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these methods are based on selecting the proper representative
points in the random space in order to fit the function describing
the stochastic variation.

Goal oriented error estimators address the issue of verification
of the FE models, that is they focus on assessing the numerical
quality or the accuracy of the FE solutions. These numerical tools
have been developed and extensively used for standard determin
istic FE models, see [20,3,29] for review. Generalizations of some of
these error estimators to the stochastic framework have been pub
lished recently [19,1,7].

In [6], the authors introduced a reduced basis methodology to
reduce the cost of Monte Carlo simulations, offering an attractive
framework for solving stochastic problems with a large number
of parameters. The idea is simple and effective because the differ
ent Monte Carlo shots lead to similar FE problems and therefore
the reduced basis approach is highly performant. Other interesting
recent references on this subject are [32,14,25,15,24,5].

The objective of the present work is offering an automatically
adapted strategy to generate the reduced basis, which is enriched
along the Monte Carlo process, including additional components
to the basis only when they are needed to reach some prescribed
accuracy. Thus, a criterion is needed to decide if the current sam
ple is satisfactorily approximated with the current reduced basis
or if it requires a complete resolution of the system (which will
be added as a new component of the reduced basis). This crite
rion is based on goal oriented residual type error estimates,
designed for some quantity of interest that has to be defined
by the user.

The remainder of the paper is structured as follows. Section 2
presents the problem statement and discusses the non intrusive
solving scheme. In Section 3, the standard reduced basis strategy
is recalled and the algorithm generating the adapted reduced basis
is presented. The performance of the proposed methodology is
demonstrated in Section 4.1 with academical examples that can
be compared with another strategy (a method using the concept
of the response surface [18,4,22]). In Section 4.2, further numerical
tests are performed showing the robustness of the method.

2. Stochastic problem

2.1. Problem statement equations

Let us consider a bounded domain X, representing a mechanical
structure. The boundary of X; @X, is divided in two parts @DX and
@NX such that @DX [ @NX @X, @DX – £ and @DX \ @NX £. A
prescribed displacement field ud is imposed on @DX and a traction
gd is applied on @NX. The description of the loads is completed by a
body force field fd in X.

The material model is assumed to be linear elastic, being K the
Hooke tensor. The stochastic behavior of the model is introduced
assuming that the Hooke tensor is a random field Kðx; hÞ, where
x 2 X stands for the position vector and h 2 H is used to denote
the randomness. The sample space H is the set of possible out
comes of h. Without loss of generality, in the following the random
character is restricted to the material parameters introduced in K.
In a general context, also fd;gd and ud can be random fields.

Thus, the problem reads: find the unknown displacement field
uðx; hÞ (it is a random field, as indicated by its dependence on h)
such that

div Kðx; hÞe uðx; hÞ½ �ð Þ þ fdðx; hÞ 0 in X ð1aÞ
Kðx; hÞe uðx; hÞ½ � � n gdðx; hÞ on @NX ð1bÞ
uðx; hÞ udðx; hÞ on @DX ð1cÞ

The strong form of the problem, (1), is equivalent to the standard
weak form reading as follows: find uðx; hÞ such that
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aðuðx; hÞ;wðxÞÞ ‘ðwðxÞÞ 8wðxÞ 2 U ð2Þ

where að ; Þ is the bilinear form expressing the energy product, ‘ð Þ
is the linear form including the loading and U the set of admissible
displacements, satisfying (1c).

2.2. Non intrusive solving scheme

The non intrusive approach decouples the discretization of the
physical space and the stochastic space, represented here by X and
H. This can be described in two steps. In the first step, a standard
finite element discretization is introduced to solve the problem (2)
and obtain a numerical solution approximating uðx; hÞ for a realiza
tion of h (freezing the randomness). The second step consists in
using a Monte Carlo simulation to obtain an approximation of
the probability density function of uðx; hÞ. The two steps are de
scribed in order to introduce the necessary notations.

Step 1: Finite element discretization.
As mentioned above, in this phase, the problem is considered as

if it was deterministic, that is for a given value of h. The discrete fi
nite element space is characterized by the standard finite element
functions NiðxÞ; i 1;2 . . . NFE generating the finite dimension sub
space Uh � U

Uh span N1;N2; . . . NNFE

� �
ð3Þ

The numerical approximation in the space defined in (3) is uh such
that

uðx; hÞ � uhðx; hÞ
PNFE

i 1
uiðhÞNiðxÞ NTðxÞUðhÞ; ð4Þ

being ui the finite element unknowns (nodal values), U ½u1u2 . . .

uNFE �
T and NðxÞ ½N1ðxÞN2ðxÞ . . . NNFE ðxÞ�

T . The corresponding
discretized form of (2) is the linear system of equations

KðhÞUðhÞ FðhÞ; ð5Þ

where K is the finite element stiffness matrix (discretized form of
að ; Þ) and F the nodal forces vector (discretized form of ‘ð Þ).

Step 2: Monte Carlo simulation.
As previously mentioned, the stochastic character of the prob

lem is described by the random variable h. More precisely, the in
put data for the problem is the probability density function (PDF)
of h. Note that the solution UðhÞ is also a random variable, resulting
from a complex functional transformation of h. The non intrusive
approach seeks approximating the PDF of UðhÞ (or some scalar
quantity of interest (QoI) depending of it) without any analytic
determination of this complex functional transformation. This is
performed using the Monte Carlo technique.

The Monte Carlo technique consists in generating a number NMC

of realizations of h. Note that these realizations are generated using
the actual PDF of h. This is equivalent to determine NMC realizations
of KðhÞ and therefore, solving NMC linear systems of Eqs. (5),
obtaining NMC realizations of UðhÞ. Thus, the PDF of UðhÞ is approx
imated from these realizations. In practice, the PDF is characterized
by its moments (mean, variance) and the different percentiles.

In order to have an accurate approximation of the PDF of UðhÞ,
the number of realizations NMC must be very large. Note that the
Monte Carlo simulation process converges very slowly to the exact
answer, which is ideally obtained after an infinite number of real
izations. The convergence rate is estimated to be of order Oð 1

NMC

p Þ,
see for example [10].

Summarizing, the non intrusive strategy is extremely simple
because it decouples the approximation of the stochastic behavior
and the solution of the deterministic mechanical model. The deter
ministic numerical solver can be used as a black box, without any
modification in the code associated with the stochasticity. The ran
dom character is accounted for by generating a large number of



realizations and solving the corresponding deterministic problems.
The numerical cost is consequently very large.

2.3. Quantity of interest

The goal of the computation is often to obtain (or characterize)
some specific Quantity of Interest. Thus, in this context, the QoI is
also a random variable and attention is paid to the determination
of its PDF. The QoI is denoted by QðhÞ and it is given as a linear out
put of uðx; hÞ, namely

QðhÞ ‘Q ðuðx; hÞÞ; ð6Þ

being ‘Q ð Þ a deterministic linear form, in the same format as ‘ð Þ.
An auxiliary dual problem is introduced in order to obtain an er

ror representation. This is standard in goal oriented error assess
ment techniques. The dual problem reads: find vðx; hÞ such that

aðvðx; hÞ;wðxÞÞ ‘Q ðwðxÞÞ; 8wðxÞ 2 U ð7Þ

The dual problem is discretized in the same finite element space as
the direct problem. This results in a linear system of equation sim
ilar to (5)

KðhÞVðhÞ GðhÞ; ð8Þ

where G is the discrete counterpart of ‘Q and V is the vector of finite
element unknowns.

Then, for the space discretization corresponding to Uh, the
approximated value of the quantity of interest is directly computed
as the following vector product

Q � Qh ‘Q ðuhðx; hÞÞ GTðhÞUðhÞ: ð9Þ

Two alternative expressions for Qh as a function of the solution of
the primal (or direct) and the dual problems are recovered by recall
ing Eqs. (5) and (8),

Q h VðhÞTKUðhÞ VTðhÞFðhÞ ð10Þ

The dual problem is typically introduced to obtain an error repre
sentation. In practice, that means that, if the exact solution of the
dual problem, vðx; hÞ, was available, then the error in the QoI de
fined as

eQ : Q Q h

is found to be an explicit function of the residual in the weak form
of the problem, namely

eQ ‘ðvðx; hÞÞ aðuhðxÞ;vðx; hÞÞ : RðuhðxÞ; vðx; hÞÞ

where RðuhðxÞ; Þ is the residual associated with the numerical solu
tion uhðxÞ.

2.4. Karhunen Loève decomposition

Recall that Kðx; hÞ is a random field, that is a function mapping
each position vector x to a random variable, typically with all the
same PDF and with cross correlation depending on the distance
between the locations. Assuming that the spatial correlation is reg
ular enough (essentially, it reduces to have square integrable prob
ability distributions and symmetric correlation functions), the
Karhunen Loève decomposition [21,16] allows representing a ran
dom field by a sum of independent scalar random variables multi
plied by deterministic functions of x, namely

Kðx; hÞ K0ðxÞ þ
P1
i 1

ki

p
KiðxÞniðhÞ; ð11Þ

where KiðxÞ and ki; i 1;2; . . . ;1, are the eigenfunctions and
eigenvalues of the covariance operator associated with the random
field Kðx; hÞ and K0ðxÞ is the mean value of Kðx; hÞ. The infinite
3

expansion is often fairly approximated by truncating the sum to a
finite number of terms, NKL, that is

Kðx; hÞ � K0ðxÞ þ
PNKL

i 1
ki

p
KiðxÞniðhÞ ð12Þ

The practical consequence of applying the (truncated) Karhunen
Loève Decomposition is that the stochasticity of the system is sim
plified. In the original problem Kðx; hÞ is a random field, that is, in
every point x;K is a random variable and all these random variables
are correlated. Assuming that (12) holds, the stochasticity is re
duced to NKL independent random variables niðhÞ; i 1;2; . . . NKL.
Thus, generating a realization of Kðx; hÞ is reduced to generate the
corresponding realizations of the NKL independent random variables
niðhÞ.

This also allows simplifying the methodology when it comes to
generate the stiffness matrix corresponding to some realization. A
direct consequence of (12) is that the stiffness matrix reads

KðhÞ � K0 þ
PNKL

i 1
ki

p
KiniðhÞ ð13Þ

being Ki the (deterministic) stiffness matrix corresponding to the
Hooke tensor distribution described by KiðxÞ.

2.5. Monte Carlo simulation

As mentioned before, the Monte Carlo strategy is used in order
to guarantee the non intrusive character of the stochastic simula
tion. A number of NMC realizations of the independent random vari
ables is generated. Each of these realizations is denoted as
associated with an occurrence hk; k 1;2; . . . ;NMC , in the generic
random space. Thus, the corresponding values of niðhkÞ and, conse
quently, KðhkÞ (eventually also FðhkÞ if the loads are assumed to be
stochastic) are numerically generated.

The corresponding realization of system (5) corresponding to hk

is then to be solved in order to obtain UðhkÞ and QhðhkÞ. Having
computed a large number of samples QhðhkÞ; k 1;2; . . . ;NMC ,
the mean value of Q h, typically denoted by EðQhÞ after the alterna
tive naming of mathematical expectation, and the variance, r2ðQ hÞ
are readily approximated by

EðQ hÞ �
1

NMC

PNMC

k 1
Q hðhkÞ ð14Þ

and

r2ðQ hÞ �
1

NMC

PNMC

i k
½Q hðhkÞ�2 ½EðQ hÞ�2 ð15Þ

Also the histogram characterizing the PDF of QhðhÞ and the corre
sponding percentiles are approximated after the Monte Carlo sam
pling. The percentile of p% is defined as the value Qh½p� such that the
probability of the event QhðhÞ 6 Qh½p� is equal to p%. Once the Monte
Carlo sampling (QhðhkÞ; k 1;2; . . . ;NMC) is available, each realiza
tion QhðhkÞ is assumed to approximate the percentile Qh½p� being
p equal to the number of realizations Qhðhk0 Þ such that Qhðh0kÞ 6
QhðhkÞ divided by NMC .

3. Reduced basis strategy

The reduced basis method allows drastically reducing computa
tional costs when solving a large number of problems with similar
characteristics. Two contexts in which the reduced basis approach
is particularly interesting are optimization (in order to reach the
optimum any iterative method requires solving many problems
with intermediate configurations) and stochastic modeling (as
indicated above, Monte Carlo sampling requires solving many



instances of problem (5)). Note that the size of system (5) is NFE,
which is assumed to be large. The idea of the reduced basis ap
proach is to create a data base of solutions (corresponding to differ
ent realizations or instances of the problem to be solved). This
collection of NRB linearly independent solutions, uhð1Þ;uhð2Þ; . . . ;

�
uhðNRBÞg described by the corresponding vectors of nodal values

U1;U2; . . . ;UNRB

� �
, constitutes a basis of a subset of the discrete

FE space,

URB : span uhð1Þ;uhð2Þ; . . . ;uhðNRBÞ
� �

� Uh ð16Þ

Then, the solution of a new instance of (5) is seek in URB instead of
in Uh. This requires solving a system of size NRB instead of one of size
NFE. It is assumed that an acceptable accuracy can be reached with a
number of elements in the reduced basis much lower than the num
ber of degrees of freedom in the FE mesh, that is NRB � NFE. Here,
the accuracy is associated with the truncation error introduced by
the reduced basis approach with respect to the full FE solution.
The round off errors introduced by the numerical arithmetics are
assumed to be negligible in front of truncation errors. Of course, this
depends on the error prescribed by the user: in the limit case of an
extremely demanding accuracy (small prescribed truncation error)
NRB would tend to NFE because the full FE solution is required. Again,
this does not hold if round off errors enter into the game: if the pre
scribed accuracy for the truncation error is of the same order as the
round off error (or lower) none the FE or the RB solutions would
provide a meaningful solution.

The reduced basis solution is therefore a linear combination of
the elements of the reduced basis:

URB
PNRB

i 1
aiUi URBa ð17Þ

where the matrix URB U1U2 . . . UNRB

� �
(with NFE rows and NRB col

umns) describes the change of basis and aT ½a1a2 . . . aNRB � is the
vector of unknowns.

The discretization of (2) in the reduced basis space URB can be
found as a contraction of (5),

UT
RBKðhÞURB

� �
a UT

RBFðhÞ
� �

readily rewritten as KRBðhÞaðhÞ
FRBðhÞ

ð18Þ

by defining KRBðhÞ : UT
RBKðhÞURB and FRBðhÞ : UT

RBFðhÞ. Then, once
a is determined, the reduced basis solution is

URBðhÞ UNRB
aðhÞ: ð19Þ
3.1. Goal oriented error assessment

The different simulations to be performed during the Monte
Carlo process have the same structure. Typically, they correspond
to the same problem statement with different materials or applied
loads. The differences come from the variability associated with
the randomness. In this context, the reduced basis methodology
is expected to provide a good answer using (as reduced basis) a
representative sample of snapshots, as it is shown in [6]. The nov
elty introduced in the current paper is to provide a criterion to se
lect the basis, aiming at reducing the number of elements and
improving their representativity. Thus, the reduced basis is not se
lected a priori using heuristic criteria but automatically generated
along the process with an objective criterion, based on goal ori
ented error assessment. Hence, the resulting number of elements
in the basis depends on the variability introduced by the random
model: the larger is the dispersion, the larger is the number of re
quired representative samples.
4

In other words, the reduced basis approach reduces drastically
the computational cost because it requires solving system (18)
(of size NRB) instead of the complete FE system (5) (of size
NFE � NRB). The question is whether the reduced basis solution
URB is a sufficiently good approximation of the complete FE solu
tion U. This is equivalent to assess the error or to find out if the ba
sis generating URB is representative enough. The remainder of this
section is devoted to introduce a methodology allowing to answer
this question. The basis is therefore enriched if the answer indi
cates that the error associated with the reduced basis approxima
tion is too large.

At every instance hk of the Monte Carlo process, the error intro
duced in the reduced basis phase is measured by

ERB : URB U; ð20Þ

where, for the sake of simplifying the notation, the dependence on
hk is omitted in the expressions. Note that this error vector (ex
pressed in the standard FE basis) corresponds to the approximation
introduced by the reduced basis with respect to the complete FE
solution. This is not assessing in any way the error introduced by
the FE mesh (the difference between uh and the exact solution u).

Multiplying Eq. (20) by matrix K, an equation similar to (5) is
recovered

KERB RRB : KURB F ð21Þ

Note that the right hand side term is identified as the residual of (5)
associated with the reduced basis solution. It follows from (21) that
ERB vanishes if RRB is zero and, in general, the larger is the residual
(which is computable), the larger is the error. The squared norm of
the residual, RT

RBRRB is in fact a good error indicator for the energy
norm of the error.

The dual solution V introduced in (8) is used to assess the error
in the evaluation of the QoI associated with the reduced basis. Note
that the QoI associated with URB is readily computed as

QRB GT URB VT
KURB: ð22Þ

Thus, the following expression holds, for the error in the QoI asso
ciated with the reduced basis approach:

eQ
RB : Q h Q RB GT ET

RB VT RRB: ð23Þ

Note that if V is known, the error in the QoI associated with the re
duced basis is computed explicitly using the right hand side term of
(23), once the reduced basis solution is available. From the practical
viewpoint, this has to be done for every instance of the Monte Carlo
sampling. In the following it is assumed that the variation of V with
the randomness (from one Monte Carlo shot to another) is small in
such a way that V is kept constant in order to estimate the error in
the QoI. Thus, the solution of the large dual system (8) is performed
just once, for a value of h corresponding to the mean value of the
random parameters. This allows assessing the error committed in
every shot with a low computational cost and decide on the fly if
the reduced basis is rich enough or if it has to be enriched further.
The specific adaptive procedure using this idea is presented in detail
in Section 3.2.

3.2. Adaptive algorithm for basis enrichment

As outlined above, the idea is to generate successively the re
duced basis along the Monte Carlo simulation process, increasing
the number of elements in the reduced basis when it is required.
This is performed using a criterion based in the goal oriented error
assessment given in the expression (23).

As a previous step, the dual problem is solved for the mean val
ues of the random variables involved. Thus, the corresponding
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Table 2
Parameters of the probability distribution of Q (average vertical displacement) assessed using the reduced basis adaptive algorithm for different values of the prescribed error �0

(upper rows) and reference value obtained solving NMC 100;000 different FE problems (NFE 944).

�0 NRB Mean Standard deviation 25% percentile Median 75% percentile

1	 102 1 3130.38563 130.18000 3030.48300 3124.85139 3225.34981

1	 101 9 3133.09986 127.46913 3035.00110 3127.75817 3226.99361

1 21 3133.72694 127.23329 3035.80352 3128.39911 3227.44973

1	 10 1 44 3133.72521 127.23537 3035.81726 3128.39412 3227.42919

1	 10 2 97 3133.72448 127.23713 3035.81932 3128.39521 3227.42800

1	 10 3 154 3133.72464 127.23715 3035.81903 3128.39334 3227.42781

1	 10 4 214 3133.72466 127.23718 3035.81884 3128.39342 3227.42794

Ref. – 3133.72466 127.23718 3035.81884 3128.39341 3227.42792

Table 3
Parameters of the probability distribution of eQ and maximum error emax (QoI average vertical displacement) for different values of the prescribed error �0 and NMC 100;000.

�0 Mean Standard deviation 25% percentile Median 75% percentile emax

1	 102 3.3390361 2.9428229 4.5751523 9.6193397 16.2956823 57.4509362

1	 101 0.6248052 0.2319512 0.6907875 1.4663370 2.5131283 10.0730973

1 0.0022813 0.0038909 0.0583792 0.1239058 0.2159743 1.1074206

1	 10 1 0.0005487 0.0018096 0.0047224 0.0101400 0.0177845 0.0974924

1	 10 2 0.0001806 0.0000427 0.0004581 0.0009901 0.0017716 0.0106919

1	 10 3 0.0000188 0.0000215 0.0000446 0.0000983 0.0001802 0.0011101

1	 10 4 0.0000003 0.0000000 0.0000048 0.0000105 0.0000187 0.0001062
�0 is reduced (or as the prescribed accuracy is increased). Note that
for all practical cases NRB is significantly lower than NFE.

The error committed in the evaluation of the QoI for every
occurrence is also analyzed. Having at hand the reference solution
in each Monte Carlo simulation, that error eQ associated with the
RB computation of occurrence i is computable for i 1; . . . ;NMC

(this is the error with respect to the full FE solution). The resulting
values are displayed in Table 3.

Fig. 6 illustrates the different probability distributions (histo
grams) for eQ , corresponding to different values of the prescribed
accuracy �0. Both Table 3 and Fig. 6 show that the error is con
trolled by the input parameter �0. The error assessment technique
demonstrates its efficiency because it detects (and corrects via the
adaptive enrichment) errors larger than �0.

Fig. 7 shows the dependence of the maximum error achieved in
the NMC 100;000 computations versus the prescribed error �0, it
is worthy noting that the correlation obtained indicates that the
selection of the number of terms in the reduced basis is optimal
(less terms would produce larger errors than prescribed). Actually,
the correlation in Fig. 7 shows that the maximum error emax is, in
practice and for a large number of Monte Carlo throws, equal to �0.

Fig. 8 shows the dependence with the prescribed error �0 of the
different parameters of the distribution of the error eQ . It is clear
that the choice of �0 controls the error achieved in the different
samplings, eQ .

Fig. 9 describes the evolution of the required number of ele
ments in the reduced basis NRB as a function of the number of
Monte Carlo throws, NMC for different values of �0. As expected,
NRB increases with NMC and gets stabilized after some threshold va
lue, which depends on �0.

4.3. 2D elastic deformation, taking average rotation as QoI

The same example as in Section 4.2 is now analyzed for a differ
ent quantity of interest. The new quantity of interest is the abso
lute value of the rotation of the strip x, defined by

QðhÞ 1
IGx

Z
x
ðz ^ xGwÞ � uðx; hÞdx

				
				 ð33Þ
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where Gw is the geometric center of section x; IGw ;z
1

12 ‘
3
x its qua

dratic momentum along z, xGw is the position of a point relatively
to Gw and z the vector normal to the plane.

Table 4 displays the parameters of the probability distribution
of the QoI (mean, standard deviation, percentiles) estimated with
the methodology proposed in this paper for different values of
the prescribed error �0. The same comments made in the previous
section apply also here: the prescribed error is enforced in the re
sults and conditions the number of required RB modes, as
expected.

Fig. 10 displays the evolution of the different parameters of the
distribution of the error eQ (corresponding to the RB solver com
pared with the full FE solver).

4.4. Reference solution of the dual problem

The error assessment used above takes as the solution of the
dual problem for the occurrence hk the solution V0 of the problem
associated with the mean value of the random distribution, see Eq.
(24).

Thus, it is assumed that, for error assessment purposes, V0 is a
fair approximation of the actual solution of the dual problem for
realization of the random variables corresponding to the current
Monte Carlo throw, denoted as Vk for k 1;2; . . . ;NMC . The previ
ous examples demonstrate that this working hypothesis is good
enough, in the sense that the error in the quantity of interest, eQ ,
obtained with respect to the full FE solution, is effectively con
trolled in the process.

Here, an additional contrast of the hypothesis eQ
RB

VT
k RRB � VT

0RRB is performed by solving the full dual problem at each
Monte Carlo throw, that is, computing Vk for each realization and
therefore the actual error introduced by the hypothesis in the com
putation of the error in the QoI (associated with the RB strategy).

More precisely, in Algorithm 1, the error estimate eQ
RB � VT

0RRB is
replaced by the exact error in the quantity of interest eQ

RB VT
k RRB,

being Vk the solution of (8) for every realization hk.
The results of the modified algorithm are displayed in Tables 5

and 6 which compare to those of Tables 2 and 3. It is worth noting
that for this test case, the results obtained using the approximate



9



10



Table 5
Modified algorithm with exact error assessment. Parameters of the probability distribution of Q (average vertical displacement) assessed using the reduced basis adaptive
algorithm for different values of the prescribed error �0 (upper rows) and reference value obtained solving NMC 100; 000 different FE problems (NFE 944).

�0 NRB Mean Standard deviation 25% percentile Median 75% percentile

1	 102 1 3130.38563 130.18000 3030.48300 3124.85139 3225.34981

1	 101 10 3133.02424 127.40692 3034.94759 3127.62673 3226.89360

1 20 3133.73322 127.25811 3035.78903 3128.40562 3227.44071

1	 10 1 45 3133.72288 127.23748 3035.81628 3128.38787 3227.41928

1	 10 2 93 3133.72461 127.23736 3035.81854 3128.39438 3227.42685

1	 10 3 148 3133.72466 127.23718 3035.81891 3128.39338 3227.42796

1	 10 4 216 3133.72466 127.23718 3035.81883 3128.39342 3227.42791

Ref. – 3133.72466 127.23718 3035.81884 3128.39341 3227.42792

Table 6
Modified algorithm with exact error assessment. Parameters of the probability distribution of eQ and maximum error emax (QoI average vertical displacement) for different values
of the prescribed error �0 and NMC 100;000.

�0 Mean Standard deviation 25% percentile Median 75% percentile emax

1	 102 3.3390361 2.9428229 4.5751523 9.6193397 16.2956823 57.4509362

1	 101 0.7004227 0.1697469 0.4485849 0.9487315 1.6120538 9.7976123

1 0.0085538 0.0209299 0.0570733 0.1217189 0.2077229 0.9590374

1	 10 1 0.0017872 0.0003001 0.0036615 0.0078892 0.0140441 0.0980774

1	 10 2 0.0000532 0.0001799 0.0005102 0.0010987 0.0019508 0.0099946

1	 10 3 0.0000040 0.0000016 0.0000456 0.0000984 0.0001743 0.0009926

1	 10 4 0.0000007 0.0000004 0.0000050 0.0000109 0.0000192 0.0000997
5. Conclusions

This paper describes a new approach to generate a reduced ba
sis in the context of Monte Carlo strategies for stochastic modeling.
The reduced basis is constructed automatically, ensuring a pre
scribed level of accuracy for the output of interest. The proposed
methodology uses standard elements in goal oriented error assess
ment and adaptivity. Here, the error which is assessed is the
approximation introduced by the reduced basis with respect to
the complete FE solution, for a given mesh. That differs from the
usual practice in the verification framework, in which the error
introduced by the mesh is evaluated. Numerical 1D and 2D tests
demonstrate the efficiency and robustness of the proposed strat
egy. The use of this methodfor 3D massive industrial examples,
where the cost is of primary importance, is going to be the object
of further research. This type of problems with large stochastic
variations where the reduced basis can significantly increase is also
an interesting point to be studied.
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