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ABSTRACT

This article presents a semi-analytical approach to address two nonlinear
evolution equations: the fractional complex coupled Maccari system and
the fractional Cahn-Hilliard equation. These mathematical models encap-
sulate essential concepts such as non-locality and memory, making them
applicable in signal and image processing. The proposed method utilizes
the controlled Picard framework combined with the ρ-Laplace transform.
The recommended approach eliminates the necessity for traditional tech-
niques, such as Lagrange multipliers and Adomian expansions, by inte-
grating the controlled Picard method with the ρ-Laplace transformation.
Additionally, a minimal parameter, h̄, has been introduced to improve
the convergence of the system under investigation. The results have been
validated against exact solutions, and absolute error analyses support the
accuracy of the proposed approach. The article includes 2D and 3D plots
to illustrate how results vary with different parameters. In conclusion, this
paper demonstrates that our method is explicit and efficiently executable.
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1 Introduction

The proposition of fractional calculus (FC) is to take ordinary differential equations and modify
them by the introduction of non-integer order derivatives; thus making itself a major pillar for more
complex mathematical representations [1]. For this reason, FC has gained popularity among image
processing experts because it is capable of enhancing high-frequency transmission signals while at
the same time amplifying signals in the middle range and retaining low voltages through non-linear
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transformations [2,3]. In engineering circles, FC has been used to optimize electromagnetic systems,
derive control theory frameworks, and ignite signal processing development, thus leading to efficient
antennas and filters [4]. Biomedicine applies FC in simulating biological systems functioning like nerve
conduction mechanisms, including drug release kinetics and bioelectrical impedance analysis [5]. On
economic fronts, even though gross domestic product models have been improved on by FC, it has also
contributed towards enhancing memory processes for asset prices as well as good risk management
techniques; hence, this could be seen as a leap forward [6,7]. All areas of research benefiting from
this are testimony to how much FC can influence methodological innovations across diverse fields or
domains.

Nonlinear evolution equations (NLEEs) preside over the time dependent behavior of a function
u(θ , t), generally associating the latter with its spatial derivatives. Given that u(θ , 0) is rapidly decaying
at infinity, one turns to determine the evolution of the same function over time [8,9]. Many intricate
phenomena are explained by NLEEs, which hold significant relevance in various areas of science and
engineering. For instance, the Korteweg-de Vries (KdV) equation embodies shallow water waves and
plasma waves, while the Navier-Stokes equations offer models for turbulence, ocean currents, and air
flows. Wave evolution in optical fibers and Bose-Einstein condensates is governed by the nonlinear
Schrödinger equation, which encapsulates essential nonlinear effects. Moreover, waves generated by
shocks due to traffic movement or turbulence are modeled using Burgers’ equation [10].

Our study investigates two NLEEs: the fractional complex coupled Maccari system (FCCMS)
and the fractional Cahn-Hilliard equation (FCHE). Maccari first introduced the Maccari system in
1996, deriving it from the Kadomtsev-Petviashvili problem using Fourier expansion and adjustments
in the spatiotemporal scale [11]. To analyze the impact of fractional dynamics, we reformulated the
complex coupled Maccari system into its fractional counterpart, the FCCMS, which is represented
as [12]:{

ιDt
α,ρf + fθθ + fg = 0,

Dt
α,ρg + gy + (|f |2)θ = 0, ρ > 0, 0 < α ≤ 1, ι = √−1,

(1)

here, f = f (θ , y, t) denotes the complex scalar field, and g = g(θ , y, t) describes the real scalar
field. The imaginary unit is given as ι = √−1. Moreover, Dt

α,ρ indicates the generalized Caputo
fractional derivative (GCFD) having α as the order, in relation to time and parameter ρ, which is
a positive real. The Maccari system is a basic model in nonlinear wave physics, being integrable and
having soliton solutions. An integrable system admits exact analytical solutions; therefore, it is a key
system for studying nonlinear wave dynamics. The Maccari system’s soliton solutions are crucial
for understanding stable wave propagation and interactions that are significant in various physical
applications. In addition, the Maccari system acts as a unifying connection between different classes of
NLEEs to explain the underlying mathematical structures behind complex wave events. The FCCMS
provides a theoretical framework for studying nonlinear wave interactions, solitons, and instability
phenomena in optical fibers. Its applications span telecommunications, laser technology, signal
processing, and nonlinear optics, making it a valuable tool for advancing fiber-optic technologies. In
plasma physics, the FCCMS effectively models nonlinear waves (e.g., solitons, shocks, rogue waves),
multi-species plasma behavior (including dusty and quantum plasmas), and processes like turbulence,
energy transport, and electromagnetic wave-plasma interactions. It is relevant in a wide range of
subjects such as fluid dynamics, optical wave propagation, quantum systems, biology, astrophysics,
and fields where non-linear features dominate [13].
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The Cahn-Hilliard equation, a fourth-order partial differential equation, follows a parabolic
structure, was put forward in 1958 based on ideas of Cahn and Hilliard [14] to depict phase separation
in binary alloys at their critical temperature. It has been widely analyzed both mathematically and
computationally [15]. Here we will be extending our examination towards FCHE based on fractional
dynamics given by:

Dt
α,ρf + fθθθθ − (f 3 − f )θθ − βfθ = 0, ρ > 0, 0 < α ≤ 1. (2)

β is the key parameter indicating the strength of advection, which assesses how strongly the
system is influenced by a direction, either suppressing or enhancing the typical diffusive behavior.
The FCHE models phase separation and pattern formation in diverse systems. It explains spinodal
decomposition in alloys/polymers, grain growth in metals, and thin film dynamics in materials science;
block copolymer self-assembly in soft matter; binary fluid mixing in fluid dynamics; tumor growth
and cell sorting in biology; and image denoising. Emerging uses include 3D printing, battery materials,
and neuroscience. This mass-conserving equation uniquely describes microstructure evolution through
nonlinear diffusion, bridging physics, engineering, and biology [16,17].

Models of this kind are very important in understanding materials with intricate interaction,
nanomaterials, and systems that are influenced by temperature fluctuations or noise. Fractional
derivatives allow for a better portrayal of realistic dynamics than standard models do. A great deal of
research has gone into the FCCMS and FCHE, with researchers using a myriad of methods to study
their solutions. It involves the Bernoulli sub-ODE (BS-ODE) approach, the generalized Kudryashov
(GK) method [18], exp (−φ(ξ))-expansion method, the sine-cosine method [19], and q-homotopy
analysis method [20]. This investigation focuses on introducing a novel semi-analytical framework
to obtain time-dependent solutions for the FCCMS and FCHE. To address their complexity, the
approach combines the Controlled Picard (CP) method with the ρ-Laplace transform (LT) method
using GCFD. This iterative methodology effectively refines an initial approximation, facilitating
convergence toward the precise solution. By employing LT, the equations are reformulated into a set of
algebraic expressions, streamlining the computational process and enhancing efficiency. Significantly,
this work represents the first use of the GCFD with the parameter ρ to solve the proposed model.
This method greatly enhances the ability to explore the system’s underlying behavior. By utilizing this
innovative semi-analytical approach, researchers can obtain a deeper understanding of the models’
dynamics, structure, and predictive characteristics. The results of this research may significantly con-
tribute to the development of theoretical frameworks in physics and applied mathematical modeling,
which have implications across numerous scientific fields.

The paper is organized into well-defined sections to ensure a clear presentation of our study.
Section 2 introduces the fundamental concepts and terminology of FC. Section 3 elaborates on the
outlined methodology, which integrates the ρ-LT with the CP method. In Section 4, we exhibit the
practical implication of the methodology to the introduced models, emphasizing its effectiveness.
Section 5 provides a graphical visualization of the results to support the findings. Lastly, the paper
concludes by highlighting the core insights and contributions, underscoring the importance of this
research.

2 Preliminaries

This segment presents a concise and precise overview of the fundamental definitions pertinent to
FC, laying the groundwork for the subsequent analysis.
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Definition 1. The work presented in [21] introduces an innovative fractional integral operator of order
α designed for application to the function f : [0, +∞) → R, defined as follows:

(�α,ρf )(t) = ρ1−α

	(α)

∫ t

0

ξ ρ−1f (ξ)

(tρ − ξ ρ)1−α
dξ . (3)

In this context, the gamma function, denoted by 	(.), is defined under the conditions ρ > 0, t > 0,
and 0 < α ≤ 1, ensuring that the established requirements are satisfied.

Definition 2. For a function f : [0, +∞) → R, GCFD of order α is formally defined as [21,22]:

(CDα,ρf )(t) = 1
	(n − α)

∫ t

0

(t − ξ)n−α−1f (n)(ξ )dξ , (4)

where ρ > 0 and 0 < α ≤ 1.

Definition 3. The ρ-LT, applicable to a function f continuous on the interval [0, +∞), is rigorously
defined as [23]:

Lρf (t)(s) =
∫ ∞

0

e−s tρ
ρ f (t)

dt
t1−ρ

. (5)

The ρ-LT of a function f associated with the GCFD is succinctly presented in [23]:

Lρ{(CDα,ρf )(t)} = sαLρ{f (t)} −
n−1∑

=0

sα−
−1f 
(0). (6)

Lemma 1: The essential properties of the ρ-LT are presented below [24]:

1. Lρ{1}(s) = 1
s

, s > 0.

2. Lρ{tη}(s) = ρ
η
ρ

	

(
1 + η

ρ

)
s1+ η

ρ
, η ∈ R, s > 0.

3. Lρ{e
λ

tρ

ρ }(s) = 1
s − λ

, s > 0.

3 Fundamental Concept of Controlled Picard’s Technique Using ρ-Laplace Transform

The formulated methodology integrates the CP method with the ρ-LT approach. Emile Picard was
the first person to give the idea of the Picard scheme back in 1890; it is a versatile tool for solving initial
value problems. To address challenges with convergence and the rate of approximation in Picard’s
method, Semary et al. [25] introduced an enhancement that incorporates a complementary parameter,
resulting in the CP method. This approach demonstrates a substantial reduction in computational
workload compared to conventional methods. While implementing the CP method may present
challenges due to the parameter h̄, it consistently delivers precise numerical results. The reduction
in computational work significantly enhances the efficiency of the approach. We will now rigorously
analyze the general form that follows:

Dt
α,ρf (θ , t) + ℵ[f (θ , t)] + L[f (θ , t)] = ν(θ , t), ρ > 0, 0 < α ≤ 1, (7)
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under the given initial conditions:

f (θ , 0) = φ0(θ). (8)

In this formulation, ν denotes a non-homogeneous source term, while the differential operators
L and ℵ correspond to linear and nonlinear components, respectively, involving partial derivatives
concerning the spatial variable θ , thereby reflecting the α order GCFD. Additionally, there exists a
complex-valued function f (θ , t) that requires determination.

To optimize the application of the CP technique in conjunction with the ρ-LT, Eq. (7) is restruc-
tured as follows:

Dt
α,ρf (θ , t) + ℵ[f (θ , t)] + L[f (θ , t)] − ν(θ , t) = 0. (9)

To analyze Eq. (9), we first employ the ρ-LT, leveraging its linearity and the known fractional
derivative properties. This transformation converts the equation into an algebraic form:

Lρ{Dt
α,ρf (θ , t)} + Lρ{ℵ[f (θ , t)] + L[f (θ , t)] − ν(θ , t)} = 0. (10)

In accordance with the stated Definition 3, Eq. (10) may be restated as follows:

sαLρ{f (θ , t)} −
n−1∑

=0

sα−
−1f (
)(θ , 0) + Lρ{ℵ[f (θ , t)] + L[f (θ , t)] − ν(θ , t)} = 0. (11)

We will now implement Picard’s method,

sαLρ{fm+1(θ , t)} =
n−1∑

=0

sα−
−1f (
)(θ , 0) − Lρ{ℵ[fm(θ , t)] + L[fm(θ , t)] − ν(θ , t)}. (12)

The results have been thoughtfully derived by strategically adding and subtracting the terms
LρDt

α,ρfm(θ , t) to the right side of Eq. (12):

sαLρ{fm+1(θ , t)} = LρDt
α,ρfm(θ , t) +

n−1∑

=0

sα−
−1f (
)(θ , 0)

− LρDt
α,ρfm(θ , t) − Lρ{ℵ[fm(θ , t)] + L[fm(θ , t)] − ν(θ , t)}.

(13)

After employing the inverse ρ-LT, we obtain the following results as:

fm+1(θ , t) = fm(θ , t) − L−1
ρ

[
1
sα
Lρ

{
Dt

α,ρfm(θ , t) + ℵ[fm(θ , t)] + L[fm(θ , t)] − ν(θ , t)
}]

. (14)

�

(
θ , t, f (θ , t), α

)
= Dt

α,ρf (θ , t) + ℵ[f (θ , t)] + L[f (θ , t)] − ν(θ , t) = 0. (15)

Using Eq. (15) and multiplying h̄ on both sides:

h̄�

(
θ , t, f (θ , t), α

)
= 0. (16)

The term Dt
α,ρf (θ , t) is added and subtracted to the right of the Eq. (16) to obtain:

Dt
α,ρf (θ , t) + h̄�

(
θ , t, f (θ , t), α

)
− Dt

α,ρf (θ , t) = 0. (17)
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Eq. (14) is subjected to Picard’s transform iterative formula, which yields:

fm+1(θ , t) = fm(θ , t) − L−1
ρ

[
h̄
sα
Lρ

{
Dt

α,ρfm(θ , t) + ℵ[fm(θ , t)] + L[fm(θ , t)] − ν(θ , t)
}]

, (18)

and the initial conditions are given by:

φ0(θ) = L−1
ρ

[
1
sα

[
n−1∑

=0

sα−
−1f (
)(θ , 0)

]]
. (19)

Eq. (14) establishes an iterative framework for approximating solutions to Eq. (9) across both
fractional and integer orders. At this stage, an auxiliary parameter, denoted as h̄, is introduced into the
Picard iterative transformation to improve the control over the convergence domain of the predicted
solutions for Eq. (9). Consequently, we now investigate Eq. (9) as shown below:

fm+1(θ , t) = (1 −h̄)fm(θ , t) +h̄fm(θ , 0) −h̄L−1
ρ

[
1
sα
Lρ

{ℵ[fm(θ , t)] + L[fm(θ , t)] − ν(θ , t)
}]

. (20)

Using Mathematica 13.2, we begin with initial approximations φ0 that fulfill the initial conditions
and compute fm+1(θ , t). The unknown value of h̄ is determined through the h̄-curve technique, as
outlined in [25]. This method identifies the horizontal region corresponding to the acceptable range
of h̄, ensuring the convergence of the solution.

4 Applications

This section will demonstrate the effectiveness and broad applicability of our approach through
its application to FCCMS and FCHE.

4.1 Numerical Solution of Time-FCCMS
Recalling Eq. (1), it can be simplified as:{

Dt
α,ρf − ιfθθ − ιfg = 0,

Dt
α,ρg + gy + (f f̄ )θ = 0,

(21)

where 0 < α ≤ 1 and |f |2 = f f̄ , while f̄ is the conjugate of the function f .

Subject to initial conditions:

f (θ , y, 0) =
√

a + 1
2

α tanh
[

1
2
α(θ + y)

]
ei(ξθ+ηy),

g(θ , y, 0) = −1
2
α2 tanh2

[
1
2
α(θ + y)

]
.

(22)

Using the CP method and the ρ-LT scheme, we obtain the recurrence relations outlined below:

fm+1(θ , t, h̄) = (1 − h̄)fm(θ , t) + h̄fm(θ , 0) + h̄L−1

{
1
sα
L{ι(fm)θθ + ιfmgm}

}
, (23)

gm+1(θ , t, h̄) = (1 − h̄)gm(θ , t) + h̄gm(θ , 0) − h̄L−1

{
1
sα
L{(gm)y + (fmf̄m)θ}

}
.
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By substituting m = 0 into Eq. (23), we derive the following expressions:

f1(θ , t, h̄) = (1 − h̄)f0(θ , t) + h̄f0(θ , 0) + h̄L−1

{
1
sα
L{ι(f0)θθ + ιf0g0}

}
, (24)

g1(θ , t, h̄) = (1 − h̄)g0(θ , t) + h̄g0(θ , 0) − h̄L−1

{
1
sα
L{(g0)y + (f0f̄0)θ}

}
.

Using Mathematica 13.2, we can evaluate f1(θ , t, h̄) and g1(θ , t, h̄) which are presented below:

f1(θ , t, h̄) =
√

a + 1αsech2 (
1
2
α(θ + y)

)
ei(ξθ+ηy)

4
√

2	(α + 1)
(25)

[
−4αh̄ξ

(
tρ

ρ

)α

+ sinh (α(θ + y))

(
2	(α + 1) − ih̄

(
α2 + 2ξ 2

) (
tρ

ρ

)α)]
,

g1(θ , t, h̄) = −
2α2 sinh4 (

1
2
α(θ + y)

)
csch2

(α(θ + y))
(

2ah̄
(

tρ

ρ

)α

csch(α(θ + y)) + 	(α)
)

	(α)
.

Similarly, by setting m = 0 in Eq. (23), we obtain:

f2(θ , t, h̄) = (1 − h̄)f1(θ , t) + h̄f0(θ , 0) + h̄L−1

{
1
sα
L{ι(f1)θθ + ιf1g1}

}
, (26)

g2(θ , t, h̄) = (1 − h̄)g1(θ , t) + h̄g0(θ , 0) − h̄L−1

{
1
sα
L{(g1)y + (f1f̄1)θ}

}
.

Through Mathematica 13.2, we assess f2(θ , t, h̄) and g2(θ , t, h̄) as shown below:

f2(θ , t, h̄) =
√

a + 1αei(ξθ+ηy)

16
√

2	(α)	(α + 1)	(3α + 1)

(
4(̄h − 1)sech2

[
1
2
α(θ + y)

]
⎛
⎜⎜⎝−2 sinh[α(θ + y)]

h̄
(

tρ

ρ

)α (
4αξ + i

(
α2 + 2ξ2

)
sinh[α(θ + y)]

)
	(α + 1)

⎞
⎟⎟⎠

+ 16h̄ tanh
[

1
2
α(θ + y)

]
+ h̄

(
tρ

ρ

)α

sech3
[

1
2
α(θ + y)

]

+
(

2

(
h̄

(
tρ

ρ

)2α (
2i	(α + 1)2

(
aα + 2αξ + 2iξ2 sinh[α(θ + y)]

)

− aα2h̄	(2α + 1)sech4
[

1
2
α(θ + y)

] ((
α2 + 2ξ2

)
sinh[α(θ + y)] − 4iαξ

))
tanh

[
1
2
α(θ + y)

]

− i	(α)

(
h̄	(α + 1)

(
aα2 − 4ξ3

)(
tρ

ρ

)2α

sinh[α(θ + y)] (27)

+ 4
(
α2 + 2ξ2

)
	(3α + 1) tanh

[
1
2
α(θ + y)

])))
,
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g2(θ , t, h̄) = α2

16

⎛
⎜⎜⎝

32(̄h − 1) sinh4
[

1
2
α(θ + y)

]
csch2[α(θ + y)]

(
2ah̄

(
tρ

ρ

)α

csch[α(θ + y)] + 	(α)

)
	(α)

− 8h̄ tanh2
[

1
2
α(θ + y)

]
+ h̄

(
tρ

ρ

)α

sech4
[

1
2
α(θ + y)

]
⎛
⎜⎜⎝

4α2h̄(2(a + 1)ξ + a)

(
tρ

ρ

)α

(cosh[α(θ + y)] − 2)

	(2α + 1)
+ 4a sinh[α(θ + y)]

	(α)

+
(a + 1)αh̄2	(2α + 1)

(
tρ

ρ

)2α+1 ((
α2 + 2ξ2

)2
sinh[α(θ + y)] − 16α2ξ2 tanh

[
1
2
α(θ + y)

])
	(α + 1)2	(3α + 2)

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠ .

Using a similar approach, we estimate solutions by varying m specifically m = 2, 3, ..., but we will
restrict our attention on evaluating f2(θ , t, h̄) and g2(θ , t, h̄). To determine the region of convergence, h̄
curves are plotted at t = 0.1 for various α values. A detailed comparison of our approximations and
absolute errors for different x values and time steps, alongside the analytical results from [18], is shown
in Tables 1 and 2, confirming the CP’s efficacy in solving NLEEs.

Table 1: The exact solution in [18] and the numerical approximations of f (θ , y, t) presented in Eq. (21)
and the error magnitude at a = 0.05, y = 10, ρ = 1, ξ = 2.5, η = 1.5, γ = 2 for α = 1 at h̄ = 0.3

t x Exact Numerical |Error|
–10 –0.00169 0.03169 3.33756 ×10−2

0.1 –6 0.68471 0.69518 1.04771 ×10−2

–1 0.71793 0.71594 1.99821 ×10−3

0.2 –0.72449 –0.68768 3.68145 ×10−2

–10 –0.00015 0.00319 3.34347 ×10−3

0.01 –6 0.69837 0.69823 1.48038 ×10−4

–1 0.72361 0.72211 1.49953 ×10−3

0.2 –0.71175 –0.70678 4.97097 ×10−3

–10 –0.00081 0.01590 1.67074 ×10−2

0.05 –6 0.69508 0.69700 1.92589 ×10−3

–1 0.72398 0.71937 4.60796 ×10−3

0.2 –0.72030 –0.69830 2.20015 ×10−2
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Table 2: The exact solution in [18] and the numerical approximations of g(θ , y, t) presented in Eq. (21)
and the error magnitude at a = 0.05, y = 10, ρ = 1, ξ = 2.5, η = 1.5, γ = 2 for α = 1 at h̄ = 0.3

t x Exact Numerical |Error|
–10 –0.49990 –0.49991 4.9027 ×10−7

0.1 –6 –0.49479 –0.49482 2.65134 ×10−5

–1 –0.09690 –0.09790 1.00224 ×10−3

0.2 –0.00804 –0.00779 2.55618 ×10−4

–10 –0.49991 –0.49991 6.12682 ×10−8

0.01 –6 –0.49481 –0.49482 3.31403 ×10−6

–1 –0.09770 –0.09782 1.28701 ×10−4

0.2 –0.00776 –0.00773 2.965 ×10−5

–10 –0.49990 –0.49991 2.54936 ×10−7

0.05 –6 –0.49480 –0.49482 1.37879 ×10−5

–1 –0.09734 –0.09787 5.2703 ×10−4

0.2 –0.00789 –0.00776 1.29019 ×10−4

4.2 Numerical Solution of Time-FCHE
Recalling Eq. (2) having the initial conditions:

f (θ , 0) = tanh
(

θ√
2

)
. (28)

Applying the CP method and the ρ-LT strategies obtained from Eq. (20) to the Eq. (2) allows us
to establish the following recurrence relations:

fm+1(θ , t, h̄) = (1 − h̄)fm(θ , t) + h̄fm(θ , 0) − h̄L−1

{
1
sα
L{(fm)θθθθ − (f 3

m − fm)θθ − β(fm)θ}
}

. (29)

Substituting m = 0 in Eq. (29):

f1(θ , t, h̄) = (1 − h̄)f0(θ , t) + h̄f0(θ , 0) − h̄L−1

{
1
sα
L{(f0)θθθθ − (f 3

0 − f0)θθ − β(f0)θ}
}

. (30)

Mathematica 13.2 can be used to evaluate f1(θ , t, h̄) as follows:

f1(θ , t, h̄) = tanh
(

θ√
2

)
−

βh̄
(

sinh
(

3θ√
2

)
− 11 sinh

(
θ√
2

))
sech5

(
θ√
2

) (
tρ

ρ

)α

2	(α + 1)
. (31)

Substituting m = 1, the second approximate solution is as follows:

f2(θ , t, h̄) = (1 − h̄)f1(θ , t) + h̄f0(θ , 0) − h̄L−1

{
1
sα
L{(f1)θθθθ − (f 3

1 − f1)θθ − β(f1)θ}
}

. (32)
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Accordingly, we derive the following expression for f2(θ , t, h̄):

f2(θ , t, h̄) = tanh
(

θ√
2

)
+

βh̄tα−1sech2
(

θ√
2

)
32	(α + 1)4

[
24αβh̄2	(α + 1)t2α

(
− 9187 cosh

(√
2θ

)
+ 1914 cosh

(
2
√

2θ
)

− 125 cosh
(

3
√

2θ
)

+ 2 cosh
(

4
√

2θ
)

+ 7780
)

tanh
(

θ√
2

)
sech10

(
θ√
2

)
− 9αβ2h̄3t3α

(
132934 cosh

(√
2θ

)
− 36952 cosh

(
2
√

2θ
)

+ 4279 cosh
(

3
√

2θ
)

− 202 cosh
(

4
√

2θ
)

+ 3 cosh
(

5
√

2θ
)

− 102110
)

tanh
(

θ√
2

)
sech14

(
θ√
2

)
+ 16t	(α + 1)3

(√
2 − 4(h̄ − 1) tanh

(
θ√
2

)(
3sech2

(
θ√
2

)
− 1

))

8αh̄	(α + 1)2tαsech4
(

θ√
2

)(
672 sinh

(√
2θ

)
− √

2β
(
−26 cosh

(√
2θ

)
+ cosh

(
2
√

2θ
)

+ 33
)

+ 72 tanh
(

θ√
2

)(
112sech2

(
θ√
2

)
− 107

))]
. (33)

Extending the process to m = 2, 3, and higher yields the approximate solution. However, we
restrict our attention to computing f2(θ , t, h̄). The parameter h̄ is essential for ensuring convergence as
m grows. To identify the convergence region, we visualize h̄ curves at θ = 1.5 and t = 0.5 for different
values of α. Table 3 presents a comparison of our approximate solutions, absolute errors for different
x values and time steps, and analytical results from [16]. The minimal error confirms the accuracy of
the suggested approach.

Table 3: The exact solution in [16] and the numerical approximations of f (θ , t) presented in Eq. (2)
and the error magnitude at ρ = 1, β = 0.1 for α = 1 at h̄ = 0.01

t x Exact Numerical |Error|
–10 –0.99999 –0.99999 2.18385 ×10−7

0.1 –8 –0.99997 –0.99998 3.69473 ×10−6

–7 –0.99988 –0.9999 1.51961 ×10−5

–5 –0.998045 –0.998302 2.56663 ×10−4

–10 –0.99999 –0.99999 2.04703 ×10−8

0.01 –8 –0.99998 –0.99997 3.46325 ×10−7

–7 –0.99989 –0.9999 1.42441 ×10−6

–5 –0.99828 –0.99830 2.40611 ×10−5

–10 –0.99999 –0.999999 1.0532 ×10−7

0.05 –8 –0.99997 –0.99997 1.78185 ×10−6

–7 –0.99989 –0.9999 7.32862 ×10−6

–5 –0.998179 –0.998302 1.23788 ×10−4
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5 Graphical Illustrations

Visual representations play a crucial role in elucidating complex mathematical concepts by offering
an intuitive understanding of underlying dynamics. They serve as an effective tool for analyzing
the behavior of the studied model, enabling explicit examinations of its properties. Whether in
two-dimensional or three-dimensional form, these graphical depictions facilitate direct comparisons
between analytical and numerical solutions, while also highlighting the intricate relationships among
the governing parameters of the equation. Here, we provide a series of visual representations that
confirm the correctness of our obtained solutions.

Fig. 1 presents the results from the FCCMS’s approximation (21) for different values of α and t. In
Fig. 1a and b, the real parts of f (θ , y, t) and g(θ , y, t) are depicted, considering a = ξ = η = 2, y = 10,
ρ = 1, and t = h̄ = 0.5, with varying α. Figs. 2 and 3 further illustrate the approximate solutions under
different parameter values. These graphical illustrations effectively capture the numerical solution’s
sensitivity to varying parameter values, underscoring the substantial influence of such variations on
system behavior. Finally, Fig. 4 provides insight into the h̄ curve for the solution at θ = 1, where ρ = 0.2
and t = 0.1. The analysis confirms that the optimal range for h̄ is [–0.2, 1] for f and [–0.6, 0.4] for g,
with recommended values of 0.5 and –0.1, respectively. To illustrate the impact of fractional orders on
the solutions of Eq. (21), Fig. 5a–d displays the surface structure of imaginary aspects of f (θ , y, t) for
different values of α, specifically 1, 0.9, 0.75, and 0.7, over the interval −5 ≤ θ ≤ 5 and 0 ≤ t ≤ 2. The
obtained solution exhibits periodicity while gradually decaying over time. Notably, the rate of decay
increases with rising α. Likewise, Fig. 6a–d illustrates the behavior of g(θ , y, t) under α =1, 0.9, 0.75,
and 0.7 considering −5 ≤ θ ≤ 5 and −5 ≤ t ≤ 5. We obtain a bell-shaped soliton solution that aligns
well with the analytical solution, confirming how solution dynamics evolve with decreasing α.

Figure 1: 2D plots of the real parts of f (θ , y, t) and g(θ , y, t) for the time-FCCMS (21) at various α

values: (a) Re(f (θ , y, t)) with parameters a = ξ = η = 2, y = 10, ρ = 1, and t = h̄ = 0.5. (b)
Re(g(θ , y, t)) with t = ξ = η = 0.5, a = y = 0.05, ρ = 0.4 and h̄ = −0.1
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Figure 2: 2D plots of the real parts of f (θ , y, t) and g(θ , y, t) for the time-FCCMS (21) at varying values
of t: (a) Re(f (θ , y, t)) for α = 1, a = ξ = η = 2, y = 10, ρ = 1 and h̄ = 0.5. (b) Re(g(θ , y, t)) for α = 1
ξ = η = 0.5, a = y = 0.05, ρ = 0.4 and h̄ = −0.1

Figure 3: Two-dimensional plots of the real components of f (θ , y, t) and g(θ , y, t) for time-FCCMS
(21), illustrating the effect of varying ρ: (a) Re(f (θ , y, t)) for α = 1, a = ξ = η = 2, y = 10 and
t = h̄ = 0.5. (b) Re(g(θ , y, t)) for α = 1t = ξ = η = 0.5, a = y = 0.05 and h̄ = −0.1

Figure 4: Representation of the h̄ curves corresponding to the solutions, plotted for θ = 1, y = 1.5,
t = 0.1 with parameters a = 0.3, ξ = 0.5, η = 0.6 and ρ = 0.2 (a) h̄ curves for f (θ , y, t) (b) h̄ curves
for g(θ , y, t)
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Figure 5: 3D visualizations of Im(f (θ , y, t)) in the time-FCCMS (21) for a = 0.05, y = 10, ξ = 2.5,
η = 1.5, ρ = 1, and h̄ = 0.3 at several α values. (a) α = 1, (b) α = 0.9, (c) α = 0.75, (d) α = 0.7

Fig. 7 presents the solutions obtained from the approximation of the time-FCHE (2) for a broad
range of measurements of α and t. In particular, we look at the cases where α = 1, 0.75, and 0.25 with
fixed parameters ρ = 1 and β = 0.1. Additionally, Fig. 7b illustrates how the approximate solutions
evolve with different values of t, demonstrating a remarkable consistency despite temporal variations.
In Fig. 7c, the approximate solutions employing the GCFD in spatiotemporal coordinates for α = 1
and t = 0.5 exhibit a strong agreement, regardless of the varying values of ρ. Fig. 7d visualizes the
h̄ curves at θ = 1.5, ρ = 1 and t = 0.5, for different α, indicating that the suitable extent of h̄ lies
in [–0.7, 0.5], with an optimal choice of around 0.01. Also, Fig. 8a–c presents 3D coordinate-space
graphs, illustrating kink wave solitons that remain stable under perturbations. These graphs, plotted
for varying fractional parameter α, span the domains −10 ≤ θ ≤ 10 and 0 ≤ t ≤ 2.
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Figure 6: 3D visualizations of g(θ , y, t) in the time-FCCMS (21) for a = y = 0.05, ξ = 0.01, η = 0.001,
ρ = 0.4, and h̄ = −0.1 at various values of α. (a) α = 1, (b) α = 0.9, (c) α = 0.75, (d) α = 0.7

Figure 7: (Continued)
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Figure 7: 2D plots of f (θ , t) for Eq. (2): (a) At t = 0.5, showing variations with α. (b) For different t
values. (c) For different ρ values. (d) h̄ curve at θ = 1.5, t = 0.5, and ρ = 1

Figure 8: 3D visualizations of g(θ , t) for the time-FCHE (2) for β = 0.1, ρ = 0.2, and h̄ = 0.01 at
different values of α. (a) α = 1, (b) α = 0.9, (c) α = 0.75, (d) α = 0.5
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6 Conclusion

Our investigation involved the use of the CP methodology coupled with the ρ-LT as an innovative
solution framework for approximating FCCMS and FCHE. By skillfully integrating the ρ-LT with
the CP method, the projected approach efficiently resolved nonlinear fractional problems without
relying on Adomian polynomials or Lagrange multipliers. The fractional derivatives were interpreted
in the Caputo sense, and convergence was further optimized by incorporating a small parameter, h̄. The
method’s remarkable accuracy was validated through absolute error tables, with visual demonstrations
in the form of graphs reinforcing its effectiveness and reliability. This approach stood out for its
precision, efficiency, and simplicity, making it a versatile tool for advancing fractional differential
equation studies. While the method proves to be highly effective, it does come with a significant
limitation: it converges only under certain initial conditions and tends to work better with initial value
problems than with those involving boundary conditions. For future directions, it can be employed
to investigate more complex systems that have significant applications in various real-world areas
by employing the CP transform method. Through a thorough analysis of these systems, we seek to
discover essential properties of the governing equations, which can be used to develop innovative
solutions for practical challenges.
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