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Abstract. The creation of surrogate models is a classical problem in Machine Learning. The present
paper is a case study of training a surrogate model for a real-life engineering problem: the computation
of the sag of a cable hanging between two pylons. Neural networks have been trained using samples
of the solution for several physical parameters. A parametric study of the role of three hyperparameters
(the number of training samples, the size of the network and the initialization of gradient descent) is
presented.

1 INTRODUCTION

In the last years, a lot of progress has been done in the field of Machine Learning (ML), and in par-
ticular to provide efficient and user-friendly implementations. ML tools are now easily accessible to
experts from other fields, such as physicists and engineers. One of the applications of ML to physics and
engineering is the construction of surrogate models, for instance when a simulation is computationally
expensive to run.

Surrogate modelling Let us consider a real-valued function in dimension d, f : [0,1]¢ — R, that is
accessible but expensive to compute. The goal is to build an function £ that approximates f as accurately
as possible, that is it minimizes the following cost function J:
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The integral of this L? norm is approximated by the normalized Root Mean Squared Error (RMSE) using
N samples (x;, f(x;)) computed from uniformly distributed values x; € [0, 1]¢:

(EX.1 4170~ f ) )
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The set of N samples (x;, f(x;)) is also called training dataset.
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Figure 1: Approximations of the function (x,y) — x% +y> — 1 by a network of 4 neurons (leff) and a network
of 12 neurons (right). The color describes the direction of the gradient locally, in order to visualize the piecewise
affine sections. The results have been manually picked among the local minima returned by the optimizer.

Neural networks In this paper, the surrogate models are neural networks. A feed-forward neural
network [4] is a function R? — R”, built as the combination of simple elementary functions, called
neurons, loosely inspired by the biological neurons. Each neuron is the composition of an affine function
and a non-linear function, called activation function and denoted here 6. Neurons are combined in
a network structure where each layer of neurons takes as inputs the outputs of the previous layer of
neurons. The coefficients of the affine functions are parameters of the neural network and they will be
fitted to the data by the learning process.

Neural networks can be seen as the generalization of the linear models of the following form (which
includes polynomials or Finite Element decompositions):

fx) = Zl,ai (%), 3)
i=1

where a; are unknown weights, and ¢, are given basis functions. In a neural network, the basis functions
0; are not fixed, but are parametrized by the introduction of more unknown weights. Indeed, a neural
network with a single hidden layer can be written as

f(x):ZaiG ZB,'J'\IIJ'(X) . (4)
i=1 j=1

The new basis functions Y can be chosen as y;(x) = x;, or they can be decomposed in the same way as ¢
leading to a deeper network.

In this work, the Rectified Linear Unit (ReLU) activation function 6(x) = max(0,x) is considered. It
is one of the simplest and the most popular activation functions used in the literature. With such a
piecewise linear activation function, the neural network is a piecewise affine function, each neuron being
responsible for one change of slope (see Figure 1). It can be intuitively understood that any function can
be approximated with an arbitrary precision by piecewise affine functions. This statement can be proved
mathematically and neural network are often characterized as “universal function approximators”[2, 9].

Finding a good approximation in a parameter space that can be of high dimension is usually done using a
gradient descent algorithm. One of the strengths of the neural networks is the efficient implementations
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that are available to compute their gradients (back-propagation). The main drawback of gradient descent
is the risk of finding only a local minimum of the optimization problem. When many local minima exist,
finding the global minimum (or just a decent local minimum) may require many trials and errors.

Objectives Even for a perfect optimization of Jy, the model would remain inaccurate with respect to
the cost function J. Since increasing N by computing new samples can be costly, we look for the minimal
number of samples necessary to obtain a given accuracy. Besides the fidelity of f to f, another objective
is the simplicity of the model f which should be as fast as possible to evaluate. The goal of the present
work is to quantify the trade-off between these contradictory objectives.

The usual practice in ML is to solve two nested optimization problems: finding the best coefficients for
a given kind of model and finding the best kind of model. While the first one is automated with efficient
optimization algorithms, the second one often relies on the experience of the user and many trials and
errors. A goal of this paper is to provide some insights on this second optimization problem. The full
automation of this second optimization is a current research topic in the ML community [5].

This kind of surrogate modelling differs slightly from classical statistical learning in two ways. Firstly,
the evaluation of the function f is supposed to be purely deterministic and the goal of the surrogate model
is to reproduce its result as accurately as possible. Unlike usual ML problem, we assume no noise on the
measured samples f(x;). Secondly, we can choose the training data that we want to use. The choice of a
sampling method in not discussed in details in this paper, but the number of samples is one of our main
parameters.

Summary In Section 2, the physical problem of the sag of hanging cable is introduced and the method-
ology of the main study of this paper is discussed. In Section 3, the results of the study of the influence
on some hyper-parameters of a neural network model (number of neurons, deepness, initialization of the
coefficients) are presented.

2 METHODOLOGY OF THE STUDY

To evaluate the performance of neural networks in real conditions, an actual engineering problem has
been considered.

Physical model The problem is a 1D Finite Element simulation of
the motion and deformation of an high-voltage line between two sup-
port towers (see Figure 2). The simulation depends on 8 physical mag-
nitudes: m is the mass per length unit of the cable (in kg/m), d is its
diameter (in m), E4 is its axial stiffness (in N), H is the tension of the T

cable (in N), L, is the span length between the two towers (in m), A is

the altitude difference between the two towers (in m), U is the speed

of the wind relatively to the cable (in m/s) and finally Cp is the drag Lp

coefficient of the wind. The function f that we want to model maps

these eight parameters to the sag of the cable. For each of the input Figure 2: Schematics of the prob-
parameters, physical bounds have been provided. lem and some of its parameters.

- —

The domain of definition of the function that we want to approximate is
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then an 8-dimensional hyper-rectangle. The input domain has been scaled down to the [0, 1]® hypercube
using a linear scaling method. Sampling points (x;) have been chosen using the Latin hypercube sampling
method [7]. This method allows to cover uniformly the range of values of each of the input variables.
Even if one of the parameters turns out to have no effect on the output, no redundant PDE problem is
solved, as it would be with a regular grid sampling method.

Inputs The three hyper-parameters discussed in this paper are the following:

* the training size, that is N in (2). Training datasets have been precomputed, so for a given training
size, the same dataset is used every time. (The random variability due to the sampling of the dataset
is not discussed in this paper.) Values between 10 and 5000 samples are considered.

* the sizes of the layers of the neural network. Most of the following tests considered a single hidden
layer, so this parameter is n; from (4). Networks containing between 1 and several thousands of
neurons are considered.

 the random state for the initialization of the neural network, that is the seed of the random number
generator used to chose an initial guess for the optimization algorithm. For each training size and
network size, 1000 different initial states for the neural networks are randomly chosen using Scikit-
learn’s default initialization method (Glorot uniform sampling [3]). This parameter can be seen as
a random variable and the results of the parametric study is presented as probability distributions
of functions depending on this variable.

All computations have been done with the Scikit-learn open source Python library [6, 8]. The LBFGS
optimizer have been used for all the following numerical results. Other settings are the defaults of Scikit-
learn as of version 0.20.3.

Output The main output of interest is the accuracy of the result, quantified using a testing dataset
different from the training set, as it is usually done in Machine Learning. Indeed, evaluating the model
only on the value of (2) that has been reached during the optimization process would miss the fact that we
are actually trying to minimize (1). To better evaluate the error with respect to (1), another independent
error of the form (2) is defined by the computation of another set of samples, called test dataset. In our
parametric study, the same test dataset has been used for all cases. It is as large as the largest training
dataset (5000 samples) and has been computed with an independent random sampling.

Variant model: log scaling As we have mentioned earlier in this paper, neural networks with the ReLU
activation function are piecewise affine functions. However, many models in physics and engineering are
written instead as power laws of the form "az i’h . (In physics, it rarely makes sense to add values of different
“dimensions”, whereas multiplying them can make sense.) This kind of model is actually just a linear
function in log scale exp(alog(x) + blog(y) — clog(z)), so a simple rescaling of the training data is

sufficient to train a power law with neural networks.

In the Sections 3.3 and 3.4, we conduct the same study as in the Sections 3.1 and 3.2, except for the log-
scaling of the input data. In other words, the model f is replaced with expof olog. The same datasets
are used and the cost function is still the same approximation (2) of (1).

Another motivation for this model variant is the expected shape of the function f: our sag problem is
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a complex version of the catenary equation, and thus it is expected to involve the hyperbolic cosine
function and to behave as an exponential function.

3 RESULTS AND DISCUSSION

3.1 Role of the training size
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Figure 3: Probability distribution (with respect to the random initialization of the neural network) of the test RMSE
in logarithmic scale for training datasets of different size. All trainings are done with a network of a single hidden
layer of 10 neurons.

On Figure 3, the distribution of the test error has been plotted in log scale for different training datasets.

Firstly, we notice that for each case the distribution of test error has the shape of a narrow Gaussian
distribution. All the local minima reached by the algorithm are very close from one another. It means
that, in practice, the optimization method is not so sensitive to local minima and it might not be necessary
to repeat the gradient descent so many times.

Secondly, we notice that the larger the dataset, the lower the error. Until a dataset of around 1000
samples, the error seems to follow a 1/2 convergence rate, that is RMSE o< 1/4/training size. This is
similar to the convergence rate of the Monte-Carlo method, which is basically the approximation of (1)
by (2). However, the accuracy stops improving above 2000 samples. A possible explanation is that all
the degrees of freedom of the model are used to their best and the number of neurons is now the limiting
parameter.
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Figure 4: Probability distribution (with respect to the random initialization of the neural network) of the test RMSE
in logarithmic scale for a network of one hidden layer with a different number of neurons. All trainings are done
with a training dataset of 100 samples (top) or 5000 samples (bottom).
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3.2 Role of the number of neurons

In the previous paragraph, we make the hypothesis of two domains in the space of hyperparameters: one
where the accuracy is limited by the number of samples and one where the accuracy is limited by the
number of neurons. To validate this hypothesis, the influence of the number of neurons have been plotted
on Figure 4 for two training sets, assumed to be in the two domains.

On the top graph of Figure 4, the distribution of the errors has been plotted for several networks with a
single hidden layer for 100 training samples. As expected, the number of neurons does not have a large
influence on the averaged accuracy for this amount of samples.

However, the size of the network has clearly an influence on the variability of the error. For a small
number of neurons, two local minima are visible. For the 1 neuron case, the results are shared equally
between these two minima. For a higher number of neurons, the distribution takes the form of a Gaussian
with a lower and lower standard deviation.

If we consider the lower value in the distribution of the errors, the best model are obtained when the
number of neurons is around 5. A higher number of neurons leads to a slight loss of precision. It might
be a weak sign of overfitting, that is a model with too many degrees of freedom in comparison with the
number of samples.

Increasing the number of samples to 5000 on the bottom graph of Figure 4, the precision does not seem
to be limited by the number of samples anymore and the number of neurons has a more important role.
We now observe clearly the gain in precision from a single neuron until the model begins to overfit after
200 neurons. Between 1 and 100 neuron, the convergence rate is of order between 0.5 and 1.
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Figure 5: Probability distribution (with respect to the random initialization of the neural network) of the test RMSE
in logarithmic scale for different shapes of neural networks with the same number of neurons but a different number
of hidden layers. All trainings are done with a training dataset of 1000 samples.

On Figure 5, the distribution of the testing error has been plotted for several networks with the same
number of neurons, but organized differently. The main observation is that a deeper network leads to a
wider distribution of errors. The deep network is more versatile and better approximation can be found,
but it is also harder to tune and the optimization process might more frequently get stuck in a bad local
minimum.
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Figure 6: Probability distribution (with respect to the random initialization of the neural network) of the test RMSE
in logarithmic scale for different training datasets of different size. All trainings are done with a network of a single
hidden layer of 10 neurons.

3.3 Role of the training size for the log-scaled model

Figure 6 is the same as Figure 3 for a log-scaled model. All errors are now lower when using the log-
scaled model. Fitting a power law model is a better match to the shape of the goal function f and thus
interpolation between training points is more accurate. As in Figure 3, a plateau is reached in which an
increase of the number of samples does not lead to an increase of the accuracy of the result. The plateau
appears earlier and has a lower value for this model in log scale.

3.4 Role of the number of neurons for the log-scaled model

Figure 7 is the same as the top of Figure 4 for a log-scaled model. As in Section 3.3, all errors are lower
when using the log-scaled model. As in Figure 4, two local mimina are visible for small networks and
the worst local minima disappears when the number of neurons in the network increases.

The best error can be found for networks of around 5 neurons. The increase of the error that is observed
when passing from 10 to 30 neurons can be interpreted as overfitting. For a higher number of neurons,
the error slowly decreases. This phenomenon is the known double descent phenomenon [1]. The error
due to overfitting can be understood as a random noise that can be mitigated by the averaging of many
overfitting model. Thus a network with many more neurons than the overfitting state can behave like an
ensemble average of overfitting networks, reducing the error.
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Figure 7: Probability distribution (with respect to the random initialization of the neural network) of the test RMSE
in logarithmic scale for different networks with one hidden layer of a different number of neurons. All trainings
have been done with a training dataset of 100 samples.

3.5 Discussion on the source of errors in neural networks

Figure 8 presents a summary of the influence of the training size and the number of neurons. For each
configuration, the first decile of the error distribution has been displayed (instead of the minimal error
which was noisier).

In the linearly scaled case (on the left), the error is mostly monotonous with respect to the two parameters
of interest (except for some slight overfitting when the number of neurons gets higher). The optimal
number of neurons to avoid overfitting is approximately one tenth of the number of samples.

In the logarithmically scaled case (on the right), the pattern is more complex. The function we are trying
to model is close to linear in log scale and a single neuron gives a fair approximation. The effect of
overfitting is much more visible, but the effect of the double descent is also observable for networks with
a large number of neurons. Despite the model requiring less neurons than the linear-scaled model, no
combination of parameters seems to be able to go much below a relative RMSE of 102,

In statistical learning, the error of a model is often decomposed in two components: the bias and the
variance. The bias is the error due to the lack of degrees of freedom in the model with respect to the
complexity of the function to be modeled. The variance is the error due to overfitting, that is the use of
too many degrees of freedom with respect to the number of samples.
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Figure 8: First decile of the probability distribution (with respect to the random initialization of the neural network)
of the test RMSE for different sizes of training sets and a network of a single hidden layer with different number
of neurons.

An interpretation of the previous results, and in samples
particular Figure 8, in term of bias and sample is \ ~ 10 samples per neuron
proposed in Figure 9. The space of hyperparame- ) L

ters is split in two domains. The boundary is ap- Mostly bias

proximately where the number of samples is 10 .

times the number of neurons. .

For cases above the line, the error is mostly due 7
to bias. We observe as expected that the error is .
mostly independent of the number of samples and ,
decreases with an increase of the number of neu- ~ Nb. neurons
rons. The error due to bias is much smaller for
the log-scaled model, as the form of the model fits
better the modeled function.

Figure 9: Interpretation of Figure § as two domains with
different sources of error.

For cases below the line, the error is mostly due to
variance. As expected, variance increases then decreases with the number of neurons: it increases due
to overfitting until the interpolation threshold, then decreases due to the central-limit-like behavior of
double descent. Besides, variance is also sensitive to the number of samples: an increase in the number
of samples reduces the overfitting [1]. Unlike bias, the log-scaling of the model does not have such a
large effect on the amplitude of the variance error.

4 Conclusion

This paper is a case study of the influence of some hyperparameters on the accuracy of neural net-
works. Surrogate models for a real-life engineering problem have been computed by machine learning.
The accuracy of the network is a non-trivial function of the hyperparameters. In particular, it is non-
monotonous with respect to the number of neurons, and a careful parametric study is necessary to ensure

10
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that the optimal surrogate model has been found.

In this study, the most efficient way to increase the accuracy was to use a log-scaling of the data to fit
a power law instead of a linear model. The reason of the efficiency of this trick is unclear: it could be
contingent to the relative simplicity of our problem (which is well approximated by an exponential); or
it could be a clue of a deeper relevance of power laws to engineering problems.

Many other hyperparameters have been ignored in this study. In particular, the optimization algorithm
used for the minimization of the cost function Jy has barely been mentioned. Some shallow tests showed
that the LBFGS algorithm used in this study was up to one order of magnitude more accurate than the
stochastic gradient descent algorithms implemented in Scikit-learn (SGD and Adam). The latter are
known to be slower to converge, but are told to be more efficient to avoid local minima. Our results
showed only a marginal effect of the existence local minima on the error, which comforted us in using
the LBFGS method.

Our problem is relatively simple (e.g. it is monotonous with respect to each of its 8 parameters), so we
considered using a simpler model, such as the linear Radial Basis Functions model (another example of
model of the form of (3)):

F@) =Y aio(lr—xl) +b  where o(r) = exp(—17%). 5)

The advantage of linear models is the efficient optimization methods available to fit the model. For
instance, a Support Vector Machine (SVM) can optimize the number of terms in the model, avoiding a
long parametric study such as the one of this paper. However, we could not reach the same accuracy with
RBF as with neural networks. A possible explanation is that the RBF assume that x lives in an isotropic
space, in which a variation of 1/,/¥ in every direction has the same consequence. This is obviously not
the case with our engineering problem in which there is no arbitrary way to convert a variation of e.g.
the diameter of the cable into a variation of its tension. Having a neural network with at least one hidden
layer allows us to learn not only the coefficients g; in the last layer, but also the anisotropy of the space
of x in the previous one(s). This is not possible with a linear model.

Finally, let us focus attention on the fact that our physical problem was mostly considered as a black box.
Indeed, the purpose of the paper is to discuss the possibilities of neural networks and not the physics
of hanging cables. Actually, the best approach would have been to use as much physical knowledge as
possible to guide the building of the surrogate model. This has been illustrated by the use of log-scaled
data based on a physical argument, which greatly improved the quality of the surrogate model. In general,
the crossing of physical models and machine learning models is still a promising open problem.
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