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Outline of the talk

* Proper Orthogonal Decomposition POD
*Local POD

* Qur proposals:
* Overlapping
* HROM with multiple bases

* Examples run in Kratos Multiphysics
* Conclusions
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Proper Orthogonal Decomposition

Solution manifold: M = {u(u) | € P } c R*

Full Order Model (FOM)

r(u;n) =0
u € R™: state vector
U € P c RP: parameters vector

Reduced Order Model (ROM)

'r(®qp)=0
q € R*: reduced state vector

A MUCH SMALLER SYSTEM!

Letu =~ & q
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Proper Orthogonal Decomposition

S®lve the FOM using Finite Elementsto find u(u)
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Proper Orthogonal Decomposition

*e Take the SVD of § = UEVT ~ U, X,V
S = U %
VT
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Proper Orthogonal Decomposition

*e Take the SVD of § = UEVT ~ U, X,V

S ~ Uk
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Proper Orthogonal Decomposition

*e Take the SVD of § = ULVT ~ U, X, V!
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Proper Orthogonal Decomposition

Full Order Model (FOM) Solution manifold: M' = {u(u) [p € P} c R"

r(u;n) =0
u € R™: state vector
U € P c RP: parameters vector M

Letu =~ & q

Reduced Order Model (ROM)

A MUCH SMALLER SYSTEM! PROBLEM: STILL EXPENSIVE TO »

MOUNT THE SYSTEM
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Hyper-reduction

The goal is to find a subset of elements and corresponding weights by solving an optimization problem

(E,W) = argmin ||{[|o
Where G = G((b, R) parameters G

s.t. |61 —G7lI3 < €|c1]l3
(i=0

elements

NP-HARD. Solving via greedy procedure

B 2
(E,W) = argmin zgz - z giw;
i=1 i€E 2 , . .
(Hernandez, 2020): doi.org/10.1016/j.cma.2020.113192
s.t. w; >0
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Hyper-reduction

Assembly comparison FOM vs HROM:

nelem nelem
( [] Ae)u= [] 5 o) (Z ¢ZAed>ewe)q=Z¢Zbewe

e=1 e=1 eEE e€EE

FOM Simulation HROM Simulation

EXCELENCIA
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Hyper-reduction

(z D, A, P, a)e>q = z b, w,

HROM Simulation
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POD weaknesses and strengths

e Straightforward procedure for training and inference

* Not ideal for certain problems(convection dominated, highly
nonlinear)
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Local POD

Full Order Model (FOM)

r(u;p) =0
u € R™: state vector
U € P c RP: parameters vector

Reduced Order Model (ROM)

T
d)l r(fbl q,ﬂ) =0
q € R* : reduced state vector

Solution manifold: M = {u(u) | € P } c R*

Letu ~ ®! q
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Local POD

Full Order Model (FOM)

r(u;p) =0
u € R™: state vector
U € P c RP: parameters vector

Reduced Order Model (ROM)

T
d? 1'(2(1)2 q,ﬂ) =0
q € R : reduced state vector

Solution manifold: M = {u(u) | € P } c R*

Letu ~ ®! q

EXCELENCIA

CIMNE®° 9 SEVERO

, OCHOA

IRATOS

MULTI—PHYSICS

y |



Local POD

Full Order Model (FOM)

r(u;p) =0
u € R™: state vector
U € P c RP: parameters vector

Reduced Order Model (ROM)

T
®3 1'(3(1)3 q,ﬂ) =0
q € R : reduced state vector

Solution manifold: M = {u(u) | € P } c R*

Letu ~ ®! q
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Local POD. K-means

Given: {uj};.il

Find centroids: {c;}*_, and assignments: s;;

k m
. 2
min Sij ||u] — C,:”2
j=1 1
S. t.ZSij = 1,

L

Sij € {0,1}

Solve via alternating minimization:

6. = 1 nearest centroid
H 0 otherwise

Ci =

m . » -
_ Lj=15ijY

m
j=15ij
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Animation from Wikipedia
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Local POD. Building multiple bases

Wse an unsupervised learning method to build clusters

1. Get Non-overlapping clusters S;i = kmeans(S)

. -
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Local POD. Building multiple bases

Wse an unsupervised learning method to build clusters
1. Get Non-overlapping clusters S;i = kmeans(S)

2. Add some overlapping S;“ = overlap(S;)
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Local POD. Our overlapping proposal

(Farhat, 2012): doi.org/10.2514/6.2012-2686
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Local POD. Our overlapping proposal

(Farhat, 2012): doi.org/10.2514/6.2012-2686
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Local POD. Our overlapping proposal

(Farhat, 2012): doi.org/10.2514/6.2012-2686
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Local POD. Our overlapping proposal

(Farhat, 2012): doi.org/10.2514/6.2012-2686
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Local POD. Our overlapping proposal

(Farhat, 2012): doi.org/10.2514/6.2012-2686
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Local POD. Our overlapping proposal

(Farhat, 2012): doi.org/10.2514/6.2012-2686

Our overlapping proposal

EXCELENCIA
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Local POD. Our overlapping proposal

(Farhat, 2012): doi.org/10.2514/6.2012-2686

Our overlapping proposal
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Local POD. Our overlapping proposal

(Roweis,2000):doi.org/10.1126/science.290.5500.2323

(Farhat, 2012): doi.org/10.2514/6.2012-2686

Our overlapping proposal
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Local POD. Our overlapping proposal

(Roweis,2000):doi.org/10.1126/science.290.5500.2323

(Farhat, 2012): doi.org/10.2514/6.2012-2686

Our overlapping proposal
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Local POD. Our overlapping proposal

(Farhat, 2012): doi.org/10.2514/6.2012-2686

Our overlapping proposal
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Local POD. Our overlapping proposal

(Farhat, 2012): doi.org/10.2514/6.2012-2686

Our overlapping proposal
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Local POD. Our overlapping proposal

(Farhat, 2012): doi.org/10.2514/6.2012-2686 Our overlapping proposal
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Local POD. Example 1

(Farhat, 2012): doi.org/10.2514/6.2012-2686 Our overlapping proposal

Vtk ¥
Simulation Results - 0 @ Simulation Results

9 Move the sliders to change the loads on the Plunger Move the sliders to change the loads on the Plunger

STOP CONTINUE STOP CONTINUE

Cluster: 7




Local POD. Overlapping proposal

Locally Linear Embedding LLE:
1. Get Non-overlapping clusters S; = kmeans(S)

N
. 2
mclnz lx; — 2cijxill2 2. Add necessary overlapping ST = overlap(S;)
Jj=1

s.t. ¢j=0 if x; notk— NN to x;
N Each cluster S| should consist on its snapshots,

Z cij =1 and the neighbours of its snapshots

i=1

(Roweis,2000):doi.org/10.1126/science.290.5500.2323
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Local POD. Hyper-reduction

Reduced Order Model (ROM)

<I)3Tr(<l>3q;u) =0

G = G(®,R)
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Local POD. Hyper-reduction

Reduced Order Model (ROM)

ol r(dlqu) =0

G = G(®,R)

G,
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Local POD. Hyper-reduction

Reduced Order Model (ROM)

o2 r(02q;pu) =0

G = G(®,R)
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Local POD. Hyper-reduction

Reduced Order Model (ROM)

d)ZTr(CDZq; p)=0

n 2
(E, W) = argmin Egl — Zgiwi
i=1 i€E 2
s.t. w;>0

(Grimberg, 2020): doi.org/10.1002/nme.6603

range ®

G = G(®,R)

EXCELENCIA
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Local POD. Improved hyper-reduction

Reduced Order Model (ROM) —

d)zTr((qu;u) =0

Expectation:

Number of clusters

Number of elements
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Local POD. Improved hyper-reduction

Reduced Order Model (ROM) range ®

d)zTr((qu;u) =0
Expectation:

Number of elements
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Local POD. Improved hyper-reduction

Reduced Order Model (ROM) range ®

d)ZTr(d)zq;u) =0
Expectation:

G = G(®,R)

Number of elements

In reality:

b G
I

Number of clusters Number of elements
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Local POD. Improved hyper-reduction

Reduced Order Model (ROM) ——

(I)ZTr(CI)Zq;u) =0

G = G(®,R)

2
(E,W) = argmin

n
> gk gt
i=1

i€E

s.t. w;=0

2
I

Find a single set of elements and as many
sets of weights as bases
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Local POD. Parallelisation of ECM

G = G(®,R)

EXCELENCIA
C IM N E ’ SEVERD |<MUI_TI—T1:’HYSg

OCHOA



Local POD. Parallelisation of ECM

G = G(®,R)
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Local POD. Parallelisation of ECM

(EW) =ECM(G)

G = G(P,R)
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Local POD. Parallelisation of ECM

(E,W) = ECM(G)

G = G(®,R)
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Local POD. Parallelisation of ECM

(E,W) = ECM(G)

G = G(®,R)
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Local POD. Parallelisation of ECM

(E,W) = ECM(G)

G = G(®,R)
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Local POD. Parallelisation of ECM

(E,W) = ECM(G)

G = G(®,R)
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Local POD. Example 2

Train trajectories

1.00 A
0.75+

0.50 A

0.25 A

€, 0001 e ——

-0.25 -

€x -0.50
-0.75 -

—1.00 -

=~1.0 =0.5 0.0 0.5 1.0

EXCELENC
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Local POD. Example 2

Train trajectories

1.00
0.75 -

0.50 -

0.25 -

€y 000
~0.25 1
~0.50 1
~0.75 1

—1.00 A

-1.0 -0.5 0.0 0.5 10

€x
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Local POD. Example 2

€y
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1.00 A

0.75 A

0.50 A

0.25 A

—0.25 A

—0.50 A

~Q0:75.

—1.00 A

Train trajectories

0.00 +

32 trajectories

50 snapshots per trajectory

1600 snapshots

EXCELENCIA
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Local POD. Example 2

ey # Selected Elements VS # of Clusters
il [l o] 2 A ) Y s e s e o 350 -
o S
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= g
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w0 5 O s 0 200 400 600 800 1000
e EEEEEE RS S S EEE Number of clusters

32 trajectories
50 snapshots per trajectory
1600 snapshots EXCELENCIA
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Local POD. Example 2

€ Test trajectories
y 1.00 A =5
lllllllllllIll’lllllllIlll
..=.=..===-‘l““‘..=- 0.75 -
0.50 A
0.25 1
€ y  0.001
—0.25 1
€x -0.50

—0.75 1

—1.00 A . ’P=3 -

—1l.0 —(5.5 O.IO 0:5 l.lO
Gx

32 trajectories
50 snapshots per trajectory
1600 snapshots
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ocal POD. Example 2

FOM HROM

8% SX
0 0
0 ]
0 ]
0 0
0 0
0 ]
] ]
0 0
0 ]
] 'o
0 f0
0 0
[ §0
0 ]
0 0
0 0
x 0 =X 0
Sontour Fill { Mean) of PK2STRESS, $-X o ‘ontour Fill { Mean) of PK2STRESS, §-X %
lon (x1): DISPLAC of Load Analysis, step 0 on (x1): DISPLAC. of Load Analysis, step 0
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Local POD. Example 2

1OX less elements required

compared with a single basis

5X less modes required
compared with a single basis
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Local POD. Example 3

PLASTIC DISSIPATION

¥ 0.00051913

. 0.00033424

.1 step 0.852 0.00014935
A x Smooth Contour Fill | Mean) of PLASTIC DISSIPATION. '

3.554e-05
Deformation {x1): DISPLACEMENT of Kratos, step 0.852.
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Local POD. Example 3

| PoD___| _localPOD

Basis size 260 modes 10 basis ~30 modes

. :_ AAAAA HROM elements 400 240(~150 per basis)
Simulation time 1234 seg 90 seg
L2 error le-3% le-3%

13X faster than POD
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Local POD. Strengths and weaknesses

* Reasonable overhead in training and negligible in inference

* Smaller bases and elements sets, therefore faster ROMs

* Easy to overfit to training trajectories
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General conclusions

* The Local POD was presented
» Advantages using our robust overlapping and hyper-reduction

e Future work:

 application of method to multiple escenarios
e combination of Local POD with DL

R —

range ®
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