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ABSTRACT

In the framework of stochastic non intrusive finite element modeling, a common practice is using Monte Carlo simulation. The main drawback of this
approach is the computational cost, because it requires com puting a large number of deterministic finite element solutions. The different Monte Carlo
samplings cor respond to realizations of the random variables characterizing the stochastic behavior of the model. Thus, this requires solving a set
deterministic problems with the same structure, that is with variations con cerning the material parameters and the loading data. Consequently, the
different problems to be solved are in practice similar to each other. The reduced basis strategy is therefore a sensible option to reduce computational cost,
provided that the quality of the numerical solution is guaranteed. The paper intro duces a goal oriented strategy allowing to successively enrich the
reduced basis along the Monte Carlo process. The method is based on assessing the error of the reduced basis solution with a residual estimate for the
prescribed quantity of interest. The efficiency of the proposed approach, which is particularly important if the number of independent random variables is

large, is illustrated in 1D and 2D mechanical examples.

1. Introduction

Many authors have recently shown interest in developing
numerical methods to analyze and design engineering systems
which are modeled including randomness. In the mechanical engi
neering framework, the resulting governing equations are, in gen
eral, stochastic partial differential equations. Thus, stochastic finite
element methods (FEM) are currently an essential tool for the
quantitative prediction of the response of mechanical models. A
key issue in this context, both for the research and industrial play
ers, is reducing the computational cost in order to afford dealing
with large scale applications. A state of the art for stochastic meth
ods can be found in [33,27,34] and references therein.

The so called intrusive stochastic finite element methods are
generalizations of the finite element method accounting for uncer
tainties associated with the parameters of the problem. Both the
variation in the standard deterministic variables (space and time
coordinates) and the random variables describing stochasticity
are discretized using the standard approach in the FEM, that is
the Galerkin formulation [11,8,23,2]. The key point of these meth
ods is properly selecting the approximation space for the stochastic
part. They are particularly well suited when the randomness is
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known and it is described by smooth functions. Despite of their
high accuracy (the randomness is analytically accounted for), these
methods require a huge computational effort because they lead to
very large algebraic systems of equations. Moreover, the resulting
structure of the codes is conditioned by the randomness and gen
erally the standard code used for the deterministic simulations
cannot be reused (this is the reason of naming these methods
intrusive). In order to reduce the cost associated with these meth
odologies, different authors have proposed strategies based on
designing iterative methods specially adapted to the structure of
the resulting matrices [30,12,17] and using reduced basis method
ologies for random fields [23,9,26].

The non intrusive stochastic techniques are more popular be
cause they allow reusing standard deterministic codes. The ran
dom character of the model is accounted for using the Monte
Carlo sampling approach, that is generating a large number of real
izations of the random variables describing the stochasticity and
computing the corresponding realization of the quantity of interest
by solving a deterministic problem, see [28]. This approach is con
ceptually simple, robust and easy to implement but requires solv
ing a large number of FE problems in order to generate an output
sample allowing a proper statistical analysis.

Other associated methods, introducing further simplifications
or increasing the computational efficiency are those using response
surfaces [18], projections [31] or fitting by regression [35]. All



these methods are based on selecting the proper representative
points in the random space in order to fit the function describing
the stochastic variation.

Goal oriented error estimators address the issue of verification
of the FE models, that is they focus on assessing the numerical
quality or the accuracy of the FE solutions. These numerical tools
have been developed and extensively used for standard determin
istic FE models, see [20,3,29] for review. Generalizations of some of
these error estimators to the stochastic framework have been pub
lished recently [19,1,7].

In [6], the authors introduced a reduced basis methodology to
reduce the cost of Monte Carlo simulations, offering an attractive
framework for solving stochastic problems with a large number
of parameters. The idea is simple and effective because the differ
ent Monte Carlo shots lead to similar FE problems and therefore
the reduced basis approach is highly performant. Other interesting
recent references on this subject are [32,14,25,15,24,5].

The objective of the present work is offering an automatically
adapted strategy to generate the reduced basis, which is enriched
along the Monte Carlo process, including additional components
to the basis only when they are needed to reach some prescribed
accuracy. Thus, a criterion is needed to decide if the current sam
ple is satisfactorily approximated with the current reduced basis
or if it requires a complete resolution of the system (which will
be added as a new component of the reduced basis). This crite
rion is based on goal oriented residual type error estimates,
designed for some quantity of interest that has to be defined
by the user.

The remainder of the paper is structured as follows. Section 2
presents the problem statement and discusses the non intrusive
solving scheme. In Section 3, the standard reduced basis strategy
is recalled and the algorithm generating the adapted reduced basis
is presented. The performance of the proposed methodology is
demonstrated in Section 4.1 with academical examples that can
be compared with another strategy (a method using the concept
of the response surface [18,4,22]). In Section 4.2, further numerical
tests are performed showing the robustness of the method.

2. Stochastic problem
2.1. Problem statement equations

Let us consider a bounded domain €2, representing a mechanical
structure. The boundary of Q, 99, is divided in two parts 9pQ and
OnQ such that 9pQUINQ  9Q, pQ # & and 9pQNINQR  &. A
prescribed displacement field u, is imposed on 9,2 and a traction
g, is applied on 9yQ. The description of the loads is completed by a
body force field f; in Q.

The material model is assumed to be linear elastic, being K the
Hooke tensor. The stochastic behavior of the model is introduced
assuming that the Hooke tensor is a random field K(x, 0), where
x € Q stands for the position vector and 6 € © is used to denote
the randomness. The sample space ©® is the set of possible out
comes of 9. Without loss of generality, in the following the random
character is restricted to the material parameters introduced in K.
In a general context, also f;, g, and u, can be random fields.

Thus, the problem reads: find the unknown displacement field
u(x, 0) (it is a random field, as indicated by its dependence on 0)
such that

div(K(x, 0)c[u(x,0)]) + f4(x,0) 0 in Q (1a)
K(x,0)eu(x,0)] -n  g,(x,0) on dyQ (1b)
u(x,0) uy(x,0) on dpQ (1c)

The strong form of the problem, (1), is equivalent to the standard
weak form reading as follows: find u(x, 0) such that

a(u(x,0),w(x)) L(w(x)) Yw(x)eclUu (2)

where a( , ) is the bilinear form expressing the energy product, ¢( )
is the linear form including the loading and ¢/ the set of admissible
displacements, satisfying (1c).

2.2. Non intrusive solving scheme

The non intrusive approach decouples the discretization of the
physical space and the stochastic space, represented here by Q and
®. This can be described in two steps. In the first step, a standard
finite element discretization is introduced to solve the problem (2)
and obtain a numerical solution approximating u(x, ) for a realiza
tion of 0 (freezing the randomness). The second step consists in
using a Monte Carlo simulation to obtain an approximation of
the probability density function of u(x, 0). The two steps are de
scribed in order to introduce the necessary notations.

Step 1: Finite element discretization.

As mentioned above, in this phase, the problem is considered as
if it was deterministic, that is for a given value of 0. The discrete fi
nite element space is characterized by the standard finite element
functions N;(x), i 1,2...Ng generating the finite dimension sub
space U, C U

Z/[h SpaH{Nl,Nz,...NNFE} (3)

The numerical approximation in the space defined in (3) is u, such
that

u(x,0) ~ uy(x,0) %jui(o)Nf(X) N'(x)U(0), (4)

being u; the finite element unknowns (nodal values), U  [uju;...
uy,]” and N(X) [N;(X)Ny(X)...Ny,(X)]". The corresponding
discretized form of (2) is the linear system of equations

K(0)U(0)  F(0), (5)

where K is the finite element stiffness matrix (discretized form of
a(, )) and F the nodal forces vector (discretized form of ¢()).

Step 2: Monte Carlo simulation.

As previously mentioned, the stochastic character of the prob
lem is described by the random variable 0. More precisely, the in
put data for the problem is the probability density function (PDF)
of 0. Note that the solution U(0) is also a random variable, resulting
from a complex functional transformation of 0. The non intrusive
approach seeks approximating the PDF of U(0) (or some scalar
quantity of interest (Qol) depending of it) without any analytic
determination of this complex functional transformation. This is
performed using the Monte Carlo technique.

The Monte Carlo technique consists in generating a number Ny
of realizations of 0. Note that these realizations are generated using
the actual PDF of 0. This is equivalent to determine Ny, realizations
of K(6) and therefore, solving Nyc linear systems of Egs. (5),
obtaining Ny realizations of U(6). Thus, the PDF of U(0) is approx
imated from these realizations. In practice, the PDF is characterized
by its moments (mean, variance) and the different percentiles.

In order to have an accurate approximation of the PDF of U(0),
the number of realizations Ny must be very large. Note that the
Monte Carlo simulation process converges very slowly to the exact
answer, which is ideally obtained after an infinite number of real
izations. The convergence rate is estimated to be of order O(—*—),

) \/NMC
see for example [10].

Summarizing, the non intrusive strategy is extremely simple
because it decouples the approximation of the stochastic behavior
and the solution of the deterministic mechanical model. The deter
ministic numerical solver can be used as a black box, without any
modification in the code associated with the stochasticity. The ran
dom character is accounted for by generating a large number of



realizations and solving the corresponding deterministic problems.
The numerical cost is consequently very large.

2.3. Quantity of interest

The goal of the computation is often to obtain (or characterize)
some specific Quantity of Interest. Thus, in this context, the Qol is
also a random variable and attention is paid to the determination
of its PDF. The Qol is denoted by Q(#) and it is given as a linear out
put of u(x, 0), namely

Q(0)  fo(u(x,0)), (6)

being /o ( ) a deterministic linear form, in the same format as ¢( ).
An auxiliary dual problem is introduced in order to obtain an er

ror representation. This is standard in goal oriented error assess

ment techniques. The dual problem reads: find v(x, 0) such that

a(v(x,0),w(x)) flo(W(x)), Vw(x)eU (7)

The dual problem is discretized in the same finite element space as
the direct problem. This results in a linear system of equation sim
ilar to (5)

K(OV(©0)  G(0), 8)

where G is the discrete counterpart of ¢, and V is the vector of finite
element unknowns.

Then, for the space discretization corresponding to U, the
approximated value of the quantity of interest is directly computed
as the following vector product

Q~Qn  lo(u(x,0) G (O)UO). 9)

Two alternative expressions for Q, as a function of the solution of
the primal (or direct) and the dual problems are recovered by recall
ing Eqgs. (5) and (8),

Q  V(0)'KU(0)

The dual problem is typically introduced to obtain an error repre
sentation. In practice, that means that, if the exact solution of the
dual problem, v(x, ), was available, then the error in the Qol de
fined as

eg: Q Qp

is found to be an explicit function of the residual in the weak form
of the problem, namely

eq  H(V(x,0)) a(u(x),v(X,0) :R(usx);v(X,0)

where R(uy(X); ) is the residual associated with the numerical solu
tion up(x).

V' (0)F(6) (10)

2.4. Karhunen Loéve decomposition

Recall that K(x, 0) is a random field, that is a function mapping
each position vector X to a random variable, typically with all the
same PDF and with cross correlation depending on the distance
between the locations. Assuming that the spatial correlation is reg
ular enough (essentially, it reduces to have square integrable prob
ability distributions and symmetric correlation functions), the
Karhunen Loéve decomposition [21,16] allows representing a ran
dom field by a sum of independent scalar random variables multi
plied by deterministic functions of X, namely
K(x,0) Ko(x)+ ;\/ 4iKi(x)&i(0), (11)

1
where Ki(x) and 4, i 1,2,...,00, are the eigenfunctions and
eigenvalues of the covariance operator associated with the random
field K(x,0) and Ko(x) is the mean value of K(x,0). The infinite

expansion is often fairly approximated by truncating the sum to a
finite number of terms, Ny, that is
Nit
K(x,0) ~ Ko(x) + _Z;\/).il(i(x)g*,-(e) (12)
1

The practical consequence of applying the (truncated) Karhunen
Loéve Decomposition is that the stochasticity of the system is sim
plified. In the original problem K(x, #) is a random field, that is, in
every point X, K is a random variable and all these random variables
are correlated. Assuming that (12) holds, the stochasticity is re
duced to Ny, independent random variables &;(0), i 1,2,...Ny.
Thus, generating a realization of K(x, 0) is reduced to generate the
corresponding realizations of the Ny; independent random variables
&(0).

This also allows simplifying the methodology when it comes to
generate the stiffness matrix corresponding to some realization. A
direct consequence of (12) is that the stiffness matrix reads

K(0) ~ Ko + >/iskiti(0) (13)
il

being [; the (deterministic) stiffness matrix corresponding to the
Hooke tensor distribution described by K;(x).

2.5. Monte Carlo simulation

As mentioned before, the Monte Carlo strategy is used in order
to guarantee the non intrusive character of the stochastic simula
tion. A number of Ny realizations of the independent random vari
ables is generated. Each of these realizations is denoted as
associated with an occurrence 0, k 1,2,...,Nyc, in the generic
random space. Thus, the corresponding values of &;(6,) and, conse
quently, [K(6;) (eventually also F(6y) if the loads are assumed to be
stochastic) are numerically generated.

The corresponding realization of system (5) corresponding to 6y
is then to be solved in order to obtain U(6;) and Q,(0). Having
computed a large number of samples Q,(0k), k 1,2,...,Nuyc,
the mean value of Qy, typically denoted by E(Qj,) after the alterna
tive naming of mathematical expectation, and the variance, 6%(Q},)
are readily approximated by

Nue
E(Q) ~ NLMC X000 (14)

and

2 1 e 2
°(Qn N—Z[Qh 00)  [EQn)] (15)
1

Also the histogram characterizing the PDF of Q,(0) and the corre
sponding percentiles are approximated after the Monte Carlo sam
pling. The percentile of p% is defined as the value Q[p] such that the
probability of the event Q,(0) < Q;|p] is equal to p%. Once the Monte
Carlo sampling (Qx(6k), k 1,2,...,Nuc) is available, each realiza
tion Q,(6) is assumed to approximate the percentile Q[p] being
p equal to the number of realizations Q;(6,) such that Q(6,) <
Qh(()k) divided by Nyc.

3. Reduced basis strategy

The reduced basis method allows drastically reducing computa
tional costs when solving a large number of problems with similar
characteristics. Two contexts in which the reduced basis approach
is particularly interesting are optimization (in order to reach the
optimum any iterative method requires solving many problems
with intermediate configurations) and stochastic modeling (as
indicated above, Monte Carlo sampling requires solving many



instances of problem (5)). Note that the size of system (5) is N,
which is assumed to be large. The idea of the reduced basis ap
proach is to create a data base of solutions (corresponding to differ
ent realizations or instances of the problem to be solved). This
collection of Ngg linearly independent solutions, {uh(l),uh(z),...,
Unng, + described by the corresponding vectors of nodal values

{Uy,Uy,..., Uy, }, constitutes a basis of a subset of the discrete
FE space,
Urs : span{uh(]),uh(z),...,uhwm)} CU< (16)

Then, the solution of a new instance of (5) is seek in /%5 instead of
in . This requires solving a system of size Ngg instead of one of size
Nge. It is assumed that an acceptable accuracy can be reached with a
number of elements in the reduced basis much lower than the num
ber of degrees of freedom in the FE mesh, that is Ngg < Ngz. Here,
the accuracy is associated with the truncation error introduced by
the reduced basis approach with respect to the full FE solution.
The round off errors introduced by the numerical arithmetics are
assumed to be negligible in front of truncation errors. Of course, this
depends on the error prescribed by the user: in the limit case of an
extremely demanding accuracy (small prescribed truncation error)
Ngp would tend to Ng: because the full FE solution is required. Again,
this does not hold if round off errors enter into the game: if the pre
scribed accuracy for the truncation error is of the same order as the
round off error (or lower) none the FE or the RB solutions would
provide a meaningful solution.

The reduced basis solution is therefore a linear combination of
the elements of the reduced basis:

Ngp

Upg > aU;  Ugga (17)
i1

where the matrix Ugg  [UyU; ... Uy, ] (with Ng rows and Nz col
umns) describes the change of basis and a’ [a1a;...ay,,] is the
vector of unknowns.

The discretization of (2) in the reduced basis space U/z5 can be
found as a contraction of (5),

(ULsK(0)Ugs)a  (ULF(0)) readily rewritten as Kgs(0)a(0)
Frz(0)
(18)
by defining Kgs(0) : UL, KK(0)Ugg and Fp(0) : UL F(0). Then, once

a is determined, the reduced basis solution is
Urg(0)  Unya(0). (19)

3.1. Goal oriented error assessment

The different simulations to be performed during the Monte
Carlo process have the same structure. Typically, they correspond
to the same problem statement with different materials or applied
loads. The differences come from the variability associated with
the randomness. In this context, the reduced basis methodology
is expected to provide a good answer using (as reduced basis) a
representative sample of snapshots, as it is shown in [6]. The nov
elty introduced in the current paper is to provide a criterion to se
lect the basis, aiming at reducing the number of elements and
improving their representativity. Thus, the reduced basis is not se
lected a priori using heuristic criteria but automatically generated
along the process with an objective criterion, based on goal ori
ented error assessment. Hence, the resulting number of elements
in the basis depends on the variability introduced by the random
model: the larger is the dispersion, the larger is the number of re
quired representative samples.

In other words, the reduced basis approach reduces drastically
the computational cost because it requires solving system (18)
(of size Ngp) instead of the complete FE system (5) (of size
Ngz > Ngg). The question is whether the reduced basis solution
Ugs is a sufficiently good approximation of the complete FE solu
tion U. This is equivalent to assess the error or to find out if the ba
sis generating Uz is representative enough. The remainder of this
section is devoted to introduce a methodology allowing to answer
this question. The basis is therefore enriched if the answer indi
cates that the error associated with the reduced basis approxima
tion is too large.

At every instance 6, of the Monte Carlo process, the error intro
duced in the reduced basis phase is measured by

ERB . URB U, (20)

where, for the sake of simplifying the notation, the dependence on
0 is omitted in the expressions. Note that this error vector (ex
pressed in the standard FE basis) corresponds to the approximation
introduced by the reduced basis with respect to the complete FE
solution. This is not assessing in any way the error introduced by
the FE mesh (the difference between u;, and the exact solution u).

Multiplying Eq. (20) by matrix [, an equation similar to (5) is
recovered

KEgs Rps: KUg F (21)

Note that the right hand side term is identified as the residual of (5)
associated with the reduced basis solution. It follows from (21) that
Egs vanishes if Rgp is zero and, in general, the larger is the residual
(which is computable), the larger is the error. The squared norm of
the residual, R};Rg; is in fact a good error indicator for the energy
norm of the error.

The dual solution V introduced in (8) is used to assess the error
in the evaluation of the Qol associated with the reduced basis. Note
that the Qol associated with Ugg is readily computed as
O G'Ugs  V'KUgs. (22)
Thus, the following expression holds, for the error in the Qol asso
ciated with the reduced basis approach:

e,%;i Qn Qs

Note that if V is known, the error in the Qol associated with the re
duced basis is computed explicitly using the right hand side term of
(23), once the reduced basis solution is available. From the practical
viewpoint, this has to be done for every instance of the Monte Carlo
sampling. In the following it is assumed that the variation of V with
the randomness (from one Monte Carlo shot to another) is small in
such a way that V is kept constant in order to estimate the error in
the Qol. Thus, the solution of the large dual system (8) is performed
just once, for a value of 6 corresponding to the mean value of the
random parameters. This allows assessing the error committed in
every shot with a low computational cost and decide on the fly if
the reduced basis is rich enough or if it has to be enriched further.
The specific adaptive procedure using this idea is presented in detail
in Section 3.2.

G'Ef; V'Rgs. (23)

3.2. Adaptive algorithm for basis enrichment

As outlined above, the idea is to generate successively the re
duced basis along the Monte Carlo simulation process, increasing
the number of elements in the reduced basis when it is required.
This is performed using a criterion based in the goal oriented error
assessment given in the expression (23).

As a previous step, the dual problem is solved for the mean val
ues of the random variables involved. Thus, the corresponding



solution of (8) yields V,, which is assumed to be the reference solu
tion for the dual problem.

The Monte Carlo process starts as in the standard case, generat
ing a realization of 0, denoted by 6. This allows computing the
realizations of the stiffness matrix a force vector, ¥(6) and F(6,).
The corresponding system (5) is solved and the first solution
U; U(6,) is obtained. This solution is taken as the first reduced
basis, at this phase Ups  [Ui].

For the second Monte Carlo throw, K(6,) and F(6,) are gener
ated. Instead of considering the full system (5), the contracted sys
tem (18) is solved and Ugg is supposed to be an approximation to
U(6,). Note that the size of system (18) is in this case one, because
the reduced basis has only one component. Thus, at this stage of
the process, most probably, Ugg @,U; is not a good approxima
tion of U(6,).

The pertinence of the reduced basis approximation is checked
with the proposed error assessment technique. First, the residual
is computed as indicated in (21)

R KUgs F
Then, the corresponding error in the Qol is estimated as
e ~ V) Rgs. (24)

Note that this estimation assumes that V is a fair approximation of
the solution of the dual problem for any Monte Carlo thrown. This
may not hold if the solutions of the dual problem are much scat
tered. If that happens, a better description of the dual solution
(probably using also a RB strategy) would be needed. In the pre
sented examples the assumption (24) is validated by comparing
the outcome with the full resolution of the dual problem, see Sec
tion 44.

At this stage, an admissibility criterion is needed to validate the
reduced basis approximation. Different criteria, mainly based on
the relative error in the Qol, may be considered. The simplest
one consists in setting some prescribed tolerance, €, or n (prescrib
ing either the absolute or relative error), and keeping the solution
as admissible if

€

leRs| < € or s <1

If the solution is admissible, i.e. the error in the Qol is small en
ough, then the Monte Carlo process is continued by generating the
next realization. If it is not, then a new complete solution of (5), U,
is computed and added to the reduced basis. Thus, if the admissi
bility criterion is not satisfied, then, at this stage Ups [U1,Ua].
This process is described compactly in Algorithm 1.

Remark. The reduced basis system of Eqgs. (18) may suffer of
potential ill conditioning if the elements in the basis are too
similar. Note that this occurs if one of the elements of the base is
nearly described as a linear combination of the others. The
procedure introduced above is likely precluding this situation
because a new element is introduced in the basis precisely only if it
cannot be properly described as a linear combination of the
existing ones. Nevertheless, if the prescribed tolerance, ¢, or 1, are
too small (with respect to the roundoff error) the reduced basis
matrix may, in practice, be ill conditioned. Moreover, the quality
control is performed here only in terms of a specific Qol, and ill
condition may appear because it results from having elements
close to each other according to a different measure. Note that the
standard approaches to prevent ill conditioning, alternatively
using Gram Schmidt or singular value decomposition, see [13],
detect the relevant modes of the reduced basis and isolate the
redundant information. Here, the strategy to incorporate elements
in the reduced basis is likely providing only relevant elements
introducing no redundant information in the basis.

Algorithm 1: Adaptive algorithm for basis enrichment

Data: V°, ¢, (or 77), Nyc and the routines generating I<(6), F(6)

and G(6)
Result: A number of Ny realizations of the Qol,
Q;, i=1,2...Nyc, with relative error lower than

First Monte Carlo thrown
generate [K(6,),F(6:1),G(6,);
compute U; solving K(6;)U; = F(6;);
compute and store Q; = G(0;)"Uy;
initialize Ugg = (U] and Ngg = 1;
Subsequent Monte Carlo throwns
fork=2...Nyc do
generate [K(0), F(0y), G(0k);
compute [gp := U&BK(O,{)URB and Fgp := UI}TIBF(Bk)'
solving the reduced basis problem
compute a solving Kgpa = Fgp;
compute Uy = Uyga;
compute and store Qy = G(f)k)TUk;
assessing the error of the reduced basis solution
compute Rgg = K(0k)U, — F(0y);
compute the error estimate e%, = VERRB;
if |e,%,| > € (or ‘5%;‘ > 1) then
solution not admissible: re-computing the full solution and
enriching the basis
compute Uy solving K(0)Uy = F(6y);
compute and replace storage Q; = G(6)) Uy;
Ngg + Ngg + 1;
Urs = [Ur...Ung] ;
end
end

4. Numerical examples
4.1. Simple 1D example

A 1D test case is presented in this section. Both the geometry
and the loads are simple, as well as the randomness behavior
which is introduced by modeling the constant young modulus as
a random variable. Despite of its simplicity, this example allows
assessing the error introduced when the random behavior is
approximated using a technique based on a response surface, see
[19]. In this case, the reference case (obtained with a large number
of Monte Carlo simulations) is assumed to be exact and, due to the
simplicity of the problem, the Reduced Basis simulation with one
degree of freedom is sufficient to capture the exact solution. The
strategy to assess the error and the associated criterion to enrich
the basis is, in this simple case, indicating that the one element ba
sis is already furnishing an accurate enough solution. Thus, in this
case, the Reduced Basis results (RB) are identical to the exact re
sults which constitute the Reference and they are used to validate
the outcome of the response surface approach.

This first example is also useful to introduce some of the nota
tions and basic hypotheses used in the next section.

4.1.1. Test description, analytical solution and RB solver

The unknown displacement u(x) describes the deformation of a
bar of section S and length L (the domain Q [0, L] is parametrized
with the coordinate x € €, as illustrated in Fig. 1. The bar is loaded
with a deterministic traction Fon x L and clamped at x 0. The
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Fig. 1. Example 1: problem description.

material is assumed to be elastic with a non deterministic
(but uniform) Young modulus E(6). The probability density func
tion of E(0) is characterized as follows:

2 arcsin(Erf(%))
vn2 8

where ¢(0) is a Gaussian centered random variable with standard
deviation equal to one and Erf stands for the error function. E is
the mean value of E(#) and ¢ is the amplification coefficient for
the random perturbation.

Note that the non standard nonlinear mapping g is chosen such
that the probability density function of E(6), which is affine in g,
has a bounded support. Actually, the upper and lower limits for E
are

50(1 5\/7[2“—28) <E(0) <Eo (1 + 5\/1[2”—28). (26)

This definition allows precluding negative non physical values of
the Young modulus. Positiveness is readily achieved taking E, 1
andé 0.3.

The equations to be solved read: find u(x, 0) such that

E(0) Eo[10g(¢(0))] with g(y) (25)

dZ
EU(X’B) 0 inxe[0,L]
E(B)S%u(x,ﬂ) F onx L @7
uix,0) 0 onx O
The Qol is set to be the displacement at the right end, Q(6) u(L,6).

An analytical expression for the exact solution of this very simple
problem is available, namely

F
Q(0) o5
Thus, a direct Monte Carlo simulation is computationally affordable
because the Qol is obtained by simply replacing the value of the
occurrence of E(f) in (28).

A full Monte Carlo simulation is performed using Ny
100,000 as a reference value. The corresponding occurrences for
Q(0) are denoted Q; fori 1,2,...,Numc. This allows computing a
reference distribution for Q(0) and, in particular the mean, the
standard deviation, the 25% percentile, the 50% percentile (median)
and the 75% percentile, see Table 1.

(28)

Table 1

1D example. Reference values of the probability distribution of Q(6), computed with Ny

different values of the number of interpolation points, Ns.

Obviously, the reduced basis is in this case optimal, in the sense
that all the solutions generated varying E are proportional, that is
they belong to a one dimensional functional space. The reduced ba
sis with one single element is sufficient to solve all the occur
rences. In fact, this is automatically detected by the algorithm
proposed: the error is estimated to be zero for all the occurrences.

4.1.2. Using a response surface based method

When applied to stochastic modeling, the response surface ap
proach consists in interpolating the outcome of the model, here
Q(0), from a number of different realizations of the random vari
able 0. Among the different possible interpolation techniques, here
the simplest piecewise linear approximation is selected. Thus, the
response surface approximation to Q(6),Q"(0) is computed by
solving the full problem in a selected set of points 6, j
1,2,...,Ngs and computing the values of the occurrences Q(6;).
The response surface solution a simple interpolation of the form

RS Nes AN
Q™(0) ;Q(OJ)NJ(B), (29)
J

being N; the classical linear finite element shape functions. This is
the technique used in [19].

The parameter Ngs is tuning the cost of the method (number of
complete solutions of the FE model) and how the method con
verges to the full Monte Carlo solution. Note that, once the re
sponse surface parametrization is set, each new occurrence
requires just an explicit evaluation of (29). The results displayed
in Table 1show that the Response Surface approach is converging
to the exact value. Note that the results corresponding to
Ngrs 97 are pretty accurate and required only 97 solutions of
the full problem instead of 100,000.

Fig. 2 illustrates the convergence of the mean with Nyc, differ
ent level of refinement of the grid corresponding to Ngs are plotted.

In the next section, we will focus on the reduced basis method
and Reference method based on an exact solution, for 2D problems
with several random variables representative of a random field
data.

4.2. 2D elastic deformation, taking average vertical displacement as
Qol

The deformation of the 2D elastic squared domain Q (L 10)
displayed in Fig. 3 is described by the unknown displacement field
u. Displacements are set to be zero on the Dirichlet boundary, @,
containing the lateral and the bottom sides. The deterministic dis
tribution of tractions depicted in Fig. 3 is prescribed on the Neu
mann part of the boundary, dvQ, containing the top side. The
traction density is non null on a centered strip w of length .

The elastic material is characterized by a stochastic Young mod
ulus, described by the random field E(x,0). The mean value of
E(x,0) is E, 1, independent of x, based on a arcsin description
as in Eq. (25),

100, 000 (bottom row) and different outcomes of the surface response method for

Ngs Mean Standard deviation 25% percentile Median 75% percentile
3 21791 1.7598 0.8778 0.9993 32767
7 1.1469 0.4647 0.8214 0.9990 1.3252
13 1.1204 04227 0.8146 0.9988 13070
25 1.1145 04144 08118 09987 1.2953
49 1.1130 0.4125 08117 0.9987 1.2950
97 1.1127 0.4120 08116 09987 1.2949
Ref. 1.1125 04118 0.8116 0.9986 1.2948




Fig. 2. 1D example: Convergence of the mean with Ny, for different values of Ngs.
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Fig. 3. lllustration of the 2D problem statement.

E(x,0) Eo[1+08(¢(x,0))] (30)

The spatial correlation is characterized by an exponential behavior,
such that

cov(E(x,0),E(X,0)) e = 31)
The amplification coefficient for the random perturbation is set to
6 0.05. The variability of the resulting random field is illustrated
by an occurrence of E(x, 0), as depicted in Fig. 4.

The discrete Karhunen Loéve expansion in (12) is used here to
describe the spatial variability in terms of a finite number of Ny
independent random modes. The random space is therefore Ny
dimensional and a reduced order model is needed to preclude
the so called curse of dimensionality. In the current example, Ny
is set to be equal to 20 after analyzing the evolution of the eigen
values /; in the expansion (12) corresponding to the spatial corre
lation introduced above. This evolution is graphically displayed in
Fig. 5 where it can be observed that 20 modes are sufficient to cap
ture the relevant features of the distribution. In a general case, a
20 dimensional space may seem not too large from the probabilis
tic viewpoint. However, it is sufficient for the current description of
the spatial correlation and it is already interesting for reduced
bases explorations. In the remainder, the error introduced by the
Karhunen Loéve the truncation is considered to be negligible and
the 20 dimensional space is taken as the reference problem.

104 ..
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Fig. 5. Values of the larger eigenvalues 4;, i 1,..., 200, all the relevant ampli-
tudes correspond to i < 20.

The quantity of interest considered here is the average vertical
displacement on the strip w, that is

Qo) o [ utxodo (32)
(o} @

The crude Monte Carlo approach consists in solving a number of FE
problems, one for each occurrence and evaluating the correspond
ing value of the Qol. Here a mesh of Nz 944 degrees of freedom
discretizing the domain € is used. For this academic example and
for a number of Nyc 100,000 samples, the results obtained with
this approach are considered to be a reference value and denoted
with the REF label in the following, see the bottom row in Table 2.

The reduced basis (RB) approach consists in using Algorithm 1
introduced in the previous section. Table 2 displays some parame
ters of the resulting probability distribution (mean, standard devi
ation, percentiles) for different values of the prescribed error €.
Note that the results have the number of correct significant digits
(with respect to the reference solution in the bottom row) one ex
pects after the value of €.

The number of terms in the reduced basis U, Ngg is automati
cally found by Algorithm 1 and it increases as the prescribed error



Table 2

Parameters of the probability distribution of Q (average vertical displacement) assessed using the reduced basis adaptive algorithm for different values of the prescribed error €y

(upper rows) and reference value obtained solving Nyc

100,000 different FE problems (N  944).

€ Nrgg Mean Standard deviation 25% percentile Median 75% percentile
1x10? 1 3130.38563 130.18000 3030.48300 3124.85139 3225.34981
1x 10! 9 3133.09986 127.46913 3035.00110 3127.75817 3226.99361
1 21 3133.72694 127.23329 3035.80352 3128.39911 3227.44973
1x10 ! 44 3133.72521 127.23537 3035.81726 3128.39412 3227.42919
1x10 2 97 3133.72448 127.23713 3035.81932 3128.39521 3227.42800
1x10 3 154 3133.72464 127.23715 3035.81903 3128.39334 3227.42781
1x10 4 214 3133.72466 127.23718 3035.81884 3128.39342 3227.42794
Ref. - 3133.72466 127.23718 3035.81884 3128.39341 3227.42792

Table 3

Parameters of the probability distribution of e, and maximum error enq, (Qol average vertical displacement) for different values of the prescribed error €y and Ny¢ 100, 000.
€ Mean Standard deviation 25% percentile Median 75% percentile €max
1x10? 3.3390361 2.9428229 4.5751523 9.6193397 16.2956823 57.4509362
1x 10! 0.6248052 0.2319512 0.6907875 1.4663370 2.5131283 10.0730973
1 0.0022813 0.0038909 0.0583792 0.1239058 0.2159743 1.1074206
1x10 ! 0.0005487 0.0018096 0.0047224 0.0101400 0.0177845 0.0974924
1x10 2 0.0001806 0.0000427 0.0004581 0.0009901 0.0017716 0.0106919
1x103 0.0000188 0.0000215 0.0000446 0.0000983 0.0001802 0.0011101
1x10 4 0.0000003 0.0000000 0.0000048 0.0000105 0.0000187 0.0001062

€ is reduced (or as the prescribed accuracy is increased). Note that
for all practical cases Ngg is significantly lower than Ngg.

The error committed in the evaluation of the Qol for every
occurrence is also analyzed. Having at hand the reference solution
in each Monte Carlo simulation, that error e, associated with the
RB computation of occurrence i is computable for i 1,...,Nyc
(this is the error with respect to the full FE solution). The resulting
values are displayed in Table 3.

Fig. 6 illustrates the different probability distributions (histo
grams) for eq, corresponding to different values of the prescribed
accuracy €p. Both Table 3 and Fig. 6 show that the error is con
trolled by the input parameter €,. The error assessment technique
demonstrates its efficiency because it detects (and corrects via the
adaptive enrichment) errors larger than €.

Fig. 7 shows the dependence of the maximum error achieved in
the Nyc 100,000 computations versus the prescribed error €, it
is worthy noting that the correlation obtained indicates that the
selection of the number of terms in the reduced basis is optimal
(less terms would produce larger errors than prescribed). Actually,
the correlation in Fig. 7 shows that the maximum error e is, in
practice and for a large number of Monte Carlo throws, equal to €.

Fig. 8 shows the dependence with the prescribed error €, of the
different parameters of the distribution of the error eq. It is clear
that the choice of €, controls the error achieved in the different
samplings, eq.

Fig. 9 describes the evolution of the required number of ele
ments in the reduced basis Ngz as a function of the number of
Monte Carlo throws, Ny for different values of €,. As expected,
Ngp increases with Ny and gets stabilized after some threshold va
lue, which depends on €.

4.3. 2D elastic deformation, taking average rotation as Qol
The same example as in Section 4.2 is now analyzed for a differ

ent quantity of interest. The new quantity of interest is the abso
lute value of the rotation of the strip w, defined by

Q(9)

% /a.)(z AXg,) - u(X,0)dw (33)

where G, is the geometric center of section w, g, , 11—2143,) its qua
dratic momentum along z, X;, is the position of a point relatively
to G, and z the vector normal to the plane.

Table 4 displays the parameters of the probability distribution
of the Qol (mean, standard deviation, percentiles) estimated with
the methodology proposed in this paper for different values of
the prescribed error €y. The same comments made in the previous
section apply also here: the prescribed error is enforced in the re
sults and conditions the number of required RB modes, as
expected.

Fig. 10 displays the evolution of the different parameters of the
distribution of the error eq (corresponding to the RB solver com
pared with the full FE solver).

4.4. Reference solution of the dual problem

The error assessment used above takes as the solution of the
dual problem for the occurrence 6, the solution V, of the problem
associated with the mean value of the random distribution, see Eq.
(24).

Thus, it is assumed that, for error assessment purposes, Vg is a
fair approximation of the actual solution of the dual problem for
realization of the random variables corresponding to the current
Monte Carlo throw, denoted as V, for k 1,2,..., Nyc. The previ
ous examples demonstrate that this working hypothesis is good
enough, in the sense that the error in the quantity of interest, eq,
obtained with respect to the full FE solution, is effectively con
trolled in the process.

Here, an additional contrast of the hypothesis e
V{RRB ~~ ngRB is performed by solving the full dual problem at each
Monte Carlo throw, that is, computing V| for each realization and
therefore the actual error introduced by the hypothesis in the com
putation of the error in the Qol (associated with the RB strategy).

More precisely, in Algorithm 1, the error estimate %, ~ V{Rgs is
replaced by the exact error in the quantity of interest e}, VI Rgs,
being V, the solution of (8) for every realization 0.

The results of the modified algorithm are displayed in Tables 5
and 6 which compare to those of Tables 2 and 3. It is worth noting
that for this test case, the results obtained using the approximate
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Fig. 6. Probability distributions of the error introduced by the reduced basis strategy, eq/Q (Qol average vertical displacement), for different values of €, (also the relative

error 7 is indicated).

error assessment are very close to those obtained in this academic
exercise consisting in computing the actual error at each Monte
Carlo throw. There are not significant variations in the results

replacing the approximated error assessment (proposed error esti

mate) by the actual error (comparing the RB solution with the full

FE

solution).
The possibility of solving the dual problem with an scheme that

controls the quality of the dual solution is the object of current re
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Fig. 7. Achieved maximum error e, vs prescribed error € (Qol average vertical
displacement).

emror

Fig. 8. Different parameters of the distribution of error e, vs prescribed error €,
(Qol average vertical displacement).

search. Note that, in order to increase the accuracy of the goal ori

ented error estimate, it suffices to increase the accuracy of the dual
solution, that is finding a better approximation for V,. A possible
approach to address this question is using also a reduced basis

Table 4

250

Fig. 9. Required value of Ngs as a function of Ny for different values of €, (Qol
average vertical displacement).

error indicator

error

Fig. 10. Different parameters of the distribution of e, (also maximum value) vs.
prescribed error € (Qol average rotation).

strategy for the dual problem. It is not obvious whether using
the same basis for both the primal and the dual problem or using
different bases is a better option.

Parameters of the probability distribution of Q (average rotation) assessed using the reduced basis adaptive algorithm for different values of the prescribed error €, (upper rows)

and reference value obtained solving Ny

100,000 different FE problems (Niz  944).

€ Ngg Mean Standard deviation 25% percentile Median 75% percentile
1% 10 9 22.828639 16.349056 9.484006 19.931768 33256232
1 21 22221976 15.970891 9.195373 19.376013 32.350854
1x10 1! 45 22214807 15.969786 9214940 19.370062 32.336906
1%x10 2 97 22215679 15.970235 9215144 19.368300 32.337244
1x103 147 22215924 15.970409 9214495 19.367796 32337462
1x104 291 22215934 15.970418 9214382 19.367640 32337302
Ref. - 22215933 15.970418 9214383 19.367634 32337288
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Table 5

Modified algorithm with exact error assessment. Parameters of the probability distribution of Q (average vertical displacement) assessed using the reduced basis adaptive

algorithm for different values of the prescribed error €, (upper rows) and reference value obtained solving Nyc

100, 000 different FE problems (N  944).

€ Ngs Mean Standard deviation 25% percentile Median 75% percentile
1x10? 1 3130.38563 130.18000 3030.48300 3124.85139 3225.34981
1x 10! 10 3133.02424 127.40692 3034.94759 3127.62673 3226.89360
1 20 3133.73322 127.25811 3035.78903 3128.40562 3227.44071
1x10 ! 45 3133.72288 127.23748 3035.81628 3128.38787 3227.41928
1x10 2 93 3133.72461 127.23736 3035.81854 3128.39438 3227.42685
1x10 3 148 3133.72466 127.23718 3035.81891 3128.39338 3227.42796
1x10 4 216 3133.72466 127.23718 3035.81883 3128.39342 3227.42791
Ref. - 3133.72466 127.23718 3035.81884 3128.39341 3227.42792
Table 6

Modified algorithm with exact error assessment. Parameters of the probability distribution of e, and maximum error enq (Qol average vertical displacement) for different values

of the prescribed error €, and Ny¢c 100, 000.

€ Mean Standard deviation 25% percentile Median 75% percentile €max

1x10? 3.3390361 2.9428229 45751523 9.6193397 16.2956823 57.4509362
1% 10! 0.7004227 0.1697469 0.4485849 0.9487315 1.6120538 9.7976123
1 0.0085538 0.0209299 0.0570733 0.1217189 0.2077229 0.9590374
1x10 ! 0.0017872 0.0003001 0.0036615 0.0078892 0.0140441 0.0980774
1x10 2 0.0000532 0.0001799 0.0005102 0.0010987 0.0019508 0.0099946
1x10 3 0.0000040 0.0000016 0.0000456 0.0000984 0.0001743 0.0009926
1x10 4 0.0000007 0.0000004 0.0000050 0.0000109 0.0000192 0.0000997

5. Conclusions

This paper describes a new approach to generate a reduced ba
sis in the context of Monte Carlo strategies for stochastic modeling.
The reduced basis is constructed automatically, ensuring a pre
scribed level of accuracy for the output of interest. The proposed
methodology uses standard elements in goal oriented error assess
ment and adaptivity. Here, the error which is assessed is the
approximation introduced by the reduced basis with respect to
the complete FE solution, for a given mesh. That differs from the
usual practice in the verification framework, in which the error
introduced by the mesh is evaluated. Numerical 1D and 2D tests
demonstrate the efficiency and robustness of the proposed strat
egy. The use of this methodfor 3D massive industrial examples,
where the cost is of primary importance, is going to be the object
of further research. This type of problems with large stochastic
variations where the reduced basis can significantly increase is also
an interesting point to be studied.
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