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Abstract. Nowadays, fibre-reinforced materials and their accurate dynamic simulation play a significant
role in the construction of lightweight structures. On the one hand, we are dealing with locking of
the matrix material as well as the fibres, thermal expansion, the directed heat conduction through the
fibres and viscoelastic behaviour in such materials. The material reinforcement is performed by fiber
rovings with a separate bending stiffness, which can be modelled by second order gradients. On the
other hand, we also want to perform accurate long-term simulations. In this presentation, we focus
on numerically stable dynamic long-time simulations with locking free meshes, and thus use higher-
order accurate energy-momentum schemes emanating from mixed finite element methods. We adapt
the variational-based space-time finite element method in Reference [1] to the material formulation, and
additionally include independent fields to obtain well-known mixed finite elements [2, 3].

1 INTRODUCTION

An anisotropic material with a thermo-viscoelastic matrix and a thermo-viscoelastic fiber roving with
nF fiber orientations aaa0 is considered moving in the Euclidean space Rndim with the constant ambient
temperature Θ∞. We formulate a strain energy function for this material as an additive split of matrix
part ΨM, a fiber part regarding to the fiber roving stretch ΨF and a higher-order gradient part regarding
to the bending for the fiber roving ΨH and is given by

Ψ(CCC,CCCM
v ,Θ,CCCFi

v ,aaa
i
0) = ΨM(CCC,CCCM

v ,Θ)+
nF

∑
i=1

[
ΨFi(CCC,CCCFi

v ,Θ,aaai
0)+ΨHi(∇CCC,CCC,aaai

0)
]

. (1)

The deformation gradient by the position qqq is defined by FFF = ∇qqq, the right Cauchy-Green tensor is
defined by CCC = FFFT FFF , the viscous right Cauchy-Green tensor with respect to the matrix is defined by CCCM

v ,
the viscous right Cauchy-Green tensor with respect to the fiber is defined by CCCFi

v , the gradient of CCC is

1



J. Dietzsch, M. Groß, I. Kalaimani

defined by ∇CCC and Θ is the absolute temperature. Their corresponding dependencies are given as

ΨM(CCC,cof[CCC],J,CCCM
v ,Θ) = Ψ

iso
M (CCC,cof[CCC],J)+Ψ

vol
M (J)+Ψ

cap
M (Θ)+Ψ

coup
M (Θ,J)+Ψ

vis
M (CCC(CCCM

v )−1)

ΨFi(CCC,cof[CCC],J,CCCFi
v ,aaa

i
0,Θ) = Ψ

ela
Fi
(CCC,cof[CCC],aaai

0)+Ψ
cap
Fi

(Θ)+Ψ
coup
Fi

(Θ,CCC)+Ψ
vis
Fi
(CCC(CCCFi

v )
−1),

with the volume dilatation J(CCC) = det[FFF ] =
√

det[CCC]. The free energy function of matrix ΨM and fiber
ΨF are further split into their corresponding elastic parts (Ψiso

M ,Ψvol
M ,Ψela

Fi
), heat capacity part (Ψcap

M ,Ψ
cap
Fi

),
thermo-mechanical coupling part (Ψcoup

M ,Ψ
coup
F ) and viscoelastic free energy function (Ψvis

M ,Ψvis
F ). The

functions of the thermo-mechanical coupling are given by

Ψ
coup
M =−2ndimβM(Θ−Θ∞)J

∂Ψvol
M (J)
∂J

Ψ
coup
Fi

=−2βF(Θ−Θ∞)
√

Ii
4

∂Ψela
F (Ii

4, . . .)

∂Ii
4

(2)

where βM and βFi is the coefficient of linear thermal expansion, MMMi = aaai
0⊗aaai

0 is the structural tensor and
the fourth invariant Ii

4 = tr[CCCMMMi]. In Reference [4] we compare two different variants for the higher-order
gradient part ΨHi . One with respect to the gradient of the deformation gradient FFF (see Reference [5]) and
the second with respect to the gradient of the right Cauchy-Green tensor CCC (see Reference [6]). We are
able to show that formulation in CCC also works. This has several advantages, such as a simpler weak form,
the possibility to formulate the energy-momentum scheme directly in ∇CCC, the possibility to use multiple
fibers, and as result a less expensive numerical calculation. The sixth invariant of this formulation is
given by

IC
6 (∇CCC) = (aaa0 ·∇CCC ·aaa0) · (aaa0 ·∇CCC ·aaa0) (3)

If we now set

ΛΛΛ(∇CCC) = aaa0 ·∇CCC (4)

we get the same expressions for the invariants as for FFF (see Reference [5]), given by

I6(∇CCC) = κκκ0 ·κκκ0 I7(CCC,∇CCC) = κκκ0 ·CCC ·κκκ0 (5)

with κκκ0 = ΛΛΛ ·aaa0 and the final dependencies read

ΨHi(∇CCC,CCC,aaai
0) = f (I6(∇CCC), I7(∇CCC,CCC)) (6)

2 FINITE ELEMENT FORMULATION

We derive the weak forms based on the mixed principle of virtual power as in Reference [1, 7]. Here, we
need the complete internal energy, which consists of the assumed temperature field Θ̃, the entropy density
field η as the corresponding Lagrange multiplier, an independent mixed field F̃FF with the corresponding
Lagrange multiplier P̃PP, an independent mixed field C̃CC and the corresponding Lagrange multiplier S̃SS. In
addition, we introduce the viscous right Cauchy-Green tensor for the matrix C̃CC

M
v as well as the fiber C̃CC

Fi
v

as an independent mixed field. The internal energy functional reads

Π
int =

∫
B0

ΨM(C̃CC, H̃HH, J̃,C̃CC
M
v ,Θ)dV +

nF

∑
i=1

∫
B0

ΨFi(C̃CCA, H̃HHA, J̃A,C̃CC
Fi
v ,aaa

i
0,Θ)dV +

nF

∑
i=1

∫
B0

ΨHi(Γ̃ΓΓ,C̃CCA,aaai
0)dV∫

B0

P̃PP : (FFF(qqq)− F̃FF)dV +
1
2

∫
B0

S̃SS : (F̃FFT F̃FF−C̃CC)dV +
∫

B0

η (Θ− Θ̃)+Π
int
M +Π

int
H (7)
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To avoid locking effects, we introduce independent variable fields J̃ for volume dilatation as in Refer-
ence [8], an independent variable H̃HH for the cofactor of C̃CC as in Reference [9], an independent field C̃CCA

for the anisotropic part ΨF as in Reference [2]. Additionally we add the additional fields H̃HHA and J̃A

as shown in Reference [7]. Here, the hydrostatic pressure p and the stress tensor SSSA are described as
Lagrange multipliers corresponding to volume dilatation and to anisotropic part respectively.

Π
int
M =

∫
B0

p (J(C̃CC)− J̃)dV +
∫

B0

B̃BB : (cof[C̃CC]− H̃HH)dV +
1
2

∫
B0

SSSA : (C̃CC−C̃CCA)dV

+
∫

B0

B̃BBA : (cof[C̃CC]− H̃HHA)dV +
∫

B0

pA (J(C̃CC)− J̃A)dV (8)

The advantage of the definition of independent field Γ̃ΓΓ for ∇C̃CC is to eliminate the construction of double
gradient of the spatial shape functions later in the discrete setting.

Π
int
H =

∫
B0

BBBG�3 (∇(C̃CC)− Γ̃ΓΓ)dV dV (9)

For the mixed principle of virtual power, we also need the kinetic power, given by

Ṫ =
∫

B0

(ρ0vvv− ppp) · v̇vvdV +
∫

B0

ṗpp · (q̇qq− vvv)dV +
∫

B0

ppp · q̈qqdV (10)

with the velocity vvv, the linear momentum ppp and the mass density ρ0. We define the external power as,

Π̇
ext =−

∫
∂B0

ttt · q̇qqdV −
∫

B0

ρ0ggg · q̇qqdV −
∫

∂B0

λλλq · (q̇qq− q̇qqref)dA−
∫

∂B0

λλλΘ · (Θ̇− Θ̇
ref)dA+

1
2

∫
B0

S̃SS : C̃CCdV

+
∫

B0

∇

(
Θ̃

Θ

)
·QQQdV +

∫
B0

Θ̃

Θ
Dint(C̃CC

M
v )dV +

1
2

∫
B0

˙̃CCCM
v : V(C̃CCM

v ) : ˙̃CCCM
v dV +

nF

∑
i=1

∫
B0

Θ̃

Θ
Dint(C̃CC

Fi
v )dV

+
nF

∑
i=1

1
2

∫
B0

˙̃CCCFi
v : V(C̃CCFi

v ) : ˙̃CCCFi
v dV +

∫
B0

BBB : H̃HHdV +
∫

B0

pJ̃dV +
1
2

∫
B0

S̃SSA : C̃CCAdV +
∫

B0

BBBA : H̃HHdV

+
∫

B0

pAJ̃dV +
∫

B0

BBBG�3 Γ̃ΓΓdV (11)

Here the operator �3 represents the triple contraction of two tensors. As in Reference [1] the Piola heat
flux vector QQQ is derived from Duhamel’s law. kM and kFi denotes the material conductivity coefficients
for matrix and fiber roving respectively.

QQQ =−

[
nF

∑
i=1

J(C̃CCA)
kFi− kM

C̃CCA : MMMi MMMi + kJ(C̃CC)C̃CC
−1

]
∇Θ (12)

The time evolution of a prescribed boundary displacement is given by q̇qqref with its associated Lagrange
multiplier λλλq. Also the prescribed boundary temperature is given by Θ̇ref with its associated Lagrange
multiplier λλλΘ. The vector ggg denotes the gravitational force and the vector ttt the traction load. In order to
obtain an energy–momentum scheme, the superimposed pressure p and pA as well as the superimposed
stress tensor S̃SS and SSSA are introduced. Also the superimposed fields BBB, BBBA, BBBG and pA are introduced.
The non-negative internal viscous dissipation Dint for the matrix as well as the fiber parts is given by

Dint(χχχ) = χ̇χχ : V(χχχ) : χ̇χχ V(χχχ) =
1
4

(
Vvol−

Vdev

ndim

)
χχχ
−1⊗χχχ

−1 +
Vdev

4
Is : χχχ

−1⊗χχχ
−1, (13)
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with respect to χχχ as strain-like internal variable tensor With volumetric and deviatoric viscosity constants
Vvol and Vdev respectively. Here Is represents the fourth-order symmetric projection tensor and the oper-
ator ⊗ represents the usual standard dyadic product. The superimposed fields as in Reference [1, 7], are
given for example by

SSS =
Ψ̃(1)− Ψ̃(0)−

∫ ∂Ψiso
M

∂C̃CC
: ˙̃CCC−

∫ ∂(Ψ
cap
M +∑

nF
i=1 Ψ

cap
Fi

)

∂Θ
Θ̇−

∫ ∂Ψvis
M

∂C̃CCM
v

: ˙̃CCCM
v

˙̃CCC : ˙̃CCC
˙̃CCC (14)

p =
Ψ̃(1)− Ψ̃(0)−

∫ ∂(Ψiso
M +Ψvol

M )

∂J̃
˙̃J−

∫ ∂Ψ
coup
M

∂Θ
Θ̇

˙̃J ˙̃J
˙̃J (15)

SSSA =
Ψ̃(1)− Ψ̃(0)−

∫ ∂∑
nF
i=1 Ψela

Fi
∂C̃CCA

: ˙̃CCCA−
∫ ∂∑

nF
i=1 Ψ

coup
Fi

∂Θ
Θ̇−∑

nF
i=1

∫ ∂Ψvis
Fi

∂C̃CCFi
v

: ˙̃CCCFi
v

˙̃CCCA : ˙̃CCCA

˙̃CCCA (16)

and the superimposed fields regarding to the higher-order gradient formulations read as follows

BBBG =
Ψ̃(1)− Ψ̃(0)−

∫ ∂ΨC
HOG

∂Γ̃ΓΓ
�3

˙̃
ΓΓΓ

˙̃
ΓΓΓ�3

˙̃
ΓΓΓ

˙̃
ΓΓΓ (17)

From the above energy equations the total energy balance of the system then leads to the following,

Ḣ = Ṫ + Π̇
ext + Π̇

int (18)

It is important to note here that the superimposed fields (SSS,BBB,p,SSSA,BBBA,pA,BBBG), the viscous dissipation
Dint as well as the Piola heat flux vector QQQ are defined as parameters and not as arguments. The variation
with respect to the variables in the argument of Eq. (18) is performed to obtain total weak forms. With∫

T δ∗Ḣ dt ≡
∫

T [δ∗Ṫ +δ∗Π̇
ext +δ∗Π̇

int]dt = 0 and P= ∂cof[C̃CC]

∂C̃CC
the weak forms are

∫
T

∫
B0

[
1
ρ0

ppp− q̇qq
]
·δ∗v̇vvdV dt = 0

∫
T

∫
B0

[
PPP :

∂ḞFF
∂q̇qq
− ṗpp
]
·δ∗q̇qqdV dt = 0

∫
T

∫
∂B0

[−λλλq] ·δ∗q̇qqdAdt = 0

∫
T

∫
B0

[
η+

∂Ψ

∂Θ

]
δ∗Θ̇dV dt = 0

∫
T

∫
B0

[
Div[QQQ]

Θ
+

Dint(C̃CC
M
v )+∑

nF
i=1 Dint(C̃CC

Fi
v )

Θ
+ η̇

]
δ∗Θ̃dV dt = 0

∫
T

∫
B0

1
2

[
˙̃CCC−2Is(F̃FF)T ˙̃FFF

]
: δ∗S̃SSdV dt = 0

∫
T

∫
B0

[
P̃PP− F̃FFS̃SS

]
: δ∗

˙̃FFFdV dt = 0∫
T

∫
B0

[
Θ− Θ̃

]
δ∗η̇dV dt = 0

∫
T

∫
∂B0

[
q̇qq− q̇qqref(t)

]
·δ∗λλλqdAdt = 0

∫
T

∫
∂B0

[
Θ̇− Θ̇

ref(t)
]
·δ∗λλλqdAdt = 0

∫
T

∫
B0

[
1
2

S̃SS−

(
B̃BB : P+

p
2J(C̃CC)

cof[C̃CC]+
1
2

SSSA + B̃BBA : P+
pA

2J(C̃CC)
cof[C̃CC]+BBBG�3

∂∇
˙̃CCC

∂
˙̃CCC

+SSS

)]
: δ∗

˙̃CCCdV dt = 0

∫
T

∫
B0

[
∂Ψ

∂C̃CC
M
v

+ ˙̃CCCM
v : V(C̃CCM

v )

]
: δ∗ĊCC

M
v dV dt = 0

∫
T

∫
B0

[
∂Ψ

∂C̃CC
Fi
v

+ ˙̃CCCFi
v : V(C̃CCFi

v )

]
: δ∗

˙̃CCCFi
v dV dt = 0 for i = 1, . . . ,nF
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∫
T

∫
B0

[
˙̃HHH− ˙cof[CCC]

]
: δ∗B̃BBdV dt = 0

∫
T

∫
B0

[
B̃BB−

[
∂Ψ

∂H̃HH
+BBB
]]

: δ∗
˙̃HHHdV dt = 0∫

T

∫
B0

[
˙̃J− J̇

]
δ∗pdV dt = 0

∫
T

∫
B0

[
p−
[

∂Ψ

∂J̃
+ p
]]

δ∗
˙̃JdV dt = 0∫

T

∫
B0

1
2

[
˙̃CCCA− ˙̃CCC

]
: δ∗SSSAdV dt = 0

∫
T

∫
B0

[
1
2

SSSA−
[

∂Ψ

∂C̃CCA
+SSSA

]]
: δ∗

˙̃CCCAdV dt = 0∫
T

∫
B0

[
ḢHHA− ˙cof[CCC]

]
: δ∗B̃BBAdV dt = 0

∫
T

∫
B0

[
B̃BBA−

[
∂Ψ

∂H̃HHA
+BBBA

]]
: δ∗

˙̃HHHAdV dt = 0∫
T

∫
B0

[
˙̃JA− J̇

]
δ∗pAdV dt = 0 = 0

∫
T

∫
B0

[
pA−

[
∂Ψ

∂J̃A
+ p̃A

]]
δ∗

˙̃JAdV dt = 0∫
T

∫
B0

[
∇( ˙̃CCC)− ˙̃

ΓΓΓ

]
�3 δ∗BBBGdV dt = 0

∫
T

∫
B0

[
BBBG−

[
∂Ψ

∂Γ̃
+BBBG

]]
�3 δ∗

˙̃
ΓΓΓdV dt = 0

In the next step, we discretize all quantities over the elements in space and time and transform the
integrals to reference elements. We use Lagrangian shape functions N for space approximation as in
Reference [10]) and different mixed fields are approximated independently. For Lagrangian multipliers
similar shape functions are used as their corresponding mixed fields. Similarly we use Lagrangian shape
functions in time as well as in Reference [1], which are given by

Mi(α) =
k+1

∏
j=1
j 6=i

α−α j

αi−α j
, 1≤ i≤ k+1 M̃i(α) =

k

∏
j=1
j 6=i

α−α j

αi−α j
,1≤ i≤ k (19)

where k is the polynomial degree in time. The time rate variables and mixed fields are approximate by
k+1-th order Lagrange polynomials at each time step

(•)e,h =
k+1

∑
I=1

nno

∑
A=1

MI(α)NA(ξξξ)(•)eA
I with α(t) =

t− tn
tn+1− t1

(20)

where nno is the number of nodes of the spatial discretization. Similarly, the approximation of Lagrangian
multipliers and variation fields takes the form

(•)e,h =
k

∑
I=1

nno

∑
A=1

M̃INA(•)eA
I (21)

We approximate each integral with the corresponding Gaussian quadrature rule. After eliminating ppp and
η, the resulting tangent matrices are condensed out to a displacement and temperature formulation at the
element level as described in Reference [2]. Note, all mixed fields, except qqq and Θ, are discontinuous
at the boundaries of spatial elements. The internal variables C̃CC

M
v and C̃CC

Fi
v are solved on the element level

using the Newton-Raphson method, not at each spatial quadrature point. Since the higher-order gradient
formulation results in internal torques, the conservation of angular momentum must be corrected. For
this, following the procedure from Reference [14], we obtain a time-integerator that conserves total
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angular momentum for formulation based on CCC

J n+1− J n =
∫ tn+1

tn

∫
B0

[
BBBG�3

∂∇
˙̃CCC

∂
˙̃CCC
× F̃FF

]
dV dt +

∫ tn+1

tn

∫
∂B0

[qqq×λλλq]dAdt

+
∫ tn+1

tn

∫
B0

[qqq×ρ0ggg]dV dt (22)

We use our In-House Matlab code fEMcon based on the implementation and ideas shown in Refer-
ence [10]. To solve the linear systems of equations we use the Pardiso solver from Reference [11]. For
the assembly procedure of all nel finite elements, we use the fast sparse routine shown in Reference [12].

3 NUMERICAL EXAMPLES

x

y

z

0.15

0.02

0.01

A

Figure 1: Geometry and configuration of the cantilever beam for nel = 24.

As first numerical example serves a simple cantilever beam which oscillates in a gravitational field. The
geometry and configuration can be found in Figure 1. The corresponding strain energy functions are

Ψ
iso
M =

ε1

2
(tr[CCC])2 +

ε2

2
(tr[cof[CCC]])2− ε3ln(J) Ψ

vol
M =

ε4

2
(Jε5 + J−ε5−2)

Ψ
ela
F1

= ε6

(
1

ε7 +1
(tr[CCCMMM1])

ε7+1 +
1

ε8 +1
(tr[cof[CCC]MMM1])

ε8+1 +
1
ε9

det[CCC]−ε9

)
ΨH1 = l2 (I6)

2

Ψ
cap
X = c0

X(1−Θ∞c1
X)(Θ−Θ∞−Θ ln

Θ

Θ∞

)− 1
2

c0
X c1

X(Θ−Θ∞)
2

Ψ
vis
M = Ψ

iso
M (CCC(C̃CC

M
v )−1)+Ψ

vol
M (CCC(C̃CC

M
v )−1) Ψ

vis
F1

= Ψ
ela
F1
(CCC(C̃CC

F1
v )−1)

The strain energy function of the matrix Ψiso
M and the fiber Ψela

F1
can be found in Reference [9] and for the

capacitive part the function Ψ
cap
X in Reference [1] . We use a quadratic mesh (27 nodes) with nel = 24 and

approximate J̃ constant and C̃CCA constant as well to avoid potential locking effect. We introduce a length
scale parameter l2 with c = ε1l2 for the material parameters of ΨH1 . We set the material parameters in
such a way that we have high incompressibility (ν = 0.4995) and very stiff fibers (ε6 = 10 · 106,c = 1).
We also set a high viscosity, for matrix as for the fiber. The heat conduction and the thermo-mechanical

6
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-0.13

-0.12

-0.11

-0.1

t

x
A

nnode = 1
nnode = 8
nnode = 27
nnode = 64

Figure 2: Trajectorie of point A for different local spatial approximations of the viscous mixed field.

Table 1: Compurational time for diffrent spatial approximation of C̃CC
M
v and C̃CC

Fi
v .

nnode = 1 nnode = 8 nnode = 27 nnode = 64
tRes 0.54s 1.55s 3.80s 17.06s
tTang 0.93s 4.63s 12.33s 47.20s
tSolver 3.31s 3.21s 3.42s 3.33s
tCPU 4.78s 9.39s 19.55s 67,88s

coupling are set to low values (k < 1). We investigate here the influence of the local spatial approximation
of the viscous mixed field. Therefor we compare four different elments. An constant (nnode = 1), an linear
(nnode = 8), an quadtratic (nnode = 27) and an cubic (nnode = 64) hexahedral element. In Figure 2 we can
see that there are smaller differences for the linear, quadratic and cubic element for the trajectorie of point
A. Furthermore, one can observe the typical decrease of the amplitude for a viscous oscillation. If we
now look at the computation times in Table 1, we can see the strong savings due to the lower polynomial
degree for C̃CC

M
v and C̃CC

Fi
v . This is only possible because we formulate C̃CC

M
v and C̃CC

Fi
v as an independent mixed

field.

Our second example is the turbine from Reference [15]. The geometry and configuration can be found

Figure 3: Geometry, discretization and Neumann boundary for the turbine.
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Figure 4: Fiber directions of the turbine. Left - Circumferential fiber with high mechanical stiffness Right -
Vertical fiberswith high thermal conductivity.

in Figure 3. The corresponding strain energy functions are

Ψ
iso
M =

ε1

2
(tr[CCC]−3−2ln(J)) Ψ

vol
M =

ε2

2

(
ln(J)2 +(J−1)2

)
Ψ

cap
X = c0

X(1−Θ∞c1
X)(Θ−Θ∞−Θ ln

Θ

Θ∞

)− 1
2

c0
X c1

X(Θ−Θ∞)
2

Ψ
ela
FX

=
ε3

2
(tr[CCCMMMX ]−1)2

ΨHX = l2 (I6)
2

Ψ
vis
M = Ψ

iso
M (CCC(C̃CC

M
v )−1)+Ψ

vol
M (CCC(C̃CC

M
v )−1) Ψ

vis
F1

= Ψ
ela
FX
(CCC(C̃CC

FX
v )−1)

The elastic part and the corrosponding material parameters of the fiber roving Ψ
elaX
F can be found in [13].

Figure 4 shows the fiber configuration. On the one hand, a fiber is placed along the blade and on the
other hand, a fiber surrounds the shaft. Furthermore, a second fiber is placed horizontally in the shaft.
We use a quadratic mesh (27 nodes) with nel = 24 and approximate J̃ linear and C̃CCA constant to avoid
potential locking effect. A pressure boundary condition of p = 200 is applied to the blades and also
a constant temperature as Dirichlet boundary condition is set (Θ = 400). To ensure that the turbine is
fixed, a dirichlet boundary condition is set in z-direction. The material parameter for the elastic part are
set as shown in Reference [13]. Also the fiber bending stiffenes is set to c = 10. The thermo-mechanical
coupling is low as well as the viscosity. For the values of the heat conduction we distingush between the
two fibers. The first fiber has a low heat conduction (k = 0.1) and the horizontally fiber has a high heat
conduction (k = 100) to conduct the heat directly out of the blase. We have done a simulation with and
without the second fiber. In Figure 3 we see the result after T = 30s. As can be seen, the additional fiber
conducts the heat out of the blade. In case of the fiber bending stiffenes it is important to look at the
angular momentum balance to check the correct calculation of the internal moments. In Figure 6 we see
the angular momentum is perfectly preserved.

Our last example is an rotor as shown in Figure 8. We use the same material setting as for the turbine, but
with only the first fiber. We use a linear hexahedral mesh (8 nodes) with nel = 32742 and approximate J̃
linear and C̃CCA constant to avoid potential locking effect. As boundary condition we use this time a given
rotation at the inner side of the rotor (Ω = 2π) In Figure X we see the v. Mises stress and the temperature
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Figure 5: Actual configuration and temperature distribution for one (left) and two (right) fibers.

distribution at T = 10. As expected, the highest stress occurs at the end of the blade, since the highest
speeds occur here. Here we see also the temperature increases due to dissipation and thermo-mechanical
coupling. Finally, we look at the preservation of energy error in Figure 9 and can see that it is perfectly
preserved.

4 Conclusion

Excellent performance of the mixed elements is still preserved in a thermo-viscoelastic and higher-order
gradient context and also the higher-order time integrators conserves the energy and momentum. Also,
all relevant effects, such as heat conduction, directional heat conduction, thermo-mechanical coupling
and viscous dissipation, are represented in combination with a higher-order gradient formulation. The
independent approximation of the viscous variable also ensures a strong saving in computing time.
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