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Safety factors for kinematically admissible failure mechanisms in jointed rock 

masses have been defined with linear and nonlinear failure criteria for rock 

discontinuities. Data required to compute these safety factors are obtained by 

means of  two finite element analyses of the effects of selfweight and external 
(structural) loading, respectively. Both types of analysis are closely linked since 

they share a common geometry. Joint elements are used to simulate the 

behaviour of rock discontinuities. I f  kinematically admissible mechanisms are 

possible under field conditions, the finite element mesh should also allow them 

to develop. Different aspects of the methodology have been illustrated through 

the safety evaluation of a 150m high arch dam and its foundation in fractured 

cretaceous limestone. Special attention has been paid to the modelling of a 

realistic geometry including three-dimensional rock blocks and discontinuities. 

The paper discusses the effect of initial state of stress, the evolution of safety 

as the external load increases and the relation between the defined safety 

factors. It also provides practical guidelines for conducting this type of analysis 

in complex situations. Copyright © 1996 Elsevier Science Ltd. 

INTRODUCTION 

Safety analysis in engineering practice is often linked to 

simple definitions such as safety margin or safety factor. 

These factors try to provide a "distance" between the 

service or "as built" conditions and the failure state. 

Failure states are, however, difficult to define in complex 

cases and the classical definitions of safety are open to 

criticisms because of their inconsistency and poor overall 

representation of risk interpreted in a probabilistic sense. 

However, simple definitions of safety, amenable to calcu- 

lation in real cases continue to provide a useful tool for 

designers. Safety factors are usually interpreted within 

the framework of an accepted scale for which there exists 

some previous experience. 

A particularly complex case is the safety analysis of 

arch dams founded on fractured rock. A traditional way 

to investigate the behaviour of these structures has been 

to conduct model tests in which the dam is brought to 

failure by a progressive increase of the loads that 

simulate the hydrostatic load on the structure. 
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However, 1-g models do not satisfy conditions 

between model and prototype, as the failure criteria for 

joints and rock masses depend (in a nonlinear way) on 

the state of stresses. These type of models represent only 

a qualitative approximation to the problem. Centrifuge 

testing offers a theoretically better alternative, but its 

cost and practical limitations have to be compared with 

the possibilities offered by numerical techniques. 

Modern numerical techniques to investigate the 

behaviour of rock masses include finite elements 

and distinct element methods (FEM and DEM). As 

pointed out in a recent review by Hart [1], DEM 

techniques are specifically suited to carry out discontin- 

uum analyses in rock, but suffer some practical limi- 

tations, particularly in static problems, since stability 

and convergence depend on the proper selection of a 

time step and damping parameters (where the user 

making selection may have limited information of the 

system performance). Both FE methods (in which dis- 

continuities are modelled by joint elements) and DEM 

techniques share major difficulties when they are con- 

fronted with the need to represent in a consistent way the 

internal geometry of the rock mass in real problems. In 

fact, the model geometry, which cannot be expected to 
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Fig. 1. 
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reproduce the real case, must at least be able to accom- 

modate the most significant failure mechanisms that may 

eventually develop under external loading. There are no 

detailed rules to reduce real geometry into a representa- 

tive simplified model, and, a compromise that takes into 

account the available computer and human resources, as 

well as the capability of the numerical codes, has to be 

reached. In this context, it is probably wiser to reduce the 

complexity of the constitutive models adopted for joint 

behaviour and to improve the geometrical characteriz- 

ation of the rock to reduce the risk of excluding a 

dominant failure mechanism. 

Even if an appropriate representation of the rock 

structure is achieved using, for instance, solid and joint 

elements in a FE type of analysis, it is necessary to relate 

the stress-strain-displacement information resulting 

from the numerical analysis with a safety measure such 

as the safety factor. This is the problem discussed in this 
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paper. In order to do so, alternative definitions of safety 

factor will be given in the next section and procedures 

to compute them, once a numerical analysis has been 

performed, will also be given. In addition, the proposed 

methodology will be applied to an interesting case: the 

safety conditions of a large arch dam: Canelles dam 

located in the Noguera Ribagorzana river, Catalunya, 

Spain, which was completed in April 1958. Aspects of 

the design, construction and subsequent remedial works 

carried out in this dam have been reported in several 

papers [2-4]. 

Canelles dam is a 151 m high arch structure founded 

on cretaceous massive limestone that is fractured by a 

main set of vertical joints (principal system) parallel to 

the valley (Fig. 1). In addition, bedding planes dip 45 ° 

upstream. Figure 2 shows a plan view of the dam with 

an indication of the strike and dip orientation of main 

joints observed. A large stabilizing counterfort wall 

anchored to the rock was built downstream of the right 

abutment in the place of a depression of the valley slope 

(Figs 1 and 2). 

The dam was placed at the end of a steep canyon with 

apparently little rock mass to provide passive support to 

the arch loads. In addition, the unfavourable orientation 

of the principal system of joints (parallel to the canyon) 

has given rise to some concern about the stability of the 

dam and its foundation ever since its completion in 1958. 

In a plane strain 2D analysis of the dam foundation 

carried out by Alonso and Carol [5] it was concluded 

that the safety factor against sliding of critical wedges 

was critically dependent on the average normal stress of 

joints of the principal system. The intensity of the initial 

normal stress required to ensure equilibrium of critical 

wedges has been plotted across the height of the dam in 

Fig. 3. There was, however, no reliable basis to estimate 

the actual distribution of initial stresses in the rock. In 

addition, the question of the important 3D effects of the 

problem remained unanswered, and therefore the safety 

conditions of the dam remained essentially unknown. 

More recently, however, a continuing effort has been 

directed towards developing a better understanding of 

the safety conditions of the dam. The cretaceous rock 

foundation was investigated by means of a detailed 

reconnaissance program that included the performance 

of numerous large scale in situ shear tests on main rock 

discontinuities. Data gathered have been incorporated 

into the safety analysis described in this paper. 

SAFETY OF STRUCTURES FOUNDED ON 
FRACTURED ROCK 

In order to provide a quantitative assessment of the 

degree of safety of the dam/foundation ensemble it is 

useful to define a global safety measure that can be 

ascribed to potential failure mechanisms. In this way, the 

most critical mechanisms can be objectively identified. 

Two alternative definitions of safety factor, 2e and 2,, 

will be employed in this paper. 2e is defined as the ratio 

between the maximum external load which is able to 

induce the sliding instability of a portion of jointed rock 

510- 

490 

470 

, .~ 450 

g 
430- 

~_1 410- 

,390 

370 - 

508 DAM 
, / C R E S T  

0.2 0.4 0.6 0.8 

INITIAL NORMAL 368 DAM 
STRESS (MPo) ~ FOUNDATION(MINIMUN) 

Fig. 3. Distribution of initial normal stress necessary for equilibrium. 
Two dimensional analysis. 

mass and the actual load applied to the structure. In the 

case of dams founded on rock, the external load con- 

sidered is the hydrostatic load (over the dam itself and 

the impervious curtains). 2 e is therefore a multiplying 

factor of the hydrostatic load. It may be regarded as 

unrealistic since it is difficult to think of actual circum- 

stances which are capable of increasing hydrostatic load 

over the maximum ones foreseen in the project. In other 

words, in a case such as a dam, the maximum hydro- 

static loads is not a particularly uncertain factor. ;tr 

retains, however, its character as a measure of the safety 

of the structure since it gives an indication of its 

capability to withstand external loads. This is also the 

sense of the usual definition of safety factor in foun- 

dation problems as the ratio between the load inducing 

failure and the actually applied load. Note that in our 

case a 2E safety factor will be found for each admissible 

sliding mechanism within the jointed rock which may be 

brought to failure by increasing the external load. If one 

considers all the possible mechanisms, the minimum of 

~.e values could be regarded as the safety factor of the 

structure. 

2, does not imply any increase in external loads. For 

a given potentially unstable sliding mechanism within 

the rock mass, 2, is the ratio between the shear strength 

of joints bounding the mechanism and the average shear 

stress required for equilibrium under the applied external 

loads. This definition is closely related to the concept of 

uncertainty in the actual values of rock joint strength 

parameters. Compared with 2e, 2, may be regarded as 

a more realistic measure of safety since there are import- 

ant reasons (rock variability, experimental difficulties) to 

make uncertain the shear strength of a rock joint. Again 

in this case a 2, factor may be found for each potentially 

unstable mechanism. The minimum over the set of 

unstable mechanisms may be considered as the ;t, safety 
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factor of the structure. 2, is equivalent to the definition 

of safety usually found in limit equilibrium methods 

in connection, for instance, with slope stability 

problems. 

The condition of stability of a portion of the 

rock mass bounded by discontinuities is used in the 

definition of both 25 and 2~. The onset of insta- 

bility is defined in terms of static equilibrium of 

forces along a particular direction of sliding. 

These two factors will now be derived in explicit 

form. 

(o) 
d 

0 

S i" ]c 

Failure against increase in external loads [Failure load] 

To derive 2e the external loads are separated into dead 

loads, G, which remain constant and the active loads, E, 

which may increase to failure. In this case, the dead loads 

are those due to gravity (self-weight), and the active 

loads are those due to the hydrostatic pressure acting on 

dam and grout curtain. 

It can be argued that this distinction is adapted to a 

particular type of problem (arch dam under hydrostatic 

"external" loads). In other cases, alternatives that reflect 

the analyst's opinion regarding the type of external 

actions, their expected magnitude, variation or prob- 

ability of occurrence are also possible. 

A certain failure surface, S (see illustrative sketch in 

Fig. 4a) fully composed of joint elements is now con- 

sidered together with a sliding direction defined by the 

unit vector d. S defines a rock wedge acted, in general, 

by external active as well as gravity forces. The resultants 

of those forces on the considered rock mass are the 

vector G (gravity force) and E (active external load). If 

the rock wedge reaches boundary of the discretized mesh 

where displacement conditions are imposed (fixed nodes, 

for instance) some boundary reactions R G and R5 will 

also act on the rock wedge (Fig. 4b,c). From the finite 

element analysis, the stresses on the failure surface are 

known for both the gravity forces, oo = (oo, za), and the 

active loads o5 = (as, zr). a and z denote, respectively, 

normal and shear stresses on the joints. 

When the rock wedge moves along the d direction, the 

two sides of every boundary joint either slide one against 

the other or they separate so that the joint is open. The 

case of penetration would indicate a kinematically 

incompatible movement and a new direction d should be 

chosen. Equilibrium will be established at the beginning 

of the motion and therefore only the portions of the 

boundary surface actually sliding (and not opening) will 

be considered. This portion will be denoted as S~. In the 

sketch of Fig. 4 for the horizontal motion defined by d 

the vertical portion ab of the joint will open and only the 

base joint bc will slide. For this case $1 is simply the 

segment bc. 

When the external active loads reach a value 2e E 

(motion starts) the surface SI will have reached its 

limiting condition given by the shear strength z max. Note 

also that stresses ~max act in the direction of d. Static 

equilibrium of forces along direction d acting on the rock 

(b) 

I 
G 

Fig. 4. (a) Fai lure surface. Load  and  stresses; (b) Self-weight; (c) 
Hydros ta t i c  pressure.  

wedge at that particular instant can be written as 

follows: 

dt[(G + Ro) + 2r(g + RE)] = f zmaxds. (1) 
ds 1 

The vector products indicated in the left hand side are 

internal (scalar) products. 

Linear Mohr-Coulomb strength envelope. In this case 
z m~ is given by 

T max = e -{- tr tan 4. (2) 

Equation (1) was established for the external load, 

G + ;re E, acting on the rock wedge. Therefore, in order 

to substitute equation (2) into (1) the normal stress on 

the joints, o, should correspond to that particular load- 

ing. It will be assumed that the normal stresses due to 

g increase in the same proportion as g increases. 

Therefore 

a = ao + ~-EaE. (3) 
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Substitution of equation (2) into (1) taking into account 

equation (3) leads to the following explicit expression for 

2e: 

C + NG tan ¢ -- d'(G + Re) 
2e = (4) 

dt(E + RE) -- Netan 

where 

No---fs aGds, Ne=fs  aeds and C = ~  cds. 
1 I l 

If the potentially unstable rock block does not include 

any mesh node with prescribed motion, then 

C + N~ tan ¢ - d t G  
2e = (5) 

d'E - Ne tan ¢ 

Note that in order to compute 2e, the distribution of 

stresses along the limiting surfaces defining a potentially 

unstable block should be evaluated. They may be taken 

from a numerical analysis of the problem in which the 

effects of selfweight and external loads are specifically 

known. Once S and d are proposed the value of 2e can 

be computed. Note that the fundamental assumption in 

this derivative is that normal stresses induced by increas- 

ing external loads increase in the same proportion (3). 

The accuracy of expression (4) or (5) depends therefore 

on the degree of fulfillment of this assumption. 

Nonlinear strength envelope. Several nonlinear failure 

envelopes have been proposed over the past three 

decades in order to approximate the results of shear 

testing on rock joints. Carol et al. [6] proposed a two 

parameter hyperbolic envelope. They showed that this 

simple criteria which is expressed as 

T max = x/a  tan ¢ (2c + a tan ¢)  (6) 

where ~ is the limiting friction angle for high normal 

stresses and c is the cohesion intercept of hyperbola 

asymptote, fits published strength results as accurately as 

other well known failure criteria. When c = 0, expression 

(6) becomes the Mohr-Coulomb equation without co- 

hesion. The elastoplastic explicit stress-strain model of 

joint behaviour in shear, adopted in the FE analysis 

performed, is derived in the Appendix. It uses the 

hyperbolic model as a yield criterion. If equation (6) is 

introduced into (1), and equation (3) is taken into 

account, the following implicit expression for 2e is 

obtained 

d't(a + R~) + 2e(E + Se)] 

= F ~/(aG + 2eae)tan tk[2c + (ao + 2etre)tan tk]ds. 
,/s I 

(7) 

From this equation the value of the factor of safety 2e 

can be obtained by iterations in which the integral over 

the portion of sliding surface SI must be computed. 

Uncertainty in strength parameters (2,) 

The definition of 2, given before may be written as 

"C m a x  

2, = r~ob (8) 

w h e r e  T m°b may be called the "mobilized" shear stress. 

It should be in equilibrium with the actual set of applied 

external loads acting on the potentially unstable rock 

block. This static equilibrium of forces, along direction 

d, is expressed as 

Mt[(G -~- RG) -~ ( E  -~- RE)  ] = F Tm°b ds (9) 
.Is i 

where T m°b acts in the direction of d only along the 

portion S~ of the boundary surface for the reasons given 

previously. T max, the joint shear strength, corresponds 

now to the actual normal distribution of normal stresses 

acting on the boundary joints for the set of external 

loads G + E. They are computed by adding the contri- 

butions of the active load and gravitational load as 

obtained in the finite element analysis 

a = a G + a E. (10) 

Linear Mohr-Coulomb failure envelope. If x m°b from 

equation (8) is substituted into equation (9), and 

equations (2) and (10) are taken into account, the 

following explicit expression is found for 2, 

C + tan ¢ (NG + ArE) 

2, dt[(G + R~) + (E + Re)] (11) 

where C, NG, Ne have the same meaning as in equation 

(4). 
If node reactions are not included in the rock block 

under consideration, equation (11) simplifies to 

C + tan dp(Nc + NE) 
2, = d'(G + E) (12) 

Nonlinear hyperbolic failure envelope. If xmax from 

equation (6) is now considered instead of the 

Mohr-Coulomb criterion, equations (6), (8), (9) and (10) 

lead to the following expression for 2, 

I x/(aG + ae)tan ~b[2c + (ac + ae)tan ~b] ds 

'~* = ' d'[(~ + RG) + (E + Re)] 0 3 )  

Note that, unlike 2e, the expression for 2, is always 

explicit irrespective of the nonlinearity of the failure 

criteria. 
Any of the derived expressions for the safety factor 

[equations (4), (7), (11) or (13)] require: 

(1) A stress analysis in which the effect of selfweight 

and external actions are successively identified. 

(2) A specific failure surface together with a sliding 

direction should be selected. The distribution of 

normal stresses on the joints defining this failure 

surface is required to compute the surface inte- 

grals included in the expressions for 2e and 2,. 
Only failure configurations which are a combi- 
nation of the set of joints included in the finite 

element discretization can be possibly analyzed. 
Numerical analysis is therefore closely linked with 
the safety analysis and this relationship should be 
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taken into account when the geometrical dis- 

cretization of the problem is carried out. Note also 

that safety factors may be derived from a purely 

elastic analysis or a full nonlinear analysis of the 

problem. Nonlinear analysis, carried out to the 

vicinity of failure (by increasing external load, for 

instance) offers, however, the possibility of rating 

the accuracy of safety factors as defined in the 

previous equations. 

The proposed method will be applied to the evaluation 

of safety of Canelles dam but, before, an example of 

determination of 2e and 2, for a very simple problem will 

be given. 

Example. Consider in Fig. 5a a gravity dam, vertical 

face upstream, founded on a parallelepipedic rock block. 

The block has been isolated in Fig. 5b for better 

reference. A vertical grout curtain has been built from 

the upstream lower corner of the dam so that full 

hydrostatic load acts on the upstream face of the rock 

block (B~ A~ C~ D~ ). No water pressure acts, however, on 

the two lateral vertical joints, (AtA2C2C~) and 

(B2B~D~D2), and on the lower horizontal joint 

(CIC2D2D~). The downstream face of the block 

(A2 B2D2 C2) is a vertical cliff so that a horizontal motion 

of the dam and the foundation block is a kinematically 

admissible global failure mechanism. 

The failure surface S in this example is given by the 

two lateral joints, the base joint and the upstream joint. 

Upon application of a hydrostatic load (the height of 

water above foundation level is hw) the upstream joint 

will tend to open and no shear stresses could be devel- 

oped in that face. Therefore, the resisting surface, S~, 

will be given by the lateral as well as the base joints. 

Dimensions of the foundation block are b (height), l 

(length) and e (thickness). 

Consider in Fig. 6a a cross-section along the mid- 

plane of the block (U~ U2L2L~) and a plan view. Also 

indicated are forces on the sliding block and stresses on 

the surface S~ divided in two parts: those due to the 

gravity forces (Fig. 6b) and those due to the hydrostatic 

external loads (Fig. 6c). Concerning the normal stresses 

across the lateral joints a K0 condition will be assumed 

whereby they will be computed as K0 times the vertical 

stresses in the block derived from gravity forces. A 

cartesian coordinate system centred at point L~ is chosen 

for reference (Figs 5b and 6a). The considered motion of 

the block is defined by the unit vector d~--(1, 0, 0y. 

The following gravity forces are considered: the 

weight of the dam Wd = W d (0, 0, 1)' and the rock weight 

l'l"r = W r ( 0 , 0 ,  1) t, where Wd and W, are the weight 

intensities. Rock is assumed to have a constant unit 

weight, Yr- It will be assumed that due to the high 

stiffness of joints in compression (if compared with their 

shear stiffness) normal stresses on the base joint 

equilibrate the gravity forces. Maximum and minimum 

normal stresses on the base (crG, ~ and trG,:) will be given 

by 

Wd 6Wda 
~ra~,aa:2 = 7~b + ~ + ~e  (14) 

(o) 

/ Lateral joint 

Dam l " ~ / ~ R  /'" ock bloc 

Lateral joint ~-t-J//-~_- ...... I / /  

L 

(b) z 

S 
I I // 

C1[~/~1/~''-" - 6"C2 
Fig. 5. Example. (a) Gravity dam; (b) Isolated rock block. 

where Wd is the weight of the dam and a its arm with 

respect to the centre of the basal joint. According with 

the K0 assumption the normal stresses on the lateral joint 

will be given by 

~r~,=I?r(b-z)+-~llKo. 05) 

Hydrostatic "live" forces are separated in two parts: 

those acting on the dam vertical face [resultant, E d = Ea 
(1, O, 0)'] and those acting on the upstream face of the 

rock block [resultant, E, = Er (1, O, O) t] where 

Ed•l 2 5?whwe (16) 

(b) Er= hw+~ 7wbe (17) 

where 7w is the unit weight of water. 

These forces will induce a distribution of resisting 

shear forces (re) on the surface S~ (Fig. 6c). The 

determination of 2E and 2¢ does not require the knowl- 

edge of r e. In fact their average value could be deter- 

mined by imposing a condition of static equilibrium 

(along d) but this is actually the condition leading to the 

determination of the safety factors. Once 2¢ is known, ~E 
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~2 

may be determined from equation (8) [zm°~e] .  An 

antisymmetric distribution of normal stresses, with no 

component in the vertical direction is also induced by the 

forces Ed and Er. 

The extreme values ae, and ae2 are given by 

6Me 
~re2 = - ~re, = 12 e (18) 

where Me is the moment of forces E d and E, with 

respect to the base. For simplicity reasons the 

assumption is here again that the moment of E 

forces is taken only by the base. When the analysis 

is performed numerically the stress-strain be- 

haviour of joints and rock define the distribution of 

stresses. 

Equation (5) will be used to find 2e. Its different terms 

are given by 

C = Ys c ds = c(2bl + el) (19) 
1 

Ne=~,  a e d s = y ¢  a e d s = O  (20) 
1 IDID2C2 

I IA2C2C1 IC2D2DI 

= (2K0{ + l)W0 + 7~bl(e + Kob) (21) 

d'G = (1, 0, 0) (0, 0, - 1)'(Wr + Wa) = 0 (22) 

d'E = (1, 0, 0) (1, 0, 0)'(E, + Ed) = E, + Ed. (23) 

Note that the distribution of t~ e on the base joint does 

not affect the results because it has a zero force resultant. 

However, if as a result of the moment ME a part of the 

base joint tends to open, the surface S~ will be modified. 

If equations (19)-(23), and (16) and (17) are introduced 

into equation (5) the following expression for 2e is 

obtained after some simplification, assuming a 

cohesionless joint (c = 0): 

b (24) 

~" 1+~-~ +27 

where V d is the volume of the dam and the same unit 

weight as for the rock is assumed for the dam material. 
In order to get some numerical values, consider the 
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following relative dimensions in this example: I'd = 1/3 

ebl; b/e = 2; h. /b  = 1; h . / l  = 1. Then 

he = 3.22K0 + 1.288. (25) 

Note that in this example 

C + N~ tan 
hE = 2~ = dt E (26) 

since d' G = 0 and NE = O. 

Consider, however, the case in which the dam has an 

inclined upstream surface so that a nonzero average 

normal stress is induced by the hydrostatic load on the 

base joint. This case is illustrated in Fig. 7. If  the dam 

has the same volume the "gravity terms" No and d' G do 

not change. The hydrostatic load on the dam has now 

a horizontal component, Edh, given by equation (16) and 

a vertical one given by 

= ~Twh.e tan a. Edv l 2 (27) 

The distribution of normal stresses on the base joint 

changes and the extreme values aE~ and ae2 are given by 

Ed~ 6Mr 
aE, ,t~E2 = - ~  =# ~e  (28) 

where ME is the moment of forces E~,, Edh and Er with 

respect to the base. The term Ne now becomes 

NE=f    dS=fc a r d s = '  2 (29) ~7,hwe tan ~t. 
I IDID2C2 

The term d' E has not changed because the inclination 

of the upstream face does not modify the horizontal 

hydrostatic force. The nonzero term N~ leads now to the 

following expressions for hE and 2~: 

) ( ! )  
22 = T r t a n  ~ -~ \  e + l  + l + K o  

T + ~  1 - tan ~b t ana  + O  

h:w 
bl 

2 ~ = 2 , + t a n ~ t a n a  2 ~ ( 1  +~-~h*)+lb (31) 

where 2~' is the value given in equation (24) for a dam 

with vertical upstream face. For the example considered 

previously the following factors are now computed: 

hE = 3.63/(o + 1.46 (32) 

h 
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/ ~1 L' 

)am 

~ G/rout curtain y °2] 
d__ b 

Rock block 
LI (%) L2 __ 
~,,,',v,V~V,,V,,,,,',,v'N,'v','V/ ,',, X 

Base joint GEzl 

B 

PLAN El~-~ 
ViEW ~ "  

Grout 
curtain 

AI CI 

Y-ID1 '~Y B2 D2 

,~X (yy A2 C2 

L 

(o) 

G E 

I 
W a I 

I 

Iw. 

(~Gy 

ITTTITI 
~y 

(b) 
Fig. 7. Example. Gravity dam, inclined upstream face. 
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2~ = 3.22K0 + 1.405. (33) 

It can be seen now that 2~ > 2, and both are larger than 

the previously determined value. The reason is that the 

inclined upstream face of the dam introduces now a 

stabilizing force on the horizontal sliding joint. 

MODELLING CANELLES DAM AND ITS 
FOUNDATION 

Geometry 

In view of previous experience and the needs of the 

safety analysis, a number of requirements for the 3D 

finite element mesh were put forward. It was decided to 

include: 

(a) A sufficient portion of the rock mass surrounding 

the dam and a realistic representation of the 

abutments and the valley. 

(b) a sufficient number of elements across the dam to 

capture bending. 

(c) a sufficient number of joints of each family so that 

various failure mechanisms kinematically admiss- 

ible could be considered and the most critical ones 

could be identified. 

(d) joints in the concrete-rock interface. 

(e) a continuous surface of element boundaries or 

joints representing the grout curtain. 

In addition the size of the mesh (number of degrees of 

freedom) should not be too large in order to run the 

computations at a reasonable cost. 

The discretized dam and its foundation in a view from 

downstream is shown in Fig. 8. Joints of the principal 

system (L1-L7 in the left margin and R1-R5 in the right 

margin) are shown in a vertical view in Fig. 9. The mesh 

has 1208 solid elements and 1505 joint elements. Due to 

the complexity of trying to approximate the real geom- 

etry, including a sufficient number of discontinuities, 

several types of solid elements have been required: 

hexahedron, prism (triangular base), pyramid (square 

base) and tetrahedron. Both quadrangular and triangu- 

lar zero-thickness surface joint elements [7, 8] were devel- 

oped and used in the analysis. In total, 12 vertical joint 

planes belonging to the principal system of discontinu- 

ities and five bedding planes have been included in the 

discretization. Four additional horizontal planes have 

also been introduced to widen the range of possible 

failure mechanisms and to cover the event of nonde- 

tected discontinuities with unfavourable orientations. 

To limit the number of degrees of freedom, linear 

elements have been used. However, this type of element 

prevents good reproduction of some parts of the geom- 

etry, especially that involving the arch dam itself. In 

order to discretize the dam, a superparametric element 

that allows a quadratic geometry definition and a linear 

displacement interpolation has been used (these elements 

were initially described by Zienkiewicz in 1971 [9]). In 

this way the total number of nodes of the mesh is 3586 

(10,758 d.o.f.). 

Joint model 

A fairly comprehensive constitutive model for describ- 

ing the 3D behaviour of rock joints was described by 

Carol et al. [6]. A hyperbolic failure criterion containing 

two parameters was adopted to define a family of yield 

surfaces. A general hardening/softening law and a flow 

rule that describes dilatancy as a function of stress and 

strain levels was defined. Locking behaviour in com- 

pression and load/unloading cycles could be modelled as 

well as anisotropic characteristics of the joint. This 

model is able to reproduce experimental results [6,7] 

with high accuracy (Fig. 10). The numerical implemen- 

tation of the model requires, however, a relatively com- 

plex integration procedure in order to take into account 

different modes of joint behaviour. An isoparametric 

joint model was also developed in connection with this 

constitutive law and its performance as an interface 

element was examined in some detail in Gens et al. [8]. 

When the number of degrees of freedom is large, it is 

convenient to reduce the computational effort. One of 

the advantages of the constitutive joint model described 

in ref. [6] is that an explicit version can be derived if some 

simplifying assumptions are introduced. These are: (a) 

perfect elasto-plastic behaviour; (b) linear relationship 

between normal stress and normal displacement and (c) 

no dilatancy. A hyperbolic yield surface is maintained. 

With these assumptions the stress-strain law can be 

integrated analytically, allowing a significant reduction 

of computer cost when compared to the full constitutive 

law, which requires numerical integration. 

This is a distinctive advantage when a detailed geom- 

etry of the rock mass is required in order to reproduce 

unstable mechanisms. The simplified joint constitutive 

model is described in the Appendix. 

Stages of  the analysis 

A computer code called Code DRAC, described in 

Prat et al. [10] was used to perform the 3D finite element 

analysis. Four construction stages were defined: the first 

stage simulates the initial state of the rock, before 

building the dam. In this stage the weight of the rock was 

applied in increments. Two values of the "at rest press- 

ure coefficient", K0, were considered: a relatively low 

value (K0 = 0.43) which is perhaps conservative from the 

point of view of the stability of the jointed rock and a 

higher value, K0 = 0.9. The influence of K0 on the dam 

safety could then be analyzed for this range of values. 

Selfweight was applied in 10 increments in the first case 

and 12 in the second one. 

The dam and counterfort on the right abutment were 

built in three additional stages which roughly corre- 

spond to 1/3, 2/3 and 3/3 of the height of the structures 

put in place (Fig. 11). 

At each stage all the elements of the new layer are 

added and their corresponding weight applied. Each of 

the three construction stages involved the application of 
the load in 10 increments (10% of the total weight in 

each case). This construction sequence which is con- 

venient for the numerical analysis does not reproduce in 
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detail the actual construction history of the dam and 

counterfort (the counterfort was built after the dam was 

erected and not simultaneously). It is believed, however, 

that the errors introduced in the actual stress dis- 

tribution by the construction sequence adopted in the 

model should be small. 

The hydrostatic load against the dam and the 

upstream grout curtain was applied as a loading step of 

the final construction stage in 20 increments of 5% of the 

total pressure. Water pressure was assumed to remain 

constant below the deepest foundation level because of 

the presence of a stable water level downstream of the 

dam. 

Given the nonlinearity of the problem, all the loads 

(self-weight and hydrostatic load) were applied in small 

increments. This is specially relevant in problems with a 

complicated geometry such as steep wall canyons where 

large stress gradients are to be found across small 

distances. 

The Young's moduli of the rock used in the analysis 

were derived from back calculations of the dam perform- 

ance for two water levels in the reservoir for which 

deformations of the abutments were measured. It was 

found that the rock moduli varied from 6.3 GPa at 

higher elevations to 19 GPa for the deeper rock mass. 

Large scale in situ shear tests on joints of the principal 

system and bedding planes provided the data to select 

the parameters of the hyperbolic strength envelope of the 

joints constitutive model. Residual strength values differ 

by a small amount from the peak values and the latter 

were selected to avoid an over pessimistic attitude, since 

rock bridges, present in many joints have been dis- 

regarded in the analysis. The following strength par- 

ameters were derived from the tests c =0.124MPa; 

=18.7 ° for joints of the principal system and 

c=0.135MPa; 0 = 3 5 . 2  ° for the bedding planes 

(c = a tan ~) [See Fig. A2 of the Appendix for the 

definition of c]. The corresponding hyperbolic strength 

envelopes are shown in Fig. 12. 

For the remaining joints and interfaces of the model 

(horizontal planes, grout curtain and rock-concrete 

interfaces) the values corresponding to bedding planes 

were adopted. This decision was taken in view of the 

roughness and soundness of these planes, which are 

presumably more akin to the clean bedding planes than 

to the clay-filled joints of the principal system. 

Normal and shear stiffness moduli of all the joints (Kn 

and Kt) have deliberately been taken high 

(K, = K, = 105 MPa) in order to ensure the continuity of 

both sides of the joint if the shear stress does not reach 

the shear strength values. 

At each iteration of the computations the presence of 

residual stresses implies the existence of incompatible 

stress states. The iteration process reduces the amount of 

residual stresses to a level that was controlled by means 

of a convergence index. A convenient choice is to relate 

the Euclidean norm of the vector of residual forces of the 

last iteration of a given loading increment (N) with the 

norm of the vector of external forces and nodal reactions 

applied at the same increment N. This convergence index 

is given in Table 1 for the final loading step of the 

construction stages defined previously. 

Table 1. Convergence index (%) 

Convergence index (%) 
Stage Description N K o = 0.43 K o = 0.9 

1 Self weight 10/12 0.69 0.43 
2 1/3 dam 10 1.61 2.3 
3 2/3 dam 10 3.6 4.3 
4 3/3 dam 10 6.7 5.1 
4.1 Hydrostatic load 20 5.1 2.3 
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Convergence conditions seem to improve for higher 

values of K0. In any case, the values given in Table 1 

show that the amount of unbalanced loads with respect 

to the external loads and nodal reactions is sufficiently 

small for practical purposes. 

Illustrative results 

Three-dimensional analyses require powerful post 

processors to handle the massive information provided 

by the FE computations. The code DRAC is linked to 

a postprocessor program, DRACVIU, which provides a 

wide range of plotting capabilities for examining the 

results at each stage of the analysis. The most relevant 

information to be obtained concerns the stress distri- 

butions on all the discontinuities since they are directly 

related to the sliding mechanisms. A detailed examin- 

ation of the stresses on the discontinuities has led to a 

better understanding of the resistance mechanisms of the 

dam foundations and to a rational identification of 

failure mechanisms. These mechanisms will be discussed 

in the next section. 

The initial state of stress due to selfweight (state 1 of 

the computation) showed a consistent pattern. Normal 

stresses on vertical joints such as 13 on the left abutment 

for K0 =0.43 and /Co =0.9 (Fig. 13a,b) increased with 
depth, reflecting the topography. Some (small) tension 

stress states remained in shallow rock blocks, adjacent to 

the vertical canyon walls. The value of K0 affects the 

results (compare Fig. 13a and b), especially at depth. At 

higher elevations close to the canyon walls boundary 

conditions tend to control the results and the distri- 

bution of initial stresses is not particularly affected by 

K0. 
Construction of the dam increases normal stresses in 

the abutments. A typical upstream displacement of the 

structure was computed. Application of the full hydro- 

static pressure leads to a profound modification of the 

state of stress in the structure, and in some joints and 

interfaces. 

It is interesting to examine the stress conditions of 

some joint planes in the rock mass when the full 

hydrostatic load is applied. Figure 14a,b shows the 

distribution of normal stress and available shear strength 

or local safety margin (the difference between the shear 

strength and the computed shear stress) for vertical joint 

D3 in the right abutment (/Co = 0.43). At high levels of 

local safety margin is small but it increases at depth. A 

similar plot for one of the sedimentary planes (which dip 

45 ° upstream) is shown in Fig. 15a,b (Ko = 0.43). It can 

be seen in Fig. 15b that upstream of the grout curtain 

negative local safety margins are computed. However, 

most of the surface of these bedding planes, downstream 

of the front curtain, exhibits a significant strength re- 

serve. 
It is also interesting to examine the situation of the 

grout curtain, which directly receives the hydrostatic 

load (the load was applied to the solid elements down- 

stream of the curtain, represented by joint elements). 
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Table 2. Safety factors from nonlinear stress-strain analysis 

Initial stresses 
Family of Type of  
mechanism safety factor K 0 = 0.43 K0 = 0.9 

(a) Global 2 E 4.35-4.96 5.17-6.02 
both abutments 2, 3.02-3.64 4.11-4.57 
(b) Local 2 E 3.13-6.52 3.14-11.05 
left abutment 2, 2.47-3.67 2.17-5.24 
(c) Local 2 z 6.31-7.72 6.60-8.16 
right abutment 2, 3.85-4.21 4.88-5.28 
(d) Along 2~ 6.15-7.90 5.50-6.40 
bedding planes 2, - 1.44; - 5 . 1 0  - 1 .80; -  10.16 

Figure 16a represents the distribution of normal stresses 

for K0 = 0.9. Some tension zones are computed. A 

parallel plot of available shear strength is shown in Fig. 

16b. These plots are useful to identify failure mechan- 

isms and to understand the behaviour of dam 

foundations. 

SAFETY ANALYSIS 

Safety factors from nonlinear analysis 

The determination of factors of safety is a capability 

of the postprocessing module DRACVIU. It is possible 

to perform interactively the selection of failure mechan- 

isms and sliding directions as well as the computation of 

the corresponding factors of safety according to 

expressions given before. The same routines used in the 

definition of parts of the mesh required for plotting are 

in fact employed to select the desired failure mechan- 

isms. In DRACVIU the user may select part of the mesh 

as a potential failure mechanism. To assist in a proper 

selection, the program plots the remaining geometry. 

The potential failure surface is then easily identified. 

Two examples of analyzed mechanisms are given in 

Figs 18 and 20. 

Many different potentially unstable mechanisms were 

considered and they may be grouped into four 

categories: 

(a) Global mechanisms affecting the two abutments. 

They are bounded by two or more vertical joints 

(principal system) and one or more horizontal 

discontinuities. They affect the dam as a whole. 

The sliding direction is determined by the 

orientation of the vertical discontinuities. 

(b) Left abutment mechanisms. Bounded by vertical 

and horizontal planes. Sliding direction d is given 

by the strike of the principal system. 

(c) Right abutment mechanisms. Bounded by vertical 

and horizontal planes. Sliding direction d is given 

by the strike of the principal system. 

(d) Local or global mechanisms involving bedding 

planes. 

Figure 17 provides a simplified geometrical represen- 

tation of 16 global mechanisms and the associated safety 

factors 2e and 2~ computed through equations (7) and 

(13) for K0 = 0.43. Thirty-two global mechanisms were 

examined and the minimum computed values for the 

safety factors are: 

2e = 4.35 (mechanism 23; K0 = 0.43) 

2~ = 3.02 (mechanism 28; K0 = 0.43). 

Mechanism 28 is illustrated in more detail in Fig. 18. 

Thirty-two local failure mechanisms in left abutment 

were also examined. The simplified shape and associated 

safety factors for the first 16 mechanisms and K0 = 0.9 

are shown in Fig. 19. The minimum computed values 

are: 

2E = 3.13 (mechanism 22; K0 = 0.43) 

2~ = 2.17 (mechanism 7; K0 = 0.9). 

Mechanism 7 is illustrated in Fig. 20. 

The analysis was completed by a limited number of 

(5) failure mechanisms in the right abutment (it was 

found significantly safer than the left one) and three 

additional mechanisms involving bedding planes which 

exhibited very high safety factors. 

It was consistently found that some mechanisms 

involving wedges in the left abutment led to the lowest 

safety factors. 

A summary of the range of values computed for all the 

sliding mechanisms analyzed as a function of the K0 

value is given in Table 2. 

Table 3. Computed safety factors for an external load equal to three times the 
hydrostatic pressure 

Family of  Type of  
mechanism safety factor 

Initial stresses 

K 0 = 0.43 Ko = 0.9 

(a) Global 2 E 
both abutments 2, 
(b) Local 2 z 
left abutment 2, 
(c) Local 2 E 
fight abutment 2, 
(d) Along 2 e 
bedding planes 2, 

2.82-3.99 
1.90-2.10 
1.51--4.74 
1.30-2.48 
4.65-7.72 
2.31-2.48 
11.9-100 

-- 17.3;--4.07 

2.71-3.81 
2.14-2.41 
1.60-4.30 
1.35-2.98 
3.53-5.08 
2.50-2.79 
4.28-13.3 

7.06; --4.62 
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Negative values have been computed for 2~ when 

analyzing failure mechanisms along bedding planes 

(which dip upstream). This is an indication of an imposs- 

ible mechanism (wedges are stable against sliding on 

bedding planes under hydrostatic load, independent of 

the value of strength parameters). 

Based on Table 2 the influence of initial stresses 

cannot be established with certainty. Most of the time, 

however, minimum values of safety factors are found for 

the lower value of K 0. Exceptions to this general trend 

have been found in some local failure mechanisms of the 

left abutment. 

Failure load 

In order to evaluate the ultimate failure load the 

nonlinear analysis has been continued after the final 

stage (self-weight plus hydrostatic load) adding load 

increments of 5% of the hydrostatic pressure until the 

total applied load reached a value of three times the 

nominal maximum hydrostatic pressure, Ph. The conver- 

gence index defined before exhibited acceptable values 

during this loading process (Fig. 21) for K 0 = 0.43. In 

fact, failure conditions, which could be identified by 

poor convergence, were not reached during this loading 

process. An examination of the stresses and defor- 

mations with increasing water pressure showed clearly 

how the dam and its foundation behaved. Increasing 

compression on the vertical joints close to the abutments 

led to its progressive closing. 

The rate of increase of horizontal deformations with 

external load was greatest in the dam itself and decreased 

rapidly inside the rock abutment. 

At each stage of the applied load, safety factors 2e and 

2~ were also computed. Their evolution gives an interest- 

ing indication of the overall strength reserve offered by 

the rock foundation. As an illustration, Figs 22 and 23 

show the change in 2e and 2~ with applied load for two 

of the most critical mechanisms in terms of 2e identified 

in the previous analysis (mechanism 23 for the global 

family in Fig. 22 and mechanism 7 for the left abutment 

in Fig. 23). 

Some conclusions may be derived from these plots. It 

is clear that the application of an externally increasing 

load results in a redistribution of internal stresses in the 

fractured rock which is insufficiently accounted for by 

the hypothesis leading to the definition of safety factor 

2E. In fact, according to Table 2, a load increment 

factor of 2E = 3.13 should take the most critical wedge 

of the left abutment very close to failure conditions. For 

a load factor of 3, however, the range of computed 

values for 2E is 1.51-4.74 if K0 = 0.43, and 1.60-4.30 if 

Ko = 0.9 (see also Table 3). 

Figures 22 and 23 also indicate that the influence of 

initial stress, as given by K0, is progressively lost as the 

water pressure increases. This is an indication of the 

smaller importance of initial normal stresses on 

relatively shallow joints when compared with the load- 

induced values. 

Minimum and maximum values of computed safety 

factors for a load equivalent to three times the hydro- 

static pressure are given in Table 3. The reduction 

observed in 2E and 2~ when the load increases, if 

compared with equivalent values in Table 2, is not 

explained by a "proportional" change in internal 

stresses. 

This means that normal stresses on critical joints 

increase at a faster rate than the proportional increase in 

applied hydrostatic load. This mechanism results in a 

larger available strength than the strength implied by the 

hypothesis introduced in equation (3) and therefore in an 

improvement of the safety of the dam over the safety 

implied by the safety factor 2E. 

In terms of 2~ (a safety measure which is probably to 

be preferred since it reflects the uncertainties in strength 

parameters and not a physically impossible event as 

embodied in 2e), Table 3 indicates that the minimum 

safety factors are computed for K0 = 0.43. 

It is quite unlikely that K 0 in a cretaceous limestone 

outcrop reaches smaller values. Therefore, it can be 

concluded that the foundation of Canelles dam has a 

satisfactory level of safety. 

CONCLUSIONS 

Appropriate safety margins are an important design 

requirement for the foundation of structures in fractured 

rock. However, it is not a straightforward procedure to 

interpret the results of finite element analysis in terms of 

safety factors. This topic has been discussed in this paper 

in connection with the analysis of a large arch dam and 

its foundation on fractured limestone. The procedure 

developed has benefited from a long term research effort 

which has involved simplified 2D analysis, a detailed 

geometrical representation of the fractured rock, its 

main discontinuities and the relevant interfaces 

(rock-structure contacts; grouting curtains), linear and 

nonlinear analysis of the initial state of stress, construc- 

tion sequence and application of the hydrostatic load 

and, finally, the definition and computation of safety 

factors. Some conclusions reached during this study are: 

- -Two alternative definitions of safety can be defined. 

The first measure (2E) is a multiplicative factor of the 

imposed external loads, whereas the second (2,) is a 

reduction coefficient of the available strength on joints 

and interfaces. In both cases the factor is computed by 

establishing limiting equilibrium conditions of some 

selected failure mechanism. The second factor, 2~, is 

directly related to our uncertainty in strength par- 

ameters and has a more reasonable conceptual basis 

than 2 E. Consistently, the computed values of 2 E are 

larger than the values of 2~ for all of the different 

mechanisms and states of initial stress analyzed. 

- -The defined safety factors may be computed for linear 

as well as nonlinear stress-strain analysis. In fact, a 

relatively cheap elastic finite element analysis of the 

dam construction and hydrostatic loading provides 

sufficient data to estimate the safety factors as a first 

approximation. An important requirement for this 

safety analysis, however, is the necessity to identify 
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Fig. 21. Evolution of convergence index with applied load (K 0 = 0.43). 

failure mechanisms. This may be achieved for 

instance, by examining the available shear strength 

along joints and interfaces. In practice it is more 

convenient to select by inspection blocks of the rock 

mass (and structure) bounded by the built in joints 

and interfaces. An appropriate postprocessing soft- 

ware such as DRACVIU in the case discussed in the 

paper is an invaluable aid in this regard. 

--An examination of the evolution of safety factors as 

the external load increases (nonlinear analysis) has 

revealed that the initial estimation of safety factors for 

the nominal hydrostatic load provides a conservative 

set of values, in the sense that the redistribution of 

stresses associated with the increasing load provides 

additional strength reserves to sliding. 

--The initial state of stress affects the safety factor of 

unstable mechanisms. It is, however, difficult to pre- 

dict since the value and distribution of K0 remains 

uncertain unless precise and comprehensive in situ 

measurements are available. It has been shown that 

lower values of K0 imply lower safety factors 
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although the reverse is true for some isolated 

failure mechanisms. In the case analyzed, and due 

probably to the strong effect of canyon geometry 

in controlling the stresses in both abutments, the 

difference in safety for the two extreme values 

considered (K0 = 0.43 and K0 = 0.9) is not very signifi- 

cant. When the external load on the dam in- 

creases over the hydrostatic pressure, approaching 

ultimate states, the memory of the initial stress state 

is lost and the difference in safety factors for different 

initial Ko values reduces. For a load equal to 

three times the hydrostatic pressure, the difference 

in computed safety factors has been very much 

reduced. 

A few final comments may be made regarding the 

demands, in terms of reconnaissance effort and com- 

puter work required in practice, to apply the method 

described. A reliable determination of joint strength 

parameters is an obvious requirement of the analysis but 

this is always the case in rock mechanics when limiting 

conditions are examined. Computed safety factors also 

depend on the specific geometric representation of the 

rock mass and, in particular, on the position of the joint 

surfaces. Possible failure mechanisms depend on this 

basic representation. Missing a significant feature may 

also imply missing a critical failure mechanism and 

therefore overestimating the actual reliability of the 

structure. Regarding computer analysis it is felt that 

complicated geometries are not easily handled by 

mesh generation routines. In the case described a full 

manual discretization of the dam and its foundation 

was carried out. No less than four man-months of a 

highly skilled analyst were required. The application 

of the method requires also a postprocessing soft- 

ware which allows the selection of failure mechan- 

isms. Experience has shown that the search for 

minimum safety factors is not the most difficult 

part of the procedure. After some trials the 
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location and type of critical wedges may be readily 

identified. In the case of Canelles dam they were located 

on the left abutment and corresponded to relatively 

small rock wedges acted by the thrust of the concrete 

dam. 

An additional significant factor controlling the com- 

puted safety factors is the in situ state of stress. This was 

clearly shown in a previous paper [5]. In situ stress 

conditions are not established by the analysis even if a 

full 3D modelling is carried out. Field determination 

and/or sensitivity analysis (as presented in this paper) are 

ways to increase the reliability of the analysis. 
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APPENDIX. EXPLICIT ELASTOPLASTIC JOINT 
CONSTITUTIVE MODEL 

The basic variables adopted to formulate the model are the normal 
(cr) and shear-stresses (~1 and %) on the joint, and the corresponding 
normal (u) and shear (v I and v2) displacements (Fig. A1). The elastic 
behaviour is defined by: 

(i°:) cry = D"¢/ D e = K t (Al) 

0 K, 

where cry and ~j are the stress and strain vectors on joint j, and K~ and 
K t are the normal and shear elastic stiffness, respectively, which are 
taken as constants. 

Fig. AI. Basic variables of the joint model 

The plastic model is defined by the following yield surface (Fig. A2): 

F~=~r~ + x 2 -- tan 2¢~(02 + 2act) = 0. (A2) 

Parameters a and tan ~ are the hardening parameters of the general 
hyperbolic model but remain constant in the simplified explicit model. 
This expression corresponds to a hyperbola passing through the origin 
in which tan # is the slope of the asymptote and a = c/tan # is the 
distance between the origin and the o-axis intercept of the asymptote. 

The integration problem can be stated as obtaining the new values 
of the stresses (o, x~ and x2) given an arbitrarily imposed relative 
displacement increment (Au, Av~ and Av2). The initial stress values are 
denoted as o0, (rl)0 and (x2)0. As shown in Fig. A3, the angle of the 
direction of the incremental relative displacement, Av, with the Avcaxis 
is called/L Similarly, the angle of the tangential stress vector with the 
x~-axis is called 0. 

The normal stress, a, is related to u by the elastic relationship a = Kn 
u since dilatancy is assumed zero. The basic expressions for the 
incremental tangential stresses are 

dz I = Ktdv ~ = Kt(dv L -dye')  

d~ 2 = Ktdv ~ = Kt(dv 2 -- dv~) (A3) 

Fig. A2. Yield surface in the a - •  space. 
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Fig. A3. (a) Yield surface in the zt - z 2 space; (b) variables in the strain 
space. 

where dv~, dv 2 a r e  the total tangential relative displacement 

increments and dye, dv[, dye' and dv~ the elastic and plastic 

components.  
Taking into account the flow rule in the z~-T 2 plane, the plastic 

part of  the tangential relative displacement increment can be written 

a s  

dv p = dvPcos0 

dv ~ = dv Psin0. (A4) 

Also, the increments of  z~ and T 2 are related to the increments of  z and 

0 according to 

dz I = dTcos0 -- zsin0 d0 

dT 2 = dzsin0 + zcos0 d0. (A5) 

(A3-A5), the following differential equation is From equations 
obtained: 

Ktdv dO 

~ - -  - sin(~ - 0~" (A6) 

This expression can be integrated because it is possible to reduce the 

left hand side to an expression with a single variable because dv is 
related to du as dv = Av/Au du, u is related to o as indicated above and 

z depends on a according to the hyperbolic expression (A2). 
Substituting these relations into equation (A6) and integrating, the 

equation 
- -  K t A v  

t [ f l - O ~  ( f l - O o ' ~ [ - ~ + x / z 2 + a 2 t a n 2 d p ] x ~ t ~ . +  
an - -  = tan . . . . .  " 

2 ) ~ 2 )LZo+x/z02+a2 tan2~bJ  (A7) 

is obtained. From equation (A7) the new value of  0 at the end o f  the 
relative displacement increment is computed. 

Then, the complete new stress state can be determined since a is 
obtained from u, z is derived from equation (A6) and T~ = zoos0; 
z 2 = zsin0. If desired, the plastic relative displacement increment can 

also be easily computed. 


