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1 Introduction

Fractional differential inclusions (FDI’s), as a generalization of fractional differential equations
(FDE’s), have attracted significant attention due to their relevance in optimization problems and
stochastic processes [1]. They provide a framework for analyzing dynamical systems where the evolu-
tion of the system is not strictly determined by its current state, offering greater flexibility than classical
formulations [2,3]. In recent years, the theory of FDE’s has seen substantial development across
various branches of mathematics [4—7]. This theoretical progress has been complemented by significant
advances in numerical methods for solving fractional models arising in applied sciences [8—11].
Furthermore, both FDE’s and their inclusions appear naturally in numerous scientific disciplines and
have been applied extensively in diverse contexts [12—16]. In this direction, Almeida [17] introduced
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the ¢-Caputo fractional derivative (FD), a novel operator that unifies various types of FD’s, thereby
broadening the scope of modern and complex applications.

The classical Langevin equation (LE), introduced by Paul Langevin in 1908 [18], was the first
mathematical framework to describe Brownian motion. However, it fails to fully capture phenomena
involving fractal disorder. In mathematical physics, such considerations are crucial for modeling
fractional reaction-diffusion systems [19,20], harmonic oscillators, correlated noise sources [21], and
quantum noise behavior [22,23], among others. When a macroscopic system does not exist and
microscopic time-scale differential equations become inadequate, the fractional LE proves more
effective than its classical counterpart [24]. In particular, the fractional LE introduced by Lutz [25],
incorporates power-law memory kernels and fractional Brownian motion to describe anomalous
diffusion in complex and viscoelastic media. Subsequent developments by Mainardi et al. [20]
established a rigorous link between fractional Langevin dynamics and anomalous diffusion processes,
emphasizing the impact of non-Markovian effects and long-time correlations in Brownian motion.
Further discussions on the Langevin equation and fractional dynamics can be found in [27], while its
applications span stochastic problems in physics, chemistry, and electrical engineering [28].

Over the years, significant research efforts have been devoted to investigating the existence,
uniqueness, and stability of solutions for fractional differential equations involving various types of
FD’s, see [29,30] and the references therein. Particular attention has been given to the fractional LE
and inclusions. For example:

The authors in [31] established existence results for the Langevin FDI involving a Caputo FD of
the form

CD;;(CD M) u(r) e M(r, u(r)) ¢, € (0,11, T€(0,1),
u(0) = Zm (i) (n), u(1) = Zn (Isiu) (v »

where 0 < y,, 1, < 1, “D;, is the Caputo FD of order ¢ € {e,, ¢,}, [} is the Riemann-Liouville FI of
order v, € {0, ¢}, A, m,n, € R, i=1,n,and IT : [a,5] x R — F (R) is a set-valued mapping, where
F (R) denotes the power set of R.

In [32], Ahmad et al. investigated a class of LE involving generalized Liouville-Caputo derivatives
of distinct orders, subject to nonlocal generalized fractional integral boundary conditions

Dy (D +h)u(r) =7 (t,u(r)), T € (a,0),
u@ =0, u(y) =0, ul@)=m"L} u(y),
e, €(1,2], 6,0, ), a<y <y <0p,

where * D¢, and “D:% denote the generalized Liouville-Caputo FD of order ¢, and e,, respectively, “I?,

is the generalized fractional integral operator of order 9 > 0,k > 0, A,,me Rand 7 : [a,p] x R > R
is a given continuous function.

In 2021, the authors [33] studied a class of Langevin FDI’s subject to nonlocal conditions of the
form

Dyl (Du(t) — Mu(v)) € M (r,u (), e,7 € (0,1),
CD(‘Hu(l) + CD(IHM()/I) =0,0<y, <1,A, >0, (1)
u(0)=0,D2u(0) =0, ¢, € (1,2).
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In [34], the authors established the existence and uniqueness of solutions for the following
nonlinear fractional Langevin integro-differential equation

Dy, (‘D2 +a)u(r) =m (t,u(r), [Lu(x)), t €(0,0), b €R,
“Dyiu(0) + 2u (0) = “Diiu (p) = 0,
u(0) = afoﬁu(s) ds + b,
where Dy! is the Riemann-Liouville fractional derivative of order ¢, € (0, 1), a,b € R, and v € (0, 1).

In [35], Khan et al. examined the existence, uniqueness, and stability of the solution for the
generalized fractional LE of the form

‘D (‘D& + 1) u(m) =n (t,u(r),u@dt).  DLu(r)), T € (a,p),

u@=0,u(y)=0,u@ =m L u(y),d>0 mekR,

e, e€(1,2], 6,0, ), a<yy<y,<p, >0.

In [36], the authors investigated the existence, uniqueness, and stability of solutions for the LE

involving ¢-Caputo FD of different orders

DL (D + ) u(@® =n (r,u(v), 7 € (a,9),

u(a) =0,u (a) =0,

D'u(P) + ru (p) = 0,
where “D¢? is the ¢-Caputo FD of order ¢ € {e;, ¢,} such that ¢, € (0, 1], ¢, € (1,2],and A, 1, € R.

Lmou et al. [37] employed the Dhage fixed point theorem (FPT) to investigate the existence of
solutions for the ¢-Caputo fractional differential Langevin hybrid inclusion

°p’ (<DZ’ o +4 (Du(r)) ell(r,u(r)),r € (a,p),
h(z,u(r))
_ 4 . 2
w(@ =0, u(@ =3 m, (5u) (). @
i=1
21522 € (Oa 1) s yi € (aaﬁ)a
where “D¢? is the ¢-Caputo FD of order ¢ € {e;, ¢,}. I is the ¢-Riemann-Liouville FI of order 9, > 0,
meR,i=1,nt € CR",R),heC(a,p] xR R\{0}).

Inspired by [17] and the existing literature, we analyze the existence of solutions for a nonlinear
hybrid Langevin FDI with a generalized FD’s under mixed boundary conditions

" (CDZ?f’ (—“ @ ) +4 <r)u<r>) €M (Tu(), 7€ @p),

h(t,u(r))
u(a) _ X u(a) _
h(au(a) “’(h(a,u(a»)_o’ )

e (1P ) ( u () ):0’
| (h(ﬁ,u@)) HAVITT)

where “ D" is the ¢-Hilfer FD of order ¢, € (0, 1) and type ¢, € [0, 1], D2’ is the ¢-Caputo FD
of ordere; € (1,2], 4, € CR",R),h e C(Ja,p] x R,R\{0}), B e R,and IT: [a,p] x R —> F (R)isa
set-valued mapping, where F (R) denotes the power set of R.
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We prove existence outcomes for the generalized hybrid Langevin inclusion (3), by constructing
a new operator derived from the integral solution of the given boundary value inclusion problem.
It does not satisfy the compactness property, which prevents the direct application of classical fixed
point theorems such as the Schauder or Schaefer fixed point theorems. To overcome this difficulty,
we employ Dhage’s fixed point theorem, which is specifically designed to handle operators lacking
compactness, and provides a suitable framework well adapted to hybrid fractional problems.

We remark that Eq. (3) represents a generalization of existing initial value problems for Langevin
inclusions due to the general structure of the kernel associated with the ¢-Hilfer and ¢-Caputo
fractional derivatives. For instance, Eq. (3) reduces to ¢-Caputo-type inclusions problem (2) if e, = 1,
and to Caputo-type inclusions problem (1) if e, = 1, ¢(r) = 7, h(r,u(r)) = 1 and £, (r) = A,.
This hybrid formulation allows the model to capture a broader class of memory effects than those
achievable by Langevin inclusions involving a single type of fractional derivative. To the best of our
knowledge, such a hybrid framework has not been previously investigated and is expected to enrich
the theoretical development of Langevin-type problems.

The article is organized as follows: Section 2 covers preliminary concepts. Section 3 presents our
main existence results. Section 4 provides an illustrative example, and Section 5 offers concluding
remarks.

2 Preliminaries
2.1 Fractional Calculus (FC)

In this portion, we present some basic concepts of FC and necessary lemmas that are required in
our work.

Let J, = [a, p]. We denote by € = C (J;, R) the Banach space of continuous functions u : J, — R
with supremum norm

lull = sup {lu ()| : 7 € J5},

and L' (3;, ]R) be the Banach space of Lebesgue integrable functions u : J ; — R with norm

lull, :/ (1) de.
0

Let u : J, — R be an integrable function and ¢ € C" (3;, ]R) an increasing function such that
¢ (r) #0,forany t € J,.

Definition 1 ([0]): The ¢-Riemann-Liouville FI of order ¢ | for a function u is given by
1

Iy (t) = )

/ ¢’ () (P () —d () u(s)ds.

Definition 2 ([0]): The ¢-Riemann-Liouville FD of order ¢, for a function u is described by

1 d " (n—e )‘z}ﬁ
D:? = — ) L
1u (1) (Wr) dr) L),
wheren = [e;]+ 1, n € N,
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Definition 3 ([17]): The ¢-Caputo FD of a function u € C" (J;,R) of order ¢, is defined by
Dtu(r) = I8 i (1),

¢ 11’) dilt) u(r), andn=[e,J+ 1, neN.

Lemma 1 ([38]): Let ¢, ¢, > 0. Then

where U (t) = (

el.¢ _ ep—1 ( 2) _ ep+ep—1
(DL (@ (r) —¢(a)? = IR (@ (r) — ¢ (a)) s
F 2 er—er—1
(2) DY (¢ (1) — ¢ (@) = FL (@) =@ (@)= .
(e —¢))

Lemma 2 ([17]): Let u € C" (35, R) ande, € (n—1,n), then

<yl ( a’)

22D u(t) = u(r) — (@ (1) — ¢ (a)".

k=0

Definition 4 ([38]): The ¢-Hilfer FD of u € C"(3,,R), of order n — 1 < ¢, < nand type ¢, € [0,1], is
defined by

HD;L:Q,(#M ('L') — Iez(n—el),q> Dgl]l(l—ez)(n—el),d)u ('L') ,

. 1 dY
Where D¢ = mg .

Lemma 3 ([38]): Ifu e C" (Sﬁ, R), n—1<e <nandtypee, €0,1], then

@ (1) — ¢ (@) ( 1 d
¢ (1) dt

() "D u (1) = u(z) — Z ) 7 10-2)(=<)9y (q), where § = e, +

5 I'6—k+1
e(l—e).
Q)DL I u(t) = u(v).

To address (3), we require the following auxiliary result.

Lemma 4: Let
;= (¢ (p) — ¢(a)),

_ﬂF (8) e3ts—l 5
— S g 20, @
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and for anyy € €, then the solution of linear-type problem

VHDel,ez,(» (cDem (L) + ¢ (f)u(f)) =3(), 7 €(a,p)
U @uay) T .

u(a) . u(a) _
|y " P (h(a,u<a>>) =0 ©)

CD;3+,¢( u () ) ( u () ):0’
| i) TP\

is obtained as

u(t) =h(t,u@) L3 — L3¢ () u(r)

L ©) (¢ () —pla)™"
AT (e5+96)

— BLY' (P u (@) + BLI T ()] (6)

(I:5 (@) — € (p) u (P)

Proof: Taking the ¢-FI I;1* to the first equation of (5), and by using Lemma 3, we get

‘D’ (h(tu(—urzt))) =I5 + ¢ (¢ (0) — qb(a))H — ¢ (Du(r), T € J,and ¢, € R, (7

where 8§ = ¢, + ¢, (1 — ¢;). Now, by applying the ¢-FI I:3* on the both sides of (7), and from Lemma
1 we get

u(f) c1+e3 ¢ -~ _ c3¢ ]F (5) . e3+d—1
ey = I - G @u @+ s (90— 9la)
+6 @) —¢ @)+, 6,6 € R ®)
. . u (a) _ 1 u (a) _ : 2 1 — —
By applying the conditions m =0and D, (—h o (a))) =01n(8), we find ¢, = ¢; = 0.
Therefore, we have
u(T) _ cl+c3 ¢~ I A=K4 CIF (6) _ e3+4—1
) .0 () 3(0) — Ly 4 (Du(r) + T8 ) (¢ (7) ¢(a)) )
Using the second condition cp3? (%) % =0, Egs. (7) and (9), we get

1 — — — e3, — — e 3 -~
o=+ [0 -6 @u®E) = LG @ u @) + LT ()]
By substituting the value of ¢, into (9), we arrive at the solution of (5) which is given by (6). [

2.2 Multi-Function Theory

We begin by introducing several fundamental concepts related to set valued maps (multi-
functions) as outlined in [39]. Let (E,|.|) be a Banach space, and consider a multi-function
o :E — F (E). The following properties are defined:
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e Closed (Convex) values: The multi-function o is said to be closed-valued (respectively, convex-
valued) if for every u € E, the set o (1) is closed (respectively, convex) in E.

e Boundedness: The multi-function g is bounded if, for any bounded subset B C E, o (B) = U,z0 (1)
is a bounded subset of E, i.e.,

sup {sup {l§] : & € 0 (W)}} < o0,

ueBB

e Measurability: The multi-function g is measurable if, for each & € R, the function
T—>d¢,0()=mnf{|§ —Al: A€o0 ()}.

1S measurable.

For additional concepts such as complete continuity and upper semi-continuity (u.s.c.), we refer
the reader to [39]. Furthermore, the selections set of IT is defined as:

Rue={x e L' (JnR)| x(x) e (r,§) V(ae)r €J;}.
In the next, we define

Fi.(©)={e el (E): © # ¥ and has a property u}.
In particular, we use the notations:

e [, for the class of all closed subsets of E,

e [ . for convex subsets,

e [, for bounded subsets, and
e [, for compact subsets.

Definition 5 ([40]): The multi-function IT : J,xR — F (R) is Carathéodory if t — IT (t,u) is measurable
for each u € R, and for almost all t € J, the mapping u — I (t,u) is u.s.c.

Moreover, I is said to be L'-Carathéodory if, for every [ > 0, there is m* € L' (3ﬁ, ]R*) such that
lm*|| < I, the norm of I (t,u), defined as

ITI(z,w)|| =sup{|x|:x €Il (zr,u)} <m (1),
satisfies
ITI (z,w)| <m" (1),

for almost every T € J,.

The following lemmas are essential for establishing the main results developed in this study.

Lemma 5 ([40]): Let Gb (0) = {(u,¢) e Ex X, ue o W)} beagraphofo. Ifo :E — F,X)isus.c,
then Gb () is closed in E x X. As well as, if ¢ is completely continuous and has a closed graph, it implies
that g is u.s.c.

Lemma 6 ([41]): Let E be a separable Banach space, I1 : J; x E — [
YL (35, IE) - C (35, E) be linear and continuous. Then

YoRn:CFnE) = F o (CHLE)), u— (YToRy) W) =7 (Ru.),

(E) be the L'-Carathéodory,

.
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is a map with closed graph in C (3,,E) x C (3, E).

Theorem 1 (Dhage FPT [42]): Let € be a Banach algebra, and consider two operators Z, : €€, and
Zy: € — [ . (€). Assume the following conditions hold:
° Z is Lipschitz with constant W},
° Zz is compact and u.s.c.,
o 2w\ < 1 is satisfied, where W = ||,Zf2 (©) H
Then either,

(i) The operator inclusion ue (Zlu) (Zu) admits a solution,
(1) The set ® = {ue C:éu(r) e (Zlu) (zzu) , &> 1} is unbounded.

3 Existence Results for Set-Valued Problem

Definition 6: A function u € C' (3;, ]R) is a solution of (3 ), if there is a function » € L' (fb, R) with
x (t) € I1 (v, u) for every t € J; fulfilling the mixed BC’s

u(@ u(a) o

h(a,u(a) 0 (h (a, u(a))) =0

: ) u(p)

2 (i) ) =
ot (h(ﬁ,u@)) HAVITAT)

and

u(v) = h(w,u @) [L"% (1) = L1760 u(r)

+F 8) (¢ () — ¢(a)
AT (e5+96)

— BLY" B)u @) + BLY x (2))].

e3+d—1

(I () — €, (p) u (P)

For the sake of convenience, we put

— il+03 r 6 il+03+571 r 8 i1+2c3+5,1
9, = : N (8) ¢s N 1BIT (8) b |
I'(e,+e5+1) AT (e5+8)T (e; +1) Ce,+es+1D]AIT (e5+6)
o[ ter | TeBaeT e o)
T T+ D AT (6 4+8) T+ 1) AT (e +98) |

Theorem 2: Let h € C (35 x R, R*) and IT : J; x R — F . (R) be L'-Carathéodory and continuous.
Also, suppose that:

(As01) There is a bounded function w, : J; x R — R such that
7

1 (T,u, (7)) — h(t,u ()| < Wy () luy — s, Y (Tyup, 1) € 5 x R

(As02) There exists w, € C (Jﬁ, R*) and a nondecreasing function wy; € C (R*, R") such that
ITL(z, W, =sup{lé]: & € T (z,w)} < wi (D) Wy (lull), V(r,u) € J x R.
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(As03) There is A > 0 satisfy

A > (WTA + h*) @, Wil W (A) + 6,A) . (11)
If

~ o 1

w0, lwi |l wy (A) +0,A < 5 (12)

then, Eq. (3 ) possesses a solution.

Proof: To reformulate problem (3) as a FP problem, we first define the multi-function operator 7 :
¢ — F (€) by

gec:
(T, u (@) [LE%% (1) = 1Y (D) u (0)
Zw =1 L ®) (¢ —gla)”"" L
g() = I’ —¢
+ AT e 1D +( % (p) — & (p) u(p)
— BLY 6 @) u () + BLE x (0))],
for % € Rn,. Clearly, solutions of (3) correspond to FP of Z. Consider two operators Z, : €—>¢ and
Z, € — F (C)as
(Zou) () = h (z,u (1)),

and

(13)

ke¢:
LY% (1) — L0, (t) u(7)

) O =17 | TO@G@®=0@)""" .
(D) =1+ AT 13) (1Y% (B) — £, (B) u ()

— BLY'6 (P u (@) + BLLY x (D)), % € R,

Obviously Z(u) = Zl (u) Zz (u). In the subsequent analysis, we will demonstrate that these
operators satisfy the necessary conditions of (1). The proof will proceed according to the following
steps:

Step 1. Z, is Lipschitz.
For u;,u, € € and by (As01), we have
|(Zyw) (¥) = (Zyws) (0)| = B (z, 0 (1)) — B (2,0, (7))
< Wy () luy — wy
< Wi luy — uy,

where wi = sup |w, (7)|.Thus, Z,isa wr-Lipschitz operator.

reﬁﬁ

Step 2. For each u € €, the set Z (u) 1s convex.

https://www.scipedia.com/public/Lachouri_et_al_2026 9
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Let El, %2 € Z (u). Then there exist x,, %, € Ry, such that for each t € J;, we have
ki (r) = LY o (1) = 1274 (D u (7)

ro)g@-g@)*"
AT (e5+96) (Ia+ % () =L, (p)u(p)

— BL 6 () u (@) + BLL %, (p)), j=1,2.
Let 9 € [0, 1]. Then forany t € J,
[9k + (1 — 9 k] (v)
= L 0 (1) + (1 = 9) 56 (0) — I3°€, (0) u (7)

r (6) (d) (T) — ¢(a))23+571 e].¢ - — — —
+ AT (5 + 8) (Ia+ (P, (P) + (1 — )3, () — £, (P) u (p)

— BLY* (P u @) + BLY (0x, (P) + (1 —9) 36 (D)) .

Since TT has convex values, Ry, is convex and (% (p) + (1 —¥)x, (p)) € Rp,. Thus, 19'121 +
-k, € Z, (w).

Step 3. Z maps bounded sets in € to bounded sets.

Letr > 0and B, = {u € € : ||u|]| < r} be a bounded set in €. Then for each ke Z (w) and u € B,,
there exists » € Ry, such that
k(m) =L % (1) = 130 (D) u ()

T'©) @) — @)= b (R P (e (e
+ AT (it 5) (I3 (p) — €, (P) u (p)

— BL" (P u (@) + LY x (D)) -

Under the assumption (As02) and for any t € J,, we attain
k@)
<L 16 @ u (0] + T2 o (7))

FO) @@ =@ -
AT e rs @I+ @)

+IBII 16 D) |u (P)] + 1BIT3* | (D))

_ _ ¢;1+z3 F (8) ¢;1+z3+5—1 | |F (8) ¢i]+2¢3+5—1
§||W1||W2(V)[F(e e +1)+ + i -
1 3

IAIT (es+8)T (e; +1) T (er+es+1D)[A[T (e546)
r[ L OIS O T }

3 o
C(es+1) AT (& +8)T(e;+1) AT (¢5+6)
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where ¢} = sup |¢, (t)|. Thus

reaﬁ
|&]| < 6 1117, () + 6.
Step 4. Z maps bounded sets in € to equicontinuous sets.
Let u € B, and ke Z\z (). Then there exists a function x € R, such that
k(r) =L % (1) = LY (D) u (1)
I (8) (¢ (r) — ¢(ﬂ))
AT (e5 +9)
— BLYL (P u @) + BLE 2 (D), T €y

e3+d—1

(137 () — £, (D) u (P)

Let 7,7, € 35 71 < 7,. Then

|k(z)) — k(1))
< % (6 (2) — § @) — (& (1) — ¢ @)*)
YRS '('Z”R i)l) (@ (1) — ¢ (@)1 — (@ () — ¢ (a)"7)
% (@) — ¢ @) = (p(z) — ¢ @) ") (1% () — &, () u (P)

+IBI LY (P u (@) + 1B L % (P)) .
As 1, — 1,, we obtain
}%(rz) - %(tl)} — 0.

Hence Z, (B,) is equicontinuous. From the above-mentioned steps 3 — 4 along with Arzela-Ascoli
theorem, we deduce that Z, is completely continuous.

Step 5. We prove that the graph of Z, is closed.
Let u, — u,, En € Zz (u,) and En tends to %* We show that E € Zz (u,). Since %n € Zz (u,), there
exists », € Ry, such that

k, (r) = L 3, (1) — I2°4, (1) u, ()
T ©) (¢ () —pla)™™

AT (e; +06)
— BLYt (B) u, (B) + BLL™ x, (D)), T € T

(I:lr,d)%n (ﬁ) - €| (ﬁ) u, (ﬁ)
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Therefore, we must prove that there exists », € Ry, such that, foreach t € J;,

k. (r) = L% 0, (1) — 13°0, (1) w. (1)

(8 (¢ (x) —¢(a))
AT (& +8)

— BLY’ 0, (D) u, () + BLY™ %, (P), T € Iy

e3+4—1

(I3, (P) — £ (D) u. (D)

Define the continuous linear operator Y : L' (3;, R) — C (J;, R) as follows
— Y () (1) = LY o (1) — 1374, (D) u (7)

' ©) (¢ (r)—¢(a)
AT (e5+8)
— BLY G @ u (@) + LY x (D), T €y
Notice that
k, — k.
LU (g, (1) = 2, (1) = LY (0) (u, (7) — u. (1))
TOo- ¢(a)""
AT (e5 + 8)
— BLY*C (B) (u, (B) — u, (B)) + B (6, (P) — . (7)) — 0

when n — € fty. So in view of Lemma 6 that Y o Ry, is a closed graph operator. Moreover, we have

k € Y (Ruy,) -

e3+d—1

(137 () — £ (B) u (P)

(I3 0, (P) — 2. (B)) — & (B) (1, (P) — u. (D))

b

Since u, — u,, Lemma 6 gives
k, (t) = LY 5, (1) = 13°€, (t) u, (1)
T ®) (¢ (x) — ()™
AT (e5+ 6)
— BLY*¢, (P u. (p) + BLL . (9)), T € T,

for some », € Ry,,.

(I35, (P) — £ (P) u (P)

Hence, we deduce that the multivalued operator Z, is both u.s.c. and compact.
Step 6. We show that 2wiW < 1.
For A > 0 and according to Step 2, we have

V=2, (@) =sup{|Z, (@), u € €} <6, [l (A) + A,

In view of (12), we get

- - 1
wil, [[wi]l wa (A) + 6,A < 5
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From this, it follows that 2w;W¥ < 1.

Hence, the operators Z, and Z, fulfill the assumptions stated in (1). Consequently, it follows that
either (i) or (i1) will be true. We now proceed to show that (ii) is not possible.

Let u € © be such that ||u]| = A. Then &u(r) € (ilu) (1) (Zzu) (7) for all &€ > 1. Choose
% € Rp,. Then V& > 1, we have

u(r) = 1010 : D 1240 o ) — 1370 (0 u o)
K ) (@@ —p(@)""

by () — — —
AT (e5+6) (1a+ x(p)—2L, (p)u(p)

— BLYL (P u (@) + BLE x ()], VT € 3

Thus, we can write

u(r)
< (ST’ON @OV 19 14, () fu ()] + 279 1 )
re)(¢@—g@)*" -
" IAIT (e + 8) (I e @) + 1€ D) [u (@)

+ 1B 18, @) lu @) + 18I LY 1 (p)])]
= (WTA + h*) @ [y ll wy (A) + 6,A),

where i* = sup |k (t,0)|. Therefore, we obtain
TE Jﬁ

A< (WA +H) @ 1] 7, (A) +6:4).

In view of condition (11), we observe that (ii) cannot hold. Thus, u (t) € @1 u) (Zzu). Therefore,
it follows from Theorem 1 that the problem (3) admits at least one solution. [J

4 Example

To demonstrate the applicability of our theoretical results, we now examine a particular case of
hybrid Langevin FDT’s.

Consider the general hybrid Langevin inclusion problem

i H yer.e0.0 [ C 39 u (T) _
o (D” (h(t,u(t))) H'(T)”(”) € Hmuo).e e @,

u(a) 1 u (a) B
h(a,u(a)) 0. D, (h (a,u (a))) =9, (14)

®) u ()
o ) )
[ Fr (h(ﬁ,u@)) HAVITAT)
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) 1 1 3 1 :
By taking ¢ (t) =1, ¢, = 7 e, = 7 ey = 7 Lty =1, 8= r a=0and p = 1 in (14). Then,
the problem (14) reduces to

HD%’%‘I CD%’T H(T) 2 I 0 1
o+ ( 0+ (m)+f u(r)) € I (r,u(r)),t € (0,1),

_ | u (0) B
h(0,u(0)) 0. D, (h(O,u(O))) =9, (15)

e u(l) 1 u(l)
prf—L )+ (L ) =0
" (h(l,u(l)))+6(h(1,u(1))) ’
Using these parameter values, we compute A = —1.2257 # 0. We then define the function /4 and
multi-function IT : [0, 1] x R — F (R) as follows:

_ cos (u)
h(T,M) - exp (‘tz) + 355 V(ta(p) € [09 1] X Ra
and
I (v.u) = [ 1 i 1 |u| ]
L@+ 8exp ()62 +2) T+ 4l +1]°

For u,,u, € R, we have

|h (Ta ul) —h (T,H2)| =

———— (COS — COS

oxp (€) + 35 (cos (uy) (ul))‘

= : | | < : | |
— - Uy —u — Uy — Uy .

Texp(B) 435 736

Therefore the assumption (As01) holds with w, (1) = m, which gives W; = .

The multi-function IT clearly fulfills assumption (As02). Moreover, we have

ITL(z, ), =sup{l§]: & € I (r,u)} < =w, (T)w, (llull) ,

VT+4
- 1 _ : 1
where |w,|| = 5 and w, (Jlu]]) = 1. By choosing A = 3’ we have

A > (WA +h) @ W] W, (A) 4+ 6,A) ~ 0.036087,

which means that (11) holds. The condition’

W0, Wi ]| w, (r) + 6,A = 0.27457 < %,

is satisfied. Since all assumptions of Theorem 2 hold, the hybrid Langevin inclusion problem (15)

possesses at least one solution on the interval [0, 1].

5 Concluding Remarks

Generalized fractional operators extend classical fractional calculus by employing more general
kernel functions. These operators, combined with fixed point theory, provide a robust framework for
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analyzing the qualitative behavior of solutions to certain fractional dynamical systems, especially those
modeling complex and chaotic phenomena. In this study, we investigated existence results for a hybrid
Langevin FDI involving a power law-type generalized kernel. We transformed the inclusion problem
into an equivalent fixed-point formulation using an operator constructed from the integral solution
and then applied Dhage’s theorem for set-valued mapping to obtain the main existence outcomes.
The theoretical result was supported by a demonstrative example. This approach can be applied to
mathematical modeling in science, engineering, and real-world phenomena [43,44].

In future work, we plan to extend the problem presented in this article to a general structure by
using the Mittag-Leffler power law [45] and fractal-fractional operators [46]. We also aim to investigate
other qualitative properties such as Ulam—Hyers stability and controllability for certain classes of
stochastic fractional differential equations involving fractional derivatives with variable orders.
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