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Abstract

The smooth endochronic hysteretic Bouc–Wen model is studied from the point of view of random vibration. The sources of the
errors of the method of equivalent linearization applied to this model using the hypothesis of joint Gaussian behaviour are examined.
The method of linearization for softening hysteretic models proposed by the authors, which is based on a combination of Dirac
and Gauss densities, is developed and applied to the Bouc–Wen model under a variety of conditions. It is shown that the method
gives excellent estimations of the response statistics without increasing the computational effort required by the conventional tech-
nique.  2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The method of stochastic equivalent linearization has
its roots in the work of Krylov and Bogoliubov [1] on
deterministic linearization and it first appeared in papers
by Caughey [2], Iwan [3] and others in a probabilistic
framework. A great impulse to practical applications of
the method was given by a paper of Atalik and Utku
[4], who demonstrated that the assumption of a Gaussian
behavior of all the state variables greatly simplifies the
computation of the linearization co-efficients. Later it
was demonstrated that such simplification is valid only
for the Gaussian density [5]. Mathematical questions
such as the existence and uniqueness of the solutions
had already been discussed [6]. A monograph by Roberts
and Spanos [7] on computational techniques in nonlinear
stochastic dynamics shows that among them this is the
method with the clearest appeal to the practical analysis
of large structures.

On the other hand the introduction of a smooth and
versatile model of hysteresis by Bouc [8] and its pos-
terior development by Wen [9] and others [10–12]
opened the way to the application of the method in many
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structural dynamics fields such as vibration of frames
[13], steel and concrete structures [14–16], soil profiles
[17], three dimensional frames [18], base isolation [19]
and hybrid control [20]. The smooth hysteretic model
has been well received in nonlinear stochastic dynamics
not only because of its versatility but also for the possi-
bility of calculating the linearization matrices in explicit
form. This is not possible for piecewise hysteretic mod-
els, such as elasto-plastic, bilinear, origin-oriented, etc.
[21–23].

The accuracy of the method has also been investi-
gated. Generally speaking, it can be said that the magni-
tude of the errors depends on many factors, such as oscil-
lator’s type and parameters, type of calculation (i.e.,
stationary or nonstationary), excitation level, etc [7]. For
the specific case of the Bouc–Wen hysteretic model, it
has been found that under the assumption of joint Gaus-
sian behaviour, the stationary estimations given by the
method are reasonably good but the nonstationary dis-
placement response is commonly underestimated
[10,24]. The errors can be quite large in some cases.
Given the importance of displacement estimations in
design, attempts to overcome this situation have been
proposed. For instance, Pradlwarter and Schueller [25]
recommended the use of a nonlinear transformation of
the density of the hysteretic component, together with
the application of the Nataf method [26] to estimate the
joint density functions necessary for calculating the lin-
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earization coefficients. Since the target density of the
hysteretic component is not known beforehand, the real-
ization of some Monte Carlo simulations is proposed to
fill this gap. In case of real structural systems the latter
device will, of course, largely increase the computational
effort. On the other hand, Kimura et al. [23] proposed
the use of a truncated Gaussian density combined with
Dirac pulses to simulate the effect of the concentration
at the maximum values of the hysteretic component of
bilinear systems. Mention must also be made of a differ-
ent, way of upgrading the statistics deriving from the
Gaussian assumption, which consists in the use of
empirical factors and equations. An important method of
this kind is due to Park [27], who proposes the use of
some coefficients obtained through intensive Monte
Carlo simulations. A similar approach was adopted by
Yeh [28] to the specific case of hysteretic spatial build-
ings modelled as shear beams.

This paper has two main purposes. First, to contribute
to the clarification of the somewhat confused scenario
of the errors inherent to the conventional Gaussian
method of linearization when applied to the Bouc–Wen
model. Second, to improve the method proposed by the
authors [29] with the inclusion of some second order
constraints which have been found to render the single
empirical coefficient of the method rather independently
on the several conditions that affect the linearization
method, such as excitation type and strength, post yield
ratio, etc. Thirdly to reflect the experience in its use with
a wider spectrum of applications of the Bouc–Wen sys-
tem than in the original paper [29], in order to demon-
strate its good performance in terms of accuracy and
computational labour. The conclusions drawn from this
study could be useful for random vibration analyses
using extensions of this basic smooth endochronic
model.

2. Gaussian stochastic linearization

Let us consider a single degree of freedom structure
having a restoring force of the Bouc–Wen endochronic
type. The equation of motion is

mẌ1cẊ1akX1(12a)kZ5P(t) (1)

where the nonlinear random variable Z is the solution of
the following differential equation

Ż5h(Ẋ,Z)5AẊ2b|Ẋ||Z|n−1Z2gẊ|Z|n (2)

An stochastically equivalent linear equation will be
looked for in the form

Ż5seX1ceẊ1keZ (3)

where se, ce and ke, are coefficients which are calculated
by minimizing the expected value of the square error

e25[h(Ẋ,Z)2(seX1ceẊ1keX)]2 (4)

Under the hypothesis of joint Gaussian behaviour of the
state vector QT=[X, Ẋ, Z] the values of the coefficients
are [10]
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It must be noted that no closed expressions such as these
can be obtained for piecewise hysteretic models, in
which case the linearization coefficients are typically
expressed through integrals, which in nonstationary
analyses should be solved at each time step [7]. The stat-
istics required in the above expressions can be obtained
by solving the differential equation for the covariance

O(t)=E[QQT]

O·

(t)5Ae(t)O(t)1O(t)AT
e (t)12pSF(t) (9)

in which Ae(t) is the equivalent system matrix, which
can be assembled after the equilibrium Eqs. (1) and (3)
and SF(t) is the matrix of external modulated white
noises. See [7] for details.

3. Error sources

It has been pointed out that the above Gaussian lin-
earization of the Bouc–Wen model leads in some cases
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to reasonably good estimations of the second order
response when compared with the results of Monte Carlo
simulation. Such is the case, for example, of stationary
response estimations of structures subject to filtered or
unfiltered white noise [7,10]. In other instances, how-
ever, large discrepancies can take place [24,25]. The
errors concern mainly the nonstationary estimation of
displacement statistics which is one of the most
important variables in practical design. The standard
deviation of the velocity and hysteretic force, as well
as the covariances are reasonably well estimated. The
following is a description of the error sources in the esti-
mation of displacement statistics based on the published
literature on the subject as well as on the authors’ experi-
ence.

3.1. Probability density assumption

The most evident cause of error lies in the assumption
of Gaussianity of all the state variables. It has been
shown that while Gaussianity is reasonably admissible
for displacement and velocity, as far as only second
order information is concerned, it is clearly inadequate
for the hysteretic component Z [25]. In fact, when vibrat-
ing in the nonlinear range, the hysteretic component of
a softening system equals its maximum zu quite often,
with the consequence that the density function presents
a concentration at zu, which is given by [10]

zu5S A

b+gD
1

n

(10)

3.2. Drift motion and excitation model

A second cause of errors lies in the tendency of some
hysteretic systems to drift, that is, to loose the central
position as the mean value of the vibration [24]. In a
force-displacement diagram, this is reflected as an err-
ance of the hysteresis loops’ center. Note that, this is
a genuine nonlinear phenomenon which is difficult to
reproduce with an equivalent linear system. In the fre-
quency domain the driving drift motion can be regarded
as a very low frequency wave which in the power spec-
tral density of the displacement response appears as a
large peak. For hysteretic models this phenomenon is the
stronger, the lower the value of a [27]. However, the
magnitude of the errors of the Gaussian method brought
about by drift is closely related to the excitation spec-
trum. In fact, for purely white noise excitation, low fre-
quency waves tend to produce drift irrespective of the
hardening ratio a. Nevertheless: the drift is somewhat
reproduced by the Gaussian method under white exci-
tation. This can be atributed to the assymptotic values
of the displacement transfer function. For an equivalent
linear system with natural frequency w̄ it is given by

uHX(iw)Wu25 (11)
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Notice that it tends to 1/a2w̄4 as w→0. This renders the
equivalent system able to produce some low frequency
responses. In contrast, when low-cut filters are intro-
duced (as in the Clough–Penzien [30] or Iwan–Paparizos
[24] seismic models) the Gaussian method becomes
unable to reproduce the system’s drift because the trans-
fer function suppresses the low frequency responses. In
fact, in the Clough–Penzien case the modulus is given by

|HX(iw)F|25|HW
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where wg and ng are the frequency and damping ratio
associated to the soil conditions, while wf and nf corre-
spond to the low-cut filter. Note that the modulus tends
to 0 as w→0.

The above comments are confirmed in Fig. 1a and b
which correspond to an hysteretic system with a drift-
enforcing, null value of a subject to white noise and
Clough–Penzien excitations, respectively. It can be seen
that under purely white excitation the Gaussian method
gives qualitatively better results than in the Clough–Pen-
zien case, for which the method does not follow the dis-
placement trace after yielding. When a modulating func-
tion is introduced in connection to the Clough–Penzien
filter as a realistic nonstationary model of seismic action,
the errors can be as large as 300 percent, as Fig. 2 shows.
The modulating function employed in this case is that
of Shinozuka and Sato [31] given by

x(t)5
1

c
(e−at2e−bt) (14)

with

c5max(e−at2e−bt)5FSa

b
D a

b−a

2Sa

b
D b

b−aG (15)

The parameters a=0.085 and b=0.17 have been used,
which correspond to a long duration earthquake. Notice
that in cases like this the Gaussian method not only fails
in capturing the peak value but also in assessing the cor-
rect shape of the response. As a matter of fact, since the
Gaussian method is unable to trace the drift errance, it
becomes entirely governed by the modulating function.
Note that for many materials, such as reinforced con-
crete, steel [15] or soil [16] very low values of a have
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Fig. 1. Gaussian response estimation with a=0. (a) White noise; (b) Clough–Penzien spectrum.

Fig. 2. Gaussian response with modulated Clough-Penzien load
(a=0).

been proposed, so that some amount of drift can be
expected in their response. As for nonstationary analyses
the reliability assessment must be based on the whole
evolution of the level crossing rate [32], the importance
of estimating correctly the whole evolution of the
response moments needs not to be emphasized.

3.3. Nonlinearity degree of the response

A third cause of errors is the nonlinearity degree of
the response. In fact, for very low or very large exci-
tation levels (as measured by the power spectral density
function) the response of the hysteretic system is clearly
a narrow band, because the structure responses are either
in the linear or in the nonlinear ranges. When subject to
a middle strength excitation the response shows a larger

width [7]. By means of stationary analyses that scan the
physically relevant intensity range of white excitation it
has been demonstrated, however, that this kind of error
affects the response estimations of piecewise rather than
those of smooth hysteretic models [7,10]. However, in
nonstationary analyses of the latter, such errors appear
and, generally speaking, they are larger, the higher the
nonlinearity degree of the response, as will be shown in
the numerical examples at the end of the paper.

For explaining the diverse accuracy of stationary and
nonstationary calculations in this respect it must be taken
into account that: (a) In nonstationary vibration the
response is always wide-band due to the imposed tran-
sition from linear to nonlinear states; (b) Their numerical
procedures are rather different, the former proceeding by
time-independent iteration [11] and the latter by solving
a system of differential equations in which the response
at any instant depends on the whole estimated evolution.
Accordingly, one could regard the nonstationary prob-
lem as one more depending on the assumption of Gaus-
sianity than the stationary one. Since Gaussianity means
linearity in this context, due to the fact that the response
of a linear system to Gaussian input is always Gaussian,
it is evident that when the structure starts the departure
from linearity in the nonstationary evolution it also
departs from Gaussianity and thus the accuracy of future
estimations under such hypothesis will depend on the
current degree of response nonlinearity.

3.4. Loop shape

Last but not least, the shape of the hysteretic loops,
as defined by the model parameters, has an important
influence on the errors of the Gaussian method. In the
Bouc–Wen model softening behaviour takes place when-
ever b+g.0, but there is nonetheless an intrinsic tend-
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ency to hardening [10] if g,0,|g |,b. It is intuitively
clear that the loop shape imposes a different probability
distribution for the variable Z. In the present research it
has been observed that, in fact, the underestimation of
the displacement response when using the normality
assumption is lower in systems with hardening tendency
than in the opposite case.

Obviously, the combination of these errors produce a
single discrepancy between Monte Carlo and the analyti-
cal results derived with the Gaussian assumption in each
specific case. Therefore, the determination of their con-
tributions, with the aim of correcting the Gaussian results
with empirical factors, would require an extensive and
tedious parametric study.

4. Non Gaussian linearization approach

The objective of this section is to develop further the
non-Gaussian approach proposed recently by the authors
[29]. The method is purported to give better estimations
than the Gaussian approach preserving its low compu-
tational effort. To such purpose it makes use of mixed
Gauss–Dirac density functions, in which the Dirac pulses
play the role of weights that modify the linearization
coefficients obtained at each step in dependence of the
current degree of response nonlinearity. The derivation
and the numerical study show that it is superior over the
conventional Gaussian approach as well as over other
proposals in terms of accuracy or computational effort.

4.1. Non-Gaussian densities

As mentioned above, the concentration of values of
the hysteretic restoring force in the vicinity of its
maximum zu suggests the use of a mixed density of
the type

fZ(z)5(122p)jZ(z)1pd(z2zu)1pd(z1zu) (16)

where p is a weighting coefficient. Note that the Dirac
pulses play the role of a balancing mass acting on the
second statistical moment. Besides, the value of the coef-
ficient p is selected in such a way that it give the best
approximation to the Monbe Carlo results in standard
cases.

The calculation of the linearization matrices requires
the knowledge of joint density functions of the pairs (X,
Z) and (Ẋ, Z). Denoting by V either of X or Ẋ, they are
succintly expressed as

fVZ(n,z)5(122p)jVZ(n,z)1pd(z2zu)jV(n)1pd(z (17)

1zu)jV(n)

On the other hand, variables X and Ẋ can be assumed
to remain jointly Gaussian. Note that for separating the
contributions of the Gaussian and Dirac parts in calculat-

ing the linearization coefficients a dummy splitting of
their density functions is needed. i.e.

fV(n)5(122p)jV(n)12pjV(n) (18a)

fXẊ(x,ẋ)5(122p)jXẊ(x,ẋ)12pjXẊ(x,ẋ) (18b)

Note also that the linearity of the above assumed den-
sities and the use of the entire Gaussian function allow
the preservation of the Gaussian linearization coef-
ficients, whose closed form is an important prerogative
of this kind of models.

4.2. Second order constraints

The parameters of the Gaussian density function
entering into the linearization coefficients can be
enforced to satisfy certain second order constraints. In
particular, using Eq. (16), the variance of the hysteretic
variable Z is

E[Z2]5(122p)s2
Z12pz2

u (19)

so that the linearization coefficients must be calculated
using

s2
Z5

E[Z2]−2pz2
u

(1−2p)
(20a)

Similarly, the following relationships are obtained:

sXZ5
E[XZ]

(1−2p)
(20b)

s2
V5E[V2] (20c)

sXẊ5E[XẊ] (20d)

where again V stands for either X or Ẋ and the expec-
tations are obtained from the solution of the covariance
response Eq. (9). Note that for satysfying these consist-
ency requirements when using truncated Gaussian den-
sities as in the approach by Kimura et al. [23], a system
of nonlinear equations must be solved at each time step.

4.3. Linearization coefficients

The assumed densities Eqs. (14)–(16) lead to the fol-
lowing vector of linearization coefficients [29]:

HT
e 5[seceke]5(122p)[sgcgkg]12p[sdcdkd]P

−1 (21)

Here the subindexes “g” and “d” denote Gaussian and
Dirac parts, respectively, and in the general MDOF case
the 3×3 matrix P of each degree-of-freedom is built up

with the elements of the covariance response O:

P5E1
X2 XẊ XZ

ẊX Ẋ2 ẊZ

ZX ZẊ Z2 2 (22)
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The calculation of the Dirac linearization coefficients
yields

sd5sXẊ(A2g zn
u) (23a)

cd5s
2
Ẋ(A2g zn

u) (23b)

kd52sẊbz
n+1
u !2

p
(23c)

while those corresponding to the Gaussian part are given
by Eqs. (5a), (5b) and (5c); in both parts use must be
made of the second order constraints Eqs. (20)a, (20)b,
(20)c and (20)d. Note that the new additional coefficients
are given in closed form, while their evaluation in the
approach using truncated Gaussian functions [23]
requires the calculation of several double integrals at
each step.

4.4. Weighting coefficient

The application of the present approach requires the
assigning of a weighting coefficient p for the Dirac and
Gaussian parts. Since the response in the elastic range
is Gaussian, the coefficient can be linked to the area of
the Gaussian density ϕZ(z) lying beyond the limite value
zu, because this portion is an indirect measure of the error
in modeling the nonlinearity of the stochastic response
using the Gaussian density. Several alternatives for the
coefficient p were tested, namely, those based on the
excess of probability mass,

p5r E
zu

2`

jZ(z) dz5rFZ(2zu) (24)

variance, kurtosis and averages of them. After many
numerical analysis performed with this algorithm, vary-
ing load and model parameters, it was found that the
excess-mass criterion was the most stable in the sense
that its associated coefficient r was the least influenced
by the several conditions imposed on the random
vibration of the hysteretic system, such as response level,
excitation type, nonstationarity, etc. This coefficient will
be discussed in more detail in the following numerical
study.

5. Numerical study

In order to demonstrate the adequacy of the proposed
approach, several numerical analyses were performed on
a family of Bouc–Wen oscillators subject to different
types of excitations. The system parameters and the
loads were varied in order to gain insight into the factors
most influential on the errors of the conventional method
and the ability of the present approach to improve the
estimations.

The structural mass was set equal to unity and no vis-
cous damping was considered. Two very different types
of excitations were used, namely white base acceleration
with one-sided, constant power spectral density GW=288
cm2/s3, and the Clough–Penzien double filter with para-
meters wg=16.5 rad/s, ng=0.8, wf=2 rad/s and nf=0.65.
Both unmodulated and modulated excitations were con-
sidered. The modulating function employed was the
same used previously.

For modeling several degrees of nonlinear behavior it
was decided to keep constant the excitation intensity and
to vary instead the value of the restoring force hu,
given by

hu5(12a)kzu (25)

To do this n was set equal to unity as well as A, in which
case k represents the initial stiffness of the system, while
the sum b+g was varied according to the intended degree
of nonlinearity of system’s response in the form

b1g5
Î2(1−a)Rk

100ÎGW

(26)

Here R is a prescribed measure of the degree of energy
dissipation that plays a similar role as the elastic spec-
trum reducing factors in deterministic earthquake-resist-
ant design. Values of R equal to 2.5 up to 10 were chosen
to reflect situations, from low to severe nonlinearity of
the response. For analyzing the influence of system’s
natural frequency, the initial stiffness k was calculated
to give the structure initial periods in the range T=0.25
to 2.5 s. Finally, a study was performed on softening
systems without and with hardening tendency. The ratios
b/g=1 and b/g=22, g,0 were chosen as representative
of such cases.

It is evident that the above experimental design
samples adequately the variety of situations in which the
Bouc–Wen model is used. The following are the main
conclusions drawn from the multiple analyses performed
on the two type of cases studied.

5.1. Softening systems with no hardening tendency

The most common situation found in the bibliographic
survey on the use of the Bouc–Wen hysteretic model
corresponds to b+g.0, b/g=1, in which the hardening
tendency is completely absent.

The influence of the structural period on the magni-
tude of errors of the conventional and proposed
approaches will be discussed first. Fig. 3 illustrates the
response of a middle period system with R=10 and a=0.0
to white noise. These parameters have been chosen to
produce the highest possible error resulting from the
Gaussian assumption when the system is subject to white
noise, inasmuch as the error is the larger, the stronger
the nonlinear behaviour and the lower the value of a. A
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Fig. 3. Displacement response under white noise. T=1.5, R=10, a=0.

value of r=20.5 was used in Eq. (24), which has been
found to be most adequate for this kind of system in the
many analyses conducted on this type of system. It can
be observed that the proposed approach yields a better
estimation. A little improvement in the estimations of
velocity and hysteretic function responses was also
observed.

Fig. 4 shows a comparison between the density func-
tions of Z as postulated by conventional and proposed
approaches and as calculated by Monte Carlo (50000
samples). It can be seen that the introduction of the Dirac
pulses has no other effect than to serve as a balancing
mass for second order calculations. Also, the figure illus-
trates the need of a negative r value mentioned before,
as its effect is to flat the peak and raise the tails of the
Gaussian function just as much as needed for second

Fig. 4. Density functions of Z.

order agreement with the empirical density function.
Note that such negative r values imply a violation of
the strict positiveness required for any density function.
However, it must be said that this violation has a minor
practical importance for the following reasons: (a) The
density functions postulated by the method of equivalent
linearization are of little practical use, as they differ from
the exact ones in shape and values [25]; (b) Among all
the densities postulated by the method, those involving
Z (and hence the negative Dirac pulses) would be the
least useful in practice for reliability assessment, which
is usually performed on the displacement response; (c)
The aim of the equivalent linearization method is only to
estimate the second order probabilistic response, which
allows only a rough assessment of the structural
reliability, usually in the form of failure probability
bounds, using level crossing theories.

The results corresponding to systems with low and
high periods (Fig. 5) indicate that the improvement is
achieved independently of the natural frequency. This
feature of the proposed approach was observed in many
additional analyses as well as the independency of the
coefficient r on the post-yielding ratio a, which is one
of the main causes of errors of the conventional method
as explicited above. This is illustrated by Fig. 6, which
corresponds to the a system with T=1.5 s with a large
post-yielding stiffness (a=0.15).

For seismic analyses purposes it was shown before
that the use of adequate spectrum models, i.e. those
characterized by zero energy at null frequency, makes
the Gaussian method unable to detect the displacement
drift. The results displayed in Fig. 7a correspond to a
system subject to the Clough–Penzien spectrum with
a=0. A period T=0.4 s was used in order to subject the
system to a nearly-to-resonance state. The superiority of
the proposed approach in this important respect is evi-
dent, as it is able to detect the presence of drift. How-
ever, it can be observed that the start of the correcting
effect of the Dirac pulses takes place later than the some-
what abrupt switching of the drift errance. As a result,
the drift path of the Monte Carlo and proposed esti-
mations are different in shape. Nevertheless, the delay
is much less pronounced when smooth amplitude modul-
ating functions are used, as is common practice in seis-
mic random vibration analysis. This is illustrated by Fig.
7b, which adds to the results depicted in Fig. 2 the esti-
mation afforded by the proposed method. It can be
observed that the error of the proposed approach is negli-
gible for practical purposes.

It should be observed that the proposed approach can
follow the drift path just due to the introduction of the
Dirac pulses. As it was pointed out before, under Gaus-
sian input the response of a linear system is always
Gaussian. This implies that an indirect way of compen-
sating for an effect of linearization, namely the supres-
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Fig. 5. Displacement response under white noise with R=10, a=0. (a) T=0.3 s; (b) T=3 s.

Fig. 6. Displacement response under white noise. T=1.5, R=10,
a=0.15.

Fig. 7. Displacement response under Clough-Penzien excitation. T=0.4, a=0. (a) Unmodulated; (b) Modulated.

sion of low frequency responses by the transfer function,
is by perturbing their Gaussianism.

The figure also displays the results obtained by the
correction method proposed by Park [27]. Unlike the
present approach, which combines new analytical lin-
earization coefficients with the empiricism required for
finding an adequate r value, Park’s method attempts to
upgrade the results given by the conventional method on
purely empirical basis. His method considers two types
of errors of the Gaussian approach, namely, what the
author calls “stationary error”, i.e. the type of systematic,
constant error of the conventional approach appearing
for example in Fig. 3, which can be attributed to the
assumption of Gaussian probability densities, and the
second, “nonstationary” error, which corresponds to
drift. It must be observed that the coefficients have been
empirically derived for the rather specific situation of a
Iwan–Paparizos [24] seismic spectrum, a specific modul-
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ating function and an initial frequency equal to that cor-
responding to the spectral peak. As a consequence, the
empirical method is expected to give erroneous esti-
mations in a different situation, such as that of Fig. 7b.
In fact, the peak of the standard deviation of the dis-
placement is largely overestimated. Moreover, insofar as
Park’s method attempts to modify a posteriori the results
given by the Gaussian method by a multiplying factor,
the erroneous shape of the latter is maintained.

As it was said before, the errors of the Gaussian
method diminish when the post-yield ratio a increases
due to the implied reduction of drift. This is illustrated
by Fig. 8, which corresponds to a system with wg=16.9
rad/s, ng=0.94 and a=0.05. The estimation given by
Park’s method in this case are also far from the Monte
Carlo results, while the agreement of the proposed
approach with the Monte Carlo analysis is again excel-
lent.

The cases analysed so far correspond to large incur-
sions in the nonlinear range, as reflected by the factor
R=10. For lower degrees of nonlinear behaviour less
concentration of Z values near its maximum and hence
a different probability density of Z can be expected. As
a result, the effectivity of the Dirac pulses in that case
could decrease when using the same r as before. How-
ever, as the elastic response level is approached, the error
of the Gaussian estimations diminishes drastically and
thus it can be expected that the estimations given by both
methods and Monte Carlo approach to each other. These
intuitive reflections are confirmed by Fig. 9a and b,
which correspond to R=5 and R=2.5 respectively. A per-
iod T equal to 1.5 s was used in both cases. It is noted
that in the first case the same r=20.5 used before leads

Fig. 8. Displacement response under modulated Clough-Penzien
load. a=0.05.

to estimations which are somewhat, unconservative but
anyway better than those stemming from the assumption
of Gaussianity. On the other hand, it can be seen that
the estimations given by both methods approach those
of Monte Carlo simulation as R decreases. The figures
also display the results obtained using r=20.8 and
r=211, respectively, which are closer to the exact ones.
In general, the empirical curve for the 2r coefficient
depicted in Fig. 10 can be used for obtaining more accur-
ate estimations of the displacement response of this type
of system for low degrees of nonlinear behaviour. The
coefficient has been put in relation to a sort of ductility
ratio given by

q5
s0.5

xy

(27)

where xy is the yield displacement of the system and s0.5

is the standard deviation of the displacement obtained
with r=20.5 at t=20 s of response when subject to
unmodulated white noise. The dots displayed in the fig-
ure were obtained by searching the r value giving the
closest results to the statistics of 1000 Monte Carlo
simulations. The equation of the empirical curve is

2r5H32.082−61.823q q#0.5

0.5184+e0.445q+e−1.183q2
q.0.5

(28)

It can be seen in Fig. 10 that the standard value of 20.5
is adequate for a wide range of the ductility factor q.
Thus, for the analysis of a MDOF hysteretic system sub-
ject to random excitations, this value can be applied to
those degrees of freedom showing moderate to large
energy dissipation. For those showing small incursions
in the nonlinear range there would be a need of analysing
the structure using the reference value in order to calcu-
late an upgraded one by means of Eq. (28). However,
complications can be avoided if use is made of the stan-
dard value of 20.5 for the entire structure, due to the
following reasons: (a) Such degrees of freedom are of
lower importance insofar as their contribution to the
overall probability of failure is small; (b) As illustrated
by Fig. 9, the underestimation of the displacement with
r=20.5 is slight in percent when compared to that ocur-
ring at high levels of response nonlinearity.

The method has been included in a general equivalent
linearization code for MDOF systems. No computational
problems have been observed in the numerous MDOF
test analyses performed.

5.2. Softening systems with hardening tendency

As said in the preceeding, a negative g, such that
b+g.0 (softening condition) and |g |,b imposes a tend-
ency to hardening. Consequently, the frequency distri-
bution of Z will be different from those corresponding
to g.0 and hence this fact should have a reflect on the
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Fig. 9. Displacement response under white noise with I=1.5, α=0. (a) R=5. (b) R=2.5.

Fig. 10. Empirical curve of 2r for b/g=1.

selection of parameter r. As an example, let us consider
the case b/g=22, g,0. Fig. 11 shows the results corre-
sponding to R=10 for a structure having T=1.5 and a=0
subject to white noise excitation calculated with
r=20.22, which appeared to be suitable to this type of
system. The agreement of the proposed approach with
the simulation results is better in Fig. 12, which corre-
sponds to a system akin to that of Fig. 10 with b/g=22.
No regression curve for r has been calculated in this
case.

6. Conclusions

The following conclusions can be drawn from the
above research:

Fig. 11. Displacement response of system with b/r=22 under white
noise. T=1.5, R=10, a=0.

1. The conventional method, which makes use of the
hypothesis of Gaussian behaviour for all the state
variables, due to the important simplifications
resulting from such an assumption, leads to errors in
the estimation of the structural displacements. The
magnitude of these errors can be as high as 300% in
practical earthquake engineering cases.

2. The main causes of the errors are: (a) The Gaussian
density assumption as such, which is theoretically
exact only in case of linear systems driven by Gaus-
sian inputs. (b) The drift trend of hysteretic systems,
which is especially conspicuous for those having a
very low post-yield ratio. (c) The filtering of low fre-
quencies in spectral seismic models, which precludes
the possibility of reproducing the drift contribution
to the displacement response. (d) The shape of the
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Fig. 12. Displacement response of system with b/g=22 under modu-
lated Clough–Penzien excitation.

hysteretic loops, which influences the actual proba-
bilistic distribution of the restoring force.

3. The application of the proposed technique, based on
a combination of Dirac and Gauss densities, depends
on an empirical coefficient that must be callibrated
through Monte Carlo simulation for each combination
of the pair (n, b/g) on SDOF systems. In the present
research, the values 20.5 and 20.22 have been found
adequate for the cases (1,l) and (1,22), respectively,
which are widely used.

4. The empirical parameter could be corrected for low
degrees of response nonlinearity in order to obtain
better estimations. A regression curve for the case
(1,1) is proposed. However, the recalculation of the
response can be avoided if considering that in such
cases the errors when using the standard value of the
empirical coefficient are low.

5. The numerical analyses demonstrate that the proposed
approach represents an important improvement of the
method of stochastic linearization when applied to
hysteretic systems of the softening type, because its
estimations of the response statistics are in better
agreement with Monte Carlo simulation than those
given by the conventional Gaussian technique. In
particular, its ability to detect the drift motion charac-
teristic of this type of systems allows to obtain close-
to-exact solutions while the conventional method fails
with large errors.

6. The proposed approach has distinct advantages over
alternative proposals with similar aims. Particularly, it
is computationally as simple as the classical Gaussian
approach, because its linearization coefficients have a
closed form as well. In contrast, other approaches

based upon transformations require the solution of
nonlinear systems and multiple integrals at each step
of the solution and/or the realization of some Monte
Carlo simulations for obtaining improved density
functions. Also, the proposed method is more accurate
than an empirical technique proposed to upgrade the
estimations obtained with the Gaussian classical
method.

7. The negative r values imply a violation of a funda-
mental condition by the postulated probability den-
sities involving the hysteretic variable Z. However,
these and other density functions postulated by the
method are of little practical value due to their poor
accuracy. In fact, the calculation of better estimates
of the densities lies beyond the scope of the stochastic
linearization method, which is only purported to esti-
mating second order responses.
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