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ABSTRACT

The Ebola virus disease (EVD) is a major threat to human health, espe-
cially in Central West Africa. In this study, the transmission dynamics
of EVD infection are studied using the Susceptible, Infected, Recovered,
Deceased, and Pathogen (SIRDP) epidemic framework that prioritizes
identifying and quantifying the sources of uncertainty in parameters.
Conventional quantitative methods may believe that all measurements are
exact, but in reality, data can often be imprecise or hard to measure. To
overcome this challenge, fuzzy theory has been integrated into the model
due to its flexibility in managing uncertainty. Additionally, this study
considers the temporal dynamics of EVD transmission by integrating time
delays, which makes the model fit the real-world simulation of disease
progression. A sensitivity analysis of the reproductive number was also
conducted to assess the impact of key parameters on the transmission
dynamics. The behavior of the model has been numerically explored
using various algorithms, such as the forward Euler method and the Non-
Standard Finite Difference (NSFD) scheme. Some significant numerical
characteristics like positivity, convergence, and consistency have been
assessed, which indicates that the NSFD method can capture the trends of
EVD with fuzzy parameters. The proposed scheme maintains important
characteristics of the traditional epidemic models and provides a stable
approach for assessing EVD patterns in conditions of risks and unknown
variables. The computational experiment confirms the theoretical conclu-
sions and depicts the deficiencies of the normal finite difference approx-
imations, notably for large step sizes, and supports the advantages of the
NSFD approach in maintaining the structure of the model.
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1 Introduction

Mathematical modeling explains the transmission patterns of infectious diseases and provides
acceptable approaches to control them, which, hence, becomes a crucial tool for dealing with their
complex dynamics. It helps researchers explain how infectious diseases spread in populations. These
models consider population size, disease incubation periods, contact networks, and intervention
strategies. They are used to predict how an outbreak will develop and evaluate treatments’ effectiveness.
The susceptible-infectious-recovered (SIR) model, along with its variants, provides an organized
framework for analyzing diseases such as Influenza, Measles, and COVID-19. With the power of
predicting the epidemic trajectories and analyzing the treatments’ success, mathematical modeling
provides a strong base for policymakers to make informed and reliable decisions. To achieve better
performance, various strategies are developed using different control measures like social distancing
and vaccination rates. These adjusted values help address practical issues such as implementing
public health interventions, managing resources effectively, and preventing the spread of infectious
diseases. Mathematical modeling also finds the most suitable values for control parameters to prevent
disease transmission. Hence, it makes it possible to design a personalized strategy to manage the
epidemic effectively. Mathematical modeling in epidemiology originated around 1760, highlighted
by Daniel Bernoulli’s research on smallpox epidemiology [1]. In 1911, Ross [2] analyzed malaria
transmission dynamics. Kermack et al. [3] presented a compartmental epidemic model that analyzes
the proportionality between infection and one’s vulnerability. Various infectious diseases, including
influenza, hepatitis, Zika, measles, tuberculosis, malaria, and recently examined COVID-19, are the
most attention-grabbing problems related to public health [4–6]. Mathematical epidemiology proved
its worth in predicting effective solutions to the health mentioned above issue. Dengue models as
susceptible infected recovered-susceptible infected (SIR-SI) show that inter-compartment interactions
could be reduced by increasing the awareness rate [7]. Susceptible, vaccinated, exposed, infected, and
recovered (SVEIR) models assume that vaccinated people should be in a better position regarding
information on past epidemics than those in the susceptible class. Experts should use models and
data to supplement their determinations to derive as much useful information as possible when
approaching critical decision-making [8]. Kermack and McKendrick’s model provides a basis for
designing more effective epidemic models, including SI, SIR, and SVEIR. These models can deal with
certain important features, such as the risk of recovered patients getting infected again and the effect
of awareness and memory on disease dynamics [9].

Delayed epidemic models are mathematical representations of an epidemic that include trans-
mission delays or response delays related to an epidemic. Misra et al. [10] studied different ways
of introducing delays and using exposed populations. They also analyzed the steady states with
stability and characteristics of the models to detect when those models can predict an epidemic.
Concerning these motivations, oscillations, changes in time derivatives, non-uniqueness and stability
are the different alternatives for these models. Nonetheless, the dynamics may be altered due to delays
[11]. Much research is devoted to epidemics or modeling disease transmission using delay differential
equations (DDEs) [12,13]. Maturation periods, the time taken by a vaccine to become effective, the
incubation stage, and the recovery period are frequently used by researchers when considering models
based on DDEs. Meziane et al. [14] investigated epidemic models of two viruses or viral strain delays.
Ghosh et al. [15] used the mean value of disease duration as a delay parameter to introduce a time
lag in recovery and mortality rates. The epidemic properties of the delay model were calculated, and a
numerical comparison was conducted between the distributed model, delay model, and standard SIR
model. Almuqati et al. [16] studied the framework of a multi-group epidemic model considering the
effect of logistic growth and delay time distribution. Temporal delay-based models are investigated
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by researchers [17]. Discrete and distributed delays are two variants of delay [18]. Tipsri et al. [19]
investigated the local stability of both endemic and disease-free equilibria in an SEIR epidemic model
with a nonlinear incidence rate and time delay. Hussien et al. [20] determined how epidemic dynamics
within the prey population were affected by the delay time and how the presence of infection in the
prey population influenced the behavior of the model. Shatanawi et al. [21] examined the fractional
dynamics of the tuberculosis (TB) model. Alkhazzan et al. [22] analyzed a novel epidemic model
for two diseases incorporating treatment functions. Moreover, mathematical analysis and numerical
simulations of the piecewise dynamics model of Malaria transmission are studied by [23]. Din et al. [24]
analyzed a stochastic hepatitis B model considering a time delay in the transmission coefficient. A
Bifurcation analysis of a delayed stochastic hepatitis B virus (HBV) was presented by [25].

Fuzzy variables express the inherent ambiguity and variability in real-world epidemic dynamics.
Various fields of life, such as engineering, meteorology, manufacturing, medicine, promotion decisions,
reasoning, and decision-making, use fuzzy set theory [26,27]. The uncertainties and impreciseness
inherent in epidemic data and control parameters are analyzed using fuzzy mathematical models.
These models use fuzzy sets and numbers to describe epidemiological factors like transmission and
recovery rates. The main source of fuzziness derives from the basic language, where the interpretations
of undertakings are ill-defined. For instance, when making a statement about an illness in a particular
community, the statement may not be black or white, which means it may not be right or wrong
but may be right in part. Thus, vagueness should be used as the basis for increasing cognition. This
theoretical fuzziness can be mapped to fuzzy sets, which allow a degree to each set member, which is a
measure of membership. The fusion of fuzzy sets, logic, and mathematical modeling positively affected
different academic fields such as social sciences, scientific disciplines, and epidemiology. Such use of
fuzzy sets and logic could be witnessed in literature as Abdy et al. [28], Li et al. [29], Shi et al. [30], and
Stiegelmeier et al. [31], among others. The effectiveness of an Non-Standard Finite Difference (NSFD)
approach in capturing disease dynamics and supporting decision-making for control strategies was
also demonstrated. Dayan et al. [32] discussed a susceptible, infectious. They recovered (SIR) model in
a fuzzy environment that showed uncertainty because of the different levels of vulnerability, infectivity,
and recovery among infected in a certain population. In light of the above contributions, this research
proposes a model of amoebiasis infection in a fuzzy environment. Using fuzziness, the fuzzy SEIR
Amoebiasis model was presented with equilibrium analysis and reproductive number assessment by
Alqarni et al. [33].

The Ebola virus disease (EVD), first identified in Africa, is a rare and potentially fatal disease
that affects both humans and non-human primates. The Ebola virus was first discovered in 1976
near the Ebola River in the Democratic Republic of the Congo. Since then, there have been repeated
outbreaks in different African countries [34,35]. EVD infection can cause a fatal hemorrhagic fever,
with a mortality rate of approximately 50%–90% if left untreated. Recent outbreaks in Uganda
and the Democratic Republic of Congo highlight serious threats to human health. Between 1976
and 2014, at least 18 Ebola outbreaks were confirmed in Africa, with approximately 2400 cases
and 1600 deaths by 2012. On 27 March 2014, a new outbreak occurred in West Africa, with
28,602 confirmed cases and 11,301 deaths [36,37]. Reference [38] discussed optimal control of Ebola
outbreaks through vaccination restrictions. Two mathematical models were evaluated to understand
the ongoing spread of the Ebola virus in West Africa [39]. Ismail et al. [40] studied the Ebola virus, a
negative-sense single-stranded RNA virus that is highly contagious and causes lethal EVD. Ebola virus
infection remains one of the most serious health threats, causing numerous deaths. Rachah et al. [41]
analyzed a simple mathematical model of the Ebola outbreak in Liberia in 2014 and proposed an
Ebola compartment model containing eight nonlinear differential equations. Researchers have used
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mathematical models to predict the transmission of viruses, including Ebola, between humans. Various
classical mathematical approaches have been used to explain the disease caused by EVD, such as the
SI model, SIR model, SEIR model, susceptible exposed infected recovered deceased (SEIRD) model,
and susceptible exposed infected hospitalized recovered (SEIRHD) model [42,43]. Verma et al. [44]
applied this theory to construct SEIR and SEIRHD models for the Ebola epidemic. Ren et al. [45]
formulated an EVD model with four transmission modes and a time delay describing the incubation
period. Nisar et al. [46] developed a nonlinear fractional order Ebola virus with a novel piecewise
hybrid technique to observe the dynamical transmission. Kengne et al. [47] studied an Ebola epidemic
model with an exponential nonlinear incidence function that considers efficacy and behavior change.
Abbas et al. [48] have developed a modified mathematical model of the Ebola virus, adding the
quarantine population as a control strategy. Ko et al. [49] employed a stochastic modeling approach
to analyze the spread of EVD during the early stages of an outbreak. Several segmental models of
the Ebola epidemic have been proposed [50–54] to mention a few. Noorwali et al. [55] proposed
new coincidence point results for single-valued mappings and an L-fuzzy set-valued map in metric
spaces. Alazman et al. [56] presented a restricted SIR mathematical model to analyze the evolution of
a contagious infectious disease outbreak.

The rest of this paper is organized as follows: Section 2 discusses a mathematical delay model
derived from the traditional Ebola virus disease (EVD) model and its subsequent transformation into
a fuzzy delayed epidemic model. It also includes equilibrium analysis, calculation of reproduction
number, and sensitivity analysis to assess stability. Section 3 presents various numerical schemes,
including the Euler order scheme and fuzzy delayed nonstandard finite difference (FDNSFD), and
evaluates their certainty, convergence, and consistency. Section 4 contains the numerical simulations,
and Section 5 concludes the article.

2 Model Formation

To understand and predict the spread of EVD, we considered the Susceptible, Infected, Recovered,
Deceased, and Pathogen (SIRDP) model as introduced by Berge et al. [57], divided the population into
five distinct compartments: Susceptible S refers to people vulnerable to getting an EVD; Infected I are
people who had contracted the virus and can spread it; Recovered R are persons who have been cured
and develop immunity; Deceased D are persons who died from EVD; Pathogen P which represents
the concentration of the virus in the environment. More so, the transmission of EVD has multiple
routes ranging from direct contact between infected humans and other humans as well as contact with
contaminated objects. To model these dynamics, two key elements are incorporated: The other two
is time delay τ which is the time taken between the infection of an individual and when it becomes
infectious, which plays a significant role in describing the temporal advancement of the disease spread
and fuzzy parameters. These parameters are used to control uncertainties and impreciseness obtained
from real epidemiological data, and as such, they cope with changes in the model. The corresponding

4

M. Tashfeen, F. Dayan, M. Aziz ur Rehman, T. Abdeljawad and B. Abdalla,

A dynamically consistent numerical approach for the Ebola virus 
transmission model with fuzzy parameters and time delay, Rev. 

int. métodos numér. cálc. diseño ing. (2024). Vol.40, (4), 1

https://www.scipedia.com/public/Tashfeen_et_al_2025



differential equations for the model are provided below:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dS
dt

= A − (βI + BD + πP)S − μS,

dI
dt

= (βI + BD + πP)S − (μ + σ + γ ) I ,

dR
dt

= γ I − μR,

dD
dt

= (μ + σ) I − bD,

dP
dt

= δ + ηI + αD − ϕP.

(1)

The fuzzy model corresponding to the above model is given by:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dS
dt

= A − (β(υ)I + BD + πP)S − μS,

dI
dt

= (β(υ)I + BD + πP)S − (μ + σ(υ) + γ (υ)) I ,

dR
dt

= γ (υ)I − μR,

dD
dt

= (μ + σ(υ)) I − bD,

dP
dt

= δ + ηI + αD − ϕP.

(2)

The disease transmission rate, mortality rate, and recovery rate for infected individuals are
displayed as fuzzy numbers to reflect their inherent uncertainties. We use the membership function
used by Bhuju et al. [58]. These parameters are denoted as β (υ), σ (υ), and γ (υ), respectively, and
are defined as:

β (υ) =

⎧⎪⎪⎨
⎪⎪⎩

0, υ ≤ υmin

υ − υmin

υmax − υmin

, υmin < υ ≤ υmax

1, υmax ≤ υ

(3)

where υmin and υmax are the minimum and maximum thresholds of the control variable υ. This piecewise
function models how the effectiveness of interventions impacts the transmission rate. The transmission
rate β (υ) indicates the rate of infection of the susceptible population by contact with the infective
persons along with the environmental pathogen. It is a function of the control variable υ, wherein υ

might be a function of the intervention such as in the context of sanitation drives or public awareness
initiatives.

The mortality rate σ (υ) denotes the rate of the deaths of such persons identified with the disease.
This rate depends on υ, which captures the impact of other parameters such as virus pathogenicity
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and other measures as regards mortality.

σ (υ) =
⎧⎨
⎩

(1 − ξ) − a0

υmin

υ + a0, 0 ≤ υ ≤ υmin

1 − ξ , υmin < υ

(4)

Here, a0 is the mortality rate in the absence of any interventions, intervention being defined as an
action, program, or measure that is taken to alter an existing condition or state. Here, ξ denotes the
constructs that mitigate recovery effectiveness, including the level of virulence of the virus or lack of
available healthcare facilities. As υ increases, meaning that the implemented interventions are effective,
σ (υ) reduces hence lowering mortality.

The parameter γ (υ) stands for the recovery rate, which depicts the rate at which the number
of infected individuals recover from the disease. It rises with interventions that have been well
coordinated.

γ (υ) = (γ0 − 1)

υmax

υ + 1. 0 ≤ υ ≤ υmax. (5)

Here, γ0 represents the maximum recovery rate when no actions are taken. As the effectiveness of
interventions rises, so does υ. In addition, γ0 also rises, this denotes that the recovery rate is higher.

2.1 Fuzzy Delayed Model
Delayed epidemic models are important for understanding and predicting the dynamics of

infectious diseases when there is a large incubation period between infection and the onset of infectivity.
The symbol τ stands for the incubation period, which indicates the time it takes for an infected
person to become contagious. Including e−μτ assumes a linear decline in the population over this
period and takes into account factors such as mortality and recovery determined by μτ . By including
the (t − τ)e−μτ factor in the susceptible and exposed population compartments, the standard fuzzy
epidemic model is transformed into a fuzzy delayed epidemic model.

The proposed fuzzy delayed epidemic model of EVD is given below:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dS
dt

= A − (β(υ)I + BD + πP)S(t − τ)e−μτ − μS,

dI
dt

= (β(υ)I + BD + πP)S(t − τ)e−μτ − (μ + σ(υ) + γ (υ)) I ,

dR
dt

= γ (υ)I − μR,

dD
dt

= (μ + σ(υ)) I − bD,

dP
dt

= δ + ηI + αD − ϕP.

(6)
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2.2 The Fuzzy Basic Reproductive Number (BRN) (R0
f )

The BRN number R0 is calculated by utilizing the next-generation approach

R0 = Ae−μτ (bβ (υ) + B (μ + σ (υ)) + πA(bη + ασ (υ) + αμ)

bμ(μ + σ (υ) + γ (υ))
, (7)

R0 = Ae−μτ (bβ (υ) + B (k2) + πA(bη + ασ (υ) + αμ)

bμk1

.

where k1 = (μ + σ(υ) + γ (υ)) and k2 = (μ + σ(υ)).

The FBRN number R0
f can be analyzed as below:

Case 1: If υ ≤ υmin, then β (υ) = 0 and we obtain

R0 = Ae−μτ (B (k2) + πA(bη + ασ (υ) + αμ)

bμk1

.

Case 2: If υmin < υ ≤ υmax, we have β (υ) = υ − υmin

υmax − υmin

and we obtain

R0 = Ae−μτ (bβ (υ) + B (k2) + πA(bη + ασ (υ) + αμ)

bμk1

.

Case 3: If υmax ≤ υ, we have β (υ) = 1 and we obtain

R0 = Ae−μτ (b + B (k2) + πA(bη + ασ (υ) + αμ)

bμk1

.

Now, R0(υ) can be written as

R0 (υ) =
(

Ae−μτ (B (k2) + πA(bη + ασ (υ) + αμ)

bμk1

,
Ae−μτ (bβ (υ) + B (k2) + πA(bη + ασ (υ) + αμ)

bμk1

,

Ae−μτ (b + B (k2) + πA(bη + ασ (υ) + αμ)

bμk1

)
.

The fuzzy reproductive number can be written as [59]

Rf
0 = E [R0 (υ)] ,

Rf
0 = Ae−μτπA(bη + ασ (υ) + αμ)(3B (k2) + 2bβ (υ) + b + 4)

4bμk1

. (8)

2.3 Sensitivity Analysis of R0

The suggested EVD model is investigated using sensitivity analysis to see how different factors
impact the disease’s dynamics. Sensitivity analysis gives information on the impact of each parameter
on the spread of Ebola. Identifying the parameters that can be easily modified without significantly
disrupting the model’s behavior is essential for developing targeted public health strategies. Fur-
thermore, understanding the sensitivity helps target public health interventions, such as improving
isolation practices or enhancing recovery rates, to effectively control outbreaks. The sensitivity index
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of a parameter is defined as [60]

ζ (υ) = �

Ro

× ∂

∂�
(Ro),

where ζ denotes the sensitivity of the parameter �. We calculate the sensitivity of β (υ) as

ζ (β (υ)) = β (υ)

Ro

× ∂

∂β (υ)
(Ro) = bβ (υ)

(bβ (υ) + B (k2) + πA(bη + ασ (υ) + αμ)
,

Similarly,

ζ (A) = A
Ro

× ∂

∂A
(Ro) = 1 + π(bη + ασ (υ) + αμ)

(bβ (υ) + B (k2) + πA(bη + ασ (υ) + αμ)
,

ζ (B) = B
Ro

× ∂

∂B
(Ro) = Bk2

(bβ (υ) + B (k2) + πA(bη + ασ (υ) + αμ)
,

ζ (b) = b
Ro

× ∂

∂b
(Ro) = β (υ) + πAη − bβ (υ) − B (k2) − πA(bη + ασ (υ) + αμ

(bβ (υ) + B (k2) + πA(bη + ασ (υ) + αμ)
,

ζ (α) = α

Ro

× ∂

∂α
(Ro) = απk2

(bβ (υ) + B (k2) + πA(bη + ασ (υ) + αμ)
,

ζ (γ (v)) = γ (v)
Ro

× ∂

∂γ (v)
(Ro) = −γ (v)

k1

,

ζ (σ (v)) = σ(v)
Ro

× ∂

∂σ (v)
(Ro) = β (υ) + πAη − bβ (υ) − B (k2) − πA(bη + ασ (υ) + αμ

(bβ (υ) + B (k2) + πA(bη + ασ (υ) + αμ)
,

ζ (π) = π

Ro

× ∂

∂π
(Ro) = πA(πA(bη + ασ (υ) + αμ)

(bβ (υ) + B (k2) + πA(bη + ασ (υ) + αμ)
,

ζ (η) = η

Ro

× ∂

∂η
(Ro) = ηπAb

(bβ (υ) + B (k2) + πA(bη + ασ (υ) + αμ)
,

ζ (τ ) = θ

Ro

× ∂

∂θ
(Ro) = −τ ,

ζ (μ) = μ

Ro

× ∂

∂μ
(Ro) = e−μτ (πAα − τ(bβ (υ) + B (k2) + πA(bη + ασ (υ) + αμ)

(bβ (υ) + B (k2) + πA(bη + ασ (υ) + αμ)
.

Fig. 1 provides a sensitivity analysis of the basic reproduction number Ro with respect to various
epidemiological parameters. The x-axis lists parameters, and the y-axis exhibits their sensitivity indices,
indicating how changes affect Ro. Parameters like β (υ), A, and σ (υ) and have positive sensitivity
indices, meaning an increase in these parameters raises Ro. As β (υ) representing the transmission rate,
boosts the spread of infection, increasing Ro. Conversely, parameters like τ , γ (v) and μ show negative
sensitivity indices. μ the death rate, γ (v) recovery rate decreases Ro. While increasing τ delay factor
also reduces Ro. To better manage the disease spread, it would be helpful to emphasize the parameter
with the highest negative sensitivity, that is τ would be the most effective parameter to focus on while
also minimizing parameters with high positive sensitivity, such as A and β (υ) to lower the Ro.
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Figure 1: Sensitivity of the basic reproduction number Ro to changes in the model parameters using
sensitivity indices

2.4 Equilibrium Analysis
Case 1: If υ ≤ υmin, we have β (υ) = 0 and E0

p

(
S0, I 0, R0, D0, P0

)
, we obtain

S0 = A
(BD0 + πP0) e−μτ + μ)

,

I 0 =
(
BD0 + πP0

)
e−μτ S0

k1

,

R0 = γ (υ)I 0

μ
,

D0 = k2I 0

b
,

P0 = δ + ηI 0 + αD0

ϕ
.

Case 2: If υmin < υ ≤ υmax, we have β (υ) = υ − υmin

xmax − υmin

and E∗
p (S∗, I∗, R∗, D∗, P∗), we obtain

S∗ = A
(β (υ) I ∗ + BD∗ + πP∗) e−μτ + μ)

,
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I ∗ = (β (υ) I ∗ + BD∗ + πP∗) e−μτ S∗

k1

,

R∗ = γ (υ)I∗

μ
,

D∗ = k2I ∗

b
,

P∗ = δ + ηI ∗ + αD∗

ϕ
.

Case 3: If υmax ≤ υ, we have β (υ) = 1 and E∗∗
p (S∗∗, I∗∗, R∗∗, D∗∗, P∗∗), we obtain

S∗∗ = A
(I ∗∗ + BD∗∗ + πP∗∗) e−μτ + μ)

,

I ∗∗ = (I ∗∗ + BD∗∗ + πP∗∗) e−μτ S∗∗

k1

,

R∗∗ = γ (υ)I∗∗

μ
,

D∗∗ = k2I ∗∗

b
,

P∗∗ = δ + ηI ∗∗ + αD∗∗

ϕ
.

2.5 Stability Analysis
The Jacobian matrix of system (6) at disease free equilibrium (DFE) is given by

J(E0
p) =

⎡
⎢⎢⎢⎢⎣

−(BD + πP)e−μτ − μ 0 0 BDe−μτ πPe−μτ

(BD + πP)e−μτ −k1 0 0 0
0 γ −μ 0 0
0 k2 0 −b 0
0 η 0 α −ϕ

⎤
⎥⎥⎥⎥⎦ .

The eigenvalues of the matrix are; λ1 = −0.500, λ2 = −0.0300, λ3 = −0.5041, λ4 = −0.6105 and
λ5 = −0.7998. As all the eigenvalues are less than zero, we concluded that the system of differential
equations of the SIRDP model is locally asymptotically stable at E0

p.

3 Numerical Modelling

Numerical modeling involves simulating and analyzing complex systems or processes using
mathematical formulas and computer techniques. This practice provides predictions and insights that
cannot be obtained through direct research. Computational techniques and algorithms such as the
finite difference method and the finite element method are used to solve the discretized fundamental
equations of the system. This section uses a forward Euler scheme and a nonstandard finite-difference
method for a particular model.
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3.1 Forward Euler Scheme
The forward Euler method is a well-acknowledged explicit first-order numerical methodology for

solving ordinary differential equations. It is well-known for its computational efficiency and ability to
estimate the trajectory of solutions over time quickly. We construct a forward Euler scheme for the
above system (6).

Sn+1 = Sn + hA − h (β (v) In + BDn + πPn) e−μτ Sn − hμSn, (9)

In+1 = In + h (β (v) In + BDn + πPn) e−μτ Sn − h (μ + σ (υ) + γ (υ)) In, (10)

Rn+1 = Rn + h (γ (υ) In − μRn) , (11)

Dn+1 = Dn + h (μ + σ(υ)) In − hbDn, (12)

Pn+1 = Pn + h (δ + ηIn + αDn) − hϕPn. (13)

3.2 NSFD Scheme
The NSFD method appears to be a computational approach to efficiently solve fuzzy delayed

differential equations while maintaining the characteristics of continuous models. Securing positive,
stable, and convergent behavior numerical solutions, NSFD schemes [61] are appropriate for dealing
with epidemic models. Considering continuous models, NSFD schemes proved their worth over
traditional methods, being more efficient and consistent. The proposed fuzzy delayed nonstandard
finite difference (FDNSFD) is given by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Sn+1 = Sn + hA
1 + h (β (v) I + BDn + πPn) e−μτ + hμ

,

In+1 = In + h (β (v) I + BDn + πPn) e−μτ Sn

1 + hK1

,

Rn+1 = Rn + hγ (υ)In

1 + hμ
,

Dn+1 = Dn + hK2In

1 + hb
,

Pn+1 = Pn + h(δ + ηIn + αDn)

1 + hϕ
.

(14)

3.3 Positivity of FDNSFD
Accuracy and relevance are unavoidable parameters when solving epidemic models using numeri-

cal methods. In a segmental prevalence model, all variables representing different population segments
must have at least one positive value, while other variables may or may not be positive but not always
negative. It is important to ensure that these variables are positive. This fundamental property is
strictly maintained using principles of mathematical induction within an implicit numerical integration
scheme. The following provides valuable insight into this process:
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Theorem: Let S, I , R, D and P ≥ 0 are finite S + I + R + D + P ≤ N; furthermore, α ≥ 0,
δ ≥ 0, μ ≥ 0, γ (υ) ≥ 0, ϕ ≥ 0, σ(υ) ≥ 0, τ ≥ 0, π ≥ 0, B ≥ 0, b ≥ 0, η ≥ 0 and β (v) ≥ 0, then
Sn+1 ≥ 0, In+1 ≥ 0, Rn+1 ≥ 0, Dn+1 ≥ 0 and Pn+1 ≥ 0 for all n ∈ Z+.

Proof: Now for n = 0 system (14) becomes⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

S1 = S0 + hA
1 + h (β (v) I + BD0 + πP0) e−μτ + hμ

≥ 0,

I 1 = I 0 + h
(
β (v) I + BD0 + πP0

)
e−μτ S0

1 + hK1

≥ 0,

R1 = R0 + hγ (υ)

1 + hμ
≥ 0,

D1 = D0 + hK2In

1 + hb
≥ 0,

P1 = P0 + h(δ + ηI 0 + αD0)

1 + hϕ
≥ 0.

Now, for n = 1 system (14) becomes⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

S2 = S1 + hA
1 + h (β (v) I + BD1 + πP1) e−μτ + hμ

≥ 0,

I 2 = I 1 + h
(
β (v) I + BD1 + πP1

)
e−μτ S1

1 + hK1

≥ 0,

R2 = R1 + hγ (υ)

1 + hμ
≥ 0,

D2 = D1 + hK2In

1 + hb
≥ 0,

P2 = P1 + h(δ + ηI 1 + αD1)

1 + hϕ
≥ 0.

Assume that the preceding set of equations guarantees that the values of S, I , R, D, and P have
the property of positivity for n = 2, 3, 4, . . . , n − 1. In other words, for n = 2, 3, 4, . . . , n − 1, Sn+1 ≥
0, In+1 ≥ 0, Rn+1 ≥ 0, Dn+1 ≥ 0 and Pn+1 ≥ 0. The positivity will now be investigated for a random
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positive integer n, and we find that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Sn+1 = Sn + hA
1 + h (β (v) I + BDn + πPn) e−μτ + hμ

≥ 0,

In+1 = In + h (β (v) I + BDn + πPn) e−μτ Sn

1 + hK1

≥ 0,

Rn+1 = Rn + hγ (υ)

1 + hμ
≥ 0,

Dn+1 = Dn + hK2In

1 + hb
≥ 0,

Pn+1 = Pn + h(δ + ηIn + αDn)

1 + hϕ
≥ 0.

Hence, the proof.

3.4 Convergence Analysis
Convergence analysis in epidemic models determines the stability and accuracy of numerical

approaches for solving disease-spread differential equations. It determines if the numerical solution
approaches the genuine solution when the computational parameters drop, assuring simulation
reliability and accuracy while preserving the continuous model’s characteristics. To prove this, assume
that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Q1 = S + hA
1 + h (β (v) I + BD + πP) e−μτ + hμ

,

Q2 = I + h (β (v) I + BD + πP) e−μτ S
1 + hK1

,

Q3 = R + hγ (υ)

1 + hμ
,

Q4 = D + hK2I
1 + hb

,

Q5 = P + h(δ + ηI + αD)

1 + hϕ
.
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The Jacobian matrix corresponding to the above system at E0
p is

J (E0
p) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
1 + hμ

0 0 0
hμ

1 + hk1

0
1

1 + hk1

0 0 0

0
hϕ

1 + hk2

1
1 + hk2

0 0

0 0
hω

1 + hk3

1
1 + hk3

0

0 0 0
hγ (x)

1 + hk4

1
1 + hk4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Eigen values of above Jacobian matrix λ1 = 0.99700897 < 1, λ2 = 0.94255486 < 1, λ3 =
0.05087814 < 1, λ4 = 0.95238095 < 1 and λ5 = 0.95238095 < 1. All of the Jacobian matrix’s
eigenvalues will be inside a unit circle, ensuring that the proposed FDNSFD scheme converges at a
point E0

p.

3.5 Consistency of the FDNSFD Scheme
Consistency refers to the ability of a numerical method to accurately estimate the underlying

continuous model as factors such as step size are reduced. This result highlights the importance of
maintaining the consistency of his FDNSFD system to ensure the reliability and accuracy of numerical
solutions.

Beginning with the first equation in the system (14), we get

Sn+1(1 + h (β (v) I + BDn + πPn) e−μτ + μ) = Sn + hA, (15)

The Taylor’s series expansion of the Sn+1 is as follows:

Sn+1 =
(

Sn + h
dS
dt

+ h2

2!
d2S
dt2

+ h3

3!
d3S
dt3

+ . . .

)
.

From Eq. (15), we obtain(
Sn + h

dS
dt

+ h2

2!
d2S
dt2

+ h3

3!
d3S
dt3

+ . . .

) (
1 + h (β (v) I + BDn + πPn) e−μτ + μ

) = Sn + hA.

After some simplification and applying h → 0, we get

Sn((β (v) I + BDn + πPn) e−μτ + μ) + dS
dt

= A,

dS
dt

= A − (β (v) I + BDn + πPn) Sne−μτ + μSn,

�⇒ dS
dt

= A − (β (υ) I + BD + πP) Se−μτ − μS.
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From the second equation of the FDNSFD scheme, we have

In+1(1 + hk1) = In + h (β (v) I + BDn + πPn) e−μτ Sn, (16)

The Taylor’s series expansion of the In+1 is as follows:

In+1 =
(

In + h
dI
dt

+ h2

2!
d2I
dt2

+ h3

3!
d3I
dt3

+ . . .

)
,

From Eq. (16), we obtain(
In + h

dI
dt

+ h2

2!
d2I
dt2

+ h3

3!
d3I
dt3

+ . . .

)
(1 + hk1) = In + h (β (v) I + BDn + πPn) e−μτ Sn.

Apply h → 0, we get

Ink1 + dI
dt

= (β (v) I + BDn + πPn) e−μτ Sn,

dI
dt

= (β (v) I + BDn + πPn) e−μτ Sn − Ink1,

�⇒ dI
dt

= (β (υ) I + BD + πP) Se−μτ − (μ + σ (υ) + γ (υ)) I .

From the third equation of the FDNSFD scheme, we have

Rn+1(1 + hμ) = Rn + hγ (υ)In, (17)

The Taylor’s series expansion of the Rn+1 is as follows:

Rn+1 =
(

Rn + h
dR
dt

+ h2

2!
d2R
dt2

+ h3

3!
d3R
dt3

+ . . .

)
,

From Eq. (17), we obtain(
Rn + h

dR
dt

+ h2

2!
d2R
dt2

+ h3

3!
d3R
dt3

+ . . .

)
(1 + hμ) = Rn + hγ (υ)In.

Apply h → 0, we get

μRn + dR
dt

= γ (υ) In,

dR
dt

= γ (υ)In − μRn,

�⇒ dR
dt

= γ (υ)I − μR.

From the fourth equation of the FDNSFD scheme, we have

Dn+1 (1 + hb) = Dn + hK2In, (18)
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The Taylor’s series expansion of the In+1 is as follows:

Dn+1 =
(

Dn + h
dD
dt

+ h2

2!
d2D
dt2

+ h3

3!
d3D
dt3

+ . . .

)
,

From Eq. (18), we obtain(
Dn + h

dD
dt

+ h2

2!
d2D
dt2

+ h3

3!
d3D
dt3

+ . . .

)
(1 + hb) = Dn + hK2In.

Apply h → 0, we get

bDn + dD
dt

= K2In,

dD
dt

= K2In − bDn

�⇒ dD
dt

= (μ + σ (υ)) I − bD.

From the fifth equation of the FDNSFD scheme, we have

Pn+1(1 + hϕ) = Pn + h(δ + ηIn + αDn). (19)

The Taylor’s series expansion of the In+1 is as follows:

Pn+1 =
(

Pn + h
dP
dt

+ h2

2!
d2P
dt2

+ h3

3!
d3P
dt3

+ . . .

)
,

From Eq. (19), we obtain(
Pn + h

dP
dt

+ h2

2!
d2P
dt2

+ h3

3!
d3P
dt3

+ . . .

)
(1 + hϕ) = Pn + h (δ + ηIn + αDn) .

Apply h → 0, we get

ϕPn + dP
dt

= (δ + ηIn + αDn) ,

dP
dt

= (δ + ηIn + αDn) − ϕPn,

�⇒ dP
dt

= δ + ηI + αD − ϕP.

As a result, the ordinary differential equations (ODEs) above system and our discretized implicit
numerical integration technique are consistent.

4 Mathematical Simulations

Table 1 shows the values of the parameters utilized in the numerical simulations.

16

M. Tashfeen, F. Dayan, M. Aziz ur Rehman, T. Abdeljawad and B. Abdalla,

A dynamically consistent numerical approach for the Ebola virus 
transmission model with fuzzy parameters and time delay, Rev. 

int. métodos numér. cálc. diseño ing. (2024). Vol.40, (4), 1

https://www.scipedia.com/public/Tashfeen_et_al_2025



Table 1: Values of parameters [51]

Parameters Values Parameters Values

A 5 η 0.04
B 0.06 δ 0.01
b 0.8 τ ≥ 0
μ 0.5 β (v) Fuzzy variable
ϕ 0.04 σ (υ) Fuzzy variable
π 0.01 γ (υ) Fuzzy variable
α 0.05

Fig. 2 illustrates the infected population at various step sizes using the forward approach. The
results indicate non-physical oscillations and negative values, which are not feasible for population
compartments.

Figure 2: (Continued)
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Figure 2: Infected population at various step sizes using the forward Euler approach

Fig. 3 presents the behavior of the deceased population, which also demonstrates non-physical
oscillations and negative values. This was expected due to the dynamics of the infected population
compartments using the forward Euler approach.

Fig. 4 depicts the compartmental behavior of all compartments of the (SIRDP) Ebola virus. It can
be observed that the Euler scheme produces nonpositive values and oscillations. Nonpositive values
in these models are meaningless as the compartment consists of populations that cannot be negative.

Fig. 5 highlights the behavior of the infected population using the FDNSFD scheme approach
for various step sizes. This method preserves positivity and provides the required results.

Fig. 6 shows the deceased populations at various step sizes using the FDNSFD method, yielding
almost entirely positive values and results, as observed for the infected population.

Fig. 7 compares all the compartments of SIRDP using the FDNSFD approach. It details the
behavior of the infected population for each case during the FDNSFD approach.

Fig. 8 displays the infected population results for each scenario using the FDNSFD approach,
showing an increase in the infected population across all cases. Notably, in Case 1, we observe a nearly
disease-free state. In contrast, in Cases 2 and 3, an endemic equilibrium state is evident, with Case 3
exhibiting a higher number of infected individuals than Case 2.

Fig. 9 showcases the infected and deceased populations with and without a delay factor, utilizing a
fuzzy delayed NSFD model. The graph indicates that implementing a delay factor effectively controls
the disease, with fewer individuals infected with the Ebola virus.
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Figure 3: Deceased population at various step sizes using the forward Euler approach
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Figure 4: Compartmental comparison of SIRDP using the forward Euler approach

Figure 5: (Continued)
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Figure 5: Infected population at various step sizes using the FDNSFD approach

Figure 6: (Continued)

21

M. Tashfeen, F. Dayan, M. Aziz ur Rehman, T. Abdeljawad and B. Abdalla,

A dynamically consistent numerical approach for the Ebola virus 
transmission model with fuzzy parameters and time delay, Rev. 

int. métodos numér. cálc. diseño ing. (2024). Vol.40, (4), 1

https://www.scipedia.com/public/Tashfeen_et_al_2025



Figure 6: Deceased population at various step sizes using the FDNSFD approach

Figure 7: Compartmental comparison of SIRDP using the FDNSFD approach

Figure 8: Infected population in each case using the FDNSFD approach
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Fig. 10 illustrates the effect of τ on the infected and deceased population while using the FDNSFD
approach. Overall, the NSFD approach models population dynamics, delivering realistic and reliable
results while avoiding the non-physical outcomes of the forward approach.

Figure 9: Effect of time delay on infected and deceased population using the FDNSFD approach

Figure 10: Effect of time delay τ on infected and deceased population

5 Conclusion

EVD still exists in the communities of Central and West Africa; hence, there is a need for models
that can describe the transmission process accurately. Since the transmission dynamics and time
effects of EVD are uncertain, the SIRDP epidemic model, which includes time delays and fuzzy
parameters, was used. The forward Euler scheme and the FDNSFD scheme carried out simulations of
the model. Comparing results obtained from the forward Euler method with those obtained from the
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FDNSFD scheme, it was evident that though the forward Euler method is quite popular, the FDNSFD
scheme was found to be more capable of preserving properties like positivity, stability, and accuracy,
which makes it a competent tool for investigating the spread of EVD. This was also demonstrated
in that adding the time delay facilitates halting disease spread by anticipating the delayed effects on
transmission. As stated previously, the FDNSFD strategy can be concluded to have been utilizing
EVD trends and may help the regulatory agencies in the future control of EVD transmission.

Despite these contributions, the study has several limitations. Thus, the quality of the epidemiolog-
ical data influences the study and depends on the reporting system, which could be inconsistent. Some
parts of Central and West Africa have the worst healthcare system; they rarely have enough resources
to enable them to conduct an effective response to outbreaks. Isolation measures and vaccination
campaigns are some of the public health strategies used to counter the epidemic disease, and their
implementation differs across different regions, hence impacting transmission rates. Such assumptions
as equal population distribution and equal transmission rates for contacts may not adequately give a
full depiction of reality. The FDNSFD scheme may be constrained in some parameter domains, and
the forward Euler method may add numerical errors. Further, the model is structured without regard
to regional differences or other approaches, which reduces the scope for the application other than the
Central and West African countries. These issues should be addressed in future work.
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