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Abstract. Sea ice models can simulate linear deformation characteristics (linear kinematic
features) that are observed from satellite imagery. A recent study based on the viscous-plastic
sea ice model highlights the role of the velocity placement on the simulation of linear kinematic
features (LKFs) and concluded that the tracer staggering has a minor influence on the amount
simulated LKFs. In this work we consider the same finite element discretization and show
that on triangular meshes the placement of the sea ice tracers and the associated degrees of
freedom (DoFs) have a strong influence on the amount of simulated LKFs. This behaivor can
be explained by the change of the total number of DoFs associated with the tracer field. We
analyze the effect on a benchmark problem and compare P1-P1, P0-P1, CR-P0 and CR-P1 finite
element discretizations for the velocity and the tracers, respectively. The influence of the tracer
placement is less strong on quadrilateral meshes as a change of the tracer staggering does not
modify the total number of DoFs. Among the low order finite element approximations compared
in this study, the CR-P0 finite element discretization resolves the deformation structure in the
best way. The CR finite element for velocity in combination with the P0 discretization for tracer
produces more LKFs than the P1-P1 finite element pair even on grids with fewer DoFs. This
can not be achieved with the CR-P1 setup and therefore highlights the importance of the tracer
discretization for the simulation of LKFs on triangular meshes.
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Figure 1: The placement of the velocity v and the tracers are indicated by •, and ?, respectively. The
upper row names the position of the velocity and the tracers on the mesh, whereas the lower row indicates
the corresponding finite element discretization. P1, P0 and CR refers to the piecewise linear, the piecewise
constant and nonconforming linear (Crouzeix-Raviart) element. The visualization of P1-P1, P0-P1 and
CR-P0 has been used in [17].

1 Introduction

Satellite imagery of polar regions shows that the sea ice cover is characterized by local linear
deformations called linear kinematic features (LKFs). During drift sea ice deforms in response
to internal stresses and forcing such that linear kinematic features can be build. LKFs play an
important role in sea ice formation and in the interaction between ocean and atmosphere [9].
Furthermore the location and width of the LKFs is crucial for the Arctic shipping [19].

To simulate LKFs in sea ice models the description of the internal stress is central. In
continuum sea ice models the internal stresses are prescribed by the sea ice rheology. So far
most climate models characterize sea ice as a viscous-plastic material using either the classical
viscous-plastic formulation [10] or the elastic-viscous-plastic approximation [11]. In the last
years alternative rheologies have been developed ( e.g [7, 8, 21, 23]). Nevertheless, the (E)VP
model will be used in the foreseeable future, which motivates our research on this topic.

Viscous-plastic sea ice model are capable to simulate LKFs once the spatial resolution is
high enough [12, 22]. In this model sea ice is characterized by a velocity, the thickness and
the concentration of ice. The later two quantities are the tracers of the model. Using the
viscous-plastic sea ice model a recent study analyzed the influence of velocity placement on the
formation of LKFs [17]. The analysis shows that the velocity staggering has a strong influence on
the number and the total length of resolved LKFs. The study demonstrates that the placement
of the velocity on edges instead of currently used cell or vertex staggering increases the amount
of resolved LKFs. One reason for the improved resolving capacity is the higher number of
degrees of freedom in the velocity field which is achieved by placing the velocity vector onto the
edge midpoint instead of the vertex or the center of a grid cell. The higher total number of
degrees of freedom in the velocity field leads to a sharper representation of gradients and strain
rates. Based on the results obtained on quadrilateral meshes the study concludes that the tracer
staggering has a minor influence on the formation of LKFs.

In this contribution we will revise this finding and analyze the influence of the tracer place-
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ment on the formation of LKFs on triangular meshes using the same finite element pairs as in
the study of [17]. For simplicity we refer to the P1-P1, P0-P1, CR-P0 and CR-P1 finite element
as the vertex-vertex, cell-vertex, edge-cell and edge-vertex staggering. The first part of the pairs
refers to the velocity disctretization and the second term indicates the tracer treatment. P1 is
the piecewise linear element, P0 refers to the piecewise constant element [2] and CR denotes the
nonconforming linear element (Crouzeix-Raviart element) [4]. The different discretizations are
visualized in Figure 1.

Currently the vertex-vertex placement is used in the Finite-Volume Sea IceOcean Model
(FESOM)[6], the cell-vertex staggering is applied in Model for Prediction Across Scales (MPAS)[20],
while the edge-cell discretization is used in the sea ice module of the Icosahedral Nonhydrostatic
Weather and Climate Model (ICON)[15, 18].

On triangular meshes, in contrast to the quadrilateral case, the tracer placement changes the
total amount of degrees of freedom (DoFs). The DoFs depend on the position of the tracer on a
triangle. They are defined by the numbers of vertices, cells and edges of the considered mesh. As
the tracer placement is directly related to the resulting internal stress through the ice strength,
the increased amount of DoFs has an effect on the deformation field on a fixed grid level. To
examine the effect we evaluate the simulations of a recently defined benchmark problem [17].
The simulations are performed in the framework of FESOM [6]. Please note that the data of
P1-P1, P0-P1 and CR-P0 has already been used in the study in [17].

The paper is structured as follows. Section 2 presents the viscous-plastic sea ice model and
describes the numerical discretizations. The benchmark problem and the numerical results are
presented in Section 3 and discussed in Section 4.

2 The viscous-plastic sea ice model and the numerical discretization

In our study we use a simplified model of the sea ice dynamics, where sea ice is modeled by
three variables: the sea ice concentration c, the mean sea ice thickness h and the sea ice velocity
v. The sea ice dynamics are described by the following system of coupled partial differential
equations.

mice∂tv = F, (1)

∂tc+ div (vc) = 0, c ≤ 1, (2)

∂th+ div (vh) = 0. (3)

The mass is given by mice = ρiceh, where ρice = 900 kg/m3 is the ice density. The forces
acting on sea ice are collected in

F = −fceeer × v + div σσσ + cτττ(v)−miceg∇H̃g, (4)

where fc = 1.46 ·10−4 s−1 is the Coriolis parameter and eeez describes the vertical (z-direction)
unit vector. The influence of the changing sea surface height H̃g can be approximated as

miceg∇H̃g ≈ −micefceeer × vw, (5)
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where vw is the ocean velocity [3]. τττ(v) models the ocean and atmospheric surface stresses

τττ(v) = Cwρw|vw − v|2(vw − v) + Caρa|va|2va, (6)

with the wind velocity va, the drag coefficents Cw = 5.5 ·10−3, Ca = 1.2 ·10−3 and the water and
air densties ρw = 1026 kg/m3 and ρa = 1.3 kg/m3. The internal force applied to the ice drift are
modeled by div(σσσ). The relation of the stresses σσσ and the strain rates, ε̇̇ε̇ε = (1/2)(∇v+∇vT ), are
given by the the viscous-plastic (VP) material law. The superscript T indicates the transposed
quantity. The VP rheology developed by Hibler [10] reads as

σσσ = 2ηε̇̇ε̇ε+ (ζ − η) tr(ε̇̇ε̇ε)I − P

2
I, (7)

with I the identity matrix and the shear and bulk viscosities η and ζ,

η = e−2ζ, ζ =
P0

2∆(ε̇̇ε̇ε)
, ∆(ε̇̇ε̇ε) =

√
ε̇̇ε̇ε2I + e−2ε̇̇ε̇ε2II∆2

min. (8)

e = 2 is the ratio of the semiaxes of elliptic yield curve and ∆min = 2 · 10−9 s−1 is the threshold
that describes the transition from the viscous and the plastic material state. The invariant
ε̇̇ε̇εI = tr(ε̇̇ε̇ε) models the compression and tension, while ε̇̇ε̇εII is the shear deformation. The latter is
given as

ε̇̇ε̇εII =
[(
ε̇̇ε̇ε11 − ε̇̇ε̇ε22

)2
− 4(ε̇̇ε̇ε12

)2] 1
2
. (9)

The ice strength P in (7) is modeled as

P = P0
∆(ε̇̇ε̇ε)

(∆(ε̇̇ε̇ε) + ∆min)
, P0(h, c) = P ?h exp

(
− 20(1− c)

)
, (10)

with the ice strength parameter 27.5 ·103 N/m2.
This coupled system of partial differential equations is discretized as follows. The momentum

equation (1) is treated in space with finite elements (P1 or CR), and finite volumes in case of
P0. The CR setup requires a stabilization due to instabilities which arise from the discretization
of the symmetric strain rate tensor of the sea ice rheology. More details on the stabilization can
be found in [18]. The P0 discretization also suffers from instabilities in the velocity field if strain
rates are computed at vertices. We stabilized the approximation by reconstructing the strain
rates at the element-edge, see [5] for further details. The momentum equation is integrated
forward with an explicit pseudo time-stepping scheme. The so called mEVP solver [1] is used.
The detailed configuration of the method is outlined in [5]. We perform M = 100 sub-cycle
steps per external time step. The iteration number M is chosen in such a way that the number
of sub-iterations does not influence the simulated total length of LKFs detected by an image
recognition algorithm [14]. The transport equation are discretized either with P1 or P0 finite
elements. In case of the P1 disctrization the sea ice thickness and concentration is advected with
a Taylor-Galerkin flux-corrected transport method [16], whereas the P0 setup uses an upwind
scheme.
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Figure 2: Shear deformation plotted in a logarithmic scale. Note that the visualization of P1-P1, P0-P1
and CR-P0 on 4 km and 2 km meshes has been used in [17].

3 Numerical evaluation

To estimate the effect of the different tracer placement on the formation of LKFs we solve a
recently defined benchmark problem, which is briefly introduced further. A detailed description
can be found in [17]. The test case considers the initial phase of sea ice deformation caused by
a moving cyclone and compares the sea ice quantities after two simulated days. An idealized
squared domain of the size Ω = (0, 512 km)2 is considered. The main force acting on the ice
comes from a cyclonic wind stress pattern which moves from the midpoint to the north-east
corner of the domain. The area ice is covered with a thin sea ice layer of approximately 30 cm.
Using this benchmark problem we evaluate the shear deformation at different mesh resolutions.
The analysis will be done first visually and then by applying the image detection algorithm
described in [13]. More details on the setting of the algorithm can be found in [17].

We start with evaluating the edge-velocity staggering with tracers placed on vertices and cell
centers. The discretization of these two cases is almost identical except for the placement of
the tracers and the used advection scheme. In the case of cell placement we apply a first order
upwind scheme, and the flux corrected transport scheme by [16] is used for tracers at vertices.
A detailed information on the implementation is given in [17].

Figure 2 shows in the first and second column the resulting deformation fields produced with
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Figure 3: The detected total length with respect to the grid resolution (top) and the total length
versus the degrees of freedom (bottom). In the bottom plot, the numbers refer to the DoFs in the
velocity/tracer components, and N is the number of triangles of the 8 km mesh. The legend indicates
the different velocity-tracer staggering.

.

these two different tracer placements combined the edge-based velocities. We observe that the
simulation with a vertex-based tracer smooths out some LKFs. In the third column we keep
the tracer placement and change the velocity staggering from the edge to the cell center. The
change results in a sharper representation of the LKFs on the 4 km and 8 km mesh. Modifying
the velocity placement from cell to vertex results in a strong smoothing of the LKFs.

These qualitative observations are supported by the output of the detection algorithm pre-
sented in Figure 3. The total length of LKFs with an edge-based velocity placement and a
cell-placed tracer is much higher than for the edge-based velocity with a vertex-placed tracer.
The algorithm indicates that the total length of the LKFs of the edge-vertex combination is
even below the value of the cell-vertex setup on the 8 km and 4 km mesh. Focusing on the
simulations with a vertex-based traces we observe that modifying the velocity staggering leads
to a change of the amount of structure, which is consistent with the previous findings in [17].
In contrast to the previous study we also observe a strong increase of LKFs by changing the
placement of the tracer and the advection scheme. The detection algorithm indicates that on
coarse resolution meshes ( 8km and 4km) the relative effect of replacing the tracer degrees of
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freedom from vertex to cell is higher than placing the velocity from cell to edges. We will discuss
this more in detail in Section 4.

4 Discussion and conclusion

In order to examine the effect of the tracer staggering on the formation of LKFs we compare
the total length of all detected features and the visual evaluation of the shear deformation. We
refrain from analyzing the total number of detected features as this quantity introduces some
uncertainty. A feature which is intersected by another one can be wrongly counted as four
instead of two features [17].

A previous analysis considering the same finite element discretizations on quadrilateral meshes
concluded that the tracer staggering has a minor impact on the amount of produced LKFs
compared to the effect of velocity placement [17]. A visual analysis of the shear deformation
presented in Figure 2 however shows a clear influence of the tracer staggering on all mesh levels.
As the benchmark problem is run only for a short time, the influence of the different advection
scheme is minor and the observed effects can directly be attributed to staggering of the variables.
The results demonstrate that in case of triangular grids the amount of LKFs is strongly related
to the placement of the tracer on a triangle. The observation can be explained by the fact
that the different tracer placements on triangular meshes have different total DoFs, while on
quadrilateral grids the vertex and cell placement have the same number of DoFs. On triangular
meshes the higher number of DoFs in the tracers results in a sharper representation of the sea ice
strength in equation (10). The sea ice strength models the resistance of sea ice to compression
and determines limit of compressive stress that sea ice withstands. By doing so the sea ice
strength determines the length of the mayor axis of the elliptic yield curve in the viscous-plastic
model. As a LKF is triggered once the stress state reaches the yield curve, the representation
of the sea ice strength influences the formation of LKFs.

In the lower panel in Figure 3, we plot the detected length of LKFs with respect to the total
number of DoFs available in the different setups. The graph shows that discretizations with
a higher number of DoFs tend to increase the total length of LKFs. However, some setups
resolve more structure on grids with less DoFs. For example the edge-cell placement resolves
more LKFs than the vertex-vertex configuration even if the latter has more DoFs. The same is
true for the cell-vertex setup on coarse meshes which produces more LKFs than the edge-vertex
placement.

The fact that setups with less DoFs can resolve more LKFs can partly be explained by the
size of the stencil. The stencil involves two triangles for the edge placement and 6 neighboring
triangles for the vertex placement. For the cell placement, the computations of strain rates are
done on vertices and edges, so that the stencil is undefined. The increased stencil introduces
additional smoothing and suppresses the evolution of LKFs.

The edge-based velocity placement requires the use of a stabilization [18] which can be inter-
preted as discrete Laplacian. The stabilization scales with the length of a triangle and requires
the choice of a parameter [18]. If the stabilization parameter is taken too large, too much
smoothing is introduced, whereas a too low value causes oscillations. We guess that stabiliza-
tion was not optimally selected in the case of the edge-vertex placement for lower resolutions,
which is why less LKFs are resolved in these cases than with the cell-vertex setup. Since the
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stabilization scales with the length of the triangles, the refinement of the grid compensates for
the too large choice of the stabilization parameter and the edge-vertex placement produces more
LKFs on the 2 km mesh than the cell-vertex combination.

Figure 2 shows that with the respect to the total length of LKFs the relative effect of changing
the velocity placement on coarse resolution (vertex to edge) is of similar magnitude as keeping
the velocity staggering at edges and modifying the tracer staggering (vertex to cells). On the high
resolution grid however varying the velocity placement clearly dominates the tracer variation,
see upper panel of Figure 2. Tuning the stabilization parameter on different mesh levels might
increase the amount of simulated LKFs with the edge-vertex discretization.

To conclude we observed that on triangular meshes the tracer staggering has a strong effect
on the produced LKFs. The observation can be explained by the increased number of the
degrees of freedom. The edge-based velocity placement produces more LKFs on meshes with
fewer DoFs only in combination with a cell placed tracer. This highlights the importance of the
tracer staggering on triangular meshes. Among the considered setups, the edge-based placement
of the velocity in combination with the cell staggering of the tracers (CR-P0) is the preferable
discretization on triangular meshes.
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