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Abstract. Dry friction in contact interfaces can have an important impact on the
dynamic response of jointed structures subjected to vibration. It may cause fretting-
wear leading to a modification of the contact surface geometry by producing wear debris
through material removal and dissipating energy. Consequently, the contact behaviour
is modified and the worn geometry induces a change in vibrations level. Therefore, it is
important to be able to simulate these complex phenomena occurring at the interfaces
to predict the forced response of assembled structures and also their life-expectancy to
design high confidence components. A multi-scale approach is implemented considering a
slow-scale for wear phenomena and a fast-scale for the non-linear dynamic response and
applied to validate an experimental test.

1 INTRODUCTION

Fretting-wear appears between two contacting surfaces, subjected to oscillatory rela-
tive movement of small amplitude. The evolution of wear occurs over a long period, on
a micro-scale level, but may impact the dynamic response of assembled structures. Con-
tact surfaces between root-blade and slot-disk, friction dampers under platform, blade
dovetail or fir-tree slots on assembled rotors, shroud contacts and bolted flange joints
are the typical industrial applications in which fretting occurs. The importance to pre-
dict the vibration response of mechanical assemblies in the presence of this phenomenon
is relevant to estimate the performance as well as the lifetime of every component, un-
der performance, in terms of damping and also when resonant frequencies change with
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wear. Several numerical [1]-[2] and experimental [3]-[4] approaches have been developed
to calculate the vibrational response in presence of friction. Salles et Al. [5]-[6] pro-
posed a multi-scale approach, based on the Dynamic Lagrangian Frequency-Time scheme
[2] and on the coupling between dynamic (fast time scale) and tribological (slow time
scale) phenomena. Various methods have also been proposed to evaluate wear, based on
the Harmonic Balance Method (HBM), consisting of a Galerkin’s procedure with Fourier
basis, coupled with a semi-analytical contact solver [7]-[8]-[9], to consider finer contact
surface discretizations. In previous studies, [5]-[6] academic examples are proposed to
describe the phenomenon. In this study, an application of the improved DLFT method
increasing wear depth along time [6] is applied to the experimental test rig [10], detailed
in the next section. The test rig dynamics reproduces the dynamic behaviour observed
in friction dampers and may give a detailed frictional description of contacting interfaces,
to allow more accurate modelling of assembled structures. The added value is mainly in
the comparison between experiments and updated simulations. This enables 1) to im-
prove the understanding of phenomena at work, reproducing numerically the physics of
the problem to predict the worn geometry and the wear volume along time; 2) to validate
the optimal number of elements required to reach targeted level of fidelity in predictions
at reasonable costs; 3) to access elements of scenario that are under the scope of exper-
iments, because intrusive sensors prevent very local measurements whereas calculations
propose information at this level.

2 EXPERIMENTAL SETUP

The experimental benchmark used in this paper to validate the numerical simulations
is a set of experiments performed on the friction rig of Imperial College London [11].
The friction rig was built to provide input contact parameters for nonlinear dynamic
analysis by measuring high-frequency hysteresis loops. From the hysteresis loops, friction
coefficient and tangential contact stiffness are extracted. A set of experiments from this
friction rig was published in [10] and used here to validate the simulations of the proposed
numerical method.

2.1 Description of the test rig

The friction rig generates a flat-on-flat sliding contact between a pair of cylindrical
specimens as illustrated in Figure 1a. The rig is composed of a moving block that slides
over a static block. The moving block is excited using a shaker and is composed of a
moving arm hinged to a larger moving mass. One specimen is clamped to the moving
arm and is in contact with the other specimen that is clamped to the static block. The
photo of the rig is shown in Figure 1b. The relative displacement between the sliding
specimens is measured slightly above and below the contact interfaces, less than 1 mm
far from the contact, using two Laser Doppler vibrometers. This accurate measurement
method leads to a negligible effect on the bulk elastic deformation of the specimens,
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making the measurement of the tangential contact stiffness more reliable. The friction
force is measured with dynamic load cells attached to the static block. A continuous
contact is ensured between the specimens by applying a normal load by means of a
pneumatic actuator placed on the top of the moving block.

Base
LDVs

Laser guide
Pneumatic actuator

Specimens' Contact
Static arm

Moving arm
Moving mass

Shaker

Horizontal Motion

Specimens' Contact close view
Laser points

a) Top Specimen - Moving

Bottom Specimen - Stationary

b)

Figure 1: a) Specimen arrangement for the flat-on-flat contact [10]; b) Photo of the friction
rig [11]

A typical measured hysteresis loop is shown in Figure 2. The friction coefficient is
obtained by dividing the friction limit (horizontal portion of the loop) by the applied
normal load, and the contact stiffness is estimated from the slope of the stick portion of
the loop. In a previous study on the friction rig [10], several fretting tests were conducted
over different time spans to capture the evolution of the hysteresis loops with wear. The
experimental plan of that study is described in the following paragraph and its results are
compared with numerical simulations in Section 4.
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Figure 2: Typical measured hysteresis loop from the friction rig [10]
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2.2 Wear test plan

A series of five fretting tests was conducted using different couples of specimens at
room temperature.[10] The excitation frequency was 100 Hz, which is the best working
frequency for the test rig. This frequency is of interest because in the middle of the first
mode, which is highly non-linear [11]. The normal load was maintained constant at 60
N for all tests. These values were chosen to generate hysteresis loops with the necessary
amount of energy dissipated and, therefore, of fretting wear. The specimens were all made
of stainless steel (SS304) and their contact interface was carefully hand polished leading to
a roughness value Ra of about 0.1 µm. The width of the contact was maintained at 1 mm
on each specimen. In every test, the specimens were placed orthogonally as illustrated
in Figure 1a and for each pair the nominal area of contact was 1 mm2 (having a 5%
of variability due to the manufacturing tolerance and assembly). The resulting nominal
contact pressure was therefore 60 MPa. Experiments were carried out at imposed lateral
force amplitude. Two tangential excitation amplitudes of 53 N and 75 N were chosen to
investigate the effect of different strokes, on average respectively 14 µm and 22 µm of
full relative sliding. Two tests were conducted at 53 N excitation (average 14 µm sliding)
for about 5.5 h each, and three tests were conducted at 75 N excitation (average 22 µm
sliding) for 0.6, 3.6 and 9 h respectively to assess the repeatability of the experiments.

The numerical model will reproduce the geometry of the test rig, the boundary con-
ditions on the test specimens and the excitation dynamics. In particular, test 1 (53
N excitation, average 14 µm sliding for 5,5 h duration) will be chosen for an in-depth
analysis.

3 NUMERICAL METHOD

Due to the complexity of a non-linear system, approximated methods, for instance the
HBM, can be adopted. Since it is not possible to express contact forces in the frequency
domain, an alternating frequency-time (AFT) procedure [14] is performed to estimate
them in the time domain. In this paper, the non-linear forced response is evaluated
using the HBM coupled with the Dynamics Lagrangian Frequency-Time scheme (DLFT)
developed by Nacivet et al. [2]. The contact zone is defined by a node-to-node contact
element and for each contact element, this method takes into account directly the Coulomb
friction’s law, without any softening, and the non-interpenetration condition to compute
the contact forces in the time domain.

Wear is calculated at each interface node considering Archard’s formulation [12] as-
suming that the friction coefficient is not affected by the wear evolution. The roughness
is here geometrically neglected. It is considered that the depth of wear is very small
relatively to the characteristic dimensions of the structures in contact, which is why the
modifications due to wear of the mass and stiffness matrices are neglected.
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3.1 Frequency-domain formulation

The equations of motion obtained after discretization for two solids (i = 1, 2) in contact
with friction are given as follow:

M iÜ i + CiU̇ i +KiU i + F ic(U
i, U̇ i,W i) = F iex, (1)

where:

- M i, Ci and Ki are the mass, damping and stiffness matrices, respectively, for each
body i. M i and Ki are extracted from the FE models for both of them. Ci is
introduced by means of a Rayleigh’s damping matrix. To reduce the size of the
system a Craig Bampton-Component Mode Synthesis (CB-CMS) [13] reduction is
applied;

- U i is the vector of the DOFs that, consequently to the CB-CMS reduction, includes
both modal DOFs and physical DOFs. The latter are the displacements of the
master nodes retained in the reduction;

- F i
ex is the vector of the external excitation, which is assumed to be periodic with

period T = 2π/ω;

- F i
c is the vector of the non-linear contact forces, generated between the coupled

nodes. It depends on friction, impact and also on wear.

3.2 DLFT with wear method

The complete and reduced solutions of Eq. (1) are studied in the framework of a
frequency analysis. The approximate periodic solution is expressed in the form of a
truncated Fourier series. Here, two time scales are considered to couple dynamics and
wear phenomena:

U(τ, η) = Ũ0(η) +

Nh∑
i=1

(Ũn,c(η)cos(iτ) + Ũn,s(η)sin(iτ)), (2)

where τ represents the ”fast” time scale, related to the vibrations and η the ”slow” time
scale, related to the wear. To compute the periodic steady-state response in a frequency
domain, a Galerkin’s procedure is used. In addition, in frequency domain, the size of
the problem can be reduced by performing two exact reductions [2]. The first one is a
condensation on the interface DOFs (non-linear DOFs) and a further factor two reduction
can be obtained by considering the problem in term of relative displacements. Eq. (1) is
turned into a set of nonlinear algebraic equations:

ZrŨr(η) + λ̃(η) = F̃r, (3)
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where Ũr and F̃r are respectively the multi-harmonic vectors of the relative displace-
ments and reduced external forces. λ(η) is the vector of the Lagrange multipliers which
represents the unknown contact forces vector in the frequency domain. Zr is the reduced
relative stiffness matrix defined as:

Zr = diag(2K,Zk=1,...,Nh
), with Zk =

[
K − (kω2)M kωC

kωC K − (kω2)M

]
, (4)

A non-linear solver is then used to find the zero of the following function:

f(Ũr) = ZrŨr(η) + λ̃(η)− F̃r, (5)

In this study, the Jacobian matrix used to compute Eq. (5) is evaluated semi-analytically
as indicated in [6], obtaining a significant reduction in the computational time.

3.3 Modeling of the contact forces

Solving the previous algebraic system (3) requires a prior computation of the non-linear
forces λ̃. Unfortunately, it is not possible to calculate them directly in the frequency
domain. An AFT scheme [14] is applied. It typically consists of evaluating displacements
and velocities in the time domain, through a forward DFT, and then going back to the
frequency domain, using an inverse DFT. In this study, a DLFT procedure is performed.
Nacivet [2] defines the contact forces λ̃ as dynamic Lagrangians, using a pseudo-penalty
coefficient ε. This procedure consists of adding a new unknown vector X̃r of reduced
multi-harmonic relative displacements, which is computed in the time domain, to ensure
compliance with contact conditions, such as Ũr = X̃r, when the convergence is reached:

λ̃ = F̃r −ZrŨr + ε(Ũr − X̃r). (6)

The penalty coefficient ε can be chosen arbitrarily since, at convergence, results do not
depend on it. Charleux [3] proposed to take ε equals to the spectral radius of the stiffness
matrix K. The contact forces can be split as follows:

λ̃ = F̃r −ZrŨr + εŨr︸ ︷︷ ︸
λ̃u

− εX̃r︸︷︷︸
λ̃x

, (7)

where λ̃u represents the term of prediction to determine the stick–slip behaviour and
λ̃x is the correction term. The correction is applied by imposing its value to ensure the
validation of Coulomb’s friction law and unilateral contact law. Specifically, the contact
forces are computed in normal and tangential direction as follows:

λ̃N = F̃rN − (ZrŨr)N + εN(ŨrN −G− X̃rN), (8a)

λ̃T = F̃rT − (ZrŨr)T + εT (ŨrT − X̃rT ). (8b)

The wear depth is implemented as an interface gap G = W̃N in normal direction as shown
in Eq. (8a). The couple of unknowns (λ̃, X̃r) is determined through the AFT procedure.

6



F. Tubita, A.Fantetti, L. Blanc and F. Thouverez

3.4 Wear computation

Wear is computed using the Archard’s model [12], over one vibration cycle. Therefore,
to decrease the number of iterations and the computational time, a jump cycles strategy
is implemented, assuming the wear rate to be constant for a certain number of vibration
cycles, ∆N , previously chosen. Denoting δWm the nodal (index m) wear rate (worn
volume per unit sliding distance):

δWm(η) =

∫ η+T

η

Kw|Pm
N (τ, η)|‖U̇m

T (τ, η)‖dτ, (9)

in which T is the period of the harmonic excitation force, Kw is the Archard’s wear
coefficient, obtained from experimental results. Pm

N and Um
T are respectively the normal

load and the relative tangential velocity at each node m, calculated through Eq. (5).
The wear nodal depth Wm is evaluated by integrating the following explicit scheme:

Wm(ηk+1) = Wm(ηk) + ∆N(ηk)δWm(ηk), (10)

where k represents the intermediates slow time steps. ∆N(ηk) is fixed a priori as follows:

∆N(ηk) = min
∆Wmax

δWm(ηk)
, (11)

where ∆Wmax is a maximum authorized total wear depth, heuristically fixed. The
algorithm stops when ∆N(ηk) becomes very important, this means a steady-state with a
null wear rate reached, if it exists. The calculated wear depth is then implemented in the
normal contact law (8a). Consequently, the contact conditions are modified and a return
to the beginning of the prediction/correction process is required to re-balance them.

4 NUMERICAL RESULTS AND COMPARISON WITH EXPERIMEN-
TAL RESULTS

In this section, the computational method previously described in section 3 is applied to
evaluate the forced response of the experimental test rig detailed in section 2. Compared
to the numerical analysis performed in [10], where the contact behaviour was modelled
using a Bouc-Wen element, in this paper, a FE model of the specimens has been created
to study a more detailed contact behaviour which allows to analyse the status of each
point inside the contact and at the end the worn profile.

4.1 Description of the FE model

The rig dynamics has been modelled by means of a simple 2 DOFs lumped mass model
with springs to reproduce the two main sliding modes of the friction rig (the in-phase mode
≈ 40 Hz and the out-of-phase mode ≈ 2500 Hz). The scheme of the lumped model of the
rig, rigidly connected to a detailed FE model of the specimens, as shown in Figure 3a, to
accurately model the contact interface conditions. The FE model of the specimens was
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created and meshed using 8-nodes quadratic brick elements. The contact area nominally
flat is 1 mm2 and composed of 10x10 elements (121 contact nodes), as shown in Figure 3b.
The interface mesh is compatible at each contact node.

a) b)

Figure 3: a) 2 DOFs lumped mass model of the rig rigidly connected to the specimens;
b) FE model of the specimens with a zoom of the contact interface

To reduce the size of the problem, a CB-CMS was performed. The reduced model was
built by retaining the nodes on the contact interface, for both specimens, plus another
node on the top specimen, which acts as one observation node. In addition, the number
of dynamic modes, with fixed interface, retained in the CB reduction, equals 10 for each
specimens. The difference between the natural frequencies obtained with the reduced
model and those obtained for the full size model is less than 0.1%. The size of the system
is further reduced with a condensation procedure on the non-linear (contact) DOFs and
then on relative displacement.

4.2 Non-linear dynamic analysis

The test 1 is chosen for the numerical simulations. The contact surfaces are assumed
perfectly flat and smooth without any initial separation. The initial value of the gap
in Eq. (8a) is G = 0. The friction coefficient is µ = 0.88. This value corresponds to
the steady friction coefficient reached for all the five wear tests, as defined in [10]. Kw

is calculated using the experimental data, by means of the Archard’s wear formulation
[12], taking into account the total wear volume. For the test 1: Kw = 0.11 10−7m3/mN .
Concerning the HBM, 3 harmonics have been used, with 128 time steps in DFT procedure.

To perform the initial non-linear dynamic analysis, the static normal load is required.
Figure 4a. displays the normal load distribution over the full interface. This repartition
is the typical one expected for a flat-to-flat contact [15] with higher values exhibited on
the corners of the interface, which is expected given the singularity of the stress fields at
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these locations. It has been shown a stick-slip behaviour over the interface, with stick on
the middle, where T <6= µN , and slip on the borders, where T = µN , Figure 4b.
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4.3 Influence of the wear on the dynamic behaviour

Figure 5 displays the total wear depth over the contact interface, for test 1. It has
been seen that after 1.9 105 fretting cycles (Figure 5a) the wear is mainly localised within
the corners of the contact interface and after 1.9 106 fretting cycles (Figure 5b), the wear
depth in the corners does not increase more and the wear is more uniformly distributed
over the whole contact interface.
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Figure 6a displays the forced response for the unworn non-linear system and for the
worn configuration after 1.9 106 vibration cycles for the first mode. The numerical FRFs
shows similar amplitude and resonances with the experimental ones shown in [10]. It
has been observed that wear produces an increase of the first natural frequency (in-
phase mode), confirming that the system becomes stiffer with wear. The evolution of
the numerical hysteresis loops is shown in Figure 6b, exhibiting a similar trend with the
experimental ones [10].
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Figure 6: Test 1: a) Numerical FRFs with external excitation 53 N and b) Numerical
hysteresis loops: Excitation frequency = 100 Hz, total fretting cycles = 1.9 106

Figure 7 shows the evolution of the total worn volume for test 1. It has been observed
a continuous wear. On the other hand a constant wear rate is quick enough from 0.5 106

fretting cycles.
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5 CONCLUSIONS AND PROSPECTS

The proposed numerical method based on DLFT with wear allows to calculate simul-
taneously the vibrations of structures and wear in fretting-wear situations by considering
these two phenomena into two time scales. The jump cycles strategy, for updating wear,
enables a significant reduction of the computational time. The phenomenology is quite
well respected in terms of wear profile with the maximum amplitude in the corners; also
total worn volume is in good agreement with experiments; moreover in term of dynamics
the resonance frequency tends to increase with wear.

In terms of prospectives, the simulations have been performed for the specimens with
a flat-to-flat contact area. It may be useful to consider different geometries, for instance,
curved specimens and potentially more industrial cases.

The evolution of wear is here evaluated numerically. This approach allows to validate
an experimental test but it does not take into account that fretting-wear generates at
the interface an intermediate heterogeneous layer, composed of wear debris or particles
(the so-called third body). It could be interesting in future works to include this layer.
It would also be valuable to refer to an asymptotic approach to evaluate the asymptotic
behaviour of the worn geometry directly without time instants integration.
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