPEI) were investigated [19]. Machine learning techniques
were used to determine the wildfire propensity in Mexico using Conafor’s open data [18].

The spatio-temporal behavior of wildfires could be critical for improving fire management strategies. The
point processes approach can be used to model random events in time, space, or space-time, such as wildfires. In
this study, we used point processes theory to describe the spatio-temporal behavior of wildfires in Mexico State
from 2010 to 2018.

2 Point processes basic theory

A point process is a random set in which the number of points and their locations are both random [2, p. 12].
A point process could occur in any completely separable metric space S, such as d-dimensional Euclidean space R?.

Definition 1 (Point process). The point process Y, with state space S, is a measurable mapping from a probability
space (Q, F,P) to the measure space of the point process’ realizations equipped with the counting measure,

(5.2 (59) )

Where YE = {ug : B(S) = N| pu(A) < oo, A€ B(S)} is the space of all finite counting measures on a
o-algebra B (S) of subsets of S, B (yf) is a o-algebra of subsets of the space ){? and piy is the counting
measure.

The commutative diagram in Figure 2 illustrates the point process definition.

Yiwer Yiw,s)

@FP (vt 2 (¥) ms)

Yo, (B)) 4 0 (B) YL

Yaie o Val)

—1 1
Ya'(B) e B2, (N, P (N)) @il B g3 (B)

Figure 2: Commutative diagram of point process definition.

The mapping 4 takes measures jix € yj§ and maps them into py(A). As a result, the mapping ¢4 in terms
of the point process Y is p4 : Y(w, ) — Y(w, A).

Furthermore, the commutative diagram reveals the equivalences: Y(w,A) = ¢4 (Y(w,)) = Ya(w) and
Yi'(B) = Y71 (¢3'(B)), for any B € P(N), where P (N) denotes the power set of N, so (N,P(N)) is a
measurable space, [11, pp. 8-9], [1, p. 13].

The following are some fundamental properties of a point process [1, pp. 7-8]:

i. Is additive, this is

Y(w, Al U AQ) = Y(w, Al) + Y(w, A2)7
whenever A} N Ay = &, Ay, Ay C S and of course

Y(w,2)=0.
ii. Is locally finite
P(Y(w,A) <o0) =1,
forany AC S.
iii. Is simple
P(Y(w {sh) 1) =1,

for any point s € S.
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For simplification, we will write Y (w, A) = Y (A) in the foregoing. When the point process Y is observed, we
have a point pattern denoted by Y.

In order to generate models, some assumptions about a point process must be made. Stationarity and isotropy
are the most important assumptions. The former refers to statistical invariance under translations, whereas the
latter refers to statistical invariance under rotations [1, p. 16], [3, pp. 146-147]. Nonetheless, some research on
non-stationary and anisotropic processes has been conducted (see [14] and [26, ch. 5]).

Definition 2 (Stationary point process). A point process Y on S is stationary if, for any fivzed s € S, the
distribution of the process Y + s is identical to the distribution of Y.

2.1 Poisson process

The general Poisson point process in some space S can be defined as follows [1, p. 12], [3, pp. 300-301].

Definition 3 (Poisson process). The Poisson process Y on S with intensity measure A is a point process such
that:

i. For every compact set A C S, the random variable Y (A) ~ Poisson (A(A)).

ii. If Ay,..., A, C S are disjoint compact sets, then Y (Ay),...,Y(A,) are independent random variables.
Where the intensity measure A is defined, for any A C S, as A(A) =E (Y (A)).

If the state space is S = R? x R, and the expected value of the point process Y in S x T, with S € R? and
T C Ry, can be written as follows:
E(Y(SXT))=Apur(S) u(T),
where A > 0 and uy is the Lebesgue measure, then we have the spatio-temporal homogeneous Poisson point

process [15, pp. 9-10].

The simplest stochastic mechanism for generating point patterns is the homogeneous Poisson point process.
As a data model, it is almost never plausible. Regardless, it is the fundamental reference or benchmark model of
a point process [2, p. 53].

The homogeneous Poisson point process is also known as complete spatial (or spatio-temporal) randomness.
Additionally, the Poisson point process is stationary and isotropic [1, p. 16].

Figure 3 depicts a spatial point pattern generated by a homogeneous Poisson point process.

3 Point pattern’s data analysis

Distances between points are a straightforward way to examine a point pattern. The most common statistics
used in exploratory analysis of a point pattern are as follows.

3.1 Empty-space function F'

Let Y be a stationary point process on S. The shortest distance between a given point s € S and the nearest
observed point y; € Y is denoted as d(s,Y) = min; {||s — y;||}. It is called the empty-space distance, spherical
contact distance, or simply contact distance [2, p. 83], [1, pp. 21-22], [3, pp. 261-262].

Note that
d(s,Y)<r < Y (B.(s)) >0, (1)

where B,(s) is the neighborhood of radius r centered on s.
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Y(A) ~ Poisson(i = 100 » ML(A))
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Figure 3: Simulation of a spatial homogeneous Poisson process.

B.(s)

Figure 4: Empty-space distance illustration.
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In other words, as shown in Figure 4, the empty-space distance satisfies the logical equivalence of the
biconditional (1), d(s,Y) > r < Y (B,.(s)) = 0.

Moreover, because {Y (B,(s)) > 0} is measurable, the event {d(s,Y’) < r} is measurable, implying that the
contact distance is a well-defined random element.

Definition 4 (Empty-space function F'). Let Y be a stationary point process on S. The empty-space function F
is the cumulative distribution function of the empty-space distance
F(r)y=P(d(s,Y) <r).
If Y is a homogeneous Poisson process on R¢ with intensity ), then the empty-space function is

F(r) =1—exp (= (B1(0)) 1),

(”;fl) denotes the volume of the unitary d-ball in R? and T is the usual gamma
2

where r > 0, ur (B1(0)) = T
function.

3.2 Nearest-neighbour function G

The nearest-neighbour distance, denoted by d; = min; {||y; — ;| }, is the distance between each point ¢, € Y
and its nearest neighbour in the set Y'\{y,}, [2, p. 90], [1, pp. 51-52]. It is worth noting that d; can also be
written as d; = d (y;, Y\{y,}), [3, p. 262]. This distance is depicted in Figure 5.

Figure 5: Nearest-neighbour distance illustration.

Definition 5 (Nearest-neighbour function G). Let Y be a stationary point process on S. The nearest-neighbour
function G is the cumulative distribution function of the nearest-neighbour distance

Gir)=P((s,Y\{s})<r| s€Y),
where v > 0 and s is any location in the state space S.

If Y is a homogencous Poisson process on R¢ with intensity A, then the nearest-neighbour function is

G(r) =1 —exp (=A pz (B1(0)) 7).
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In this case, we have that F'(r) = G(r), i.e., under complete spatial randomness, the points of the Poisson
process are independent of each other, so conditioning does not affect them. Therefore, F is equivalent to G, [2,
p. 91].

3.3 Intensity

The intensity function describes the first-order properties of a point process [10, p. 623], [12, p. 57].

The average number of points per spatial (or spatio-temporal) unit defines the intensity of a point process. In
this regard, intensity is analogous to the expected value of a random variable [1, p. 26].

Similarly, we can investigate the analogue of a point process’ variance or covariance throughout the second-
order properties.

As we will see in the following, the intensity measure A of a point process Y is clearly a set function, whereas
the “instantaneous” intensity function A is an atomic function.

Definition 6 (First-order intensity). Let Y be a point process on S. The first-order intensity is defined as

. E(Y(ds))
A(s)fy(igrﬁo v (ds)

where v is a suitable measure on (S, B (8S)) and ds defines a infinitesimally small region around s.

If Y is a point process on R? with intensity measure A, it satisfies
AW = [ ) e o).
A

for some function A and any A C R% Then A is called the intensity function of Y [1, p. 27]. If A is constant,
then Y is said to be homogeneous, otherwise is said to be inhomogeneous [17, p. 40]. Likewise, if the intensity
function exists, we can interpret it as follows:

P(Y(ds) > 0) =~ E (Y (ds)) ~ A(8) ur, (ds) .

The K function and pair correlation are both second-moment properties, so the second-order intensity must
be defined [12, p. 57].

Definition 7 (Second-order intensity). Let Y be a point process on S. The second-order intensity is defined as

- E (Y (ds) Y(du))
v(ds)—0 v (ds) v (du)

v(du)—0

Xo(s,u) =

We already have the fundamental elements for defining the following pair of second-order properties.

3.4 K function

The K function counts the number of locations within a certain radius of a given point (see Figure 6), [3, p. 226],
[5, p. 171]. Ripley defined it in [21]. We present the following definition [2, p. 92], [12, pp. 57-58].
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[
Figure 6: K function illustration.

Definition 8 (K function). Let Y be a stationary and isotropic point process on S with intensity X. The K
function is defined as

1
E@r)=EX¥ (Y NB.(s)\{s}) | s€Y),
where v > 0 and s is any location in S.

If S = R? and the point process Y is assumed to be stationary, then hold \; (s,u) = A3 (s — u). Also, if Y is
isotropic, hence Aa(s — u) = A2(r), where r = ||s — u||. These conditions implies that [10, p. 633], [12, p. 58],

N E(r) = THE (fl(o)) / Dhalz) 2 d (2)

The above expression provides a relationship between the K function and the second-order intensity under
the assumptions of stationarity and isotropy.

If Y is a homogeneous Poisson process on R?, then the K function is [1, p. 38],

K(r) = pr (B1(0)) .

3.5 Pair correlation function g

In general, the pair correlation function is a quotient of probabilities; that is, the probability of observing a pair
of points separated by a given distance is divided by the same probability, assuming a Poisson point process [2,
p. 94]. In the strictest sense, it is neither a distribution nor a correlation function [12, p. 57].

Some authors consider the pair correlation function to be the most informative second-order property because

it provides information more simply than, say, the K function [16, p. 218]. We present the following definition
[1, pp. 33-34], [17, p. 41].
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Definition 9 (Pair correlation function g). Let Y be a point process on S with intensity function \ and second-
moment density go. The pair correlation function g is defined as

g2(s,u)

9(8:u) = 55y Au)"

for any s,u € Y, where the second-moment density is such that
v (C) = / g2(s,u) v(ds) v (du),
c

for any compact set C C S x S, where v is a suitable measure on (S, %8 (S)) (e.g., if S = R%, so v = ), and
v (Ar x Ag) = E(Y (A1) Y(As)) —E(Y (A1 N Ap)), with Ay, Ay C S, is the second factorial moment measure of
Y.

If Y is stationary and isotropic, it follows from (2) that [12, p. 58], [16, p. 219],

K'(r)

90) = T (Bao))

We can define g graphically by taking two concentric circles with radius r and r + Ar, where Ar is a small
increment, and counting the points that fall within the ring (see Figure 7), [3, pp. 225-226].

Figure 7: Pair correlation function ¢ illustration.

If' Y is stationary and isotropic, the expected number of locations in the ring is A K (r+Ar)—A K(r). Dividing
it by the expected value of points assuming a Poisson process, we obtain

MK (r+ Ar) — K(r))
A (B1(0)) ((r + ar)* = )
K(r+ Ar)— K(r) . (3)
i (B1(0)) (g ()ro-rrk )

gar(r) =
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All binomial expansion components in the denominator of the second line in (3) lose significance except for
d r*TAr, so
K(r+ Ar) — K(r)
ur (B1(0)) dri-tAr

gar(r) =

Taking the following limit, we get

) o K(r+Ar)—K(r)
A, 9ar(r) = i B (0) 7 A
__ KO
d pr (B1(0)) 7t
=g(r).

If Y is a homogeneous Poisson process on R%, then the pair correlation function is g(r) = 1.

4 Wildfires’ data analysis

Conafor data are licensed for free use (see details in https://datos.gob.mx/libreusomx). It includes wildfire
geographical coordinates and dates, as well as variables like forest type affected and severity, among other things.

4.1 Spatial analysis

This spatial analysis focuses on the F' and G functions to determine whether the wildfire spatial point pattern is
aggregated, complete spatial random, or regular. In addition, the intensity was estimated to support the evidence
about point pattern behavior.

Plotting the spatial point pattern is a good starting point for understanding its behavior.

Figure 8 shows the spatial point pattern. The wildfires do not appear to be the result of a Poisson process.
There are multiple ways to prove if a point pattern comes from a Poisson point process (see [3, ch. 10]).
The simulation envelopes provide a formal way to decide if the spatial pattern comes from the Poisson process.

It is equivalent to performing a hypothesis test. The simulation envelopes are obtained under the assumption of
a Poisson process [2, pp. 98-99], [3, pp. 268-271], [5, pp. 161-163].

If the empirical curve falls within the envelope, we can conclude that the point pattern comes from a Poisson
process.

Figures 9 and 10 show the estimated F' and G functions, as well as the theoretical functions for the Poisson
process and simulation envelopes. For this, we use the R package spatstat [4].

Clearly, the spatial point pattern does not follow the Poisson model.

In Figure 9 note that ﬁobs(r) < Fineo(r), i.e., the point pattern has longer empty-space distances than a Poisson
process. This suggests a clustered point pattern [2, p. 86]. While in Figure 10 we observe that Gops(r) > Gineo(T),
i.e., the point pattern has shorter nearest-neighbour distances than a Poisson model, indicating a clustered pattern

2, p. 91].

Figure 11 depicts the estimated intensity using a Gaussian kernel with bandwidth of 17 km. It can be used
to locate wildfire hotspots.
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Figure 10: Estimated G function and simulation envelopes.
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4.2 Time series analysis

This time series analysis was carried out to describe the temporal behavior of wildfires. Figure 12 displays the
daily number of wildfires. This immediately suggests that the wildfire time series is seasonal.

Time series of Mexico State wildfires

40

20 —

Daily number of wildfires

2010 2011 2012 2013 2014 2015 2016 2017 2018
Time
Figure 12: Time series of Mexico State wildfires.
The augmented Dickey-Fuller test is used to prove that the time series is seasonal (see details in [6, pp. 169-

173]). This test is included in the R package tseries [25], where the null hypothesis is that the time series is
non-stationary, against the alternative hypothesis that the time series is stationary.

Table 1 displays the results of the augmented Dickey-Fuller test for the wildfire time series, with a significance
level of a = 0.05.

Test statistic p-value
-5.1037 < 0.01

Table 1: Augmented Dickey-Fuller test results.

4.3 Spatio-temporal analysis

To demonstrate clustering or regularity in a spatio-temporal point pattern, the space-time inhomogeneous K
function (STIK) and space-time pair correlation function (STPC) can be used [15, p. 6].

On the assumption that the point process Y on R? is second-order stationary, that is, their first-order and
second-order properties are invariant under translations, the K function is [13, p. 45],

T
K(r) = (B(0) [ gl # ()
0
In addition, a spatio-temporal point process is second-order intensity reweighted stationary and isotropic if its
intensity function is bounded away from zero, and its g function is solely determined by (u, v), where v = ||s; — s;||

and v = |t1 — tj|, with Si, Sj S Rz., ti7t]' S ]R+7 [15, p. 3]

Let Y be a second-order intensity reweighted stationary and isotropic spatio-temporal point process with
intensity A; then, from (4), its STIK function is, [15, p. 6], [13, p. 45],

Ksr(u,v) = 277/ / g(w, 2) wdw dz,
o Jo

where g(u,v) = % is the spatio-temporal pair correlation function g of Y.
isli L]
For any inhomogeneous spatio-temporal Poisson process with intensity bounded away from zero,

Ksr(u,v) = nuv.
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Figures 13 and 14 show the estimated STIK function in contour and perspective plots, respectively.

The values K s7(u,v) — muv were plotted in order to use them as a measure of spatiotemporal aggregation or

regularity. According to [13, p. 45], K s7(u,v) — mu?v < 0 indicates regularity.
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Figure 13: Estimated STIK function contour plot.
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Figure 14: Estimated STIK function perspective plot.
Figures 15 and 16 illustrate estimated STPC function in contour and perspective plots, respectively.
For a spatio-temporal Poisson point process, g(u,v) = 1. This reference can be used to determine how much
more or less likely it is that a pair of events will occur at specific locations than in a Poisson process of equal
intensity [15, p. 3].

Surface behavior is regular; that is, there is yearly seasonality at distances less than 10 km, implying spatio-
temporal regularity.

5 Conclusions and perspectives

The spatio-temporal point pattern of Mexico State wildfires from 2010 to 2018 tends to cluster spatially, as shown
by Figures 8, 9, 10, and 11.
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Figure 16: Estimated STPC function perspective plot.
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While the temporal behavior is stationary, as illustrated in Figure 12 and Table 1, there is a yearly wildfire
season during the first semester of each year.

Finally, as shown in Figures 13, 14, 15, and 16, we demonstrate that the spatio-temporal behavior is regular.
This means that wildfires tend to occur in the same season and in the same areas each year. This regular spatio-
temporal behavior suggests that the underlying point process is predictable in some ways.

This research could be expanded by looking into models such as spatio-temporal log-Gaussian Cox processes
[24], which can be used to make spatio-temporal predictions.
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Appendix
This analysis was performed using the statistical programming language R [20]. The developed code is available

in the repository:

https://github.com/LuisMunive/Spatio-temporal-point-process-analysis-of-Mexico-State-wildfires.
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