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Abstract This paper reviews the most common formula-
tions to obtain the compression strength of long fiber com-
posites due to fiber buckling. This failure mode was first
studied by Rosen (Fibre Composite Materials, pp. 37-45,
1965) who defined two different fiber buckling modes, ex-
tensional and transverse. Further studies improved the first
model proposed by Rosen by defining with more accuracy
the mechanics of the problem. Although each formulation
use a different approach to solve the problem, all of them
agree in the dependence of fiber buckling on three main pa-
rameters: matrix shear strength, fiber initial misalignments
and volumetric participation of the fibers in the composite.
Once having described the different approaches used, and
the parameters on which they depend, this paper describes
a new formulation capable of obtaining the compression
strength of composites taking into account the fiber buckling
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phenomenon. This formulation uses the serial/parallel mix-
ing theory developed by Rastellini et al. (Comput. Struct.
86(9):879-896, 2008) to simulate the composite, and takes
advantage of knowing the mechanical performance of the
composite constituents to simulate the fiber buckling phe-
nomenon. This is done with an homogenization procedure.
It consists in introducing the interaction between fibers and
matrix into their respective constitutive equations. The inter-
action between fiber and matrix takes into account fiber ini-
tial misalignments, its volumetric participation and the me-
chanical properties of both constituents.

The new formulation proposed is implemented in a fi-
nite element code, taking into account that fibers can have
different misalignment levels, and that the composite be-
haves differently if it is under tensile or compression forces.
The mechanical performance of the formulation proposed
is studied with several finite element simulations of com-
pressed composites. Finally, the correctness of the formula-
tion is proved by comparing the numerical results with the
experimental tests provided by Barbero and Tomblin (Int. J.
Solids Struct. 33(29):4379-4393, 1996), Tomblin et al. (Int.
J. Solids Struct. 34(13):1667-1679, 1997).

1 Introduction

The failure of long fiber composites subjected to compres-
sive forces can be due to two main reasons, fiber buck-
ling and/or composite delamination [5]. Regarding the fiber
buckling phenomenon, first studies correspond to Rosen [1],
who defined two different buckling modes and the compres-
sion stress at which buckling occurs. Rosen expression de-
pends on matrix shear strength and on the volumetric par-
ticipation of fibers in the composite. This first formulation
led to new studies that tried to predict with more accuracy
the composite critical compression stress due to fiber buck-
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Fig. 2. Example of microbuckling measurements (in micrometers) done on a T300

carbon fibre inside of an LY556 epoxy matrix.

Fig. 1 Initial fiber misalignments [15]

ling. Of those, its worth to mention the works of Barbero and
Tomblin [3, 4, 6], Balacé de Morais [7-9] and Drapier et al.
[10, 11]. The models proposed by these authors are based on
energetic equilibriums between the composite components,
these equilibriums lead to a final expression of the maximum
compression stress that can be applied to the composite. It is
also interesting the scope used by Parnes and Chiskis [12] or
Akbarov and Kosker [13, 14]; in both cases the fiber buck-
ling problem is solved studying the compatibility between
the strain—stress state of fiber and matrix materials.

The expressions found in all models agree in the depen-
dence of the critical compression stress on three main para-
meters:

1. Matrix shear strength

2. Fiber initial misalignment

3. Volumetric participation of fiber and matrix in the com-
posite

So, the composite compression capacity of these new for-
mulations depends on the same parameters pointed out by
Rosen and on a new one: fiber initial misalignments. There-
fore, any formulation regarding fiber micro-buckling, must
take into account fiber initial misalignments if it wants to
predict accurately composite compression strength.

According to Jochum and Grandidier [15], fiber mis-
alignments are produced in the composite manufacturing
process, during the matrix curing. These misalignments are
regular in frequency and amplitude along the whole fiber
length and can be represented by a sinusoidal shape. Fig-
ure 1 shows a micro-photograph of the misalignments found
in a carbon fiber embedded in an epoxy matrix.

There are two main problems in all known formulations
developed to obtain the compression strength of the com-
posite. The first one is that most of them only provide an
expression to obtain the maximum stress that can be applied
to the composite before fiber buckling occurs. However, in
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a structural problem, a local failure does not imply the total
failure of the structure, being necessary to know the post-
critical behavior of the material to continue the simulation,
if the global performance of the structure wants to be ob-
tained.

The second problem appears because the composite is
treated as a single material with average properties from its
constituents. A formulation focused only in the composite,
forces to pre-define the constitutive performance of the com-
posite constituents in order to obtain the expressions that
will provide the critical buckling strength of the material. In
example, Drapier et al. [10] consider that the fibers are an
elastic material and the matrix is modeled with a J2 law.
Thus, the application range of the formulation developed
is reduced to those composites which constituents have an
specific constitutive performance, being necessary to refor-
mulate the whole problem if a different constitutive law is
required.

These two problems: impossibility to obtain the post-
critical strength of the composite and pre-defined constitu-
tive behavior of the composite components, can be solved
simulating the composite material with the serial/parallel
mixing theory developed by Rastellini [2]. This theory can
be understood as a constitutive equations manager, that ob-
tains the composite constitutive performance by combining
the mechanical behavior of its different constituents. This
paper develops a compression strength formulation, to be in-
cluded in the serial/parallel mixing theory, capable of taking
advantage of all the benefits provided this theory. A first at-
tempt to include the fiber buckling phenomenon in the mix-
ing theory has been already made by Puig et al. [16], with
promising results.

The fiber buckling phenomenon is included into the ser-
ial/parallel mixing theory by modifying the constitutive per-
formance of the composite constituent materials (fiber and
matrix) based on the micro-structural interaction that ex-
ist between them. This approach transforms a cinematical
problem, structural instability due to fiber buckling, into an
equivalent constitutive problem; reducing significantly the
computational cost of the simulation. The modification of
the constitutive performance of both components is made
using an homogenization method.

Homogenization methods deal with the global problem
of composite material in a two scale context [17, 18]. The
macroscopic scale works with the composite material to ob-
tain the global structural response; composites are treated as
homogeneous materials in this scale. The microscopic scale
corresponds to an elemental characteristic volume in which
the microscopic fields inside the composite are obtained, this
scale works with the component materials of the composite,
studying the behavior of a Representative Volume Element
(RVE). Homogenization theory assumes a periodical repeti-
tion of the RVE in the composite material to relate these two
scales.
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Fig.2 Problem of a curved bar under unilateral elastic restriction (Cu-
BER problem)

The study of the fiber buckling problem using an homog-
enization method would consist on obtaining the composite
performance by solving an RVE with a finite element model
of the fiber—matrix system, using a large displacement the-
ory to obtain the moment in which fiber buckles, and taking
into account the initial fiber misalignments. The results ob-
tained from this model have to be extrapolated to the com-
posite in order to solve the structural problem.

Homogenization methods are unaffordable to be used
nowadays due to their high computational cost: obtaining
the response of a real structure with this methods implies
solving a complex finite element model for each point in
which the structure is discretized. Therefore, most of the re-
search performed in the homogenization field is focused on
the study of the structural performance of RVE’s [19] or on
how the information can be transferred from the micro-scale
to the macro-scale [20, 21].

To improve the computational efficiency of the formula-
tion developed, the finite element RVE that should be solved
with an homogenization method is simplified to an unidirec-
tional case using the existing analogy between the micro-
structural performance of the RVE and a “Curved Bar under
unilateral Elastic Restrain” (CuBER problem, Fig. 2). It will
be shown that this simplification makes a significant reduc-
tion on the computational cost, without reducing the amount
of information obtained, neither the accuracy of it.

The homogenization method used consist in transform-
ing the structural solution provided by the CuBER prob-
lem, that characterizes the interaction between fiber and ma-
trix, into some parameters to be included in the constitutive
equations of both composite components: fiber and matrix.
Thus, what is homogenized is not the composite but its con-
stituents. Once having a modified constitutive behavior of
the composite constituents, the serial/parallel mixing theory
can be used to obtain a composite performance, that will
take into account the micro-structural interaction of fiber and
matrix due to fiber initial misalignments. It will be shown
that the new constitutive performance of both materials, to-
gether with the mixing theory formulation, is capable to sim-
ulate the fiber buckling phenomenon, obtaining the critical
compression stress of the composite and its post-critical be-
havior. Also, the formulation developed establishes a direct
relation between the compression strength of the composite
and the three main parameters defined in literature to ob-
tain this strength: fiber initial misalignments, matrix shear

strength and volumetric participation of fiber and matrix in
the composite.

This paper is structured as follows. The following section
describes the formulation used to simulate composite mate-
rials: the serial/parallel mixing theory. Section 3 contains a
brief state of the art of the different theories and formula-
tions existing nowadays to obtain the compression strength
of composite materials. Afterwards, Sect. 4 describes the
formulation required to solve the CuBER problem, as well
as the methodology used to transform the results obtained
from the CuBER problem into two homogenized constitu-
tive laws, one for the fiber and the other for the matrix. These
modified constitutive laws are used by the mixing theory.
The validation of the new homogenized constitutive equa-
tions is shown in Sect. 5, where the results obtained with the
new formulation are compared with the results that are ob-
tained from a micro-model of the RVE cell considered. Once
having proved the correct performance of the methodology
proposed, Sect. 6 defines the algorithm used to implement in
a finite element code the formulation developed. The valida-
tion of the algorithm proposed is described in Sect. 7. This
validation compares the numerical results with experimen-
tal data existing in literature. Finally, Sect. § includes the
conclusions obtained from the formulation described, and
validations performed in this paper.

2 Simulation of Composite Materials: Mixing Theory
2.1 Classic Mixing Theory

The classical rule of mixtures, or mixing theory, deals with
composite materials using a macro-scale approach based on
the mechanics of continuous mediums. The composite me-
chanical behavior is obtained from the constitutive perfor-
mance of its component materials; being possible to include
the material non-linearities of the constituents into the com-
posite mechanical performance. This approach represents a
substantial improvement compared to other existing formu-
lations developed to deal with composite materials, as these
only provide an accurate prediction of the composite me-
chanical performance when its constituents are in their elas-
tic range. Another advantage of the mixing theory is that it
can use all existing numerical procedures and formulations
already developed to simulate continuum materials to obtain
the performance of the composite constituents.

2.1.1 Direct Mixing Theory

The first formulation of the rule of mixtures corresponds to
Trusdell and Toupin [22]. This first work became the base of
future studies developed by Ortiz and Popv [23, 24] and by
Green and Naghdi [25]. The classical rule of mixtures de-
fines the way in which all substances composing a material
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interact to provide the material performance. This interac-
tion is defined with the following hypothesis:

i. Each infinitesimal volume of the composite contains a
finite number of material components.

ii. Each component contribution to the global behavior of
the composite is proportional to its volumetric participa-
tion.

iii. All components suffer the same strains (closing equa-
tion).

iv. The volume of each component is significantly smaller
than the composite volume.

The closing equation, defined in condition (iii), defines
an iso-strain field for all composite components. This can be
written as:

Ce=lg=.. . =% =...="¢ 1)

Being “e the composite strain, *¢ the strain in the com-
posite component s and n the total number of components
in the composite.

The stress field of the composite is obtained using the
second hypothesis of the mixing theory:

n
‘o=) ‘k'o )
s=0

Where °k is the volumetric participation of component s
in the composite, which is defined by the relation between
the volume of the component, Vi, and the total volume of
the composite, V:

V n
Sk=—" with Y “k=1 3
sow Z 3)

s=1

The relation between the strain and the stress fields is
defined with the material constitutive tensor, C. Thus, the
stress in the composite can be obtained from its strain field
using (1) and (2):

n n
‘o= kKo=) ‘k(°C:'e)
s=0 s=1

= Xn:sk (*C: %) = (Xn:sksc> e 4)
s=1

s=1

This last equation provides the expression of the compos-
ite constitutive tensor, which is defined as:

‘C=) ‘k’C )
s=1

The iso-strain hypothesis defined in the mixing theory
implies a parallel distribution of the components in the com-
posite. Depending on the direction in which the loads are
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applied to it, there are some situations in which the compos-
ite performance is better represented by an iso-stress relation
between its components. This case is solved with the inverse
mixing theory.

2.1.2 Inverse Mixing Theory

The inverse mixing theory replaces the iso-strain assumption
by an iso-stress assumption, therefore:

‘o=lo=20=...="0c 6)

And, the strains in the composite are obtained according
to the volumetric participation of each component material:

n
‘e=> ‘k'e )
s=0

Making use of the relation between strains and stresses,
provided by the stiffness tensor, it can be obtained the rela-
tion between the stress and the strain field in the composite
as:

cgzisk([sc]1:s0>:<isk[sc]l>:co_ (8)

s=1 s=1

which leads to the expression of the composite stiffness ten-
SOr:

[t =Y skrcer! ©

s=1

2.1.3 Mixing Theory as a Constitutive Equation Manager

Oller et al. [26] and Car [27] coupled the mixing theory
hypothesis with a thermodynamical description of the com-
posite components. This provides a formulation for compos-
ite materials that obtains the relation between components,
even when they have reached their elastic limit.

This new approach defines the Helmholtz free energy of
the composite, W, as the sum of the free energies of each
composite component, proportional to their volumetric par-
ticipation. This is:

Cw(cge’ 0’ cam) — C\y(g’ 9’ Cgp’ C(Xm)
—_—
“ps
n
=) KV(,0," py) (10)
s=1

Being ¢, ¢ and &” the total, elastic and plastic strains
(the total strain is the same for the composite and its con-
stituents, according to the mixing theory hypothesis), 6 the
temperature and o™, py sets of internal variables.
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Fig. 3 Implementation of the
mixing theory in a finite element

INCREMENT: n

code [27]

d

AU =AU +K'F

resid

d

EM = E +1/2(C-1)

Reference Configuration

n Closing Equation

(™), =(e); (e = (e?),)

Elastic Trial

[ Constitutive Models for each Compound |

(O_i+1 )1‘

(™),

A

q—-
t

=

NEW ITERATION (i=i+1)

Constitutive
Model

COMPOUND 1

COMPOUND 2
Constitutive
Model
COMPOUND n
Constitutive
Model
Updated Configuration

—

Q
by

~—

—~_~

q.
x

~

(O_Hl )2

n

3

NO CONVERGENCE

RECOMPOSITION

(6™), = ij (o )j
J=1

........................ @

S+l = &(O_m)

!

CHECK FOR
RESIDUAL FORCE AND
CONVERGENCE

Reference Configuration

3

INCREMENT: n + 1

Once having defined the free energy of the composite in
function of the free energies of its constituents, the proce-
dure described in [28—30] to obtain the stress of single-phase
materials from the free energy can be applied to both sides
of (10), obtaining:

n

‘o =Zsksa

s=1

(In

It is worthy to remark that although (2) and (11) look
exactly the same, their meaning is not. Equation (11) is ob-
tained following a thermodynamic procedure, which means
that the stress values can be obtained using any constitutive
law based on thermodynamic principles, such as plasticity
or damage. Therefore, the mixing theory has been trans-
formed in a constitutive equations manager: it obtains the
performance of the composite coupling the constitutive per-
formance of its constituents.

The implementation of the mixing theory, as a constitu-
tive equation manager, into a finite element code has been
done by Oller et al. [26] and afterwards improved by Car
[27] in his PhD dissertation, including in it the large defor-
mation theory. The implementation algorithm developed by
Car is shown in Fig. 3.

The validity of the new procedure developed to obtain
the mechanical performance of composite materials, even
when the composite constituents have reached its elastic
yield stress, is proved in the numerical simulations described
in [27, 31, 32].

This new procedure has the problem already pointed out
when describing the classical mixing theory developed by
Trusdell and Toupin [22], the closing equation assumes an
iso-strain performance of the composite and its constituents,
which forces a parallel behavior of the composite compo-
nents (Fig. 4a). In most cases this assumption is valid be-
cause composites are designed to work in the fiber direction.
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Fig. 4 Serial-Parallel
distribution of the components
in a composite material

& =

(a) Parallel behavior

However, depending on the direction of the loads applied
other behaviors can be developed: a serial behavior (Fig. 4b)
or, most commonly, a mixed mode behavior (Fig. 4c).

Oller et al. [33, 34] made a first attempt to develop a for-
mulation of the mixing theory capable to take into account
all possible behaviors of the composite: parallel, serial and
mixed. This formulation defines the composite strains as a
proportional sum of the serial and parallel strains found in
1t

Ceri=(1— x)“a{’j“r + R (12)

Where &/ and &} stand for the parallel and serial
strains, respectively, and R is the proportionality parameter,
that depends on the fiber orientation. This parameter has to
be obtained from experimental data. The serial and parallel
strains of the composite are obtained as a function of the
strains of the constituent materials, *¢;;, as follows:

n

1 n

c.par __ Sa.. c.ser __ Sa..

el _;E eij and ‘g —E &ij (13)
s=1 s=1

One of the main drawbacks of this formulation is its de-
pendence on experimental data, required to define the value
of R. Recently, Rastellini et al. [35, 36] have developed a
more general formulation of the mixing theory capable to
take into account the serial and parallel performance of the
composite automatically, without the need of experimental
or calibration parameters. This formulation is explained in
the following section.

2.2 Serial/Parallel Mixing Theory

The serial/parallel rule of mixtures is an improvement of the
classical mixing theory, in which the iso-strain hypothesis is
replaced by an iso-strain condition in the fiber direction and
an iso-stress condition in the transversal directions [2].

2.2.1 Definition of the Serial and Parallel Components of
the Strain and Stress Tensors

The serial/parallel (SP) model considers that the constituent
materials of the composite act in parallel in a certain direc-
tion and in serial in the remaining directions. Consequently,
it is necessary to define and separate the serial and parallel
components of the strain and stress tensors.
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(c) Mixed mode behavior

(b) Serial behavior

Defining e as the director vector that determines the par-
allel behavior (fiber direction), the parallel projector tensor
Np can be defined as follows:

Np=e1 ®ey (14)

From Np, the 4th-order parallel projector tensor, Pp, is
defined as:

Pp=Np®Np (15)

The serial projector tensor Pg is evaluated as its comple-
ment:

Ps=1—Np (16)

Both tensors can be used to find the parallel part of the
strain tensor € p and its serial part €5:
ep=Pp:e and eg=Ps:¢ (17)

Hence, the strain state is separated into its parallel and
serial part:

e=¢p+eg (18)

The stress state can be separated analogously, finding its
parallel and serial parts using the 4th-order tensors Pp and
Pg as:

o =o0p+os (19)
where,
op=Pp:o and os=PFPs:0o (20)

2.2.2 Numerical Modeling Hypotheses

The numerical model developed to obtain the strain-stress
state in the composite is based on the following hypotheses:

i. The constituent materials of the composite are subjected
to the same strain in the parallel direction. The parallel
direction corresponds to fiber orientation.

ii. The constituent materials are subjected to the same
stress in the serial direction.

iii. The response of the composite material is directly re-
lated to the volume fractions of its constituent materials.

iv. The phases in the composite are considered to be homo-
geneously distributed.
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v. The constituent materials are considered to be perfectly
bonded.

Although these hypotheses, as well as the serial/parallel
mixing theory, can be applied to composites with any num-
ber of components, the developed formulation is restricted
to only two of them. Therefore, for the sake of consistency,
only two composite constituents are included in the theory
description: fiber and matrix.

2.2.3 Equilibrium and Compatibility Equations

The equations that define the stress equilibrium and estab-

lish the strain compatibility between the individual compo-

nents follow the hypotheses previously described. These are:
Parallel behavior:

‘ep="ep="7Tep

21
Co’pzmkm0p+fkf0p @
Serial behavior:
Cog="kMgg + FikS g
N S S (22)

cog="0g="'oyg

where the superscripts ¢, ” and / stand for composite, ma-
trix and fiber, respectively, and ‘k is the volume-fraction co-
efficient of each constituent in the composite.

2.2.4 Constitutive Equations of Compounding Materials

When applying the serial/parallel mixing theory, it is possi-
ble to use any constitutive equation to describe the structural
performance of each composite compounding material. The
constitutive equations used can be different for each compo-
nent (i.e. an elastic law to describe the fiber behavior and a
damage formulation to describe the matrix behavior). Con-
sidering that additive plasticity is used to formulate the con-
stitutive equations of the materials, the stresses in the matrix
and the fiber are obtained as:

Mg ="C: ("e —"eP)

fo=/IC: (fs - fg") (23)

where &P and [’ are the matrix and fiber plastic-strain
tensors, respectively, and ™ C and fC are the matrix and
fiber constitutive tensors.

These equations can be rewritten to consider the serial
and parallel separation of the strain and stress tensors ((18)
and (19))

i iCppiC i P
'O'P - PP . PS . .SP .85 (24)
'og "Csp 'Css 'es —'eg

where,

iCpp=Pp:'C:Pp
iCps=Pp:'C: Pg
iCgp=Ps:'C: Pp
ICgs=Pg:iC: Pg

withi =m, f (25)

2.2.5 Serial/Parallel Rule of Mixtures Algorithm

The strain state of the composite material, ‘¢, at time ¢ + At
is the known variable entered into the algorithm. Using this
variable, the serial/parallel rule of mixtures algorithm has
to determine the strain and stress states of each component
that fulfills the equilibrium, the compatibility and the consti-
tutive equations and the evolution of the internal variables.

The first step of the algorithm is to separate the strain
tensor into its parallel and its serial components, in order to
compute the strain state in the matrix and the fiber. Accord-
ing to (21), the parallel strain component is the same for both
materials and for the composite. However, to determine the
serial strains, it is necessary to predict the expected strains
in one of the composite compounding materials. If this pre-
diction is made for the matrix, the algorithm computes its
serial strain increment as [2]:

[ Aes]
—A: [fcss CAss+ Tk (fcsp — mcsp) ZCAEP] (26)

where A = ("k/ Cgs+ k" Css) ' and " Agg = T2 [Ceg] —
f€es].

The initial prediction of the serial strains, is obtained con-
sidering that the serial strains of fiber and matrix are equiv-
alent to the serial stiffness of both materials. Once having
made the strain prediction, fiber serial strains are obtained,
for this first iteration and for iteration n, by using (22):

Kiar ["es]" @7)

t+At [fASS]” _ fit+m [CSS] - -
k k

where t+At [mgs]n — t[mES] + [m ASS]n.

The following step consist in recombining the serial and
parallel components of the strain tensor (18). In order to ap-
ply the constitutive equations to obtain the stress tensor and
the updated internal variables for both materials. The fiber
and matrix materials are modeled according to their own
constitutive laws. In the case of an additive plasticity law,
(23) is used to obtain the stress tensor for each one of them.

The serial stresses obtained for fiber and matrix from
their constitutive law must fulfill iso-stress condition:

[Aog]® =T [’”05]" — 1A [-fag]n < tolerance (28)

If the residual stress is smaller than the defined tolerance,
the computed strains and stresses are considered correct and
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Fig. 5 Flow chart of the .
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the structural calculation can continue. However, if (28) is
not fulfilled, the initial prediction of the matrix strain ten-
sor has to be corrected. This correction is performed using a
Newton-Raphson scheme, which is updated using the Jaco-
bian of the residual forces. The Jacobian is obtained deriving
the residue function with respect to the unknown. According
to Rastellini [37], the expression for the Jacobian is given as
follows:

_ dAog

m
0 XY meg=t+Aat[mgqn

=["Css]" + Y;—]]i [szs]n (29)

and, the expression for correcting the matrix serial strains
becomes:

t+AL [mgs]n'i-l — t+At [mSS]n _ J—l . [AUS]” (30)

The Jacobian must be obtained using the tangent consti-
tutive tensor for the fibers and the matrix, in order to reach
quadratic convergence in the serial/parallel mixing theory.
However, depending on the constitutive equation defined for
each material, it is not always possible to obtain an analyt-
ical expression for this tensor. In order to obtain a reliable
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algorithm, the tangent constitutive tensor is computed with
a numerical derivation, using a perturbation method. A de-
tailed description of the perturbation method used can be
found in [38, 39].

2.2.6 Implementation in a Finite Element Code

The serial/parallel mixing theory is implemented in PLCd
[40] finite element code. This code works with two and
three-dimensional solid geometries and with beam ele-
ments. It can deal with kinematic and material nonlin-
earities. It uses various constitutive laws to predict the
material behavior (Elastic, visco-elastic, damage, damage-
plasticity, etc. [41]) and uses different yield surfaces to con-
trol their evolution (Von-Mises, Mohr-Coulomb, improved
Mohr-Coulomb, Drucker-Prager, etc. [28, 42]). The New-
mark method [43] is used to perform dynamic analysis.
A more detailed description of the code can be obtained
from [44, 45].

The serial/parallel mixing theory is implemented in
PLCd code at the constitutive level, adding the iterative
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Shear Mode Extensional Mode

Fig. 6 Shear and extensional buckling modes defined by [1]

procedure described previously. This implementation is de-
scribed in the flow chart shown in Fig. 5. The capability of
PLCd to solve composite structures using the serial/parallel
mixing theory has been already proven by Martinez et al.
in [38].

3 Compression Strength of Composite Materials

Since the first investigation made by Rosen [1], many au-
thors have studied the problem of long fiber composites un-
der compression efforts. These studies have led to different
formulations that provide an approximation to the maximum
compression stress that can be applied to the composite. The
present section summarizes the most relevant formulations
found in literature, dealing with the problem of compression
strength in long fiber composites, due to the fiber buckling
phenomenon.

3.1 Rosen Model

The first known study in which the compression strength of
long fiber composites was related to the fiber buckling prob-
lem corresponds to Rosen [1]. This study has been summa-
rized by Jones in [46]. To obtain the compression strength
of the composite, Rosen considered the fiber as a column
on an elastic foundation. With this model in mind, two dif-
ferent buckling modes were defined: extensional and shear
buckling. These two modes are shown in Fig. 6.

To obtain the compression strength of the composite,
Rosen defined a two dimensional model in which fibers
are considered plates infinitely wide. With this assumption,
an energy method [47] was applied to obtain the buckling
load of the plate considering m transversal restrictions along
its length. Minimizing the resulting expression in function
of m, the equations obtained to compute the composite max-
imum compression stress are, for each buckling mode:

o Extensional mode:

E ViEnE
oc,max=2[vf+<1—vf>E—ﬂ /ﬁ (31)
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Fig.7 Maximum compression stress that can be applied to an E-Glass
composite using Rosen’s formulation

being V the fiber volumetric participation and E,, and
Ey the matrix and fiber elastic modulus, respectively.
This equation considers an iso-strain condition in fiber di-
rection. If £}, < E y, matrix stresses can be neglected and
expression (31) can be simplified to:

[ViELE
O¢,max — 2Vf :S(mefo) 32)

e Shear mode:

Gm
1=Vy

(33)

O¢,max =

where G, is the shear stiffness of matrix material.

The buckling mode that will lead to the failure of the
composite depends on the volume content of fiber in the
composite. The plot of the results obtained with expressions
(31) and (33) in function of the fiber volumetric participa-
tion for an E-Glass composite, is displayed in Fig. 7. This
figure shows that for fiber volume contents lower than 0.18
the buckling mode that will lead to the composite failure is
the extensional mode and, for fiber contents larger than 0.18,
the compression strength is produced by the shear mode.

The most known expression known of the Rosen model
corresponds to the maximum compression of the composite
due to shear buckling (33). This is because the fiber volume
content in the most commonly used composites, is in the
range of 50-60%. It is easy to see, and Fig. 7 proves it for
an E-Glass composite, that shear buckling is the mode that
provides the lower compression strengths for these ranges of
fiber volumetric participation.

Following the same idea used by Rosen to formulate his
model, Lo-Chim [48] and Xu-Reifsnider [49] developed two
different models that try to improve Rosen’s one. Hereafter
are described both of them.
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3.1.1 Lo-Chim Model

The model proposed by these authors follows the same pro-
cedure used by Rosen, reducing the number of assumptions
made. These authors added a term, during the derivation
of the result, to account for unknown boundary conditions.
This term is obtained by fitting the model to the experimen-
tal results. Therefore, the equation proposed to obtain the
compression strength of the composite is [48]:

Gz

L5+ 12(2)2(F2)

(34)

O¢,max =

where the variables G, and E1; are obtained using the elas-
tic mechanical parameters of fiber and matrix and their vol-
umetric participation in the composite.

3.1.2 Xu-Reifsnider Model

The model proposed by Xu-Reifsnider [49] replace the Tim-
oshenko beam formulation used to obtain the compression
strength of a column, by the problem of a column embedded
in an elastic foundation. With this substitution, the expres-
sion obtained by these authors to characterize the maximum
strength that can be applied to the composite becomes:

O¢,max

— G [vf 4 Emg m} <2<1 Fum)
Ey

m/mnry
3(5_?)(vfg_?+1—vf)(1+vfuf+vm(I—Vf))

sinns)
+l-f - (35)

Being n and £ two empirical parameters. These are in-
troduced into the equation to consider the bond strength be-
tween fiber and matrix and the effect of matrix slippage, re-
spectively.

From the first model developed by Rosen, and the updates
proposed by Lo-Chim and Xu-Reifsnider, different authors
have studied the fiber buckling problem in composites, ob-
taining more accurate expressions to compute the maximum
compression strength that can be applied to the composite.

All new formulations maintain the dependence of fiber
buckling in fiber volume fraction and matrix shear stiffness
but they do also introduce a new parameter in the equation:
fiber initial misalignments.

3.2 Fiber Initial Misalignments

The effect of fiber initial imperfections on the compression
performance of long fiber composites has been assumed and
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proved by all authors studying the problem. Therefore, the
measurement of fiber initial misalignments appears essential
to obtain an accurate prediction of the compression strength
of the composite [15].

Yurgartis [50] developed an optical technique consisting
in cutting the composite at an angle and measuring the major
axis of the ellipse formed by the intersection of a cylindrical
fiber with the cutting plane. The determination of the cutting
angle was made assuming a symmetric distribution of fiber
misalignment. This technique has been refined afterwards
by Barbero and Tomblin [3], which accurately measured the
angle of cut by measuring the major and minor axes of the
ellipse formed by the rod specimen.

A first attempt to obtain a three dimensional measure-
ment of fiber initial misalignments was made by Paluch [51],
by taking a stack of sections of the composite and matching
the fibers found in each XY image of each section. From
this first attempt, Clarke et al. [52] developed a new tech-
nique in which the three dimensional spatial distribution of
fiber misalignments could be obtained. This technique uses
a confocal laser scanning microscope (CLSM) to obtain the
each fiber position along the Z-axis of the sample. The main
advantage of using a CLSM is that the data acquisition is
non-destructive, therefore the composite does not have to be
cut at different Z-sections, being more easy to correlate the
fiber position between sections.

Finally, its worth to mention the work made by Jochum
and Grandidier [15]. These authors made several single fiber
specimens of a Torray T300 carbon fiber embedded in an
epoxy matrix. The apparition of initial fiber misalignments
where recorded during the curing process using an optical
microscope, thanks to the transparency of the matrix. These
authors propose an elastic model to explain the apparition of
fiber initial misalignments during the curing process of the
composite.

3.3 Barbero and Tomblin Model

Being aware of the importance of fiber initial misalign-
ments in the compression performance of composite mate-
rials, Barbero and Tomblin [3, 4, 6] developed a formula-
tion, based on continuous damage mechanics, to predict the
compression strength of composite materials, taking into ac-
count fiber initial imperfections.

The model developed is based in the following hypothe-
sis:

i. Matrix shear stiffness is non-linear and can be character-
ized by an hyperbolic tangent function.

ii. Fiber misalignments in the composite follow a Gaussian
distribution.

Taking into account these two hypothesis, the relation be-
tween the buckling stress in the composite and the fiber im-
perfection is obtained using the principle of total potential
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energy. The final expression obtained to calculate the criti-
cal compression stress in the composite is [6]:

o(a,y)
jr— Tu
2y 4 )
(V2= D(e¥% — &%) + (V2 + D(e®VD¢ — 1)
X
1 + €28 4 ev28 4 (2+V2)g

(36)

With ¢ = yGrr/7,. And being t, the maximum shear
strength of matrix material, Gy 7 the matrix shear stiffness
(defined by an hyperbolic tangent function), y the shear
strain in the composite and « the misalignment angle of
fibers.

Expression (36) provides the maximum compression
strength that can be applied to the composite considering
that fibers have a misalignment angle «. Once having this
expression, a continuum damage model is applied to the
compression stress of the composite to obtain the composite
performance. Therefore,

oc =0(@)[l —w(@)] (37)

Where w () is the area of buckled fibers per unit of ini-
tial fiber area. The area of bucked fibers is proportional to
the area under the normal distribution located beyond the
misalignment angle +«, and it can be computed as,

w(a) = 2/00 f(a')da’ (38)

with f (o) the probability density of the normal distribution.

Thus, the model developed by Barbero and Tomblin not
only provides the maximum compression strength that can
be applied to the composite before fiber buckling (for a given
misalignment angle, (36)), but also provides the stress evolu-
tion of the composite. This stress evolution depends on the
number of fibers that have buckled; fibers with large mis-
alignments will buckle for lower loads. Equation (37) is im-
portant because there are few models that provide the post-
critical performance of the composite once the maximum
compression stress has been reached.

3.4 Balac6 de Morais Model

Another approximation to the compression strength of com-
posite materials due to fiber microbuckling is the one pro-
vided by Balac6 de Morais [7-9]. This author considers that
fiber misalignments have a sinusoidal shape and assumes a
shear buckling mode of the fibers. The compression strength
is derived from the variational principle of the minimum po-
tential energy of the system, which is defined as:

N=Us+Un—W (39)

Being U the fiber bending strain energy, Uy, the matrix
shear strain energy and W the work done by the compres-
sion load. To obtain the shear strain energy of matrix mate-
rial a Drucker-Prager yield model has been considered. The
work done by the compression load is obtained using a large
displacement formulation.

Once having defined all parameters of (39), the minimum
potential energy equation is numerically solved for succes-
sive increments of the stress acting on the fiber, to obtain
the lamina compression strength using the parallel mixing
theory:

op=Vyor+ {1 —Vy)ou 40)

The main problem with this approach is that it is compu-
tationally very expensive. To solve this inconvenience, the
model is simplified to a linear formulation [9]. The new
model assumes small displacements to compute the work
done by the compression load, matrix strain energy is ob-
tained considering linear elasticity and fiber strain energy
is neglected. With these assumptions, a fourth order poly-
nomial equation is obtained that provides the compression
strength of the composite.

A further simplification is made with the consideration
that if fibers are considerably stiffer than matrix, when ma-
trix fails, matrix compression stress is much smaller than the
compression yield stress and thus negligible. This assump-
tion leads to a close form expression in which the composite
compression strength is obtained as:

oc = —— @1)
9 + VY Tum
0T TFV7 G,

Being, 1,;,, the maximum shear stress that can take the
matrix, 8y the initial fiber misalignment angle and G,, the
matrix shear stiffness. According to Balacé de Morais [9],
this expression works well with composites made with stiff
fibers such as Kevlar or Carbon but loses its accuracy with
less stiff fibers such as E-Glass.

3.5 Drapier Model

An interesting approach to obtain the compression strength
of composite materials is the one developed by Drapier et
al. [10, 11], who solve the fiber microbuckling problem in a
two scale context. In it, the displacement field is formulated
taking into account the meso displacements of the structure
and the micro displacements of the fibers due to their initial
misalignments.

Drapier model appears as a response to the experimen-
tal results described by Wisnom [53] and Grandidier et al.
[54]. These authors showed that the compression perfor-
mance of the composite depends, not only on the material
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Fig. 8 Deformations defined in the meso-micro model defined by
Drapier et al. Figure obtained from [11]

and its initial imperfections, but also on the meso-scale con-
figuration of the composite (composite thickness and stack-
ing sequence) and the loads applied to it. In order to take
into account the micro and the meso scales, the model de-
veloped by Drapier defines the composite displacement as
the sum of the composite meso, or global, displacement and
the fibers micro, or local, displacement:

u(x) =ucx)+up(x) (42)

The physical meaning of these two displacements is
shown in Fig. 8, where both displacements are represented.
This figure has been obtained from [11].

Once having defined the two scales that are used to char-
acterize the composite, the authors develop a specific finite
element which formulation is obtained by coupling the equi-
librium in both scales. This element is defined using a two-
dimensional characterization of the composite. The element
equilibrium is written using the Principle of Virtual Work
(PVW), and its expression is:

/{fVEfrg%v”av”JrcT(Sy]der (F:8u) =0 (43)
w

where /V is the volume fraction of fibers, E 7 is fiber young
modulus and r, the radii of gyration of fibers. The para-
meter v corresponds to the vertical component of the total
displacement u, and y is the Green-Lagrange strain tensor.
Finally, CT stands for the secant stiffness matrix of the com-
posite and F for the external forces applied to the element.

The first term of the PVW defined by (43), represents the
fiber bending stiffness and is necessary to obtain a good pre-
diction of the compression strength of the composite [11].

The model is defined considering the fibers an elastic ma-
terial and modeling matrix material as non-linear, with a J2
law.

Drapier et al. compare the results obtained with the model
with theoretical and experimental data. Special attention is
paid to the capacity of the model to take into account the
stacking sequence of the laminate, its thickness and the
type of loading and boundary conditions. These compar-
isons show the good performance of the model.
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3.6 Other Authors Dealing with the Problem. Structural
Models

Another scope used to solve the problem, different to the
formulations shown above, is the one used by Parnes and
Chiskis [12] or Akbarov and Kosker [13, 14]. These authors,
solve the problem studying the structural compatibility be-
tween fiber and matrix stress-strain fields.

3.6.1 Parnes and Chiskis Model

The formulation proposed by Parnes and Chiskis [12] is
based on the study of a two dimensional representative vol-
ume element of the composite, where fibers are charac-
terized as periodically spaced layers embedded in an elas-
tic matrix. Fibers displacement is defined with a sinusoidal
function. The authors apply the Euler-Bernoulli elastic the-
ory to this RVE to obtain the composite stresses and strains.
To do so, they take into account the structural compatibility
between fiber sinusoidal displacement and matrix restrain.

With the developed formulation, the value of fibers
strains are:

m 1 ;m 2
Es,1 = ljtlmv% |:2+4+nl;2 U‘I’S,T:| +’7% (44)
with, np = n% (HF representing the fiber thickness and
L the buckling length) and Wg 7 a function of the RVE cell
geometry and the matrix Poisson modulus. Two different W
functions are defined, Wg and W, to characterize shear and
transverse buckling modes, respectively.

The buckling stress is obtained minimizing the value of
es. 7 in function of nr, that is equivalent to minimize g 7
according to the buckling length L.

In case of having a composite with low fiber volumet-
ric participation, the authors prove that the critical buckling
strain does not depend on the buckling mode and its value
can be approximated by:

m um F 23
%%ECH V(3 —4 v)) E} 45)

1—myp mg

With the expressions obtained, the authors conclude that
elastic fiber buckling of composites takes place specially
in composites with small fiber volume fractions and high
I E /™ E ratios. They also conclude that buckling only takes
place in transverse mode, as the buckling stresses obtained
for the shear mode are always larger.

Finally, the study of the results obtained with the devel-
oped formulation provides the authors with a function v;?
that provides a differential behaviour of the composite ac-
cording to its fiber volumetric participation. Buckling will
take place with a finite wave-length if fiber volumetric par-
ticipation in the composite is lower than v}‘-, and will buckle
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with an infinite wave-length if the volumetric participation
is larger.

3.6.2 Akbarov and Kosker Model

The solution of Akbarov and Kosker follows the path de-
fined by Guz and Lapusta [55], based on using the three di-
mensional linearized equations of stability, and the model of
a piecewise uniform medium. The matrix (uniform medium)
is simulated with a viscoelastic model. Fibers are simulated
as an elastic material with an initial periodic imperfection
along its longitudinal axis.

Based on the viscoelastic formulation defined for the ma-
trix, the formulation developed calculates the time at which
fibres buckle when the composite is loaded with a uniform
pressure. In [13], the authors study the mechanical behav-
iour of a single fiber embedded in an infinite matrix. In [14],
what is studied is the interaction of two adjacent fibres un-
der the same conditions. In both studies, fiber buckling is
considered to occur when the growth of the fiber initial im-
perfections increase indefinitely.

3.7 Puig and Oller Model

The model developed by Puig and Oller [16, 56] to obtain
the compression strength of composite materials due to fiber
buckling can be considered the point of departure for the
formulation that is presented in this paper.

These authors deal with the compression strength prob-
lem using a continuum mechanics approach and obtaining
the constitutive performance of the composite using the par-
allel mixing theory.

Up to this point, all authors studying the fiber microbuck-
ling problem obtain expressions that provide the maximum
compression stress that can be applied to the composite,
which is treated as a single material. These formulations
cannot provide solutions for composites in which its con-
stituent materials show a non-linear behavior or, when non-
linearities are considered, they are pre-defined and are part
of the formulation.

The main advantage of the model proposed by Puig and
Oller is that, using the mixing theory, composite constituents
can be simulated with any existing constitutive model. This
increases the applicability of the formulation developed, be-
ing possible to use it for simulating any possible composite
in which the compression strength due to fiber buckling has
to be taken into account.

The formulation proposed by these two authors is a modi-
fication of the isotropic damage model defined by Kachanov
[57, 58], that adds a new internal variable related to the fiber
buckling phenomenon. With the proposed formulation, the
stresses in the fibers are:

fo=(1-dp—dyC:e (46)

being C the composite constitutive tensor, d s the mechani-
cal damage parameter and d, the buckling damage parame-
ter. The expression for this last parameter is:

d, = f1(fiber) f> (matrix) 47)

Where f(fiber) is a function that depends on fiber buck-
ling stress and f,(matrix) is the matrix damage parameter.
Function f] is obtained from the critical Euler load that can
be applied to a column. Its final expression is [59]:

41 \?
fi(fiber) = <ﬁ) I3 (48)

Being [ the length of the fiber, which is a parameter re-
quired by the formulation, n the buckling mode, d the fiber
diameter and ¢ the longitudinal strain of fiber material. The
buckling mode that will lead to fiber buckling is computed
as:

n="L e 49)

nd

Although the model developed by Puig and Oller pro-
vides a good numerical performance, it fails in not consid-
ering important parameters related to the fiber microbuck-
ling problem such as fiber initial misalignments. Also, with
the proposed formulation, the effect of matrix restrain over
fibers is included into the formulation in a too simplistic
form, with the matrix damage parameter, f5.

4 Homogenized Constitutive Equations to be
Introduced into the Serial/Parallel Mixing Theory:
CuBER Problem

4.1 Representative Volume Element to Solve the Fiber
Buckling Problem

According to the different authors that have studied the
problem, a micro-model capable to simulate the fiber buck-
ling phenomenon must take into account fiber initial mis-
alignments, the proportion of fiber and matrix in the com-
posite and matrix shear strength. A Representative Volume
Element (RVE), depending on these three parameters, can be
the one shown in Fig. 9. This figure also shows, in dashed
lines, the final position expected in the fibers after applying
the compression force.

The performance that is obtained from fiber and matrix
materials, when solving the RVE shown in Fig. 9, must
be translated to constitutive properties in order to include
them in a mixing theory formulation. Figure 9 shows that,
when the composite is compressed, fiber initial misalign-
ments tends to increase; but their deformation is restrained
by matrix material. Thus, the constitutive performance ex-
pected in each material is:
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Fig. 9 Fiber-matrix system. Fiber behaviour when the composite is
compressed

Fig. 10 Curved bar under unilateral elastic restrain problem

Fiber: Its structural stiffness is reduced due to its original
misalignment, as a result of its structural deformation.

Matrix: Stresses in it increase because of the restriction
made over fiber movement.

These two performances can be obtained also by solv-
ing a simplified unidirectional model consisting in a Curved
Bar under unilateral Elastic Restrain (CuBER), like the one
shown in Fig. 10. The solution to the structure shown in this
figure has already been used by other authors to solve sim-
ilar problems. Naik et al. [60] used it to study weave fabric
composites and Wang and Shenoi [61] to study curved sand-
wich beams.

4.2 CuBER Equations

The problem of a curved bar under unilateral elastic restrain
was first formulated and solved by Hetenyi [62]. Figure 11
shows the geometry considered.

The hypothesis in which the curved bar under unilateral
restriction problem is solved are the following:

i. All components defining the problem, the bar and the
foundation in which it is supported, have an elastic be-
havior.

ii. The axis of the bar is contained in an arch of a circle
of radius R. The arch length is defined by its internal
angle 2« (Fig. 11).

iii. The reaction forces of the foundation are proportional to
the radial deflection of the bar.

iv. The deformation of the bar due to normal stresses is neg-
ligible.

According to the hypothesis exposed, the elastic restrain
of the bar can be idealized as a continuous spring which pro-
duces a radial load in the bar, proportional to its radial dis-
placement:

g =k (50)

Being g the radial load produced by the elastic restriction
over the bar, w the bar radial displacement and k the elastic
restrain.
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Fig. 11 Geometry of the bar to be considered in the CuBER problem

Q+dQ

q=ko
LT
y M au
N N+dN
/ \
Q
L do |

Fig. 12 Forces acting on an infinitesimal section of the curved bar

The equations describing the bar behavior are obtained
studying an infinitesimal section of the bar, such the one dis-
played in Fig. 11, in which acts a normal force N, a shear
force QO and a bending moment M. These are displayed in
Fig. 12.

The study of the equilibrium of forces in an infinitesi-
mal section of the beam leads to three different equilibrium
equations. The equilibrium equation in the radial direction
can be written as:

qgds — Nd¢p=dQ (G20
The equilibrium equation in the tangential direction is:
Qd¢ =dN (52)
And the momentum equilibrium equation is written as:
QORdp =dM (53)
Neglecting the axial deformation of the bar due to the
normal force N (hypothesis iv), the differential bending

equation of a circular arch of radius of curvature R and flex-
ural rigidity E1 is, according to Hetenyi [62],

d’w w
EI 2R =-M 54)
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Rearranging (51) to (54), the bar displacement in its ra-
dial direction is defined by the differential equation:

Po Lo pdo_ (55)
des T Cagd T ag T
where,

_ Rk +1 (56)
T=\EI

The general solution for (55) is:

w(¢) = Co + [C1 cosh(n1¢) + C2sinh(119)] cos(12¢)
+ [C3cosh(n1¢) + Casinh(n1¢) | sin(mp)  (57)

with,

n—1 n+1
_ = =/ 58
n1 3 n2 > (58)

and Cy, C1, Ca, C3, C4 the integration constants of the dif-
ferential equation, which value is obtained when imposing
the boundary conditions of the problem.

Two of these integration constants can be obtained
straightforward using the symmetry shown in Fig. 11. It can
be easily verified that, if the origin of angle ¢ is defined
in the axis of symmetry, the following boundary conditions
must be fulfilled:
dw

@q)zozo and Q(p=0)=0 (59)

The result of applying these two conditions to the pre-
vious equations is that the integration constants C and C3
have to be 0.0.

If integration constants C, and C3 are eliminated, the
general expression of the beam displacement becomes:

w(¢) = Co + Cy cosh(n1¢) cos(129)
+ Cy4sinh(119) sin(12¢)) (60)

and, replacing (60) into (51) to (54), the efforts on the bar
are:

El
M) = —F{Co — 2n1n2[+Cq sinh(n1¢) sin(n2¢)
— Cy cosh(n1¢) cos(n2¢)1}
El
Q) = _anl’h{(nlcl + 1n2C4) cosh(n1 ) sin(n2¢)
(61)
+ (m2C1 — 11C4) sinh(n1¢) cos(m2¢)}
El
N(¢) = RkCyp + FZUIUZH‘CI sinh(n1¢) sin(n2¢)

— C4cosh(n1¢) cos(n20)}

Fig. 13 Boundary conditions to be applied to the CuBER problem

According to Hetenyi [62], the angular deflection of the
beam can be obtained as the integral of the elementary rota-
tions M/EI along the bar. If this integral starts in the axis
of symmetry shown in Fig. 11, the initial rotation is zero and
the value of the angular deflection becomes:

C[SMe) [P M)
0(¢>)_/0 o ds_fo —; Rdy (62)

And the vertical and horizontal displacement of the beam
can be obtained as,

[}
u($) = o — /0 6(¢) R sin(g)dg

) 63)
v(@®) = vo — fo 6(¢) R cos(p)dg

with,

© = u($) sin(@) + v($) cos(@) (64)

The expression for the bar displacements w, u and v, as
well as for the bar efforts M, Q and N, depends on the value
of the integration constants: Co, C; and C4. The value of
these constants is obtained by defining three more boundary
conditions of the problem.

4.3 Boundary Conditions and Solution of the CuBER
Problem

The final expressions defining the behavior of the CuBER
problem require the definition of three boundary conditions,
in order to obtain the value of the integration constants Cy,
C 1 and C4.

Using all symmetries existing in the geometry shown in
Fig. 10, the problem can be simplified to the one shown in
Fig. 13.

In which the boundary conditions to be applied are:

Ist BC: M(¢p=a)=0
2nd BC: N(¢ =a)cos(a) — Q(¢p =a)sin(a) = P (65)
3rd BC: v(¢p=a)=0

These three boundary conditions, applied to (60), (61)
and (63), define a linear system of equations that will pro-
vide the specific values of Cp, C1 and Cy.
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4.4 Definition of the CuBER Problem Using the
Composite Properties

This section describes the properties of the composite re-
quired to have well defined the CuBER problem.

The fiber buckling problem is formulated for composite
materials made of long fibers embedded in a matrix. Thus,
the fiber buckling problem is characterized by the properties
of fiber and matrix materials. If the composite is a laminate,
the described properties are required for each layer.

4.4.1 Matrix Characteristics

When solving the CuBER problem, matrix is considered an
isotropic material. This supposition allows defining the elas-
tic restrain k defined in (50), as a constant variable with the
same value in all space directions.

Although the serial/parallel mixing theory can use any
type of constitutive law to characterize the materials that
compose the composite, the formulation developed to solve
the fiber—buckling phenomenon uses the isotropic damage
formulation described in [58, 63] to simulate matrix mate-
rial. With this formulation, stresses in matrix are obtained
as:

Mg =(1—d)"aq (66)

Being o the damaged (or real) stress tensor and o the
effective stress tensor and d the damage parameter. In an
isotropic damage formulation, the material stiffness is also
affected by the damage parameter. Therefore, the restrain
that is applied by matrix to the fiber is computed as:

k= (1 — d)ko (67)

Where kg corresponds to the initial elastic restrain, which
value is defined as the matrix Young Modulus, " E, and k is
the effective restrain that can be applied in function of the
level of damage existing in matrix material.

Although the performance of matrix material has been
defined using a damage formulation, in the procedure devel-
oped this formulation can be easily replaced by other mate-
rial evolution laws such as plasticity. In the particular case
of a plastic law, the internal variable d used in (67) must be
replaced by «, being « the plastic damage variable.

4.4.2 Fiber Characteristics

The equations describing the CuBER problem require the
elastic stiffness of fiber material. Usually, fiber buckling
takes place before the material reaches its threshold stress
so, if fiber is defined by its Young Modulus, in order to take
into account possible damages in fiber material (i.e. if a ten-
sile stress is applied to the composite before compressing
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Fig. 14 Transformation of a sinusoidal shape into a circumferential
one
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it), the elastic stiffness used in the CuBER problem for fiber
material is:

TE=01-d)E,y (68)

Equation (68) assumes that fibers are simulated using a
damage formulation. But, as has been already said for ma-
trix, this parameter can be replaced by any other internal
variable representing the stiffness reduction of the material,
if a different material characterization is used.

4.4.3 Fiber Misalignments

Fiber misalignments are commonly defined in literature with
a sinusoidal shape, characterized by its amplitude (A) and
wavelength (1). To be able to use the CuBER problem for-
mulation, it is necessary to transform this shape into an arch
of circumference. The formulation proposed considers that
both curves are similar enough to be replaced one by the
other (Fig. 14).

Applying the circumferential equation, the radius and the
arch angle can be obtained from the amplitude and wave-
length values as:

_AZ 4 (h/4)?
N 2A

) A
o =arcsin | —
4R

4.4.4 Non-linear Performance of the CuBER Problem

R
(69)

The CuBER problem is solved assuming that all compo-
nents are elastic. However, both fiber and matrix materials,
are simulated using a damage formulation, which provides a
non-linear material behavior.

In order to be able to solve the CuBER problem formula-
tion when any of the composite components reach its thresh-
old stress, an explicit incremental approach is used to solve
the CuBER equations. This approach is based on the as-
sumption that during a load step, the variation in the stiffness
of the composite components is small enough to be replaced
by a constant stiffness value. The stiffness values considered
at each time step for the matrix and the fiber are the ones ex-
posed in (67) and (68), respectively.

Considering correct the assumption that the stiffness vari-
ation is negligible during a load step, what must be taken
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Fig. 15 Evolution of fiber
misalignments in the loading
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into account is the stiffness variation of both materials along
the loading process. To do so, an incremental approach is
used: At each load step, the fiber misalignment geometry
is actualized according to the results obtained when solv-
ing the CuBER problem. This procedure requires that the
load P, defined in (65), must be the load increment cor-
responding to the current load step, and not the total load
applied to the element.

Applying this explicit incremental methodology, the fiber
misalignments will vary according to the real material prop-
erties of the composite components, and the linear formu-
lation of the CuBER problem is capable of solving a non-
linear problem. Figure 15 shows schematically the expected
variation of fiber misalignments as the compression load in-
creases in the composite.

4.5 Fiber Homogenized Constitutive Equation

The effects of fiber misalignment and its interaction with
matrix material, obtained when solving the CuBER prob-
lem, must be included in the fiber constitutive equation so
the serial/parallel mixing theory can take them into account.
These effects are applied only to the longitudinal direction
of the fiber.

The solution of the CuBER problem provides a structural
displacement of fibers due to their initial misalignments. To
include this effect into the constitutive equation of fiber ma-
terial, this displacement must be transformed into a strain
value. As the CuBER problem does not take into account the
normal deformation of the bar due to the compression force
[62], the total parallel strain in fiber material is divided in
two components: a structural strain, /*¢p, provided by the
CuBER problem; and a constitutive strain, feep, due to the
compression force applied to the composite. Thus, the total
parallel strain in the fiber, fe p,is:

fSPZfC8P+fS8P (70)

Equation (70) considers a serial distribution of the two
mechanical phenomenons, constitutive and structural, that
take place in the fiber material. Therefore, the effect of fiber
misalignment introduces a new structural stiffness to the
fiber material, as it is shown in the following diagram:

Load step 1: AF = P Load step 2: AF = P

fb E fc E fs E
Fig. 16 Serial coupling of the fiber structural and constitutive stiffness

With the configuration shown in Fig. 16, the new fiber
buckling stiffness of fiber material /*E, in its longitudinal
direction, can be computed as the serial composition of the
fiber constitutive (/¢ E) and structural (/$ E) stiffness.

1 1 1

g - TE T TR 71

The fiber constitutive stiffness corresponds to the Young
Modulus of fiber material in its longitudinal direction, and
fiber structural stiffness is obtained form the results provided
when solving the CuBER problem.

The new fiber buckling stiffness, fPE | is introduced in
the constitutive equation of fiber material using a damage
formulation. Thus, a new fiber buckling parameter, /d is
defined as:

fb g
feE

IPE=1-"tay/E — TPg=1— (72)

The fiber buckling parameter affects the constitutive per-
formance of fiber material reducing the effective strength of
the material only in its longitudinal direction. Thus, the new
stresses in fiber are obtained from the elastic prediction of
the stresses as:

fe = —-7"D). Tq (73)
with,
o4 0 0
’p = ? ° . (:) (74)
0 0 .. 0

The fiber buckling formulation described above can be
coupled easily with the constitutive damage formulation
used to characterize fiber material. And, the final stress in
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fiber material, when coupling the effects of fiber buckling
and the constitutive effects, is:

fe=0—-a)-U-""D). faq (75)

Being d the damage parameter obtained from the damage
constitutive equation.

4.5.1 Fiber Structural Stiffness, /* E

The fiber structural stiffness that appears in (71) is obtained
when solving the CuBER problem, from the relation be-
tween the force applied as a boundary condition and the
displacement obtained as a result of this force. Because the
problem is elastic, the relation between the displacement ob-
tained when solving the CuBER problem and the force ap-
plied will be always the same. However, in order to apply
a force proportional to the dimensions of the problem, the
force P that will be defined as a boundary condition cor-
respond to the force corresponding to the total deformation
found in the RVE to be solved. Being the total deformation
of the element & p, the stresses in the fiber will be:

oc='E.Tep (76)
and, the force in one fiber:
P=o-Ap (77)

Being, Agp the area of one fiber of the composite. The
force computed with this procedure is applied to the CuBER
problem to obtain a longitudinal displacement of the fiber,
u(¢p = o) (see Fig. 13). This displacement is transformed
into a strain dividing by the total length of the bar consid-
ered in the CuBER problem. This length corresponds to one
quarter of the wave-length (Fig. 13) and is defined as a mis-
alignment property. Therefore, the strains in the element due
to the structural displacement are,

u(¢p=a)
E=——=

78
0.254 (78)

and the structural stiffness can be obtained from the strain-
stress relation:

fsp—

o P 0.25x
- (79)

T Apu@=a)

Equation (79) shows that the structural stiffness varies in
function of the relation between P and u, which depends of
fiber initial misalignments and the matrix stiffness. This re-
lation remains constant while these two parameters remain
constant but, as soon as fiber misalignments suffer a large
variation or the matrix stiffness is reduced, the structural
stiffness varies, modifying also the constitutive performance
of fiber in the composite.

@ Springer

Once having the structural stiffness due to fiber misalign-
ments, the real structural deformation can be computed us-
ing (70) and (71), obtaining:

feg

fs8=7'f
feE 4+ SE

(80)

Although the only parameter required to modify the fiber
constitutive equation is the structural stiffness, it is impor-
tant to obtain the real strains affected by the fiber buckling
problem. These strains are required to obtain the real de-
formation of the fiber, in order to apply the incremental ap-
proach described in Sect. 4.4.4. When solving the CuBER
problem, the variation obtained for fiber misalignments (am-
plitude and wave-length) correspond to an input strain of / ¢,
while the real strain that should be considered is /*&. Thus,
the values of the results obtained must be scaled by:

SF=_— 81)

fe

To obtain the new amplitude of fiber misalignments, the
vertical displacement of the CuBER bar, for ¢ = 0, has to
be added to the previous amplitude (see Fig. 13). The new
wavelength is obtained subtracting four times the horizontal
displacement u (as only a quarter of the wavelength has been
considered when solving the cuber problem). Therefore, the
regularized misalignment value becomes:

new A — A . —
+SF-v(¢p =0) 82)
new) =X —4SF-u(¢p =)

4.6 Matrix Homogenized Constitutive Equation

When the composite is compressed, the structural displace-
ment of fibers generates stresses in the matrix that surrounds
the fiber. This effect can be seen in Fig. 17, which shows the
transversal stresses (respect fiber direction) and the shear
stresses in matrix material, when a finite element micro-
model of a RVE is compressed.

These structural stresses, that do not exist in the case of
aligned fibers, lead to a matrix failure for lower compression
loads. The stress state for which the matrix failure will oc-
cur is defined by the constitutive equation of matrix material.
In order to obtain the new matrix homogenized constitutive
equation, the structural stresses produced by the interaction
of matrix with fiber, must be included in the damage consti-
tutive law. Two different structural stresses must be consid-
ered: transversal and shear stresses.

As happened when obtaining the homogenized consti-
tutive performance of fiber material, the structural results
(loads and displacements) provided by the CuBER problem
must be transformed into parameters that can be understood
by a constitutive equation, this is: stresses and strains.
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Fig. 17 Matrix structural stresses produced by fiber displacements

Gonzalez and Llorca [19] pointed out that the fracture in
reinforced composites usually occurs due to stress concen-
trations or localized failures. Following this approach, the
stress results from the CuBER problem required to modify
the matrix constitutive law are the maximum values of shear
and transversal stress provided by the model.

4.6.1 Matrix Structural Transversal Stress

Matrix structural transversal stresses are obtained from the
elastic restriction applied by matrix over fiber when solving
the CuBER problem:

qg =kw

being g the radial load produced by the elastic restriction
over the fiber, k the matrix Young Modulus and w the fiber
radial displacement. This last parameter can be computed,
according to the equations presented when solving the Cu-
BER problem, as:

w = Co + Cy cosh(n1¢) cos(n2¢)
+ Cy4sinh(n1¢) sin(n2¢0)

To convert the structural problem into a mechanical one,
the radial load ¢ has to be transformed into a stress. This is
done dividing it by the affected length. This length is con-
sidered equal to the fiber diameter. The resultant stress must
be also divided by two, as half of it corresponds to the com-
pression stress on the matrix found above the fiber and the

other half corresponds to the tensile stress in the matrix be-
low the fiber (see Fig. 17). The matrix transversal stresses
can be obtained with the following expression:

kw
Oyy = —— 83
yy 2@,‘ ( )
Where @ is the fiber diameter. The transversal stress
has associated a perpendicular one, along fiber longitudinal
direction, due to Poisson effects:

k
Opx = —VOyy = —V—r (84)

Dy
According to Fig. 17, the maximum transversal stress in
matrix material due to fiber misalignments is found where
the misalignment amplitude is maximum. In these places,
the fiber displacement corresponds to w(¢ = 0) (Fig. 13)
and its value can be obtained from (60) when solving the Cu-

BER problem. The final matrix structural transversal stress
state "o found, in ¢ = 0, is defined by:

ms - _ ko(@=0) (85)
Oyy = T2g;

4.6.2 Matrix Structural Shear Stress

The unidimensional model developed to simulate the fiber-
matrix interaction of the RVE considered cannot obtain di-
rectly the matrix structural shear stress, as there are not tan-
gential springs in the model for simulating the matrix shear
behavior. Therefore, matrix shear stress is computed using
the matrix deformation. Shear stresses are produced by the
distortion of an infinitesimal element due to a stress state.
This distortion is defined as [64]:

_dux duy
T dy dx

14 (86)

Where the values of uy and u,, as well as their deriva-
tives, can be obtained from (63). The shear stress is obtained
as:

mSny ="Gy (87)

According to Fig. 17, the maximum value of matrix shear
structural stress is found at the inflection point between the
convex and concave arches of circumference. This point
corresponds, in the CuBER problem (Fig. 13), to an angle
¢ = «. The maximum expected shear stress is:

+ =2 (88)
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4.6.3 Addition of Matrix Structural Stresses in Its
Constitutive Equation

The obtained matrix structural stresses cannot be introduced
as real stresses in the matrix constitutive equation, because
the equilibrium between the internal and external forces will
be lost. If the RVE is loaded with a compression force (in
the direction of fibers), the only stresses that can appear in
matrix material are in that same direction.

To solve this drawback, the transversal and shear struc-
tural stresses are defined as fictitious stresses and are in-
cluded in the matrix constitutive equation as internal vari-
ables. These internal variables will lead to a matrix failure
for lower compression loads.

Matrix yield function is defined as:

"F("o,qi) <0 (89)

where "o is matrix stress tensor and ¢; matrix internal vari-
ables. When introducing matrix structural stresses in the
yield function, (89) becomes,

"F*(Mo,qi,"0)<0 (90)

with ™o the matrix structural stresses or fictitious stresses.
This new matrix yield function is defined as:

"F' ("0, qi," o) ="F("o + "0, qi) oD

Figure 17 shows that transversal and shear fictitious
stresses are found in different points of the RVE geometry.
Hence, the value of matrix fictitious stresses to be included
as internal variables are, in a 2D case, the most critical of
the following two:

92)
"oy =SF( 0 0

"oy =SF(™ oy "oy, 0 )
mso—xy )

being FS the scale factor defined in (81). This scale factor
is necessary to adjust the values obtained when solving the
CuBER problem to the real strain that is applied to the RVE
due to fiber misalignments.

The two cases to be considered in a two dimensional sim-
ulation must be increased to five in the case of a three di-
mensional simulation. This is because fiber initial misalign-
ments can be found either in the plane xy or in the plane
xz (unless it is known and defined the plane in which they
are found). Thus, as the fictitious stresses interact with the
stresses found in matrix material due to the loading process,
it is not possible to know a priori which configuration will
damage more the matrix and all of them must be taken into
account. Considering that the matrix stress tensor is defined
by the following components:

Mo = [UXX Oyy Oxy Ozz Oxz Uyz] (93)
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The fictitious stresses that have to be considered in the
new constitutive equation are:

"o =SF(™ay, ™oy, 0 0 0 0 )
"oy =SF("™a,, 0 0 ™oy, 0 0 )
MmSg3=SF( 0 0 ™oy 0 0 0 )94
"oy =SF( 0 0 0 0 ™oy 0 )
MmSgs=SF( 0 0 0 0 0 ™oyy)

4.6.4 Matrix Fracture Length

When solving the damage constitutive equation, using ma-
trix fictitious stresses, an important parameter to be changed
in the damage formulation is the fracture length of the fi-
nite element [63]. The fracture length defines the amount of
energy that can dissipate a finite element of a certain size.
In the case of the formulation developed, the fracture length
do not depend on the dimension of the finite element but on
the dimensions of fiber misalignments. When homogenizing
a structural behaviour, each gauss point contains all infor-
mation of the RVE, independently of the dimension of the
gauss point. Thus, even the dimension of the finite element
is of, i.e. 5.0 um, if the wavelength of the misalignment is of
400.0 um, the fracture energy released in the micro-model
will correspond to damaging all the wavelength of the fiber
misalignment.

The model developed in the CuBER problem represents
half the wavelength of fiber misalignments. Therefore, the
fracture length that has to be considered when adding the
structural fictitious stresses to the constitutive equation is:

Iy =2Ra (95)

5 Validation of the Homogenization Method

In order to validate the approach used to include the effects
of fiber misalignment in fiber and matrix constitutive equa-
tions, the results of a finite element micro-model of the rep-
resentative volume element (RVE) simulated are compared
with the results obtained with the formulation proposed. It
will be shown that the behavior of the RVE is the same in
both models.

5.1 Models Description

A basic composite configuration has been defined to ver-
ify the agreement between the finite element micro-model
and the new formulation proposed. The composite defined
is made of glass-fibers embedded in an epoxi matrix. The
values considered for each component material are average
values, obtained from literature. These are shown in Table 1.

Matrix material has been described with the modified
damage constitutive law defined in previous section. The



Numerical Simulation of Matrix Reinforced Composite Materials Subjected to Compression Loads 377

Table 1 Composite components mechanical properties used to vali-
date the homogenized constitutive equations

Table 2 Misalignment properties and volumetric participations used
to validate the homogenized constitutive equations

Matrix Properties

Elastic Modulus 3.00 GPa
Poisson Modulus 0.30
Tensile Strength 90.00 MPa
Fracture Energy 1.00 kJ /m?
Fiber Properties

Elastic Modulus 80.00 GPa
Poisson Modulus 0.00

yield function used to obtain the stress state in which dam-
age starts in matrix material is based in the norm of the prin-
cipal stresses [58, 63], which non-homogenized expression
is:

F(o,q)) =/ol + 0} + 032 - <0 (96)

Being o; the principal stresses values obtained from the
matrix stress tensor and o”*** the matrix tensile strength.

Using the fact that fiber buckling occurs before fibers
reach their limit elastic strength, fibers are considered to be
an elastic material. The other parameter required to define
fiber elastic properties is the Poisson modulus, which is con-
sidered equal to zero. This is done because fiber transversal
deformations, due to their longitudinal strains, are consid-
ered negligible.

The misalignment properties considered for the basic
model are the ones defined by Jochum and Grandidier [15].
These authors obtain fiber misalignment properties using an
optical microscope. The results obtained from these obser-
vations are:

1. The diameter of the fiber is of 7.0 um
2. Amplitude is one to twice the fiber diameter
3. Wave length is comprehended between 150 and 300 um

With these values in mind, the misalignment configura-
tion defined for the basic model of the RVE are the ones
shown in Fig. 18 and described in Table 2. The volumetric
participation of fiber and matrix in the composite is obtained
from the geometry shown in Fig. 18. This figure shows that
only two fibers are considered in the RVE model. This small
fiber proportion has been chosen in order to see more clearly
the interaction between fiber and its surrounding matrix.

To be certain of the good performance of the formulation
proposed, six different variations of the basic RVE model
have been defined. Each one modifying the different pa-
rameters that affect the micro-mechanical behavior of the
RVE:

Bmod: Basic model with the properties described in Table 2
and Fig. 18.

Fiber diameter 7.0 um
Amplitude 10.5 um
Wave length 225.0 ym
Fiber Vol. particip. 7.0 um
Matrix Vol. particip. 93.0 um

Table 3 Parameters defining the different RVE models developed

RVE By A A TE mg
[um] [um] [um] [GPa] [GPa]
Bmod 7.0 10.5 225.0 80.0 3.0
DfiM 5.0 10.5 225.0 80.0 3.0
DfiL 9.0 10.5 225.0 80.0 3.0
AmpM 7.0 7.0 225.0 80.0 3.0
AmpL 7.0 14.0 225.0 80.0 3.0
FreM 7.0 10.5 150.0 80.0 3.0
FrelL 7.0 10.5 300.0 80.0 3.0
Wmat 7.0 10.5 225.0 80.0 15
Sfib 7.0 10.5 225.0 230.0 3.0
-+
% 24| g
E “Lf 5
|

450 pm

Fig. 18 Geometry of the Representative Volume Element simulated

DfibM & DfibL: Models with the same properties as Bmod
but in which the fiber diameter has been reduced and
increased, respectively.

AmpM & AmpL: Models that vary the initial misalignment
amplitude, reducing and increasing it respectively.
FreM & FreL: These two models modify the initial mis-
alignment of Bmod model by reducing and increasing

the fiber wavelength (1).

Wmat & Sfib: Last variation of Bmod model consist in mod-
ifying the stiffness of the component materials, reduc-
ing matrix stiffness and increasing fiber stiffness, re-
spectively.

The values of the different parameters applied to the
geometry, as well as the name assigned to each model, are
described in Table 3.

All different RVE configurations described in Table 3
have been modeled with a finite element micro-model and
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FIXED BOUNDARY

MOVING BOUNDARY

Fig. 19 micro-Bmod finite element model. Mesh and boundary condi-
tions defined

with the new formulation proposed. Each micro-model is
labeled with the word micro, thus, the micro-model of Bmod
RVE is named micro-Bmod. The models developed with
the new formulation are labeled with the word RoM which
names, the Bmod RVE, as RoM-Bmod.

5.1.1 Finite Element micro Models

The finite element micro-models have been defined using
a two dimensional plane stress formulation. The geometry
has been modeled using linear quadrilateral elements, which
number varies between 2880 elements in the FreM and FreL
models to 3185 elements in all other models. All models
have 48 elements in direction y (each fiber is modeled with
four elements along its thickness to capture with more accu-
racy its bending stiffness) and 60 or 64 elements, depending
on the RVE cell simulated, in direction x. The mesh used for
the micro-Bmod model is displayed in Fig. 19.

The difference between the mesh shown in Fig. 19 and
the meshes developed for all other RVE models is found in
the fiber geometry. Which is modified in order to follow the
different fiber misalignments defined.

Figure 19 also shows the boundary conditions defined in
all micro-models. The longitudinal movement in left bound-
ary is fixed to zero while the longitudinal movement in the
right one, displayed with a dashed line, is moving towards
the fixed boundary. This movement generates a compression
on the RVE. The two points plotted in both boundaries cor-
respond to the points in which the transversal displacement
has been fixed to zero, in order to stabilize the model and
avoid undesired translations of it.

Two different materials have been defined in each micro-
model. Matrix material is simulated with a damage constitu-
tive law while fiber material is characterized with an elastic
law. The mechanical properties of both materials have been
already defined in Table 1.

5.1.2 Finite Element RoM Models

The RoM models obtain the performance of the different
RVE defined using the homogenized constitutive equations
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Fig. 20 RoM finite element models. Mesh and boundary conditions
defined

for matrix and fiber presented in Sect. 4. The finite element
models developed also use a plain stress formulation. The
mesh used for these simulations contains eight linear quadri-
lateral finite elements. This mesh is shown in Fig. 20.

The arrows shown in the right side nodes define the dis-
placement direction applied to those nodes. This displace-
ment is the same that has been applied to the RVE micro
models.

The RoM models are defined with a single composite ma-
terial, which constitutive performance is obtained using the
serial/parallel mixing theory. Fiber and matrix properties are
the same defined for the micro model. The volumetric par-
ticipation considered for each component material has been
obtained from Fig. 18.

It is important to remark the difference in the number
of mesh elements required by the micro models and the
RoM models. The number of elements required by the mi-
cro models is three orders of magnitude larger than the
number of elements required by the RoM models. There-
fore, if the results provided by both procedures are simi-
lar, the new formulation proposed will offer the possibil-
ity to do large scale simulations, taking into account the
fiber-matrix micro-structural interaction due to fiber initial
misalignments. This possibility is unbearable by nowadays
personal computers, if a complete homogenization method
wants to be used.

5.2 Results to be Studied in the Code Validation

The study of the results obtained with the different models
developed to validate the proposed formulation is done com-
paring the global performance of the micro models with the
RoM models. The comparison of the specific performance of
each model is not possible because the results obtained are
completely different in both simulations. However, as the in-
terest lays on the global performance of the RVE cell, if the
global results are similar, the formulation can be considered
to be valid.

The global performance expected from the RVE when in-
cluding fiber misalignments is a reduction on the composite
stiffness and an initial failure on the composite for lower
loads, due to the failure of matrix material. Therefore, these
two effects are the ones to be compared. The reduction of
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Fig. 21 Force-displacement graph showing the global behavior of the
Micro-Bmod and RoM-Bmod models

composite stiffness is produced by the reduction of fiber
stiffness due to its micro-structural displacements; and the
failure of matrix for lower loads is produced because matrix
stresses are increased with the shear and transversal struc-
tural stresses, result of the fiber structural displacements.

The validation of the formulation proposed is made com-
paring the structural results of both RVE models, micro and
RoM, studying the load at which the composite failure starts
and the stiffness of the composite before and after fail-
ure. This comparison is made using the force-displacement
curves obtained for the RVE. A detailed study is performed,
first, for the Bmod model. Afterwards, all other RVE cells
simulated are compared.

5.2.1 Comparison Between the Bmod Model and the micro
Model

The global performance of the RVE in the Bmod model is
defined by two main parameters: the load for which dam-
age appears in matrix and the stiffness of the composite,
before and after, matrix failure. These two parameters can
be studied with the force-displacement graph obtained for
each simulation of the RVE. Both graphs are represented in
Fig. 21.

Figure 21 shows that the global behaviour of both mod-
els is the same. Both force-displacement graphs are close
enough to consider that the RoM model performance is prac-
tically the same shown by the micro model and, therefore,
correct.

A better understanding of the global performance shown
by the RoM-Bmod model can be obtained form the stress-
strain graphs, of the composite and of its constituent ma-
terials. The stresses and strains represented correspond to
the longitudinal direction of the RVE. These graphs, shown
in Fig. 22, are displayed together with the results obtained
from the same RVE simulation when the fiber misalignment
phenomenon is not considered.

Figure 22a shows the effect over the composite of the
formulation developed. Damage in the composite starts for
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Fig. 22 Stress-strain graphs obtained for the RVE with the ser-
ial/parallel mixing theory, with aligned and misaligned fibers

lower loads and, once damage has started, the stiffness on
the composite is reduced.

Damage in the composite starts before because matrix
damage appears for a longitudinal stress more than a 20%
lower than in the case in which fiber misalignments are not
considered (Fig. 22b). Fibers in the misaligned model show
a small reduction of their elastic stiffness from the beginning
of the stress-strain graph. This reduction becomes more im-
portant, and keeps increasing, when damage appears in ma-
trix (Fig. 22c¢).

How fiber initial misalignments contribute to fiber stift-
ness reduction can be seen studying the fiber structural dam-
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Fig. 23 Fiber and matrix structural damage. RoM-Bmod model

age parameter. This is represented in Fig. 23, together with
the matrix damage parameter. This figure shows an initial
damage in fiber material due to its initial misalignment.
This damage value remains constant until matrix degrada-
tion starts. At this point, fiber structural damage starts in-
creasing exponentially as matrix cannot restrain the fiber
movement anymore.

Another important information obtained from the results
of the RoM model is that, of the two different fictitious stress
tensors added to the matrix homogenized constitutive law
(92), damage is produced by the stress tensor containing the
fictitious structural shear stress. This is a relevant issue, as it
shows that the proposed formulation agrees with the differ-
ent formulations existing in literature, in which fiber buck-
ling has a strong dependence on the shear strength of matrix
material.

5.2.2 Comparison of the Results Obtained with the micro
and RoM Models for all RVE’s Considered

Here is validated the global behavior of the RVE when the
different parameters included in the CuBER problem are
modified. These parameters are fiber initial misalignments
(amplitude and wavelength), fiber diameter and fiber and
matrix stiffness. A detailed description of the different RVE
models developed has been already shown in Table 3.

As has been done with the Bmod simulation, the global
behavior of the composite is studied with the force-displace-
ment graph obtained for each RVE simulation. Four differ-
ent graphs are shown, each one containing the simulations
in which one of the parameters defining the CuBER perfor-
mance is modified. All graphs contain also the result ob-
tained with the Bmod models, which stands as reference for
the two other results displayed.

Figure 24 includes the global performance of the mod-
els in which the amplitude is increased or reduced, respect
the value defined for the Bmod model. Figure 25 shows the
results for the models in which the wavelength is modified.
Figure 26 shows the results for the models with different
fiber diameters. Finally, Fig. 27 shows the results for the
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Fig. 24 Force-displacement graph showing the global behavior of the
models in which the amplitude is modified
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Fig. 26 Force-displacement graph showing the global behavior of the
models in which the fiber diameter is modified

models in which the stiffness of matrix and fiber are modi-
fied.

As can be seen in Figs. 24 to 27, the global behavior of
the RVE obtained with the new proposed formulation and
the global behavior obtained from the micro models is nearly
the same in all cases. The modification of one of the pa-
rameters defining the CuBER problem modifies the load-
displacement point in which damage appears in the com-
posite, as well as the composite stiffness before and after
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Fig. 27 Force-displacement graph showing the global behavior of the
models in which the stiffness of the composite constituents is modified

damage. The new mechanical performance obtained is the
same with the RoM and the micro models.

Figure 24 shows that the initial elastic stiffness of the
composite suffers small variations when the misalignment
amplitude is modified. The differences between the load at
which degradation starts in the composite is nearly unnotice-
ably when comparing the global behavior of the micro and
the RoM models. The error obtained in the composite stiff-
ness after the apparition of damage seems to increase if fiber
amplitude is increased. However, the error is small enough
to consider the results correct.

The comparison of the RVE performance when the mis-
alignment wavelength is increased or reduced (Fig. 25)
shows that the prediction of the two stiffnesses shown by
the composite, before and after damage, are very similar be-
tween the micro and the RoM models. However, a larger dif-
ference is found in the load for which damage appears, spe-
cially when the wavelength is reduced.

The comparison of the results obtained for the models
in which fiber diameter is modified (Fig. 26) shows a per-
fect agreement between the micro and the RoM model. This
agreement is found in all the composite stiffnesses and in
the load for which the composite degradation starts.

The last parameters modified are the fiber and matrix
stiffness, which results are shown in Fig. 27. This figure
shows that, while the prediction of the RVE performance
with the RoM model is nearly the same that is obtained with
the micro model when matrix stiffness is reduced, the pre-
diction in the case in which fiber stiffness is increased is
not as accurate. The difference between both models is most
significant when comparing the stiffness obtained after the
apparition of damage in the composite. So, composites with
larger fiber stiffness will require a better calibration of the
model in order to adjust the micro-structural performance of
both models.

With all results shown, it can be concluded that the
developed formulation is capable of including the micro-
structural effects of fiber misalignment in the serial/parallel

mixing theory. This is done defining homogenized constitu-
tive equations for fiber and matrix, which are obtained based
on the solution of the CuBER problem. The formulation de-
veloped provides accurate results when it is compared with
the results obtained from a finite element micro model. It
is able to capture modifications in fiber misalignments and
fiber and matrix properties; being those the parameters de-
fined in literature related to the fiber buckling problem. Also,
the failure cause of matrix material has been found to be due
to shear stresses in all simulations performed.

6 Numerical Procedure to Obtain the Compression
Strength of Composites

6.1 General Description of the Numerical Procedure
Developed

Section 4 has described a new methodology and formulation
to include into the serial/parallel mixing theory the effect
of the micro-structural interaction between fiber and matrix,
due to fiber initial misalignments. To do so, the effects of
this micro-structural interaction have been included in the
constitutive equations of fiber and matrix, defining an ho-
mogenized constitutive law for each material. The good per-
formance of this new methodology has been proved in the
numerical validation shown in Sect. 5.

This section shows that if the new formulation developed
is properly included in a finite element code, the compres-
sion strength of the composite is obtained straightforward
from the constitutive performance of the composite con-
stituents [65].

In order to obtain a general procedure to calculate the
compression strength of composite materials, there are other
cases that have to be considered, as they are not included in
the homogenized constitutive equations for fiber and matrix
obtained in Sect. 4. These cases are the situation in which
fibers do not have initial misalignments or when fiber initial
misalignments are too small to affect significantly the con-
stitutive behavior of fiber and matrix. A general procedure
to obtain the compression strength of composites has also to
be able to deal with unloading processes and must provide
a different composite performance depending on the sign of
the load applied to it: tensile load or compression load.

The procedure proposed to obtain the compression strength
of composites, is based in a phenomenological representa-
tion of the micro-mechanical performance of the composite
constituents. This procedure, besides including fiber initial
misalignments in the constitutive equations of fiber and ma-
trix, also considers other fiber configurations and it takes
into account the loading history of the composite.
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Fig. 28 Geometry considered to obtain the buckling load of straight
fibers

6.2 Compression Strength in Fibers Without Initial
Misalignments

There are situations in which fiber initial misalignments are
too small to be recorded by the testing methods available, or
in which the misalignment wavelength is too large to affect
the fiber performance. To take into account these two par-
ticular cases, or any other case in which fiber misalignments
can be considered non-existent, it is necessary to obtain a
formulation to obtain the maximum compression force that
can be applied to the composite due to fiber buckling effects.

As has been done with misaligned fibers (Sect. 4), this
problem can be solved using the existing analogy between
the fiber-matrix system and the case of a bar in an elastic
foundation. Thus, the fiber buckling load can be computed
considering fibers a bar and the matrix in which they are
embedded the elastic foundation. Matrix stiffness provides
the elastic variable of the foundation. If damage appears in
matrix material, the elastic variable defining the foundation
will be reduced proportionally to the degradation found in
matrix.

The procedure developed to obtain the compression
strength of composite materials not only has to find the
maximum load that can be applied to the composite but it
also has to provide its post critical strength. Therefore, once
fibers without misalignment have buckled, it is necessary to
find their new configuration and constitutive performance.

Once the fiber has buckled it will adopt a new curved
geometry, similar to the one found in the case of fibers with
initial misalignments, that can be defined by a wavelength
and an amplitude. So, after fiber buckling, the new fiber
geometry is computed and the composite post-critical be-
havior is obtained using the formulation already developed
for fibers with an initial misalignment.

6.2.1 Buckling Stress for Fibers Without Initial
Misalignments

In the case of fibers without initial misalignment, the buck-
ling stress is obtained from the critical buckling load of a
straight bar in an elastic foundation. The geometry of the
problem is shown in Fig. 28.

To obtain the critical buckling load of a bar under unilat-
eral elastic restriction the energy method described by Timo-
shenko [66] is used. This is an approximate method in which
the strain energy of bending (AU) is compared with the de-
crease in the potential work of the load (AT). A lower value
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of AT than AU means that the deflection of the bar requires
an increase of the potential energy of the system; or, which
is the same, means that the system is stable. On the other
hand, if AU < AT, the deflection of the bar is accompanied
by a decrease in the potential energy of the system, which
makes it unstable. The load that separates both situations is
defined as the critical buckling load. This procedure is fully
described in Martinez [67] and the final expression of the
buckling load is:

n’El ( k4
P, = 72 n +n72n4EI 97)

where the n value defines the buckling mode of the bar. Ac-
cording to (97) the value of n that makes P.. minimum
depends on the elastic modulus of the foundation and the
length and stiffness of the bar. So, the buckling mode of the
bar will depend on the value of these parameters.

One of the main problems found with the formulation de-
scribed to obtain the buckling load of a bar in an elastic foun-
dation is the definition of the buckling length / to be used.
In the case considered, fiber vertical movement is restrained
with the same intensity along the whole fiber length.

In order to consider the most unfavorable situation, the
buckling length considered corresponds to the buckling
length that minimizes the critical buckling load. This buck-
ling length is obtained searching the value of / that mini-
mizes the function P, (I) defined in (97):

d Py

=0.0 98
T (98)

Expression (98) defines a critical buckling length, which
value is:

JEI
lop = £ (99)
If the buckling length defined in (99) is replaced in (97),
the critical buckling load obtained is:

P, =27vVKEI (100)

This last expression shows that the dependence on the
buckling mode disappears from the critical load value,
which provides a unique buckling load value for all buck-
ling modes.

Once knowing the critical buckling load at which fibers
buckle, this load has to be converted to a critical stress in
order to be included into the constitutive equation of fiber
material. This conversion is made dividing the critical load
by fiber area:

27 JKEI B SIKEI
QL4 0%

(101)

Ocr =
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The critical stress defined in (101) corresponds to the crit-
ical stress in fiber longitudinal direction. Therefore, it has to
be compared with the parallel component of the stress ten-
sor of fiber material, obtained with the serial/parallel mixing
theory.

6.2.2 Geometry of Fibers After Buckling

When fibres buckle, they become misaligned and their me-
chanical performance can be obtained with the misaligned
fiber formulation developed. The new fiber geometry is ob-
tained using the following hypothesis:

i. Fiber new geometry is considered to be contained in an
arch of circumference. This approximation has been al-
ready used when solving the CuBER problem and it has
been already proved its validity. The new fiber geometry
is be defined by a radii R and an arch angle «.

ii. When fibers buckle, they release part of their axial de-
formation. This implies an increase of the fiber length
and a reduction of their longitudinal stress.

iii. New fiber geometry is determined by the equilibrium
between matrix efforts over fibers and fiber normal
stresses.

Based on these hypothesis, the final geometric configura-
tion of fibers after buckling is shown in Fig. 29. Where,

O,
b=l —é); &= - (102)
E
and
l I (1 — &
sin(e) = 2 =l =) (103)

2R 2R

being /., the bar length before applying the compression
force and I, the bar length just before buckling.

The new geometry displayed in Fig. 29 leads to a new
axial force over fiber material result of the new fiber length.
This force can be obtained as:

ler — 13 _ EAflcr —2aR

cr lcr

P=FEAy (104)

This axial force, P, has to be in equilibrium with the ex-
ternal load applied to the fiber, result of the matrix elastic
restrain. This equilibrium is shown in Fig. 30.

q=ko(})

< TTTa

P

Fig. 30 Equilibrium defined between compression force in fiber and
elastic restrain of matrix

Here, the expression of the radial displacement of the
fiber is obtained from the circumferential properties of the
new geometry:

w(¢)=R(1— C°S¢) (105)
cosua
The equilibrium shown in Fig. 30 leads to:
o
P =/ kw ()R d¢ (106)
0

And the new fiber geometry, defined by the arch radius R
and the internal angle o can be obtained with the non-linear
system defined by (103) and (106). After solving the integral
defined in (106) and rearranging both equations, the system
to be solved becomes:

lep (1 — &¢r) .
2sino

kR? (oz —cosaln [tan (z + ﬁ)])
4 2

_ EAflcr720tR =0

cr

R=0

(107)

This non-linear system of equations is solved using a
Newton Raphson method [68].

Once having the new geometry radius and internal angle,
both values have to be converted to the amplitude, A, and
wave-length, A required by the CuBER formulation (108).

A=R(l —cosa)

. (108)
A =4Rsina

With these new misalignment parameters, the post-
critical behavior of fibers is obtained using the formulation
of fibers with initial misalignments.

6.3 Compression Strength in Fibers with Initial
Misalignments

When fibers have initial misalignments, their compression
strength is obtained using the homogenized constitutive
equations presented in Sect. 4. With this formulation, degra-
dation in matrix appears for lower compression stresses and
fiber stiffness is reduced. This reduction of fiber stiffness be-
comes more significant as matrix damage increases because
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Fig. 31 Post critical performance of a composite with fibers with ini-
tial misalignments

the confinement effect provided by matrix is weaker. As the
load in the composite increases, it is possible that the dam-
age in matrix and the structural damage in fiber makes the
composite unable to support the applied load. At this point
the maximum compression force that can be applied to the
composite is reached, and the stress-strain relation begins to
decrease providing the post-critical path of the composite.

This is shown in Fig. 31, in a force-displacement graph
of the composite and in a damage evolution graph for matrix
and fiber. These graphs show the displacement in which the
maximum load is reached (disp = —35.5 um). The compos-
ite properties defined to obtain this graph correspond to the
properties of the RoM-Bmod model defined in Sect. 5.

Figure 31 shows that the formulation developed to take
into account fiber initial misalignments and the interaction
between fiber and matrix provides the buckling strength
of the composite without requiring any additional formu-
lation. When matrix cannot restrain fibers any more, their
initial misalignment starts increasing indefinitely, being un-
able to provide more strength to the composite. This situa-
tion has been already defined as fiber buckling by Akbarov
and Kosker [13].

Eventually, damage in matrix can reach a level in which
the confinement effect becomes non-existent. When this sit-
uation is reached, the equations that provide the structural
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Fig. 32 Geometry of the curved bar problem when matrix is com-
pletely damaged

displacement of the fiber are not longer valid and must be
replaced by the equations of a curved bar.

Another situation that must be considered is the case in
which the misalignments are too small (very large wave-
length with small amplitudes) to affect significantly the
composite performance. In these situations is possible that
the fiber buckle like a straight fiber before the homogeniza-
tion procedure affects the composite performance. Because
there is no way to know a priori if the compression strength
of composites with misaligned fibers will be determined
by the homogenized constitutive equations or if fibers will
buckle because misalignments are too small, it is necessary
to verify at each load step if the stresses applied over the
misaligned fiber are larger than the buckling stresses.

In the case of misaligned fibers, the buckling stress is
obtained using the existing analogy between the composite
micro-structural configuration and the case of a curved bar
in an elastic foundation, for which the buckling load can be
obtained.

6.3.1 Fiber Performance When Matrix is Completely
Damaged

When matrix is completely damaged the equations used to
solve obtain the constitutive performance of fiber and ma-
trix due to fiber initial misalignments are no longer valid.
Therefore, the CuBER formulation must be replaced by the
formulation of a curved bar. The geometric configuration of
the problem considered is shown in Fig. 32.

The displacements of the bar shown in Fig. 32, for the
applied force P can be obtained easily using the unit force
method.

The displacement values obtained for the case of a curved
bar, without any kind of restriction, can be used as were
used the displacements obtained when solving the CuBER
problem to obtain the homogenized constitutive law of fiber
material. Therefore, the new structural stiffness for fiber be-
comes:

P 0.25x

g -
nm Aﬁb e

(109)
with,

PR? [“
uc = _W/o (cos¢—cosa)2d¢
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This new value of fiber structural stiffness is used to obtain
the homogenized constitutive performance of fiber material,
if the matrix confinement of fibers becomes negligible. This
situation is considered to occur when the new fiber structural
stiffness is larger than the structural stiffness obtained with
the CuBER problem (79).

6.3.2 Buckling Stress of Misaligned Fibers

The critical buckling stress for fibers with initial misalign-
ments is obtained from the energy equilibrium, following the
same procedure used to obtain the buckling stress of straight
fibers. The final expression of the buckling load is [67]:

o? grll — G +kR?
Py =— — (111)
T (1+W)n2

In the case of fibers with initial misalignments, the buck-
ling length considered corresponds to the length between
two consecutive inflection points of the misalignment. This
is:
I=x/2 (112)

In order to obtain the critical buckling load of the system,
is required to evaluate expression (111) for different n values
until the minimum value of P, is found. The buckling stress
will be calculated as:

*

with P* =min{P..(n =i); i € N} (113)

Ocr = —/—
f
If at any load step fiber parallel stresses are larger than
o.r, fiber buckling will occur and the new misalignment con-
figuration must be computed. The new amplitude and wave-
length are obtained following the same procedure used for
straight fibers. However, in this case, the length used to ob-
tain the new geometry corresponds to the buckling length [
(defined in (112)) divided by n (buckling mode).

6.4 Implementation of the Numerical Procedure Proposed
in a Finite Element Code

The numerical procedures and formulations developed to
obtain the compression strength of composite materials due
to the fiber buckling phenomenon are included in PLCd [40],
a finite element code that deals with composite materials us-
ing the serial/parallel mixing theory.

The fiber buckling formulation not only affects the con-
stitutive performance of fiber and matrix materials but also
requires to establish communication between both materi-
als, as the degradation and the stress-strain state of each one

affects the other one. This situation forces the compression
strength procedure to interact in different places of the se-
rial/parallel mixing algorithm to gather all information re-
quired by the fiber buckling formulation and to provide a
correct constitutive performance of the composite.

This section describes, using flow charts, how the formu-
lation defined in this section and in Sect. 4 is implemented
in the serial/parallel mixing algorithm. The first flow chart
shown, in Fig. 33, provides a description of the modifica-
tions required in the serial/parallel mixing theory to include
the fiber buckling procedure. In this flow chart all proce-
dures related to the compression strength formulation are
shaded. As can be seen it is necessary to modify the ser-
ial/parallel mixing theory algorithm in two different places.

The CuBER problem is solved for fist time just after
obtaining the prediction of the strain tensors for fiber and
matrix, in order to obtain the fictitious structural stresses
required by the matrix homogenized constitutive equation.
The CuBER problem is solved only if fibers are misaligned.
In case of aligned fibers, there is no need to solve the CuBER
problem because matrix structural stresses are zero.

The second time in which the serial/parallel mixing the-
ory algorithm has to be modified is after solving the ma-
trix homogenized constitutive law. At this point, the code
enters into the fiber buckling algorithm (or compression
strength algorithm), described in Fig. 34, with the matrix
damage parameter obtained from matrix constitutive law.
This damage parameter is required to obtain the fiber ho-
mogenized constitutive performance. The code enters into
the fiber buckling algorithm in each iteration performed by
the serial/parallel mixing theory, as the matrix damage para-
meter can be modified in each iteration and these modifica-
tions can affect fiber constitutive performance.

The fiber buckling algorithm, described in Fig. 34, cal-
culates the parameters required by fiber and matrix homog-
enized constitutive equations for all the possible situations
considered to obtain the compression strength of composite
materials. Therefore, three different numerical procedures
can take place depending on the situation in which the fiber-
matrix system enters the algorithm. This situation is de-
scribed by three different parameters: fiber radius, misalign-
ment amplitude and the parallel strain of fiber material.

If fiber radius is equal to zero, the code does not take into
account the fiber buckling problem. Therefore, no calcula-
tions are performed and the code leaves the algorithm. On
the other hand, if fiber radius is non-zero, two different sit-
uations can be found: that fibers are aligned or misaligned.
The misalignment amplitude is zero if the fibers are aligned.

In the case of aligned fibers, the code checks if they are
in tension or in compression (£&¢* > 0 or /&* < 0, respec-
tively). If fibers are in tension the code leaves the algorithm.
If they are in compression, the parallel component of the
stress tensor of fibers is compared with the critical buckling
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Fig. 33 Flow chart with the
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stress for straight fibers. If fiber stress is smaller than the
buckling stress, the code leaves the algorithm. On the other
hand, if fiber stress is larger than fiber buckling stress, fiber
buckling occurs and the new fiber geometry is computed, so
the code can solve the misaligned fiber problem (algorithm
in Fig. 35).

The case in which the fibers enter the fiber buckling algo-
rithm with some misalignment, either initial misalignment
or a misalignment produced by fiber buckling of straight
fibers, the code verifies if the parallel strain of fiber mate-
rial is a compression or a tension strain. When a tensile load
is applied to misaligned fibers, the micro-structural displace-
ment suffered by them implies a reduction of their misalign-
ment, transforming their curved geometry into a straight
one. Thus, if the strain applied is a tensile strain, curved
fibers are transformed into straight fibers by defining their
amplitude value as 0.0. If fibers are compressed, the prob-
lem of misaligned fibers is solved. The flow chart used to
solve this problem is shown in Fig. 35.

This last flow chart shows the algorithm developed to ob-
tain the compression strength of fibers with initial misalign-
ments. The CuBER problem is solved to obtain the struc-
tural damage parameter of fiber material. The fiber struc-
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tural stiffness used to calculate the structural damage para-
meter must be larger than the structural stiffness obtained if
matrix is not confining fibers any more. Having calculated
fiber structural stiffness, the new parallel stress prediction of
fibers is compared with the buckling stress of a curved bar
in an elastic foundation. If fibers buckle (/ > o) the new
buckled geometry is calculated and the problem is solved
again. Otherwise, the prediction of fiber stresses are consid-
ered correct and the code leaves the algorithm after modify-
ing the amplitude, wave-length and matrix structural stresses
according to the scale factor defined in (81).

6.5 Numerical Performance of the Procedure Developed to
Obtain the Compression Strength of Composite
Materials. Numerical Examples

This section illustrates the numerical performance of the
new procedure developed to obtain the compression strength
of composite materials. With this aim, different numerical
simulations of a RVE cell are studied. In each simulation
some parameters are modified to obtain different RVE be-
haviors, that provide a better comprehension of how the nu-
merical procedure developed works and the results that are
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Fig. 34 Fiber buckling
algorithm included in the
serial/parallel mixing theory.
The procedure shaded in blue is
described in the flow chart
shown in Fig. 35

Fig. 35 Flow-chart description
of the numerical procedure used
for misaligned fibers
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Fig. 36 Geometry and mesh of the RVE used in the numerical simu-
lations to study the procedure developed to obtain the composite com-
pression strength

Table 4 Fiber and matrix mechanical properties used to study the per-
formance of the numerical procedure developed to obtain the compres-
sion strength of composites

Matrix Properties

Elastic Modulus 2.00 GPa
Poisson Modulus 0.30
Compression Strength 50.00 MPa
Fracture Energy 0.35 kI /m?
Volume fraction 0.50

Fiber Properties

Elastic Modulus 70.00 GPa
Poisson Modulus 0.00
Compression Strength 2400.00 MPa
Fracture Energy 50.00 kJ/m?
Volume fraction 0.50

Fiber diameter 7.00 um

expected when performing numerical simulations of com-
posite materials.

The RVE cell used to perform the different numerical
simulations included in this section has the geometry shown
in Fig. 36 and the material properties used for all simula-
tions, except specified otherwise, are shown in Table 4. Both
materials, fiber and matrix, are defined as isotropic materials
(the composite anisotropy is provided by the serial/parallel
mixing theory). The compression force applied to the RVE
is obtained with a displacement in the right nodes shown in
Fig. 36.

The numerical examples shown in this section can be
classified in different groups. The first group compares
the performance of the composite when fibers have ini-
tial misalignments, when fibers are straight and when the
fiber buckling problem is not considered. This simulation
is followed by another one that compares the performance
of the formulation based on the level of fiber initial mis-
alignments. Afterwards the influence of matrix stiffness is
studied in the case of straight fibers and in the case of
fibers with initial misalignments. Next group verifies that
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Fig. 37 Comparison among the results obtained when fibers have orig-
inal misalignments, when fibers are straight and when the fiber buck-
ling problem is not considered

the results obtained with the numerical procedure devel-
oped are mesh independent. Finally, the performance of
the composite is studied for different loading-unloading
cases.

6.5.1 Comparison of the Compression Strength Obtained
When Fibers Have or Do Not Have Initial
Misalignments

In this section the performance of the RVE cell shown in
Fig. 36, with fiber initial misalignments, is compared with
the performance obtained when fibers do not have initial
misalignments and when the formulation developed to ob-
tain the compression strength of the composite is not con-
sidered. This comparison provides a good understanding of
the effects of fiber misalignments and of the reduction of the
composite compression strength obtained due to fiber buck-
ling.

Figure 37 shows the force-displacement response of the
different RVE simulated for this comparison. This figure
shows that fiber initial misalignments reduce the compres-
sion strength of the composite in more than a 50%. On the
other hand, in this case, having aligned fibers does not re-
duce the compression strength of the composite, as fiber
damage appears before the buckling stress is reached. How-
ever, the fiber buckling formulation for straight fibers pro-
vides a different mechanical performance once the maxi-
mum compression load has been reached: fiber buckling oc-
curs for an applied displacement of 22 um, when matrix
reach a damage level in which it cannot restrain fibers any-
more.

In Figs. 38a and 38b is depicted the evolution of fiber and
matrix structural damage, respectively. This figure shows
that if fibers are straight, fiber buckling produces an instan-
taneous increase of the structural damage of both composite
components. Furthermore, the resultant stiffness in straight
fibers after buckling is lower than the stiffness obtained for
the same deformation if fibers have initial misalignments.
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Fig. 38 Evolution of matrix and fiber damage in the case of fibers
with initial misalignments, straight fibers and when the fiber buckling
problem is no considered

This effect is also shown in Fig. 37 and in Fig. 38, where
the structural damage in straight fibers is larger than in mis-
aligned ones. This result leads to the conclusion that, al-
though a composite with straight fibers can reach larger
loads, its structural behavior is more brittle than the one ob-
tained in a composite with initial misalignments.

6.5.2 Misaligned Fibers: Dependence on the Level of
Initial Misalignment

In this section the performance of two different RVE simula-
tions containing fibers with initial misalignments is studied.
The initial misalignments considered are defined varying the
wavelength shown in Fig. 36. Their mechanical performance
is compared also with the results obtained for the RVE cell
when the compression strength formulation is not used. To
perform these simulations, the compression strength of fiber
material has been increased to 4500 MPa.

Two different wavelength values have been considered
to compare the effects of the level of initial misalignment
in fiber materials. One of the RVE models has an initial
wavelength of 150 um while the other has a wavelength of
350 um. Thus, using the quotient between amplitude and
wavelength, the misalignments defined for the model with a
wavelength of 150 um are 2.3 times more pronounced than
in model with a wavelength of 350 um.
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Fig. 39 Composite performance for different levels of fiber initial mis-
alignments
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Fig. 40 Fiber buckling dependence on matrix confinement capacity in
composites with initially aligned fibers

Figure 39a shows the force displacement graphs obtained
for the different simulations performed. This graph shows
that if fiber initial misalignments are reduced, the compos-
ite performance is more similar to the performance obtained
when no misalignments are considered. Therefore, the crit-
ical load for the simulation with a wavelength of 350 um is
reached when fiber buckles and not because the misalign-
ment level reaches the maximum load that can be taken by
the composite. The effect of fiber buckling in the simula-
tion with a wavelength of 350 um can be seen more clearly
studying the fiber structural damage parameter (Fig. 39b).
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Fiber buckling occurs when the damage parameter increases
suddenly, for an applied displacement of 26 um, varying its
value from 0.08 (value obtained due to the initial misalign-
ment defined) to 0.8.

6.5.3 Aligned Fibers. Effect of Matrix Confinement

This section shows the effect of matrix confinement in com-
posites in which fibers do not have initial misalignments.
Matrix confinement is directly proportional to matrix stiff-
ness, therefore, two different simulations of the RVE cell
described in Fig. 36 have been performed with two different
matrix stiffnesses.

All material properties considered in these simulations
correspond to the properties defined in Table 4, with the ex-
ception of matrix young modulus. The matrix defined in one
of the simulations has a young modulus of ” E' = 2000 MPa
while, in the other simulation, the matrix material defined
has a young modulus of ™ E =200 MPa. Thus, the confine-
ment capacity of this last matrix is reduced ten times com-
pared to the first matrix defined.

The composite performance obtained for these two simu-
lations is shown in the force displacement graph displayed in
Fig. 40. This graph shows that while the maximum compres-
sion load is defined by fiber compression strength when ma-
trix is strongly confining fibers (case of " E = 2000 MPa),
if this confinement capacity is reduced by ten fiber buckles
before reaching its maximum compression stress.

These simulations prove the ability of the numerical pro-
cedure developed to take into account the effect of matrix
confinement when no fiber misalignments have been de-
fined in the composite. This ability is rather important when
simulating composite structures under cyclic loads. In these
cases, matrix degradation increases due to fatigue, its stiff-
ness is reduced and, at a certain number of cycles, a sud-
den fracture of the composite can occur due to fiber buck-
ling.

6.5.4 Dependence on Mesh Refinement

One of the main problems found when fracture mechanics
is applied to the finite element method is that, in most cases,
the results become mesh dependent. This happens because a
continuum formulation (fracture mechanics) is being used in
a discrete procedure (finite elements). In a damage formula-
tion, the mesh independency is obtained with the definition
of the fracture length parameter [58, 63].
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Fig. 42 Force displacement graph for the different simulations per-
formed

In the numerical procedure developed to obtain the com-
pression strength of composite materials, the fracture length
has been re-defined when formulating the matrix homoge-
nized constitutive law (Sect. 4), in order to adjust the phys-
ical meaning of fracture energy to the parameters included
in the new constitutive equation. The fracture length of the
matrix affected by fiber misalignments depends of the wave-
length of these misalignments, instead of depending on the
finite element size.

To prove the validity of the new fracture length consid-
ered, three different numerical simulations of the RVE cell
defined in Fig. 36 have been performed, with three differ-
ent meshes. Each mesh has a different number of finite el-
ements: 8, 32 and 512. Figure 41 shows the finite element
models developed.

The results provided by the three different simulations
are exactly the same, as proves the force displacement graph
shown in Fig. 42. This agreement among the results obtained
for all simulations shows the validity of the fracture length
value defined for the new homogenized constitutive equa-
tion of matrix material.

6.5.5 Numerical Performance of the Formulation for a
Load-Unload Path

The last group of simulations conducted consist on loading
and unloading the different RVE models.

The main objective of these simulations is to show the
performance of the algorithm developed when the compos-
ite is unloaded. The first results that are shown correspond
to the composite in which fibers have initial misalignments.
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Fig. 43 Composite with misaligned fibers under a load-unload path.
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Afterwards, the load path is applied to the RVE with straight
fibers.

The composite performance is studied using a force-
displacement graph, which shows the maximum compres-
sion load that can be applied to the composite and its post-
critical behavior once the maximum load has been reached.
The force displacement graph obtained for the RVE cell with
misaligned fibers is shown in Fig. 43.

This graph shows that the unloading branches are not
straight (as usually happens with a damage formulation) but,
instead, the composite stiffness increases as the load is be-
ing reduced. This effect is produced by fiber misalignments:
as the load is reduced, fiber misalignments are also reduced,
increasing their stiffness.

This effect leads to a damage performance for the com-
posite in which damage is recovered if the material is un-
loaded. Thus, unlike the damage formulation used in contin-
uum mechanics [57, 63], the structural damage due to fiber
buckling does not remain constant in the structure. How-
ever, although composite stiffness is recovered, when it is
compressed again the load does not follow the elastic branch
but, instead, follow the path defined in the unloading process
(Fig. 43). To explain this effect is useful plot the damage
evolution of fiber and matrix, which are shown in Fig. 44.

As can be seen in Fig. 44, although damage in fiber is
partially recovered (due to the reduction of fiber misalign-
ments), matrix damage remains constant during the unload-
ing process. Thus, when the compression load is applied
again, the confinement capacity of matrix is lower than the
confinement capacity provided by the matrix the first time
that the composite was compressed, which leads to a faster
increase of fiber initial misalignments.

If fibers do not have initial misalignments, the force dis-
placement graph obtained for the RVE is the one displayed
in Fig. 45. In this case, the first time the structure is unloaded
fiber buckling has not yet occurred. Therefore, the unloading
path and the following loading path have a constant stiffness.
After fiber buckling, the performance of misaligned fibers
is recovered: when the structure is unloaded it recovers its
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stiffness and when it is loaded again, it follows the previous
unload path.

7 Validation of the Formulation Proposed and
Numerical Example

In this section the formulation proposed to obtain the com-
pression strength of composite materials is validated com-
paring the results obtained from the numerical prediction
with the experimental data. This validation proves the abil-
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Table 5 Compression strength of the samples that will be compared
with the numerical results

Sample oc [MPa]

ACA 560.90 (£35.1)
CAA 477.74 (£36.6)
CBB 521.56 (£16.2)

Table 6 Misalignment values and number of measurements per-
formed by Barbero and Tomblin

Sample Half normal distribution Number of
expected value (degrees) measurements

ACA 2.87 1359

CAA 2.76 1271

CBB 2.63 1224

Table 7 Material components and volume fractions of the experimen-
tal samples used to validate the developed formulation

Sample: ACA

Matrix material: 2036C Polyester with styrene
Glass fiber OC 102-AA-56

55.2%

Fiber material:

Fiber vol. fraction:

Sample: CAA

Matrix material: 2036C Polyester
Glass fiber OC 102-AA-56

40.2%

Fiber material:

Fiber vol. fraction:

Sample: CBB

Matrix material: D-1419 Vinyl Ester
Glass fiber OC 366-AD-113

43.0%

Fiber material:

Fiber vol. fraction:

ity of the numerical procedure developed to obtain the com-
pression strength of real composite materials due to the fiber
buckling phenomenon. The experimental results used to val-
idate the formulation have been obtained from Barbero and
Tomblin [3, 4].

7.1 Description of the Experimental Test

The experimental tests performed by Barbero and Tomblin
[3, 4] where made over cylindrical rods, with a diameter of
9.2 mm, pultruded by Creative Pultrusions Inc. The compos-
ite materials used were made of E-Glass fibers embedded
in a polymeric matrix. Eleven different composites where
tested, each one with a different combination of fiber mate-
rial, matrix material and fiber volumetric participation. For
each one of these materials, eight different compression tests
were performed to obtain an average value of the compres-
sion strength for each one of them.
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Table 8 Matrix mechanical properties

2036C Polyester

Elastic Modulus 3.00 GPa
Poisson Modulus 0.35
Tensile Strength 35.00 MPa
Fracture Energy 0.17 kI /m?
D-1419 Vinyl Ester

Elastic Modulus 3.50 GPa
Poisson Modulus 0.35
Tensile Strength 40.00 MPa
Fracture Energy 0.31 kJ/m?
Table 9 Fiber mechanical properties

E-Glass OC-102-AA-56

Elastic Modulus 80.00 GPa
Poisson Modulus 0.20
Tensile Strength 1500.00 MPa
Fiber Diameter 13.00 pm
E-Glass OC-366-AA-113

Elastic Modulus 80.00 GPa
Poisson Modulus 0.20
Tensile Strength 1500.00 MPa
Fiber Diameter 23.00 um

The compression tests were performed using short sam-
ples (38 mm) to prevent the global buckling of the sam-
ple. Strain gages with a length equal to the specimen size
where applied to each sample. Half of the samples contained
gages disposed back-to-back to verify the specimen align-
ment. The compression failure was observed at the center of
the gage section for the 75% of the samples. The compres-
sion strength was obtained using a modified ASTM D-695
test fixture [3].

From all the tests performed by Barbero and Tomblin,
three of them, chosen as the most representative, are used to
validate the proposed formulation. Their mean compression
strength value and the 95% confidence interval is displayed
in Table 5.

Misalignment measurements were performed with the
optical technique proposed by Yurgartis [50]. The number
of measurements made to each sample was determined so
that the expected value of the half normal distribution had a
95% confidence interval of £0.2°. The half normal distribu-
tion is considered because fiber micro-buckling occurs at the
same load for positive or negative misalignment angles [3].
The misalignment angles of the samples under study are dis-
played in Table 6.

The constituent materials, fiber and matrix, of each sam-
ple and their volumetric fractions are shown in Table 7. As
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the materials properties were not defined in [3], their value
has been obtained as an average of the values defined in lit-
erature for polymeric matrices and E-Glass fibers. Matrix
mechanical characteristics are described in Table 8. Table 9
describes the mechanical characteristics of fibers. Both ma-
terials have been simulated with a damage formulation.

7.2 Description of the Numerical Simulation

To validate the proposed formulation a numerical simulation
of the three different samples previously described: ACA,
CAA and CBB, has been performed. The numerical model
developed corresponds to a representative volume element
(RVE) in which a two dimensional iso-strain formulation
has been used. The geometry of the RVE considered is dis-
played in Fig. 46. This figure also shows the finite element
mesh used to perform the simulation and the boundary con-
ditions applied to it.

Three different numerical simulations have been per-
formed corresponding to the three experimental samples
used to validate the formulation. The composite material de-
fined in each simulation correspond to the composites de-
fined in Table 7. The properties of the matrix and fiber ma-
terials are the ones shown in Tables 8 and 9, respectively.

In order to take into account fiber initial misalignments in
the calculation of the compression strength of the compos-
ite, three different parameters are required: fiber radius, mis-
alignment amplitude and misalignment wave-length. Fiber
radius is a known parameter dependent on the fibers used
and its value is defined in Table 9. Misalignment values are
obtained from values provided by Barbero and Tomblin for
the half normal distribution expected misalignment angle
(Table 6).

The angle defined in Table 6 is defined, in the numerical
simulation, as the angle found in the inflection point of the

450 ym————=

Fig.46 Geometry and mesh defined for the simulation used to validate
the formulation developed

Fig. 47 Fiber misalignment and
misalignment angle considered

Wavelength

fiber geometry (point A in Fig. 47). This angle is the largest
angle found in the sinusoidal geometry of the fiber.

The second parameter used to define the geometry of the
fiber has been the misalignment amplitude, that has been de-
fined using the statement made by Jochum and Grandidier
[15], who define the amplitude as one to two times the fiber
diameter. Once having defined the misalignment amplitude,
using the value of fiber diameter, the wave-length can be
computed from the misalignment angle defined by Barbero
and Tombin as:

sino

A=2A (114)

1 —cosa
with, A and A the misalignment wave-length and amplitude
(respectively) and « the misalignment angle.

The misalignment parameters used to perform the finite
element simulations are the ones displayed in Table 10 for
each sample considered.

7.3 Comparison Among the Experimental and the
Numerical Results

The comparison between the experimental and the numeri-
cal results is made with the force-displacement graphs ob-
tained from the numerical simulation. The force applied to
the finite element structure is plotted against the displace-
ment in the face where the load is applied. The stresses pro-
vided by Barbero and Tomblin are transformed into the force
that would resist the RVE defined in Fig. 46.

The maximum experimental compression strength ob-
tained for each composite is represented, in Fig. 48, with
an horizontal line. The numerical results are represented as
force-displacement graphs. This figure shows the agreement
between the maximum compression strength obtained with
the formulation developed and the experimental results.

The maximum error obtained with the numerical simula-
tions correspond to the ACA sample and is lower than 2.6%.
Also, it is worth to point out that the error obtained with all

Table 10 Misalignment parameters defined in the finite element mod-
els used to validate the developed formulation

Sample Diib A A

ACA 13 um 15.0 um 1198 pm

CAA 13 um 15.0 um 1246 ym

CBB 23 um 25.0 um 2175 um
—Amplitude

L Misalignment Angle
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Fig. 48 Comparison among the experimental and the numerical com-
pression stress obtained for each sample

Table 11 Maximum compression load of the experimental and numer-
ical samples and error obtained with the numerical simulations

Sample Experimental Numerical
F max F max Error Error
[N] [N] [N] [%]
ACA 112.18 (£7.02) 115.09 291 2.6%
CAA 95.55 (£7.32) 96.29 0.74 0.8%
CBB 104.31 (£3.24) 101.84 —2.47 —2.4%

numerical models is inside the 95% confidence interval ob-
tained with the experimental data. The maximum compres-
sion values, as well as the errors obtained with each model
are displayed in Table 11.

Figure 48 shows that when the composite reaches the
maximum compression load, its post-critical strength falls
abruptly. This is because the fiber buckling phenomenon.
The maximum compression load is reached when matrix
cannot restrain fiber micro-structural deformation any more
(for an applied displacement of 0.006 mm, matrix damage
is nearly 1.0). At this point fiber structural damage increases
exponentially leading to the reduction of the compression
load that can be applied to the composite material. This phe-
nomenon is shown in Fig. 49, in which the fiber and matrix
structural damage parameters are plotted against the com-
pression displacement applied to the RVE that simulates the
ACA sample.

The developed formulation adds two different structural
stresses to matrix material to increase its damage due to
the fiber-matrix micro-structural interaction (see Sect. 4). Of
these two stresses the one that leads to the matrix damage
shown in Fig. 49 is the one that increase the shear stresses
in matrix material. This result is important as it agrees with
all existing theories dealing with the fiber buckling problem
[1, 4, 8, 10], in which the compression strength of the com-
posite has a strong dependence on the shear strength and
stiffness of matrix material.
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It is also interesting to compare the RVE response that is
obtained if the compression strength algorithm is not used
in the simulation. Figure 50 shows the performance of the
ACA sample when it is simulated using the compression
strength formulation and when this formulation is not con-
sidered. The composite performance is shown with a force-
displacement graph.

This last figure shows that, when matrix damage starts
for an applied displacement of 0.004 mm (Fig. 49), the com-
posite stiffness is slightly reduced if compared to the simu-
lation in which the fiber buckling formulation is not used.
Figure 50 also shows that the reduction in the compression
capacity obtained with the developed formulation is larger
than a 30%.

With these results, it can be concluded that the formula-
tion developed to obtain the compression strength of com-
posite materials can reproduce experimental results of real
composites. Also, the reduction of the compression capacity
in the composite is large enough to be taken into account.

8 Conclusions

This paper reviews the different procedures existing in liter-
ature to obtain the compression strength of long fiber com-
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posites, due to the effect of fiber micro-buckling; and pro-
poses a new formulation capable of obtaining the maximum
compression stress that can be applied to the composite, and
the post-critical performance of the material once fiber buck-
ling has taken place. This last achievement is important be-
cause, when performing numerical simulations of structures,
the failure of an element does not always imply the failure
of the whole structure. Therefore, the post-critical strength
of the element is required to continue the calculation.

The formulation presented has been developed taking
into account that its implementation is made in a finite el-
ement code (PLCd) that deals with composite materials us-
ing the serial/parallel mixing theory. During the process
of defining the formulation proposed, the characteristics of
these two numerical methods have been always taken into
consideration, in order to take advantage of all possibilities
and information provided by them. Following this approach,
the final formulation does not consist of an equation (or a set
of equations) that provides the maximum stress that can be
applied to the composite. Instead, it establish a relation be-
tween the mechanical performance of the composite com-
ponents that leads, straightforward, to the result sought: the
maximum compression that can be applied to the composite
due to the fiber buckling phenomenon.

The compression strength formulation has been obtained
defining an homogenization of the constitutive performance
of fiber and matrix materials. This homogenization intro-
duces the micro-structural interaction between these two
composite components into their constitutive equations. The
homogenized constitutive equations have been introduced in
an algorithm that interacts with the serial/parallel mixing
theory, taking into account all possible situations that can
be found in a long fiber reinforced composites, from loading
paths to level of initial misalignment in the fibers.

The study of the numerical procedure developed has
proved that the formulation has a strong dependence on the
three parameters in which are based all formulations deal-
ing with the fiber buckling problem (since the first approach
proposed by Rosen [1]): fiber initial misalignment, shear
strength of matrix material and volumetric participation of
fiber and matrix in the composite. The dependence on these
three parameters is important because it proves that the for-
mulation developed agrees with the existing knowledge on
the field. Besides this agreement, the study of the formula-
tion has also shown that the expected mechanical behavior
of composites under compression forces is well represented
by the numerical procedure proposed. In the following are
described the most significant mechanical responses of com-
pressed composites, reproduced by the developed formula-
tion.

— The damage obtained in the composite due to fiber buck-
ling is partially recoverable. Damage found in fibers, as
a result of buckling, can be recovered if the composite is

unloaded, because fibers recover their original alignment.
However, the damage suffered by matrix as a result of the
efforts applied to it, which are increased by the micro-
structural interaction between fibers and matrix, is not re-
coverable. Therefore, although damage in fiber is recov-
ered, damage in matrix not, so fiber buckling occurs for
lower loads is the composite is loaded again.

— When fiber initial misalignments are too small or non-
existent, the compression load that can be applied to the
composite is substantially larger. However, in these cases,
fiber buckling is followed by a sudden lost of strength
in the composite, obtaining a brittle failure of the mate-
rial. This performance agrees with the buckling perfor-
mance obtained in any structural member: the new geom-
etry adopted by the buckled structure produces a sudden
reduction of the longitudinal length of the element, in-
creases the second order effects and leads to a dramatic
reduction of the structure stiffness.

— The brittle failure obtained in the case of initially aligned
fibers provides a lower post-critical strength in the com-
posite, compared to the case of initially misaligned fibers.
In this last case, the post-critical path followed by the
composite is smoother because the misalignment in fibers
is smaller (the quotient between the amplitude and the
wave-length is smaller). Having smaller misalignments
provides stiffer fibers and reduces the structural damage
in matrix due to the fiber-matrix interaction.

— The mechanical performance obtained in fibers with small
misalignments (large wave-lengths with small ampli-
tudes) is very similar to the mechanical performance ob-
tained in fibers that are considered straight. The effects of
fiber buckling are the same obtained for initially straight
fibers: brittle failure and smaller post-critical strength.

— Matrix stiffness has an important role in fiber buckling
phenomenon by restraining fibers from buckle. If matrix
stiffness is reduced (due to fatigue or because it has been
damaged due to tensile stresses applied before compress-
ing the composite), its confinement capacity is also re-
duced and fiber buckling will occur for lower loads. This
effect is obtained independently of the level of initial mis-
alignment found in fibers.

Finally, it can be concluded that the validation performed
of the formulation developed, comparing numerical with ex-
perimental results, has proved the ability of the formula-
tion to simulate real composites and to obtain their com-
pression strength. This validation has also shown the neces-
sity of taking into account the fiber buckling phenomenon
in compressed composites, as the maximum compression
stress that can be applied to it is lower than a 30%, com-
pared with the maximum compression that can be applied if
the algorithm developed is not used.
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