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Abstract. The survey of damages after recent earthquakes have shown the fragility of masonry 

churches against the out-of-plane overturning of the façade. This failure mechanism is 

currently analyzed having recourse to a rigid body model, using either limit analysis with 

kinematic approach, or dynamic analysis under rocking motion. However, both the 

aforementioned methods neglect the interaction with the lateral walls, leading to an 

underestimation of the effective structural capacity under seismic action. The main goal of this 

work is therefore to investigate the effect of the interlocking between the façade and the 

transversal wall and the influence of the quality of masonry in out-of-plane overturning. For 

this purpose, a refined model of masonry through a Discrete Element Method is developed, 

based on a detailed recognition of masonry units. The acceleration and displacement capacity 

are estimated through quasi-static pushover and pulse-based dynamic analyses and compared 

to those calculated for the rigid body model. The proposed methodology is then applied to a 

sample of three single-nave masonry churches that suffered damages during the 2009 L’Aquila, 

Italy earthquake.  
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1 INTRODUCTION 

Damages experienced during the last seismic events have shown the high vulnerability of 

masonry churches. These structures, characterized by the absence of horizontal diaphragms 

connecting the walls, rarely activate a global behavior [1]. Their seismic assessment can be 

carried out considering distinct macro-elements, having an almost independent structural 

response under horizontal actions. Indeed, one of the most vulnerable macro-elements is 

represented by the façade, which may detach from the lateral walls and fail by overturning. 

Failure may involve the whole height of the façade or only its upper part, due to either a lower 

connection of the upper part of the façade with the rest of the building or as a consequence of 

dynamic amplification effects. This mechanism is typical in masonry structures, when the 

interlocking with side walls is not sufficient to guarantee a box-like behavior. Accordingly, 

masonry quality and connection with transversal walls play a fundamental role in the structural 

response under seismic action.  

Nowadays, the collapse mechanisms are an effective assessment tool for estimating the 

seismic acceleration capacity [2], either through the kinematic approach of Limit Analysis [3], 

or by integrating the equation of rocking motion [4], as well as by considering an equivalent 

single degree of freedom oscillator. However, all of these models are usually based on the 

assumption that the façade is detached from the lateral walls and behaves as a rigid body 

overturning around a hinge at its basis. 

Aiming at understanding the role of the connections and their influence on the effective 

seismic behavior, in the present paper the stabilizing effect of the interaction between the façade 

and the lateral walls is investigated through a bi-dimensional Distinct Element Method [5]. The 

effectiveness of the DEM to capture the behavior of masonry structures under seismic loading 

has already been proved in the Literature [6-16]. In the present case, the model of masonry is 

based on the assumption that all the non-linearities take place at the contacts among the stones, 

while these latter can be considered simply as rigid bodies. Three masonry churches that 

suffered damages from the 2009 L’Aquila (Italy) earthquake are analyzed through both, 

dynamic pulse-based, and non-linear static analyses. The former provides a stability domain as 

a function of pulse amplitude and duration that is compared with the unilateral rocking domain 

of a rigid block [17]. The latter provides the acceleration and displacement capacity under 

quasi-static horizontal loading, as compared to those obtained according to the rigid block 

schematization [10,18]. 

2 THE RIGID BODY MODEL 

Consider the façade of the church as the rigid body shown in Figure 1, where bf, hf, R, W 

correspond, respectively, to the thickness, height, semi-diagonal and weight of the façade, while 

α is the slenderness angle. The dynamic behavior can be analyzed through the inverted 

pendulum [4], whose configuration is defined by the rotation θ towards the outside. Indeed, the 

rotation towards the inside is constrained by the lateral walls. For slender blocks (α < 20°), the 

slenderness angle α and the horizontal displacement of the center of gravity u can be 

approximated, respectively, as: 

𝛼 =  
𝑏𝑓

ℎ𝑓
 ;          𝑢 =

ℎ𝑓

2
𝜃 

(1) 
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Figure 1: Rigid body model during rocking motion 

Let us first consider the structure subjected to a quasi-static horizontal base acceleration a. 

The motion takes place only when the base acceleration reaches the value 𝑎∗ = 𝛼𝑔, which 

activates the mechanism, where 𝑔 is the acceleration of gravity. The capacity curve is shown in 

Figure 2, consisting in an ascending rigid branch corresponding to the absence of motion and a 

descending branch that, for slender blocks, can be approximated by a linear curve from a* to 

the ultimate displacement du. 
 

 
Figure 2: Capacity curve of a rigid body 

According to Figure 2, the structure under earthquake base-motion starts rocking when the 

acceleration reaches the value 𝑎∗ but does not collapse until the displacement exceeds the 

ultimate value du. 

Let us now consider the structure subjected to a semi-sinusoidal pulse, given by the 

following base acceleration, a(t) acting for a time interval t0: 
 

𝑎(𝑡) = {
−𝑎0 𝑠𝑖𝑛(𝜔0𝑡 + 𝜓) , 𝑡 ≤ 𝑡0

0               , 𝑡 > 𝑡0
 

(2) 

where t0 = 𝜋 𝜔0⁄  represents half of the semi-sinusoidal acceleration period.  

This schematization of earthquake input has been used in the past, especially in the 

description of near-fault events [19] and has the advantage of leading to an analytical expression 

for out-of-plane overturning, as shown hereafter. According to Housner, the equation of motion 

can be written as: 
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𝐼𝑜𝜃̈ = −𝑊𝑅 sin(𝛼 − 𝜃) + 𝑊𝑅
𝑎0

𝑔
sin(𝜔0𝑡 + 𝜓) 

(3) 

Assuming the hypothesis of slender blocks and settling 𝑝2 =
𝑊𝑅

𝐼𝑜
, the equation of motion 

becomes: 

𝜃̈ − 𝑝2𝜃 = 𝛼𝑝2 [
sin(𝜔0𝑡 + 𝜓)

sin 𝜓
− 1] 

(4) 

By assigning the initial conditions and imposing the equilibrium in the limit configuration 

𝜃 = 𝛼, the following expression is obtained: 

𝑎0

𝑔𝛼
= √1 +

𝐼𝑜

𝑊𝑅
𝜔0

2 

(5) 

Equation 5 represents the limit condition in terms of pulse amplitude a0 and duration t0 

beyond which the collapse by overturning takes place. 

3 THE NUMERICAL DISCRETE ELEMENT MODEL 

The Discrete Element Method was originally proposed for the study of rocks mechanics [20] 

and then widely applied to the study of the seismic behavior of masonry structures [6-15], 

thanks to its capability of modeling the cracks and discontinuities taking place at collapse. 

In the present paper, the blocks are considered as rigid bodies, while the contacts are 

modelled as two couples of normal and shear springs.  The contact stiffness is determined on 

the basis of the overall elastic modulus of masonry Em, which depend on masonry typology. In 

particular, aiming at lumping in the contact the whole deformability of masonry, the contact 

normal stiffness depends on the average blocks height hm simply as the ratio Em/hm. The shear 

contact stiffness can be approximated as half of the normal stiffness. The strength of the contact 

is controlled by the Coulomb condition |τ| ≤ σ·tan(φ), neglecting cohesion and tensile strength, 

and assuming a friction angle φ = 30°. 

3.1 Mesh modelling 

In order to reduce the computational effort of the analysis, a bi-dimensional model has been 

used. The DEM mesh is based on the survey of masonry, aiming at reproducing, as far as 

possible, the effective shape of the stones. In order to take into account tridimensional effects, 

the blocks density and contacts stiffness are affected by the third dimension, i.e. the length of 

the façade, or the thickness of the lateral wall, as shown in Figure 3. The façade and the side 

wall heights are respectively denoted as hf  and hs, while their thickness as bf and bs. The façade 

length is denoted by lf, while ls represents the length of the portion of the side wall adjacent to 

the façade that is explicitly modeled, while the rest of the lateral wall is simply considered as 

an elastic block. The structure is finally laid on a rigid block, constituting the base to which 

seismic motion is applied.  
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Figure 3: Interface model and framework of the mesh for a bi-dimensional model. 

3.3 Seismic Input definition 

Both, pushover and pulse-based dynamic analyses have been carried out, where the former 

consider the artificial damping as implemented in UDEC 6.0, while no damping is considered 

in the latter.  

The algorithm for pushover analysis applies acceleration increments (or decrements) to the 

centroids of each block, controlling the unbalanced forces and the capacity of the structure to 

transfer the horizontal action into base shear.  Both, the ascending and descending branches of 

the capacity curve are obtained and, namely, the acceleration which activates the mechanism 

a* and the ultimate displacement du. 

The algorithm for pulse-based analysis applies a semi-sinusoidal acceleration to the centroid 

of each block in a sequence of analyses for increasing pulse amplitude or duration. The 

overcoming of the maximum displacement and the consequent collapse of the façade is 

automatically recognized, providing ultimate displacement capacity and the corresponding 

pulse action. The unilateral equilibrium rocking domain is finally obtained for varying pulse 

amplitude a0 and duration t0 through an automatic procedure implemented in Fish language [5]. 

4 CASE OF STUDIES 

Three case studies have been considered for the application of the above described procedure 

for seismic assessment, namely the church of Santa Maria degli Angeli, the church of San Paolo 

ad Peltuinum and the church of San Sisto, all located in the area surrounding the city of 

L’Aquila, as shown in Figure 4.  

In the next three sections the churches are briefly described, and their geometrical and 

mechanical properties are provided. Referring to Figures 5-7, lf & bf  (ls & bs) are the length and 

the thickness of the façade (of the lateral wall) hf & hs  their height, γf  & γs  their specific weight, 
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KNf  & KNs their normal joint stiffness, KSf  & KSs their shear joint stiffness, while the friction 

angle φ in the contacts is set equal to 30° for all the analyses. 

 

 
 

Figure 4: Location of the case studies and the epicenter of the 2009 L'Aquila earthquake. 

4.1 Santa Maria degli Angeli 

The Church of Santa Maria degli Angeli has an almost rectangular plan, with a front width 

of about 10 m and a length of 16 m. The niches along the nave show the signs of subsequent 

infill and repeated rearrangements. Two regular rectangular windows can be found on each 

side, next to the connection with the facade. Masonry is made of small and poorly worked 

stones (Figure 5). 

 

 
A)                                                B) 

  Façade Side wall 

lf  & bs [m] 10.00 0.50 

ls  & bf [m] 0.90 4.30 

hf & hs [m] 10.00 8.80 

γf  & γs [Kg/m3] 2100 2000 

KNf  & KNs [Pa/m] 2.90e10 4.10e10 

KSf  & KSs [Pa/m] 8.31e9 1.35e9 

φ [deg] 30° 30° 

Figure 5: Church of Santa Maria degli Angeli: A) Block masonry recognition; B) Discrete element model; table 

of the main geometric and mechanical properties 
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4.2 San Paolo ad Peltuinum 

The Church of San Paolo ad Peltuinum is located in the municipality of Prata d’Ansidonia 

(AQ). The structure was probably built between the VII and VIII century a.c. At least five stages 

of evolution and transformation of the building can be identified, related to the Lombard, 

Benedictine, Cistercian, Renaissance and eighteenth century influences. The church presents a 

cross plan with a single nave and a transept. Two different types of masonry can be noticed. 

The lower part is made of parallelepipedal larges blocks and dates back to medieval period, 

while the upper part, made of small irregular stones, is the result of a more recent reconstruction 

(Figure 6).  

 

 
A)                                      B) 

  
Façade Side wall 

upper lower upper lower 

lf  & bs [m] 8.00 0.80 

ls  & bf [m] 1.00 5.50 

hf & hs [m] 9.60 8.80 

γf  & γs [Kg/m3] 1900 2200 1900 2200 

KNf  & KNs [Pa/m] 2.19e10 2.69e10 6.96e9 2.85e9 

KSf  & KSs [Pa/m] 7.30e9 8.97e9 2.32e9 9.50e8 

φ [deg] 30° 30° 30° 30° 

Figure 6: Church of San Paolo: A) Block masonry recognition; B) Discrete element model; table of the main 

geometric and mechanical properties 

4.2 San Sisto 

The Church of San Sisto dates back to the VIII century a.C. and is located in the city of 

L’Aquila. The building has a single nave. The façade has a rectangular shape spanning about 

10 m in length and 13 m in height, with an horizontal crown. The masonry of the façade has 

facing in square ashlars, while that of the transversal wall is made of small and poorly worked 

stones (Figure 7).  

 

 
                  A)                                    B) 

  Façade Side wall 

lf  & bs [m] 9.95 1.40 

ls  & bf [m] 0.75 4.70 

hf & hs [m] 13.30 10.40 

γf  & γs [Kg/m3] 2200 2100 

KNf  & KNs [Pa/m] 4.05e10 1.64e10 

KSf  & KSs [Pa/m] 1.35e10 5.45e9 

φ [deg] 30° 30° 

Figure 7: Church of San Sisto: A) Block masonry recognition; B) Discrete element model; table of the main 

geometric and mechanical properties 
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4 RESULTS 

In this section, the numerical and analytical results obtained for the three cases of study are 

presented. The stability domain under sinusoidal pulses, and the pushover curve obtained 

through DEM are compared, respectively, to the analytical rocking domain and to the capacity 

curve of the rigid block. The comparison shows to what extent the connection with lateral walls 

may be effective in the seismic assessment of the church against the overturning of the façade.  

 

   

A) B) C) 

Figure 8: Church of Santa Maria degli Angeli: A) Predicted crack pattern and failure mechanism according to 

distinct element analysis, B) rocking domain C) pushover analysis 

The numerical analysis of the church of Santa Maria degli Angeli provides an acceleration 

a* and a displacement du capacities of about 0.8 m/s2 and 872 mm, respectively, with an 

increase of about 20% as compared to the rigid block model (Figure 8c). Even though the failure 

mechanism shows a non-negligible part of the lateral wall involved in the collapse mechanism 

(Figure 8a), thanks to a good interlocking of the stones, its stabilizing effect is only marginal as 

a consequence of the small thickness bs of the lateral wall which is only about 5% of the facade 

length. 

The analysis of the church of San Paolo exhibits a strong increase (of about 50%) in 

acceleration capacity and almost no increment in displacement capacity when compared to the 

rigid block. Thanks to the quality of masonry, made of large squared blocks in the basement of 

the church, the rotation hinge is located at the middle of the façade height (Figure 9a). 

Therefore, the acceleration capacity increases according to the lower slenderness of the part 

involved in overturning, while the displacement capacity, which is governed by the façade 

thickness, remains almost unchanged. 

The analysis of the church of San Sisto (Figure 10), shows an increase in both acceleration 

and displacement capacity of about 65%, thanks to the beneficial effect of the connection 

between the façade and the transversal wall. Nonetheless, the acceleration capacity a* 

determined by the DEM, equal to 0.9 m/s2 is still low, due to the high slenderness of the façade. 
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A) B) C) 

Figure 9: Church of San Paolo: A) Predicted crack pattern and failure mechanism according to distinct element 

analysis, B) rocking domain C) pushover analysis. 

 
  

A) B) C) 

Figure 10: Church of San Sisto: A) Predicted crack pattern and failure mechanism according to distinct element 

analysis, B) rocking domain C) pushover analysis. 

The results shown for the three churches under study suggest that the analytical rigid block 

model generally constitutes a powerful and effective instrument for the seismic assessment of 

masonry churches. Only when the characteristics of masonry are such as to prevent the 

complete detachment of the façade, the rigid block only provides a lower bound estimate. In 

this case, the lateral walls play a non-negligible effect in terms of both, higher hinge position 

(i.e. lower slenderness of the part undergoing overturning) and stabilizing bending moment 

against overturning. 

5 CONCLUSIONS 

In this paper, an approach for modelling the collapse mechanism of historical masonry 

building and evaluating the reliability of current models used for seismic assessment is outlined. 

The seismic response of three single-nave churches that suffered damages after the 2009 

L’Aquila earthquake is investigated through pulse-based dynamic and quasi-static pushover 



Francesca Gobbin, Rebecca Fugger and Gianmarco de Felice 

 10 

analyses, with both analytical and numerical approach. The well-known mechanism of 

overturning of the façade is considered and the numerical results are compared with those 

derived neglecting the connections and modelling the façade as a rigid block according to the 

Housner rocking model. 

Through the detailed reconstruction of masonry pattern, the numerical analyses with DEM 

take into account the effect of connections due to interlocking of stones, resulting in the increase 

of both acceleration and displacement capacities. The proposed approach succeeds in detecting 

the expected failure mechanism, which does not change from quasi-static to dynamic loading. 

Only for short period pulses, the numerical model provides a widespread crack pattern and a 

slight decrease in seismic acceleration capacity. 

Beside the differences that may become relevant for high quality masonry, the rigid block 

model still represents a powerful and effective tool for the seismic assessment of collapse 

mechanisms. 
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