
INTERNATIONAL JOURNAL FOR NUMERICAL AND ANALYTICAL METHODS IN GEOMECHANICS
Int. J. Numer. Anal. Meth. Geomech., 2005; 29:751–787
Published online 26 April 2005 in Wiley InterScience (www.interscience.wiley.com). DOI: 10.1002/nag.434

A double structure generalized plasticity model
for expansive materials

Marcelo Sánchez1,z, Antonio Gens1,}, Leonardo do Nascimento Guimarães2
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SUMMARY

The constitutive model presented in this work is built on a conceptual approach for unsaturated expansive
soils in which the fundamental characteristic is the explicit consideration of two pore levels. The distinction
between the macro- and microstructure provides the opportunity to take into account the dominant
phenomena that affect the behaviour of each structural level and the main interactions between them. The
microstructure is associated with the active clay minerals, while the macrostructure accounts for the larger-
scale structure of the material. The model has been formulated considering concepts of classical and
generalized plasticity theories. The generalized stress–strain rate equations are derived within a framework
of multidissipative materials, which provides a consistent and formal approach when there are several
sources of energy dissipation. The model is formulated in the space of stresses, suction and temperature;
and has been implemented in a finite element code. The approach has been applied to explaining
and reproducing the behaviour of expansive soils in a variety of problems for which experimental data
are available. Three application cases are presented in this paper. Of particular interest is the modelling
of an accidental overheating, that took place in a large-scale heating test. This test allows the capabilities
of the model to be checked when a complex thermo-hydro-mechanical (THM) path is followed. Copyright
# 2005 John Wiley & Sons, Ltd.

KEY WORDS: constitutive modelling; expansive soils; unsaturated porous medium; fabric/structure of
soils; suction

1. INTRODUCTION

The study of expansive soils has been a subject of increasing interest in recent research [1–6].
A major motivation is the possible use of those materials as engineered barriers and seals
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in radioactive waste repositories. Many disposal concepts consider the barrier made up from
highly expansive compacted clay, in an initially unsaturated state. During its lifetime the
barrier will undergo processes of heating, induced by the heat-emitting waste, and of hydration,
coming from the host rock (which is generally in a saturated state). This scenario has
led to increasing interest in the knowledge of the behaviour of unsaturated expansive soils
under a wide range of testing conditions; in particular the thermo-hydro-mechanical (THM)
behaviour has received special attention [7–12]. However, the interest on these materials is not
limited to nuclear waste disposal applications, but they are present in other engineering
problems such as shallow and deep foundations, slopes with stability problems, desiccation and
formation of fissures in soils in arid regions, and clay based liners for waste isolation from the
environment.

Comprehensive modelling of unsaturated expansive clays is a complex problem. The swelling
behaviour of these clays has often been reproduced through relatively simple and empirical laws,
which relate the material response to suction changes and applied stresses. There are relatively
few formulations that integrate the main aspects of behaviour in a unified framework [13–15]. In
that sense the approach proposed by Gens and Alonso [13] can be mentioned as a reference
framework to analyse the behaviour of unsaturated expansive materials. In that work,
particular attention is placed on the clay fabric and how it can be integrated in the constitutive
modelling of the different structural levels present in an expansive soil.

The fabric of compacted expansive clay has been actively studied [6, 8, 16, 17], a marked
double structure is generally observed. For instance, Figure 1 presents the results of mercury
intrusion porosimeter tests of the FEBEX bentonite [6]. The two dominant pores size may be
associated with two basic structural levels: (i) the macrostructure, composed by the global
arrangements of clay aggregates, with macropores between them, and, (ii) the microstructure,
which corresponds to the active clay minerals and their vicinity. Figure 2 shows a schematic
representation of the conceptual model. Appendix A presents the phase diagram related to this
conceptual model.

The model presented in this work is based on the general framework proposed by Gens and
Alonso [13] and considers some of the improvements suggested in Reference [14]. A series of
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Figure 1. Distribution of incremental pore volume for two compacted bentonite samples at different dry
densities. Mercury Intrusion Porosimeter test [6].
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modifications and developments have been performed in order to enhance the constitutive law
and also to formulate the model in a form more suitable for its implementation in a finite
element code. One of the aims is to provide a more general mathematical framework in order to
achieve a more general interpretation of the phenomena that take place in expansive clays
subjected to complex THM paths. To this end, concepts of generalized plasticity theory have
been included in the formulation of the model. The governing small strain–stress equations have
been derived considering concepts of multi-dissipative materials [18].

The mechanical law is the core of a double structure THM formulation specially developed
to handle coupled THM problems in geological media. The double structure approach
has been implemented in the finite element program CODE BRIGHT [19] and has been
applied to solve a number of boundary value problems [20]. This paper contains the descrip-
tion of the mechanical constitutive model, with the main aspects of the mathematical
framework adopted, and includes three application cases. More details can be found in
Reference [20].

In order not to clutter the main body of the paper, most mathematical derivations and
detailed model expressions are collected in the appendices. In the following, bold faces indicate
tensors; stresses ðrÞ and strains (e) are considered as first-order tensors and stiffness and
compliance matrices are second-order tensors.

2. MODEL FORMULATION

The microstructure is the seat of the basic physical–chemical phenomena occurring at clay
particle level. These microstructural phenomena underlie many features of expansive soils
behaviour [13]. In addition, deformations due to loading and collapse may have a major effect at
macrostructural level. This macrostructural behaviour can be described by concepts and models
of unsaturated non-expansive soils, such as the elasto-plastic Barcelona basic model (BBM)
developed by Alonso et al. [21]. In expansive soils there are other mechanisms in addition to the
ones included in the BBM which can induce plastic strains [13]. For example, Figure 3 shows the
behaviour of compacted expansive clay subjected to a cyclic suction-controlled oedometer test
with suctions varying between 0.2 and 1:7 MPa [22]. In this test the sample is subjected

Macropore

Macrostructure Microstructure 

Clay Aggregates

Figure 2. Schematic representation of the two structural levels considered.
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alternatively to wetting and drying paths under constant vertical stress. It can be observed that
the material exhibits a clear non-linear behaviour, with irreversible accumulated deformations at
the end of each cycle. The results obtained by Day [23] in a suction cyclic test (Figure 4) also
show a marked inelastic behaviour. This is again a compacted clay, but here the amplitude of
the suction cycles is wider, because the sample was dried under atmospheric conditions during
the summer months in southern California. It is important to highlight that both samples were
compacted under static conditions, and that the constant vertical stress applied during the test
was relatively low. In this situation, it is expected that the observed plastic deformations were
developed inside the macrostructural yield surface of the BBM. This inelastic behaviour can be
associated with the interactions between the two structural levels. This plastic mechanism
considers that microstructural changes can modify the global arrangement of aggregates in an
irreversible way [13].

More experimental work related to the soil behaviour under suction cycles can be found in the
literature (e.g. References [24–27]). Different techniques of suction control and different stress
paths were applied by different authors. From those tests, two main aspects can be noted:
irreversible behaviour appears independently of the suction level and, it is difficult to determine
precisely the initiation of the yielding.

In this paper the elasto-plastic model related to the interaction mechanism between both
structures is formulated in the framework of generalized plasticity theory. In this theory the
yield function is not defined, at least in an explicit way. This theory is well suited if generalized
stress reversals need to be modelled and also when there are several sources of energy dissipation
[28–31]. A generalized plasticity model was applied to materials that show irrecoverable
deformations upon reloading [32], and also to include the behaviour of soils under cyclic loading
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Figure 3. Accumulation of swelling strain in a cyclic suction test [22].
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when they exhibit irreversible deformation in loading, unloading and reloading [28, 29]. These
are also typical aspects of behaviour observed in expansive soils under generalized stress paths
including suction and stress changes.

There are significant advantages in using generalized plasticity theory to model the plastic
mechanism related to the interaction between both pores structures. Some of them are:

* No clear evidence exists concerning the shapes of the internal yield surfaces corresponding
to the interaction mechanisms between the two structural levels. Their experimental
determination does not appear to be easy either.

* The effect of drying/wetting cycles on the behaviour of expansive soils is a matter of great
practical importance. Generalized plasticity is especially well adapted to deal with this type
of generalized cyclic loading.

* It is a formulation suitable to be implemented in numerical codes in a simple, robust and
structured manner.

* It provides sufficient flexibility to incorporate additional microstructural phenomena such
as non-equilibrium microstructural suction [20], or geochemical variables such as osmotic
suction and cation exchange [33, 34].

Additionally, a generalized plasticity model is able to model a material behaviour
characterized by the existence of an elastic domain (delimited by yield surfaces), since, the
classical plasticity theory can be considered a particular case of the generalized plasticity
theory [32, 35].
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Figure 4. Evolution of shrinkage and swelling in a cyclic suction test [23].
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The model is formulated in terms of the three stress invariants ðp; J; yÞ; suction ðsÞ and
temperature ðTÞ: The invariants are defined in Appendix B. The vector of generalized stresses,
which includes temperature and suction, is identified with a hat, i.e.: #r ¼ fT ; s; p; J; ygT:

Finally, the complete model formulation requires the definition of laws for: (i) the
macrostructural level, (ii) the microstructural level, and (iii) the interaction between the
structural levels. In the following sections the main aspects of these three parts of the model are
presented.

2.1. Macrostructural model

The BBM is able to reproduce many of the basic patterns of behaviour observed in non-
expansive soils [21]. In that sense, it is an appropriate law to model the macrostructural
behaviour. The BBM considers two independent stress variables to model the unsaturated
behaviour, these are: the net stresses ðrÞ; computed as the excess of the total stresses over the gas
pressure ðrt � IpgÞ; and the matric suction ðsÞ; computed as the difference between gas pressure
and liquid pressure ðpg � plÞ: The BBM is an elasto-plastic strain-hardening model, which
extends the concept of critical state for saturated soils to unsaturated conditions including a
dependence of the yield surface on matric suction (Figure 5). The size of the yield surface
increases with suction and the trace on the isotropic p–s plane is called the loading–collapse
(LC) yield curve, because it represents the locus of activation of irreversible deformations due to
loading increments or collapse (compression) due to wetting. The position of the LC curve is
given by the value of the hardening variable pn0 ; which is the pre-consolidation yield stress of the
saturated state.

Concerning the effects of temperature on clay behaviour, several constitutive laws have been
developed to include the thermal effects under saturated conditions [36–40]. In this work, the
effects of temperature have been integrated in the model in accordance with the thermo-
mechanical law for non-saturated conditions proposed by Gens [41]. The thermal effect is
included by considering that the elastic component of the strain induced by temperature changes
is only volumetric and assuming a dependence of the pre-consolidation pressure on temperature.
In this way, the fact that temperature increments reduce the size of the yield surface and the
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Figure 5. Three-dimensional representation of the BBM yield surface.
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strength of the material is taken into account. This is a well-known behaviour for saturated
conditions [36] that can also be extended to unsaturated conditions, as confirmed in recent
experimental work [11, 12]. The global (macroscopic) thermal response of the material is
considered at the macrostructural level.

A version of the modified Cam Clay model is the saturated law adopted as a limit condition of
the unsaturated formulation [21]. The yield surface ðFLCÞ can be expressed as

FLC ¼ 3J2 �
gðyÞ

gð�308Þ

� �2
M2ðpþ psÞðp0 � pÞ ¼ 0 ð1Þ

where M is the slope of the critical state, p0 is the apparent unsaturated isotropic pre-
consolidation pressure, g is a function of Lode’s angle and ps considers the dependence of shear
strength on suction and temperature [41].

The hardening law is expressed as a rate relation between volumetric plastic strain and the
saturated isotropic pre-consolidation stress, (pn0 ; Figure 5), according to

’pn0
pn0
¼
ð1þ eÞ
ðlð0Þ � kÞ

’epv ð2Þ

where e is void ratio, k is the elastic compression index for changes in net mean stress and lð0Þ is
the compression index for changes in net mean stress for virgin states of the soil in saturated
conditions.

Regarding the direction of the plastic strain increment, a non-associated flow rule in the
plane s ¼ constant and T ¼ constant is suggested [21, 41]. The plastic potential ðGÞ adopted is
given by

G ¼ a3J2 �
gðyÞ

gð�308Þ

� �2
M2ðpþ psÞðp0 � pÞ ¼ 0 ð3Þ

where a is determined from the condition that the flow rule predicts zero lateral strains in a K0

stress path [21]. In Appendix B the main BBM equations are presented.

2.2. Microstructural model

It is assumed that physico-chemical phenomena occurring at this level are basically reversible
and that the microstructural fabric does not have a preferential orientation [13]. So, the
deformations arising from microstructural phenomena can be considered elastic and volumetric.
The microstructural volumetric strain depends on a microstructural effective stress ð#pÞ defined
as [42]

#p ¼ pþ wst where st ¼ sþ so ð4Þ

where p is the net mean stress and so the osmotic suction. It is assumed that w is a constant
ðw > 0Þ: Here the total suction ðstÞ is equal to the matric suction ðsÞ because the effect of the
osmotic suction is not considered. In References [33, 34] the formulation has been extended to
include geochemical variables such as osmotic suction and cation exchange.

An additional assumption is made in the current formulation so that there is hydraulic
equilibrium between the water potentials of the two structural levels (a similar hypothesis was
made in (4)). This implies that the suctions associated to each of the water potentials are equal
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and, therefore, only one suction variable should be considered. Therefore, in the model
formulation, the generic name of suction ðsÞ is used for both, but it has different physical
meaning depending on the structural level considered. In Reference [20], an extension of the
constitutive model to handle problems in which this hypothesis is relaxed is presented.

In the p–s plane, the line corresponding to constant microstructural effective stresses is
referred to as the neutral line ðFNLÞ since no microstructural deformation occurs when the stress
path moving on it, #p ¼ constant (Figure 6).

The neutral loading line (NL) divides the p–s plane into two parts, defining two main
microstructural stress paths, which are identified as

’#p > 0 ) microstructural contraction (MC) path
’#p50 ) microstructural swelling (MS) path.

The increment of the microstructural elastic deformation is expressed as a function of the
increment of the microstructural effective stress:

’evm ¼
’#p

Km
¼

’p

Km
þ w

’s

Km
ð5Þ

where the subscript m refers to the microstructural level, the subscript v refers to the volumetric
component and Km is the microstructural bulk modulus (Appendix C).

2.3. Interaction between structural levels

Gens and Alonso [13] include the interaction between the two structural levels as a basic point of
their approach, in order to achieve a more comprehensive description of expansive soil
behaviour. The irreversible macrostructural deformations induced by microstructural effects are
considered proportional to the microstructural strains according to interaction functions
[13, 14]. In a general form it can be expressed as

’epvb ¼ f ’evm ð6Þ
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s

p

χ
1

Neutral

Loading

Neutral

Loading

NL

M
icrostructural

compression

M
icrostructural

swelling

Figure 6. Definition of microstructural swelling and contraction directions.
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where epvb is the macrostructural plastic strain arising from the interaction mechanisms between
both structures. Two interaction functions f are defined: fC for MC paths and fS for MS paths.
In the case of isotropic loading, the interaction functions depend on the ratio p=p0: Figure 7
shows a generic representation of the interaction functions.

The ratio p=p0 is a measure of the degree of openness of the macrostructure relative to the
applied stress state. When this ratio is low it implies a dense packing of the material (Figure 8).
It is expected that under the latter condition (dense macrostructure) the microstructural swelling
(MS path) affects strongly the global arrangements of clay aggregates, inducing large
macrostructural plastic strains. So, the higher values of the fS function correspond to low
values of p=p0: In this case the microstructure effects induce a more open macrostructure, which
implies a macrostructural softening. On the other hand, when the microstructure contracts
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Figure 8. Movements of the LC yield curve due to microstructural effects.
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(MC path) the larger (induced) macrostructural plastic strains occur with open macrostructures,
that is, for values of p=p0 close to 1. Under this path the clay tends to a more dense state, which
implies a hardening of the macrostructure. This coupling between both plastic mechanisms is
considered mathematically assuming that:

’epv ¼ ’epvLC þ ’epvb ð7Þ

That is, the hardening variable of the macrostructure (pn0 ; Equation (2)) depends on the total
plastic volumetric strains ðepv Þ; which is obtained from the sum of plastic volumetric strains
induced by the BBM yielding ðepvLCÞ; plus those arising from the interaction mechanisms between
both structures ðepvbÞ:

This mechanical law is able to model the macropore invasion induced by microstructure
expansion, when conditions of high confinement prevail (as reported by Komine and Ogata [4]),
considering negative values of the function fS for high values of p=p0 [14]. In Figure 7 the point
in which both interaction curves meet, indicated as E; is the equilibrium point. This point
represents the state of the material for which no cumulative deformations are observed after
cycles of suction changes [14].

It is noted that the material response will depend strongly on the direction of the
microstructural stress path relative to the NL, which delimits two regions of different material
behaviour. A proper modelling requires the definition of specific elasto-plastic laws for each
domain in order to describe correctly the material behaviour according to the microstructural
stress path followed (MC or MS). Generalized plasticity theory can deal with such conditions,
allowing the consideration of two directions of different behaviour and the formulation of
proper elasto-plastic laws for each region. According to that theory, for a complete model
definition, it is necessary to provide: (i) a loading and unloading direction, (ii) a plastic flow
direction, and (iii) a plastic modulus. These are described below.

2.3.1. Loading and unloading direction. At every point of the stress space two vectors may be
defined, one indicates the microstructural compression direction and the other the
microstructural swelling direction (equivalent to loading/unloading in conventional stress/
strain formulations). The neutral line is considered as reference for the microstructural
behaviour dividing the generalized stress space in two regions. From Equation (4), the neutral
line is defined as (Figure 9):

FNL : pþ ws� #pNL ¼ 0 ð8Þ

Then, the microstructural compression direction can be obtained as

#nC ¼
@FNL

@ #r
¼ f0; w; 1; 0; 0gT ð9Þ

The opposite direction defines the microstructural swelling direction, which is expressed by

#nS ¼
@FNL

@ #r
¼ f0;�w;�1; 0; 0gT ð10Þ

In order to provide a generic expression for the plastic mechanisms induced in MC or MS paths,
b will indicate the type of path followed. The following general expression is obtained:

#nb ¼
@FNL

@ #r
¼ obf0; w; 1; 0; 0g

T ð11Þ
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where
ob ¼ 1 if b ¼ C ðMC pathÞ ð12Þ

ob ¼ �1 if b ¼ S ðMS pathÞ ð13Þ

Given a generalized stress state and a generalized stress increment, the criterion to identify the
microstructural stress path can be specified as (Figure 9)

Microstructural compression criterion:

#nTC � ’#r
e > 0 ðMC pathÞ ð14Þ

Microstructural swelling criterion:

#nTS � ’#r
e > 0 ðMS pathÞ ð15Þ

Neutral loading:
#nTb � ’#r

e ¼ 0 ðNL pathÞ ð16Þ

where ’#re is the elastic generalized stress increment. The dot in Equations (14)–(16) means matrix
product (single contraction in index notation).

2.3.2. Plastic flow direction. The concept of image point is applied to define the flow rule for a
generic state. The image point is obtained as a projection of the current stress state on the BBM
yield surface (Figure 10). It is assumed that the current stress ratio ðZÞ; y; s and T are maintained
constant during projection. The normal to the plastic potential at the image point ðnG�Þ is
defined as

nG� ¼
@G

@p�
;
@G

@J�
;
@G

@y�

� �T
ð17Þ

The equations used to evaluate this vector and the projections are included in Appendix D.
In order to define the flow rule it is necessary to take into account the component of

Current state

Microstructural
Contraction

Microstructural
Swelling

pˆ
NLp

FNL
s

Figure 9. Definition of microstructural swelling and contraction directions.
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macrostructural behaviour induced by microstructural strains due to the coupling mechanism.
For a given microstructural path (MC or MS), the macrostructural response (expansion or
compression) depends on the sign of the interaction function fb: If fb is positive the effect on the
macrostructure goes in the same direction as the microstructural deformation. When fb is
negative, the opposite occurs. As an example, a microstructural compression path is examined.
This path leads to a contracting behaviour of the microstructure. Therefore if fC is positive, the
macrostructure will also contract and macrostructural hardening will take place. In contrast, if
fC is negative, there will be expansive macrostructural strains and macrostructural softening will
occur. To take into account these two possibilities, the flow rule for microstructure compression
paths is finally given as

mC ¼
fC

j fCj
nGn ð18Þ

where mC is the plastic flow direction. Similar considerations for microstructure swelling paths
lead to:

mS ¼
fS

j fSj
nGn ð19Þ

A general form of the plastic flow direction can be written as

mb ¼ ob
fb

j fbj
nGn ð20Þ

2.3.3. Plastic modulus. The plastic modulus ðHbÞ is defined adopting a similar structure as the
one proposed by Pastor et al. [29]:

Hb ¼ H1
bH

2
bH

3
b ð21Þ

where

(a) H1
b is the term that contains the main variables that control the coupling between both

structures. It can be defined as

H1
b ¼

Km

fb
ð22Þ

distance 
from LC
distance 
from LC
distance 
from LC

ppopprps

3 J

3 ⊗

⊗

J

Figure 10. Reference pressure and plastic flow direction.
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When the stress path is isotropic fb depends on p=p0: However, if a deviatoric stress
component is applied fb depends on the pr=p0 ratio (see Figure 10) and the following
equation should be used to determine the distance to the LC surface:

pr ¼ pþ
gð�308Þ
gðyÞ

� �2
3J2

M2ðpþ psÞ
ð23Þ

where pr is a reference mean net stress for a non-isotropic stress state. Figure 10 shows a
schematic representation for this case.

(b) H2
b is the term that considers the history of the material associated to this mechanism.

When it is assumed that irreversible macrostructural plastic strains are always induced by
the microstructural effective stresses change, this factor is given by

H2
b ¼ 1 ð24Þ

This implies that there is no elastic domain associated with the interaction mechanism. In
this case a history variable ð#pNLÞ; related to the last generalized microstructural stress
reached by the material is considered (Figure 9).

At this point it is possible to introduce different evolution laws that take into account
the history of the material. For example, a hypothetical case with an elastic domain has
been modelled in Reference [20] following a similar approach to the one introduced in
Reference [35]. In that case there were two yield surfaces, one for each microstructural
stress path (MC or MS), delimiting the elastic behaviour. That is, a conceptual model
similar to the one adopted in the Barcelona Expansive Model (BExM) [14].

(c) H3
b is a factor that ensures the correct scaling of the plastic deformations, and it is

defined as
H3

b ¼ jjmbjj ð25Þ

where jjmbjj is the Euclidean norm of the vector.

Finally, the plastic strain increment induced by the b mechanism is integrated in the model
considering these three basic elements of the generalized plasticity theory (Appendix E). The
equation for the plastic strain increment caused by a stress increment is expressed as

’epb ¼ ’lb mb ð26Þ

where ’lb is defined in a similar way as in Reference [29], i.e.:

’lb ¼
nTb � ’r

Hb
ð27Þ

where nb ¼ @FNL=@r: Finally, after some algebraic combination of the equations above
(Equation (6) for plastic strain, Equation (20) for flow rule, and, Equation (21) for plastic
modulus), it is possible to obtain the volumetric strain increment due to a p increment for the
component of plastic strain arising from the interactions mechanism:

’epvb ¼ fb
’p

Km
mvb ð28aÞ
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where

mvb ¼
ob

jjmbjj
fb

jfbj
@G

@p�
ð28bÞ

Equation (28a) expresses the coupling between structural levels as defined by Equations (5) and
(6). The active mechanism ðbÞ is identified according with the criterion of microstructural
contraction/swelling established in Section 2.3.1 (Equations (14)–(16)).

In summary, the mechanical law has been formulated considering an elasto-plastic model
(formulated in the context of classical plasticity) for the description of the macrostructural
behaviour, a non-linear elastic model to describe the microstructural behaviour and a
generalized plasticity model to include the irreversible effects induced by the coupling between
both structural levels. The aim of the following section is to obtain the elasto-plastic tensors
related to the increment of strains, suction and temperature, that define the stress–strain
relations.

3. ELASTO-PLASTIC STRESS–STRAIN RELATIONS

The behaviour of the soil described by the double structure model can be regarded as the
consequence of the joint action of several mechanisms that can act simultaneously. In this work,
some concepts of multi-dissipative materials introduced by Rizzi et al. [18] have been considered
to take into account that different mechanisms can induce plastic deformations. A first step is
the assumption of an additive decomposition of the strains into elastic and plastic components;
so, the increment of total strains can be expressed as

’e ¼ ’ee þ
Xn¼na
n¼1

’epn ð29Þ

where na is the number of active plastic mechanisms that correspond to one subset of the total
plastic possible mechanisms. The model has three inelastic mechanisms: lc, due to yield of the
BBM, and mc or ms when one of the two interaction mechanisms is active. Two is the maximum
number of simultaneous active plastic mechanisms i.e. lc plus mc or ms.

In classical plasticity theory, it is assumed that the material behaves either as an elastic or a
plastic solid. The yield surface defines the transition from elasticity to plasticity, stress states
inside the yield surface are considered as elastic ðF50Þ: In generalized plasticity theory the state
of the material is determined from the control variables: generalized stresses, strains and a finite
number of internal variables. A process of loading is defined as elastic if the set of internal
variables remains unchanged [32].

In the case of elastic loading, the stress increment is related to the increment of strains, suction
and temperature by the following relation:

’r ¼ De � ’ee þ as’sþ aT
’T ð30Þ

where De is the global elastic matrix which considers the elastic component of the two structural
levels. as and aT are the elastic vectors associated with suction and temperature, respectively.
The expressions for the elastic tensors are introduced in Appendices C and E. When a loading
process is inelastic, plastic strain rates are assumed to be governed by a flow rule. For the
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macrostructural model, the strain increment can be expressed as

’epLC ¼ ’lLC
@G

@r
¼ ’lLCmLC ð31Þ

where ’lLC is the plastic multiplier associated to the lc plastic mechanism, and mLC is the flow
rule direction (normal to the plastic potential, Equation (3)).

In this model the material behaviour is described by elasto-plastic mechanisms that can be
activated during the loading process. The set of active plastic mechanisms is not known in
advance. Therefore it is necessary to use an iterative procedure to find them [43, 44]. A
possibility is to assume that all the plastic mechanisms are initially active [43]. Here it is assumed
that both plastic mechanisms are initially active: lc and b (that is mc or ms).

Regarding the lc plastic mechanism it is assumed that once yield occurs (that is FLC ¼ 0), the
stresses must remain on the yield surface during plastic deformation. This constraint is enforced
by the consistency condition, which implies that: ’FLC ¼ 0: After some algebra on the
consistency condition (Appendix E), the following equation is obtained:

’lLCðHLC þHc
LCÞ þ ’lbðhb þ hcbÞ ¼ ’eLC þ ’sLC þ ’tLC ð32Þ

where ’lLC and ’lb are the unknowns. HLC; Hc
LC; hb and hcb are moduli related to the lc and b

mechanisms, whereas, ’eLC; ’sLC and ’tLC are variables linked to the increment of strains, suction
and temperature. In Appendix E all the details of Equation (32) are presented.

For the b plastic mechanism, a procedure similar to that suggested by Pastor et al. [29] has
been followed to obtain the equation with the unknowns ’lLC and ’lb: It can be written as

’lLChcLC þ ’lbðHb þHc
bÞ ¼ ’eb þ ’sb þ ’tb ð33Þ

where hcLC; Hb and Hc
b are moduli related to the plastic mechanisms (lc and b), and ’eb; ’sb and ’tb

are variables linked to the increment of strains, suction and temperature. Appendix E contains
additional details for the calculation of Equation (33).

The system formed by Equations (32) and (33) can be written as

’lLC %HLC þ ’lb %hb ¼ ’eLC þ ’sLC þ ’tLC

’lLC %hLC þ ’lb %Hb ¼ ’eb þ ’sb þ ’tb ð34Þ

which can be expressed in a compact form as

%H � ’k ¼ ’eþ ’sþ ’t; %H ¼ HþHc ð35Þ

The hardening modulus matrix ðHÞ is symmetric when there is reciprocity in the hardening rules
of both mechanisms (reciprocal hardening implies that Hij ¼ Hji for i=j) [18]. So, this model
has non-reciprocal hardening (hb can be non-zero), because the only coupling between both
plastic mechanisms is given by the hardening law of the BBM (Equations (5) and (6)).

According to Rizzi et al. [18], there is a unique increment of e for any increment of r if, and
only if, H is a P-matrix (Appendix F). When this condition is satisfied, the flow rule of the
multidissipative materials exhibits hardening, otherwise it exhibits softening. Finally, for H ¼ 0
the behaviour is perfectly plastic. For the general case of non-associative plasticity, there is
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a unique increment of r for any increment of e, if, and only if, the effective hardening matrix %H

is a P-matrix. Hc is the critical softening matrix.
The assumption that %H is a P-matrix implies that each diagonal element of the H matrix plus

the corresponding diagonal element of the Hc matrix is greater than zero (i.e. ðHLC þHc
LCÞ > 0

and ðHb þHc
bÞ > 0). Therefore, the condition of %H > 0 is satisfied for each plastic mechanism.

The solution of system (34) requires the inversion of the %H matrix which is assumed to be a
P-matrix, obtaining:

’k ¼ %H�1 � ð’eþ ’sþ ’tÞ ð36Þ

The choice of the plastic mechanisms initially assumed active should be verified by checking that
they are actually active [43, 44]. If one of them is not active, the case becomes a single dissipative
model.

The net stress increment can be expressed as

’r ¼ De � ’e� ’ees � ’eeT �
Xn¼na
n¼1

epn

 !
ð37Þ

After some algebra (Appendix E) the following general form is obtained:

’r ¼ Dep � ’eþ cs’sþ cT ’T ð38Þ

In the case of two active plastic mechanisms these tensors may be evaluated by

Dep ¼ De � I�
1

j %Hj
ð %HbmLC � nTLC � %hbmLC � nTb þ %HLCmb � nTb � %hLCmb � nTLCÞ �De

� �
ð39Þ

cs ¼as þ bs �
1

j %Hj
De � f %HbmLC½l þ lb þ nTLC � ðas þ bsÞ� � %hbmLCn

T
b � ðas þ bsÞ

þ %HLC mbn
T
b � ðas þ bsÞ � %hLCmb½l þ lb þ nTLC � ðas þ bsÞ�g ð40Þ

cT ¼ aT �
1

j %Hj
De � ½ %HbmLCðd þ nTLC � aT Þ � %hbmLCn

T
b � aT þ %HLCmbn

T
b � aT

� %hLCmbðd þ nTLC � aT Þ� ð41Þ

Appendix E contains details to compute the elastic and elasto-plastic tensors. For simpler
cases, for example when only the lc plastic mechanism is active a procedure similar to
the one presented in Reference [41] has been followed. Conversely, when only the plastic
mechanism b is active, the stress–strain rate equations have been obtained in accordance with
the concepts of generalized plasticity presented in Reference [29]. More details can be found in
Reference [20].

The mechanical model has been implemented in the finite element program CODE
BRIGHT, a numerical tool designed to handle coupled THM problems in geological
media [19, 45]. A detailed description of the integration algorithm can be found in
Reference [20].
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4. APPLICATION CASES

The constitutive model has been applied to solve a variety of problems in which expansive soils are
involved [20]. In this section, three cases are presented. The first case corresponds to the simulation
of a swelling pressure test. The second example refers to a test involving wetting/drying cycles. The
third one is related to the modelling of compacted bentonite behaviour under a complex THM path.

4.1. Swelling pressure test

The swelling pressure test offers valuable information related to the behaviour of expansive
soils. In this section the simulation of a test carried out by Romero [8] on a sample of Boom clay
pellets is presented. In these materials two structural levels can be clearly distinguished: the
microstructure associated to the high density pellets (dry density 1:96 mg=m3); and the
macrostructure that corresponds to the granular-like arrangement of these pellets (dry density
1:37 mg=m3) with macropores between the pellets. Table I presents the values of soil parameters
and initial values of state variables used in the modelling.

The main objective of this simulation is to explain and reproduce the observed behaviour during
the test (Figure 11). Therefore, a numerical analysis has been carried out prescribing the same
suction changes as in the test under constant volume conditions. Figure 12 shows the computed
vertical net stress–suction path. The initial condition ðIÞ corresponds to an initial suction of 80 MPa
and a low vertical stress and it is located inside the elastic domain. A wetting path is then followed
up to a value of suction close to 0:01 MPa (point W). Finally the sample is subjected to drying, up
to a maximum suction of 0:4 MPa: It can be observed that the model can reproduce satisfactorily
the main trends observed during the test. Figure 13 shows the evolution of the BBM hardening
parameter during the test and Figure 14 displays the evolution of the interaction functions fC and fS:

In the first stage (I–C) the stresses remains inside the LC yield surface and the stress path is
determined by the increase of load required to compensate the swelling strains due to suction
reduction. The ms mechanism is active with positive values of the fS function during most of this
stage. This implies that the induced macrostructural plastic strains (due to ms mechanism) are of
expansion, with a tendency to a more open macrostructure and, consequently, a reduction of pn0 :
The LC yield curve moves to the left, from the initial position LC I to the contact condition
LC C (i.e. a macrostructural softening). Negative values of fS are in fact computed at the end of
the I–C path (i.e. at high pressure, close to collapse) that result in the very slight change of
tendency of pn0 just before reaching point C: Point C corresponds to the contact point between

Table I. Parameters used to define the elasto-plastic constitutive law (Section 4.1).

Parameters defining the Barcelona basic model for macrostructural behaviour

k ¼ 0:020 ks ¼ 0:010 lð0Þ ¼ 0:650 pc ðMPaÞ ¼ 0:01 r ¼ 0:780 z ðMPa�1Þ ¼ 5:00 pn0 ðMPaÞ ¼ 0:11

Parameters defining the law for microstructural behaviour

km ¼ 0:10 w ¼ 1

Interaction functions

fC ¼ �0:10þ 1:10ðpr=p0Þ
0:5; fS ¼ �0:10þ 1:1ð1� pr=p0Þ

2

emacro ¼ 0:60 emicro ¼ 0:35
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the stress path and the LC curve. Under this condition a collapse of the macrostructure occurs
and the stresses tend to reduce to compensate the compression strains. This implies a hardening
of the material with a significant increase of pn0 (Figure 13). Now the stress path, on the p–s
plane, is controlled by the shape of the LC curve, with both plastic mechanisms active (lc and b).
Finally, during the drying path W–D the mc mechanism is active with positive values of fC
during a major part of this stage, inducing compressive plastic macrostructural strains
associated with macrostructural hardening. Small negative values of fC are computed only at the
very end of the path.

The final state of the sample is a denser macrostructure, with a net increment in the value of pn0
and a larger elastic domain given by the final position of the yield surface LC D:

4.2. Cyclic wetting/drying test

Two tests carried out by Pousada [22] have been selected to examine the response of an
expansive clay subjected to suction cycles under oedometric conditions at two different vertical
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Figure 11. Reported stress path in the sv–s plane [8].
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stress levels. The tests correspond to samples with a dry density of 1:34 mg=m3 and with an
initial water content of 24% that were subjected to six wetting–drying suction cycles with
suction changing from 0.2 to 1:7 MPa and back. Table II shows the values of the parameters
used to model the tests.
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The experimentally observed response of the material, in terms of volumetric deformations, at
two different vertical stresses (0.01 and 0:1 MPa) is presented in Figures 15(a) and (b). These
plots also show the results from the constitutive model in terms of: volumetric strains, macrovoid
and microvoid ratio. It can be observed that the response obtained is good in qualitative terms.
The model can reproduce the tendency to reduce the swelling capacity of the material when the
vertical stress increases, both, in total strain values and in their irrecoverable components. The
reductions in the accumulated strains, as cycles accumulate, are also well captured by the model
in both tests. This type of behaviour can be explained considering double structure concepts.

Point E; in the interaction functions, corresponds to the equilibrium condition reached after a
certain number of cycles when the suction cycles develop symmetric paths around it [14]. For
both tests, the suction cycles develop predominantly on the left side of point E: This implies net
expansions of the samples, which are more marked in the case of the small stress level. This is
due to the fact that the initial stress is further away from point E in the case of the sample under
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Figure 14. Evolution of the fC and fS interaction functions.

Table II. Parameters used to define the elasto-plastic constitutive law (Section 4.2).

Parameters defining the Barcelona basic model for macrostructural behaviour

k ¼ 0:050 ks ¼ 0:001 lð0Þ ¼ 0:065 pc ðMPaÞ ¼ 0:01 r ¼ 0:96 z ðMPa�1Þ ¼ 0:20 pn0 ðMPaÞ ¼ 0:75

Parameters defining the law for microstructural behaviour

am ðMPa�1Þ ¼ 8:0� 10�1 bm ðMPa�1Þ ¼ 2:0� 10�2 w ¼ 1

Interaction functions

fC ¼ 1:6þ 0:6 tanhð10ð pr=p0Þ � 0:40Þ; fS ¼ 1:6� 0:6 tanhð10ð pr=p0Þ � 0:40Þ

emacro ¼ 0:55 emicro ¼ 0:45
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the smaller stress implying larger macrostructural strains induced by the interaction mechanism.
Another interesting aspect is the evolution of the micro- and macrovoid ratios as the cycles
increase. The microstructural behaviour is reversible and the changes in the microstructural void
ratio are not greatly affected by the stress level. On the other hand, the macrostructural void
ratio is significantly influenced by the values of applied stress. This can be attributed to the
increased difficulty of modifying the macrostructural arrangement when the material
confinement is higher.

4.3. THM response of the FEBEX bentonite

4.3.1. Overheating episode. A difficulty in validating this type of models is the lack of
experimental results involving complex THM stress paths. However, a large-scale heating test
that is being carried out in CIEMAT (Madrid) [46], has provided relevant data to evaluate the
performance of the model. The layout of the test is depicted in Figure 16. Two electrical heaters
(simulating canisters containing heat-emitting waste) were placed in the centre of a steel cylinder
6 m long and with inner diameter of 1:62 m: The space between the heaters and the steel cylinder
was filled with a 0:64 m thick engineered barrier made up of compacted bentonite. The barrier is
hydrated uniformly from all around the cylinder with an applied water pressure of about
0:5 MPa: Simultaneously, the barrier was heated maintaining a constant temperature of 1008C
at the contact between heaters and bentonite. The THM behaviour of the heating test has been
successfully modelled [46, 47].

On day 1391 of the experiment an accidental overheating occurred. Figure 17 shows the
evolution of temperatures at various radii in the barrier. It can be seen that points close to the
heater reached temperatures in excess of 2008C (more than 1008C above the prescribed
temperature). Afterwards the heaters were switched off and the barrier cooled down rapidly to
temperatures close to 458C near the heater. Finally, the prescribed thermal conditions of the test
were re-established, i.e. a constant temperature of 1008C at the contact between heaters and
clay. Figure 18 shows the evolution of suction for a point close to the heater. Firstly, the suction
reduced from 110 to 55 MPa due to the passage of a vapour front. Afterwards, thermally

Figure 16. Layout of the large-scale heating test.
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M. SÁNCHEZ ET AL.772



induced drying increased the suction to values close to 165 MPa: Finally there was a tendency to
recover the value before the event.

The evolution of the radial stress in the barrier is especially interesting. Figure 19 presents the
evolution of radial stress in two representative sections of the barrier. Just after overheating,

0 80 320240160 400

Time (hours)

0

40

80

120

160

200

T
em

pe
ra

tu
re

 (
ºC

)

T (ºC) = 90
  (0 hr )

r = 0.20m 

r = 0.39m

r = 0.55m

r = 0.77m

Section B5

At r = 0.20m (0 hrs)
T (ºC) = 90

At r = 0.20m (1000 hrs)
T (ºC) = 90

Figure 17. Evolution of temperature during and after the overheating event.

40

80

120

160

Su
ct

io
n 

(M
Pa

)

Section B6

r = 0.22m

Suction(MPa) = 110
        (0 hr)

Suction(MPa) = 110
      (1000 hrs)

0 80 320240160 400

Time (hours)

Figure 18. Evolution of suction during and after the overheating event.

Copyright # 2005 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2005; 29:751–787

A DOUBLE STRUCTURE GENERALIZED PLASTICITY MODEL 773



there was a moderate increase of radial stress followed by a strong reduction down to around
2 MPa: The radial stress recovered somewhat subsequently but it remained very far from the
initial values. There was a large irreversible net reduction of radial stress. This behaviour was
detected in all the sensors placed in sections involving heaters.

4.3.2. Overheating modelling. Herein it will be examined whether the mechanical model is
consistent with the observations of irreversible phenomena indicated above. The following
considerations should be pointed out: (i) only the constitutive law is tested so there are no time
effects due to the transient phenomena occurring in the barrier, (ii) the information attributed to
the constitutive law point corresponds in fact to a zone of the barrier of finite size, and (iii) the
aim is not to reproduce the full behaviour of the barrier but to check whether the main features
of the observed mechanical behaviour are a natural outcome of the constitutive model.

A synthetic generalized stress path was applied to the constitutive law, corresponding to four
major episodes: a wetting due to the passage of a vapour front, an intense drying associated with
the increase of temperature, a subsequent cooling due to the switching off of the heaters and,
finally, the re-establishment of the prescribed test conditions. Table III summarizes the four
main loading stages of the overheating episode.

Regarding model parameters, the laboratory work aimed at the THM characterization of the
FEBEX bentonite has provided valuable information for this purpose. Two main types of tests
have been used to validate the model: oedometric tests, in which a wide combination of
generalized loading paths has been considered; and swelling pressure tests [47]. Table IV
presents the values adopted for the model parameters.

Figures 20–22 show the model results when the loading stages indicated in Table III were
applied. The suction and temperature changes were applied under conditions of no volume
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change, mimicking the confined state of the test. Therefore, zero strain in all directions and an
isotropic stress state was assumed. Figure 23 shows a three-dimensional representation of the
four loading stages.

Table III. Main loading stages of the overheating (average records).

Stage Description s (MPa) T ð8CÞ sr (MPa)

0 Initial conditions before overheating 110 90 6.5–7.5
1 Reduction of suction (due to the vapour front passage)

and increase of temperature, below the maximum value
55 135 7.5–8.0

2 Achievement of the maximum temperature and suction 165 200 2.0–2.5
3 Cooling down of the barrier to the minimum

observed temperature
155 45 2.5–3.5

4 Re-establishment of the initial thermal and hydraulic
conditions

110 90 3.5–4.0
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Figure 20. Computed values of radial stress during the application of the generalized stress path.

Table IV. Parameters used to define the elasto-plastic constitutive law (Section 4.3).

Parameters defining the Barcelona basic model for macrostructural behaviour

k ¼ 0:005 ks ¼ 0:001 lð0Þ ¼ 0:080 pc ðMPaÞ ¼ 0:50

r ¼ 0:90 z ðMPa�1Þ ¼ 1:00 pn0 ðMPaÞ ¼ 6:5 a0 ð8C�1Þ ¼ 1:0� 10�5

Parameters defining the law for microstructural behaviour

am ðMPa�1Þ ¼ 2:1� 10�6 bm ðMPa�1Þ ¼ 2:3� 10�5 w ¼ 1

Interaction functions

fC ¼ 1þ 0:9 tanhð20ðpr=p0Þ � 0:25Þ; fS ¼ 0:8� 1:1 tanhð20ðpr=p0Þ � 0:25Þ

emacro ¼ 0:20 emicro ¼ 0:45
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A reasonable correspondence between measured and calculated values of radial pressure is
observed (Figure 20). Figure 21 depicts the calculated evolution of the interaction functions and
Figure 22 shows the evolution of the hardening parameter.
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In the first loading stage the elastic mechanisms associated with suction reduction and
temperature increase tend to increase the swelling pressure because they are associated with soil
expansion. In this path the interaction function fS has negative values, which implies a
hardening of the material. Heating continues in the second stage but now it is associated with a
drying of the soil (increase of suction). This intense drying dominates and causes a tendency to
contract and, consequently, a swelling pressure reduction occurs. During this stage (mc
mechanism active) the interaction between the two structural levels produces a densification of
the macrostructure. The third stage is characterized by a reduction of temperature and a wetting
of the material; the latter dominates causing a tendency to expand and hence an increase of
swelling pressure. At the final stage, the initial thermal and hydraulic variables are again
prescribed, continuing the wetting of the material and increasing the temperature. These two
factors lead to a tendency for expansion of the soil and hence an increase of swelling pressure.
During the last two stages the ms mechanism is active. The interaction between the two
structures causes an expansion of the macrostructure and a reduction of pn0 during the main part
or this path. This behaviour tends to change in the later part of this stage, when the stress path
reaches negative values of the interaction function.

According to the model, the intense drying of stage 2 affects strongly the behaviour of the
bentonite during this event, inducing changes in the clay structure that are not recovered when
returning to the conditions before the overheating. The final outcome is that the constitutive
model response to this complex THM generalized stress path is a significant reduction in
swelling stress, the same behaviour as that observed in the heating test.

Naturally, this analysis does not reproduce exactly the conditions of the test, as it involves
instantaneous application of the thermal and hydraulic loading without considering the

Figure 23. Three-dimensional representation of the applied generalized stress path.
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transient phenomena that actually occurred in the barrier. It is therefore not surprising that
there is a certain time lag between test observations and constitutive model predictions. In any
case, the main objective of proving the capability of the model to reproduce irreversible
behaviour when is submitted to complex THM loading paths has been largely achieved. Also a
physical explanation has been suggested to explain the observed bentonite behaviour.

5. CONCLUSIONS

In order to represent more closely the typical fabric of expansive clays the mechanical model
described in this paper considers the existence of two pores structures. The explicit inclusion in
the constitutive law of these two basic structural levels, and their main interactions, provides a
powerful approach to analyse and to describe the behaviour of expansive clays. For instance,
the typical evolution of swelling strain or swelling pressure observed in expansive soils under
wetting can be described by the integration in the model, at microstructural level, of simple laws
based on clay minerals behaviour. Moreover, the inclusion of a suitable law for the
macrostructure level allows characteristic phenomena that affect the global arrangements of
clays aggregates to be reproduced, such as macrostructural collapse (i.e. Section 4.1). Finally,
the consideration of the interaction between both structural levels plays a crucial role to explain
complex behaviour features observed in expansive materials (i.e. Sections 4.2 and 4.3).

The constitutive law has been formulated in the context of elasto-plasticity for strain
hardening materials. A well-known elasto-plastic model for unsaturated soils, which describes
the macrostructural behaviour, has been combined with a generalized plasticity model to
reproduce the irreversible effects related to the interaction between the two structural levels. The
model has been implemented in the finite element program CODE BRIGHT and has exhibited
good performance when it has been applied to reproduce a number of experimental results
involving expansive materials.

APPENDIX A

Figure A1 shows the phase diagram adopted and Equations (A1)–(A4) contain some of the
variables used in this work.

V ¼ Vs þ Vvm þ VvM ¼ Vm þ VvM ðA1Þ

Vv ¼ Vvm þ VvM ðA2Þ

e ¼
Vv

Vs
¼ eM þ em ¼

VvM

Vs
þ

Vvm

Vs
ðA3Þ

%em ¼ em ¼
Vvm

Vs
ðA4Þ

A more detailed explanation of the variables and laws related to the double structure approach
can be found in Reference [20].

Copyright # 2005 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2005; 29:751–787
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APPENDIX B

A detailed description of the BBM model can be found in References [21, 41], here the more
relevant equations used in this work are presented. Equation (1) is expressed in terms of stress
invariants defined as

p ¼ 1
3
ðsx þ sy þ szÞ ðB1Þ

J2 ¼ 0:5 traceðs2Þ ðB2Þ

y ¼ �1
3
sin�1ð1:5

ffiffiffi
3

p
det s=J3Þ ðB3Þ

s ¼ r� pI ðB4Þ

r ¼ rt � Ipf ðB5Þ

where
pf ¼ pg if pg > pl otherwise pf ¼ pl

I is the identity tensor.
The following equations are related to Equation (1):

ps ¼ ks e�rDT ðB6Þ

ps considers the dependence of shear stress on suction and temperature. k and r are model
parameters. The equation that defines the set of yield p0 values for each associated suction is
given by

p0 ¼ pc
pn0T
pc

� �ðlð0Þ�kÞ=ðlðsÞ�kÞ
ðB7Þ

where pc is a reference stress, k is the elastic stiffness parameter for changes in net mean stress,
pn0T is the pre-consolidation net mean stress for saturated conditions at current temperature.
lðsÞ is the compressibility parameter for changes in net mean stress for virgin states of the soil,

Figure A1. Phase diagram adopted.
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which depends on suction according to

lðsÞ ¼ lð0Þ½rþ ð1� rÞe�zs� ðB8Þ

where r is a parameter which defines the minimum soil compressibility (at infinity suction) and z
is a parameter which controls the rate of decrease of soil compressibility with macrostructural
suction.

According to Reference [41], pn0T can be expressed as

pn0T ¼ pn0 þ 2ða1DT þ a3DT jDT jÞ ðB9Þ

where a1 and a3 are material parameters.
Finally, the normal to the yield surface is defined as

nLC ¼
@FLC

@r
ðB10Þ

APPENDIX C: ELASTIC MODEL

In this section the elastic tensors for the general case are presented. More details can be found in
Reference [45]. The elastic matrix is evaluated as follows:

De ¼

K þ 4
3
Gt K � 2

3
Gt K � 2

3
Gt 0 0 0

K þ 4
3
Gt K � 2

3
Gt 0 0 0

K þ 4
3
Gt 0 0 0

Gt 0 0

symm Gt 0

Gt

2
666666666664

3
777777777775

ðC1Þ

where K is the global bulk modulus and Gt is the shear modulus. K may be computed
considering the elastic contribution of the two pores structures, the global stiffness is
defined as

K ¼
1

KM
þ

1

Km

� ��1
ðC2Þ

where KM is the macrostructural bulk modulus for changes in mean stress, computed as

KM ¼
ð1þ eMÞ

k
p ðC3Þ

For the microstructural bulk modulus ðKmÞ the following two laws have been implemented [42]:

Km ¼
e�am #p

bm
ðC4aÞ

Km ¼
ð1þ %emÞ

km
#p ðC4bÞ
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The macrostructural bulk modulus for changes in suction has been computed considering the
following law [45]:

Ks ¼
ð1þ eMÞðsþ patÞ

ks
ðC5Þ

Finally, the macrostructural bulk modulus for changes in temperature is evaluated through the
expression [41]:

KT ¼
1

ða0 þ a2DTÞ
ðC6Þ

APPENDIX D

At the image point projection it is assumed that Z; y; s and T are maintained constant during
projection. The following equations define the projection:

p� ¼
½gðyÞ=½gð�308Þ��2M2p0 � Z2ps
½gðyÞ=½gð�308Þ��2M2 þ Z2

; J� ¼
1ffiffiffi
3

p Zðp� þ psÞ ðD1Þ

where

Z ¼

ffiffiffi
3

p
J

pþ ps
¼

ffiffiffi
3

p
J�

p� þ ps
ðD2Þ

with s� ¼ s; y� ¼ y and T� ¼ T :
Regarding the direction of the plastic strain increment (related to this plastic mechanism) a

non-associated flow rule in the plane s ¼ constant and T ¼ constant is suggested. This is a
similar assumption as the one made for the BBM by Alonso et al. [21] and Gens [41].

The components of the normal to the plastic potential at the image point (17) are defined as

@G

@p�
¼

gðyÞ
gð�308Þ

� �2
M2ð2p� þ ps � p0Þ ðD3Þ

@G

@J�
¼ 6aJ� ðD4Þ

@G

@y�
¼ �

2gðyÞg0ðyÞ

½gð�308Þ�2
M2ðp� þ psÞðp0 � p�Þ ðD5Þ

APPENDIX E

E.1. Auxiliary expressions for the macrostructural model

The consistency condition can be expressed as

’FLC ¼ 0 ¼ nLC � ’rþ lLC’sþ d ’T þ %Hð’epvLC þ ’epvbÞ ðE1Þ
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where

lLC ¼
@FLC

@s
ðE2Þ

d ¼
@FLC

@T
ðE3Þ

%H ¼
@FLC

@p0

@p0
@pn0

@pn0
@epv

ðE4Þ

’epvLC ¼ ’lLCmT �mLC ðE5Þ

’epvb ¼ ’lbmT �mb ðE6Þ

The net stress increment can be expressed as

’r ¼ De � ð’e� ’ees � ’eeT � ’epLC � ’epbÞ ¼ De � ð’e� bm’s� cm ’T � ’lLCmLC � ’lbmbÞ ðE7Þ

After some algebra on (E1) and (E7) [20] Equation (32) is obtained, where

%HLC ¼ HLC þHc
LC ¼ HLC þ nTLC �De �mLC ðE8Þ

%hb ¼ hb þ hcb ¼ hb þ nTLC �De �mb ðE9Þ

’eLC ¼ nTLC �De � ’e ðE10Þ

’sLC ¼ ½lLC þ lb þ nTLC � ðas þ bsÞ�’s ðE11Þ

’tLC ¼ ðd þ nTLC � aT Þ ’T ðE12Þ

as ¼ �bDe �m ¼
1

Ks
þ

w
Km

� �
De �m ðE13Þ

bs ¼ �
1

Hb
obwDe �mb ðE14Þ

aT ¼ cDe �m ¼
1

KT
De �m ðE15Þ

HLC ¼ � %HmT �mLC ðE16Þ

hb ¼ � %HmT �mb ðE17Þ

lb ¼ �
1

Hb
hbobw ðE18Þ
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M. SÁNCHEZ ET AL.782



E.2. Auxiliary expressions for the generalized plasticity model. For the generalized plasticity
model, a procedure similar to the one suggested by Pastor et al. [29] has been followed. Firstly,
a decomposition of strain increment is assumed:

’e ¼ ’ee þ ’epLC þ ’epb ðE19Þ

Then, pre-multiplying (E19) by nTbDe and operating, it gives

nTb �De � ’e ¼ nTb � ’rþ bnTb �De �m’sþ cnTb �De �m ’T þ
w
Hb

obn
T
b �De �mb’s

þ ’lbnTb �De �mb þ ’lLCnTb �De �mLC ðE20Þ

After some algebra on (E7) and (E20) [20] Equation (33) is obtained, where

%hLC ¼ hcLC ¼ nTb �De �mLC ðE21Þ

%Hb ¼ Hb þHc
b ¼ Hb þ nTb �De �mb ðE22Þ

’eb ¼ nTb �De � ’e ðE23Þ

’sb ¼ nTb � ðas þ bsÞ’s ðE24Þ

’tb ¼ nTb � aT
’T ðE25Þ

APPENDIX F

In this appendix, with the objective of completeness, some algebra notions on P-matrix given in
Reference [18] have been transcribed.

Definition

* The ‘principal sub-matrix’ Aa of matrix A 2 Rn�n; is the matrix whose entries lie in
rows and columns of A indexed by sets a � f1; 2; . . . ; ng (i.e. Aa is a sub-matrix of A

whose diagonal is part of the diagonal of A). The determinant of Aa is called a ‘principal
minor’ of A:

* The matrix A 2 Rn�n; ‘reverse the sign’ of the vector X ¼ 0 2 Rn if:

xiðA � XÞi40 8i ¼ 1; 2; . . . ; n

Definition

* A matrix A 2 Rn�n; is said to be a P-matrix when all its principal minors are positive. Let A
Rn�n: The following statements are equivalent:
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(a) A is a P-matrix.
(b) A does not reverse the sign of any vector, except the zero vector,

i:e: xiðA � XÞi40 8i ¼ 1; 2; . . . ; n implies X ¼ 0

(c) All real eigenvalues of A and its principal sub-matrices are positive.

APPENDIX G: NOMENCLATURE

De elastic matrix
Dep elasto-plastic matrix
e void ratio
eM macrostructural level void ratio
em microstructural level void ratio
fb interaction function for b mechanism
FLC BBM yield surface
FNL neutral line
g Lode’s angle function
G plastic potential
Gt shear modulus
H hardening modulus matrix
Hc critical softening matrix
%H effective hardening matrix
I identity matrix
J 2nd stress invariant of deviatoric stress tensor
k parameter describing the increase in cohesion with suction
K global bulk modulus
Km microstructural bulk modulus for changes in mean stress plus suction
KM macrostructural bulk modulus for changes in mean stress
Ks macrostructural bulk modulus for changes in suction
KT macrostructural bulk modulus for changes in temperature
lc plastic mechanism related to BBM
LC loading–collapse yield surface (BBM)
m auxiliary unit vector mT ¼ ð1; 1; 1; 0; 0; 0Þ
mLC flow rule direction of BBM
mb flow rule direction of mechanism b
mc plastic mechanism related to MC path
ms plastic mechanism related to MS path
M slope of critical state line
MC microstructural contraction path
MS microstructural swelling path
#p microstructural effective stress
p mean net stress
pc reference stress
pr reference stress
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p0 net mean yield stress at current suction and temperature
pn0 net mean yield stress for saturated conditions at reference temperature
pn0T net mean yield stress for saturated conditions at current temperature
r parameter defining the minimum macrostructural soil compressibility
s matric suction ðpg � plÞ
so osmotic suction
st total suction
T temperature (T0 ¼ reference temperature)
V ;Vv volume, volume of pores
Vs volume of solids
VvM;Vvm Vv of macrostructure and microstructure

Greek letters
as elastic vector associated with suction
aT elastic vector associated with temperature
a parameter related to the plastic potential
a0 parameter for elastic thermal strain
a1 parameter that relates pn0 with T
a2 parameter for elastic thermal strain
a3 parameter that relates pn0 with T
am parameter controlling the microstructural soil stiffness
bs elasto-plastic vector associated with suction
b indicates the direction of the microstructural stress path (b ¼ C ¼>MC path,

b ¼ S ¼>MS path)
bm parameter controlling the microstructural soil stiffness
gs elasto-plastic vector associated with suction
gT elasto-plastic vector associated with temperature
DT temperature increment ðT � T0Þ
e strain vector ex; ey; ez; gxy; gxz;gyz

T

’ee elastic strain increment due to stress changes
’ees elastic strain increment due to suction changes
’eeT elastic strain increment due to temperature changes
evm elastic volumetric strain at microstructural level
epv total plastic volumetric strain
epvi plastic volumetric strain related to i plastic mechanism ði ¼ lc; bÞ
z parameter controlling the rate of increase of macrostructural soils stiffness with

suction
Z stress ratio
y Lode’s angle
k macrostructural elastic stiffness parameter for changes in mean stress
ks macrostructural elastic stiffness parameter for changes in suction
km parameter controlling the microstructural soil stiffness
lðsÞ macrostructural compressibility parameter for changes in net mean stress for

virgin states of soil at suction s
r parameter that relates cohesion and T
rt total stress vector sx; sy; sz; txy; txz; tyzTt
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r net stress vector ðrt � IpgÞ
rn stress vector at the image point
#r generalized stress vector
w FNL slope
ob variable related to b mechanism (¼ þ1 for MC path, or ¼ �1 for MS path)
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