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SUMMARY

The paper introduces a methodology to compute strict uppetaaver bounds for linear-functional outputs
of the exact solutions of the advection-reaction-diffasemuation. The bounds are computed using implicit
a-posteriori error estimators from stabilized finite elemapproximations of the exact solution. A new
methodology is introduced, based in the ideas presentet] ifof the Galerkin formulation, that allows
obtaining bounds also for stabilized formulations. Thistimeology is combined with bothybrid-flux
and flux-freetechniques for error assessment. The application to &tathiformulations provides sharper
estimates than when applied to Galerkin methods. The bssltseare found in combination with thkeix-
freetechnique.

KEY WORDS: Linear-functional outputs; Exact/guarantsgiltt bounds; Stabilization methods; Error
estimation; Goal-oriented adaptivity; Advection-reantdiffusion equation.

1. INTRODUCTION

The certification of numerical simulations of partial difatial equations is fundamental in
many engineering applications, where end-users aim atrihgaan approximation of a specific
magnitude extracted from the global solution (quantitymé&rest) with a prescribed accuracy.

Since the mid 2000s, attention has been devoted to providifen: bounds for quantities of
interest , 3, 4, 5, 6, 7, 8, 9]. In particular [L] presents a comparison of the performance of two of
the main techniques to compute guaranteed bounds for ¢jeardf interest in the context of the
advection-reaction-diffusion equation: a standard reditlype estimatorhybrid-fluX proposed in
[10] and the newflux-freetechnique proposed irif].

For advection dominated problems, the use of stabilizedndidations [L2] is of utmost
importance, since Galerkin approximations are often gied by spurious node-to-node
oscillations. In the present paper we develop an extendigheotechniques presented ifi] [to
compute guaranteed bounds for quantities of interest fr@iilzed approximations of the exact
solution. Thus, strict bounds for quantities of interes abtained using implicit residual error
estimates, both usingybrid-flux techniques 13, 14] and theflux-freetechnique first devised in
[11].
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2. PROBLEM STATEMENT

2.1. Model problem
The steady advection-reaction-diffusion equation reads

—V-(wVu)+a-Vut+ou=f inQ, (1a)
U =Up on FD, (1b)
vVu-n=g only, (1c)

where2 is a plane polygonal domain whose boundayis partitioned into two disjoint seisp (of
nonzero measure) aid, andn is the outward unit normal vector @f2. The datumv is assumed
to be strictly positive and is assumed to be non-negative.

The standard variational formulation of the problem cassié findingu € U such that

a(u,v) =L(v) Yv eV, (2)

where a(-,-) : HY(Q) x H1(Q) = R and ¢: H'(2) — R denote the bilinear and linear forms
respectively defined by

a(w, v) ;:/[wa.w+(a-vw)v+am] dQ and £(v) ::/fv dQ+/ gv dT,
Q Q I'n

and U := {v e H'(Q), v, =up} and V := {v € H'(Q), v|, = 0} are the solution and test
spacesH'(£2) being the standard Sobolev space.

The data are supposed to be sufficiently smooth and, for ®iityplthe coefficientsy, o and
« are required to be continuous, piecewise polynomial®,nip is assumed to be continuous,
piecewise polynomial ofip while f andg are assumed to be piecewise polynomials not necessarily
continuous. That isf is assumed to be piecewise polynomial on subdomaifsanrfdg is assumed
to be piecewise polynomial on subdomaing'af

The nonsymmetric bilinear form(-, -) is continuous and coercive A In order to ensure that, it
is assumed that := o — %V -a > 0in 2 and also that the Dirichlet boundary contains the inflow
boundaries, thatiB~ Cc I'p forI'™ := {x € 9Q, - n < 0}.

2.2. Stabilized finite element approximation

Various stabilization techniques are available for adeeeteaction-diffusion problems, all aiming
at precluding oscillations of the finite element approxiioreé without requiring severe mesh
refinement 12]. However, in view of the developments in sectirthe streamline upwind Petrov-
Galerkin method (SUPG) is adopted in this work (see remddt other possibilities).

The so-called SUPG finite element method is described udiigraulation of the computational
domain into n triangles where;,, denotes a general triangle,= 1, ..., n, and the finite-
dimensional spacdg” c ¢/ andV" c V consisting of the usual continuous, piecewise-polynomial
functions of degree > 1.

Then, for a given choice of the stabilization parameter tapecified, an approximation of the
true solutionu is obtained by seeking;, € ¢" such that

Nel

aup,v) + Z/ TPRE (up)a - VodQ = £(v) Yo e V!, (3)
k=1"%

where
RP(w) = -V - (vVw) + a-Vw+ow — f

denotes the strong residual of the differential equatibg @nd 7/” is the local stabilization
parameter associated with eleméht. Note that the superscrig? is used to denote quantities
related with the original problem described by equatid)®( (3).
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Remark 1
Although all the developments herein concern the SUPG ndethe presented theory is also valid,
as it stands, for other stabilization techniques of the form

el

a(up,v —i—Z/ Plup)a - VodQ = £(v) Vo e VI, 4)

whereP(-) is a certain given operator. Two widely used choices7are R”, which yields the
aforementioned consistent SUPG method, Btd) = o - Vv, which yields the streamline-upwind
(SU) method. Note that although the present work covers suidedy used stabilization techniques,
it does not cover the full spectrum of stabilization teclugig, For instance, the only consistent
stabilization technique covered by this approach is the Guiethod, and thus for instance the
Galerkin-least-squares (GLS) method is beyond the scopleeofvork. Other specific techniques
should be developed to broaden the extent of the work.

2.3. Goal oriented simulations: Outputs and adjoint prable

The purpose of the present work is to develop a posterioor erstimators providing computable
bounds for a given quantity of interest (also caltmdpul and giving local error indicators. The
local information is used to drive adaptive refinement pdoces. The final aim is to achieve the
prescribed accuracy in the approximations of the quastitféenterest.

When it comes to goal-oriented error estimation, contnglla global measure of the error in
the field solutionu is not necessarily relevant. In this case, the interestaseal in certifying the
accuracy of the desired output of the simulation, which déis®nu, and is denoted by := ¢© (u).

In particular, the objective is to provide upper and loweutds fors, namely

s < g < g0,

Here, the quantities of interest are restricted to depeveitly onu

:/foudQ—i-/ ¢g%udr, (5)
Q I'n

but other quantities of interest may also be considefedi[15]. That dataf® is assumed to
be piecewise polynomial on subdomains(bfind ¢© is assumed to be piecewise polynomial on
subdomains of'y.

One of the key ingredients in developing strategies to campounds for the output is the
definition of an auxiliary problem, denotedjointproblem L, 10, 16, 14, 17]. The variational form
of the adjoint problem consists of findinge V such that

a(v,) =) YweV,
which is equivalent to determing such that

V- WVY)—a-Vip+(c—V-a)p=f° inQ, (6a)
=0 onlp, (6b)
vV -n+a-np=g¢° only. (6¢)

Analogous to the direct (or primal) problem, the adjointidemn is solved numerically using the
SUPG method. Thusj, € V" is such that

el

a(v,p) Z/Q PRD () - VodQ = 1° () Yo e VI, 7)

where

RP(w) = -V - (vVw) —a - Vw+ (0 —V-a)w— f©
is the strong residual of the differential equatiég)@ndr}” is the stabilization parameter associated
with the adjoint problem and the elemé®y. The choice of the stabilization parameter both for the
primal and adjoint problem is addressed in secéion
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3. ENERGY REFORMULATION: REPRESENTATION OF THE OUTPUT BOUN$

Bounds for the quantity of interest = ¢©(u) can be recovered fronstandard Galerkin
approximations of the primal and adjoint problems usingaie#-known inequality

1. 1, 1. 1,
Eo(uh) — §||I€€b — ;5 I < ©(u) < ﬁo(uh) + §H/€e + EE %, (8)

where||-|| is the energy norm induced by the symmetric counterpart eftitinear forma(-, -),
e® ande® € V are the solutions of the symmetrized residual equationsxaad is an arbitrary
non-zero scalar parametérd] 10, 1].

To be specific, let® (v, w) := (a(w,v) + a(v,w))/2 be the symmetric counterpartaf, -). Then,
[lv]|? = a*(v,v) = a(v,v) is generally referred to as the energy norm, and V ande® € V, which
are often dubbed aymmetriqorimal and adjoint errors, are the solution of the residgalations

as(e®,v) = L(v) — a(un,v) =: RP(v) Yo eV, 9)

and
a®(e%,v) = £9(v) — a(v,¥n) =: RP(v) Yo eV, (10)

respectively. Note that problem8)(and (L0) are a modified symmetric version of the standard
residual problems. In the standard residual problems cteiaing the primal and adjoint errors,
e := u — uy, ande := 1 — 9y,, the right hand side is the same as in equati®paiid (L0), that is the
weak primal and adjoint residuals associated with the agprationsu;, and«,, R7(-) andRP(-) .
However the bilinear forma(-, -) in the left hand side of the standard residual equationgiaced

by its symmetric counterpadat (-, -).

Although inequality 8) does not directly yield a computable expression for thenbiguof s,
because it entails the solution of two global infinite dinienal boundary value problems, namely
(9) and (L0), the obligation to exactly solve these two problems candsélyeremoved by noting
that it is sufficient to compute strict upper bounds of thergp@orms||xe® + 1/ke®||. A complete
description of the procedure for the construction of themenlds is presented ii(] and [1], where
the bounds are computed usimgprid-fluxandflux-freeimplicit residual a-posteriori error estimates
respectively.

Hence, it is possible to compute bounds for a quantity ofrasties = ¢©(u) given standard
Galerkin approximations of the primal and adjoint problemsand+,. However, the techniques
providing the bounds fog are not directly applicable when the approximatiansand ), are
computed using stabilized formulations.

The issues addressed in this article arecdi) one obtain upper and lower bounds for the quantity
of interest using stabilized approximations of the primatiaadjoint problems, and if sdii) is it
possible to extend the a posteriori error estimates giverlj and [1] allowing to compute strict
computable bounds?

The main difficulty of adapting the existing techniques te tise of stabilized methods is caused
by the fact that in this case the weak primal and adjoint ted&l fail to verify the standard
orthogonality condition -RP(v) and RP(v) are not necessarily zero forc V", —which is required
both to derive inequalityd) and to formulate the residual type estimation strategs@syua domain
decomposition technique. Fortunately, a simple workadoaltows to overcome this problem by
introducing two straightforward modifications of the starlprocedures. First, a similar expression
to (8) holds by introducing some additional terms accountingfiemon-orthogonality of the primal
residual with respect to the finite element sp&éeSecond, the error estimation strategies yielding
strict upper bounds fofxe® + 1/xe%||* are modified to handle error equations where the residuals,
r.h.s of equationsy) and (L0), do not verify the Galerkin orthogonality property.

The following result shows how inequalitg)is modified to account for the non-orthogonality
of the residuals. The proof of this result is omitted heresaiihis analogous to the proof of theorem
1in [1] — the only difference being that the teme, v»,) = R"(v/;,) appearing in the bounds does
not necessarily vanish when working with stabilized appr@tions for the primal problem.
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Theorem 1
Lete® ande® € V be such that for any € V

a*(e*,v) = RP(v) and a*(e%,v) = RP(v).
Then,
(@) P 1 s 1 s|12 (@) (@) P 1 s 1 s(12
7 (un) + B (Yn) = 7 liwe” = —e%[|" < €7 (w) < €7 (un) + R (vn) + 7 lIwe” + —€°7,
and therefore
O P 1 s 1 s(12 O O P 1 s 1 s||2
7 (un) + B (Yn) = 7 llwe” = —e"llup < €7 (w) < €7 (un) + R (vn) + ZlIwe” + —e[l, (1)

where||v||,, represents an upper bound for the vdlué.

Note that the above theorem is valid even if the approximatig, and ), are not computed
using the SUPG finite element method, since no assumptiensade on these approximations.
The above theorem is, then, a generalization of the boundérgiality 8) used to obtain bounds for
outputs from Galerkin approximations of the primal and adjproblems, where no requirements
onuy, andyy, are done.

The importance of the above theorem is that it reduces thagmoof obtaining upper and lower
bounds fors to obtaining upper bounds for the energy norm of the symmetrors in the direct and
adjoint problem. Using this result, a procedure to obtainruts fors may be sketched as follows:

1. Compute the SUPG finite element approximation of the drppnablem: findw;, € 4" such
that

Tel

a(up, v +Z/ PRE (up)a - Vo dQ = £(v) Vo € V.

2. Introduce the adjoint problem associated with the setbotitput and compute its SUPG finite
element approximation: find;,, € V" such that

el

a(v, ) Z/ DRP (yp)a - VodQ = 1°(v) Vo e VM.

3. Recover the bounds for the output from the three follovateps:

3.1 Introduce the modified symmetric versions of the rediguablems: finde® ande® € V
such that
a*(e*,v) = RP(v) , a’(*,v) = RP(v) YweV, (12)

wherea®(-, -) is the symmetric counterpart af-, -)
X 1
a’*(w,v) = / {VVw -Vov+ (nuv] dQ + —/ a-nwo dl. (13)
Q 2 FN
3.2 Compute the upper and lower boundsdos’® < s < 5%, as
b (@] P 1 s 1 s|12
s =" (up) + R (¢Yn) — ZH’“ — =&l
K
1 1
$" = 09 (un) + R (un) + llme” + —€%[[3,

where||v||., represents an upper bound for the valuél@f andx € R is an arbitrary
scalar non-zero parameter.

The computation of strict computable upper bounds for tleeggnnorm forms the subject of next
section. This approach is then used to compluté + 1/ %||2,.
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4. UPPER BOUNDS FOR THE ENERGY NORM: COMPLEMENTARY ENERGY
RELAXATION

Consider the auxiliary function € V solution of
a’(z,v) = R*(v) WYw eV, (14)

whereR*(v) = aRP(v) + BRP(v) for a, 3 € R. Note thatn = 1 and8 = 0 yieldsz = ¢ and that
a =0 andp =1 yields z = . Moreover,a = x and § = £1/x will be used later to obtain the
required upper bounds fdjre® + 1/k 5|2

The purpose of this section is to establish a procedure t@ateupper bounds djf:||2. Note that
the strategies presented in the series of padérs3| 4, 18, 5, 1] may not be directly applied since
they rely on the Galerkin orthogonality property of the desil R*(-). In this work, two different
approaches to recover upper bounds|ffef? are presented. The first approach is a modification of
[1] which allows to recover bounds fdr||? from SUPG approximations of the primal and adjoint
problems using flux-freeerror estimation strategy. The second approach consisékioig some
of the ideas presented ifi(] and [19] to be able to recover strict bounds|pf||? usinghybrid-flux
strategies.

Both approaches rely on the use of the standard complengestiargy approach. The key idea
is to relax the continuous problem of findiage V fulfilling equation (L4) into obtaining a pair of
dual estimateg € [£2(Q2)]? and? € £%(Q) such that

/ {m} -Vou+ 6721)} dQ + %/ a-nrvdl' =a’(z,v) = R*(v) Yve V. (15)
Q I'n

The dual estimateg and+ are then combined to build up an upper bound|ffef. This is stated in
the following theorem (se€] for a proof).

Theorem 2
Let g € [£2(Q2)]? and 7 € £2(Q) be two dual estimates fulfilling equatiod). Then, an upper
bound for the energy norm of the solutiemf (14) is computed as

1
o< [ [va-a+oi?] a0} [ avni?ar 16)
Q I'n

Moreover the previous inequality turns out to be an equédity; = Vz and? = z.

Theorem?2 allows to compute strict upper bounds fpr]| recovering two globally equilibrated
dual estimateg andr, i.e. verifying equationi5). The essential feature of the method is that if
the fieldsf, g, f© andg® are piecewise polynomial, it is possible to determine — agsoall the
dual estimateg < [£%(Q2)]? and? € £2(Q) verifying equation {5) — two piecewise polynomial
fields verifying equationi5). That is, for a given suitable interpolation degget is possible to
findg € [@‘I(Q)]2 andr € @Q(Q) verifying equation {5) where

P(Q) := {v € LX), vlg, € P},

see [L0, 20]. A more detailed discussion on the proper choice of thepuation degree is given
in sectionst.2and4.3.

Therefore, the computation of strict upper bounds [felf is reduced to a discrete problem:
determineg € [@‘I(Q)]2 andr € @‘I(Q) verifying equation {5). Moreover, for a fixedy € N the
optimal choice is to determingandr verifying (15) and minimizing the upper bound

1
/[V@«H&f?] dQ+—/ a-ni? dr.
Q 2 I'n

This problem is discrete (with finite number of d.o.f.) bublgdl, that is, affecting the whole domain
Q. Thankfully, proper domain decomposition techniquesvalttecomposing the global discrete
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problem into local problems. That is, the piecewise polyr@ifields g andr are to be computed
solving local discrete problems.

However, the existing domain decomposition techniquesicabe directly applied if the residual
R*(-) does not verify the Galerkin orthogonality condition. Teéxtion considers the two most used
classical domain decomposition techniques —fline-freeapproach and thieybrid-fluxapproach —
and extends these techniques to be able to deal with nongontlabresiduals.

Recall that thdlux-freeis based on the partition-of-unity property which is usedbtalize the
problems inQ2 to subdomains different than elements. That is, the locablpms for the dual
estimatesy and+ are posed over patches of elements. By contrast, irhyfeid-flux approach
the dual estimateg and7 are computed solving local independent problems in eachesieof the
mesh. This requires the use of flux-equilibration technégoeproperly set the boundary conditions
for the local elementary problems. First, the equilibratesidual method is used to compute the
equilibrated fluxes at the interelementary edges of the na@shthese fluxes are then used as
local boundary conditions to compute the dual estimgtesd 7 in each triangle of the mesh.
The advantage of tHtux-freeapproach is that the local problems are self-equilibratettherefore
it avoids the use of flux-equilibration techniques.

4.1. Modified Galerkin orthogonality property

Recall that in the case thaj, and+);, are not computed using the standard Galerkin method, the
residualsk”(v) and RP(v), and thusk*(v), do not verify the Galerkin orthogonality property, that
is, alsoR*(v) is not necessarily zero fare V".

However, from equations] and (7), the primal and adjoint residuals satisfy

Nel
Z/ PRP (up)o- Vod=0 Yo e V", (17)
and
Nel
+Z/ DRP () - VodQ =0 Vo€ V", (18)

respectively.

These equations — which may be seen as a modified orthogoohlite weak residuals — are
an essential tool to develop the error estimation strasegiesented in this section. Henceforth,
equations17) and (L8) will be named after modified orthogonality properties.

Nota that multiplying equationds.{) and (L8) by the coefficientsx and 3 respectively, yield the
subsequent modified orthogonality of the combined resi&i&l)

MNel

R*(v)+ ) /Q (—arf R (up) + BTPRP (Yp)) - VodQ =0 VYo € V" (19)
k=1 k

4.2. Local computation of the dual estimateand using aflux-freeapproach

This section is devoted to detail the computation of thegwese polynomial dual estimatésand

7 using theflux-freeapproach proposed iif]. The strategy proposed iri][can not be directly
applied since the residuals are not orthogonabto However, a simple workaround is proposed,
using the modified orthogonality properties of the primal adjoint residuals, equation7), (18)
and (L9).

Letz’ i =1,...,n,, denote the vertices of the elements (triangles) in the coatipmal mesh
(thus linked tol/") and ¢* denote the corresponding linear shape functions, whictsiach that
¢'(x7) = é;;. The support ofs’ is denoted by.* and it is called the star centered in, or associated
with, vertexa?. It is important to recall that the linear shape functionsdshon the vertices are a

partition of unity, namely
d =1 (20)
i=1
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Let alsoV(w?) andP4(w') denote the local restrictions of the spateandP?(9) to the starw'.
Formally any function) € V(w?) orv € Pq( ) is not defined in the whole domaihbut only in the
starw’. However, here any € V(w') orv € IP"I( %) is naturally extended t@ by setting the values
outsidew! to zero. Thus, functions iWw(w?) are H! functions inw? but generally discontinuous
across the boundary of the staf;, whereas functions iR (w') are piecewise polynomial functions
in the triangles contained in’ vanishing on the elements outside

The dual estimateg andr are computed as

Nnp Nnp

g=>» 4 and 7=> # (21)
i=1 i

where the local estimateg € [P4(w')]2 and# € P4(w'), defined inside the star’, are such that
for anyv € V(w?)

4 | 1
/ {quw+5m} dQ+—/ a-nitvdl = R*(§'v) + > / frodo  (22)
wt 2 I'nNow?

Qp Cw?

where
it = (—ar{ R (up) + BrPRP (4n)) @ - V',

Remark 2

Note that in [L], the r.h.s. of the local problems fgt and7 is simply R*(¢'v). If the same r.h.s. is
chosen here, the local proble2?] is not necessarily solvable, that is, it does not necdgsatinit

a solution. The new additional term added in the r.h.s. eefotocal solvability of the problems
while preserving the global upper bound property.

This new definition of the r.h.s. causes that problems gimeequation 22) have at least one
solution. Indeed, ifv’ is a star associated with a strictly positive reaction teffy), > 0 or it
intersects the Neumann boundary andn|._,.: # 0 the solvability of the local equatior2®)
is ensured. On the contrary, the kernel of the bilinear dper@ppearing in the l.h.s. is the one
dimensional space of constarit§{w?), and equationd2) is solvable if and only if the compatibility
condition holds, namely

+ > firedQ=0 VeeP?w).
Q) Cw? 2

Now, substituting the definition of;- into the previous equation, taking into account thas

constant in the stav’ and finally noting that the support of the functi®hy® is the star?, yields

that the compatibility condition is equivalent to

0= cR*(¢") + Z / —arf RY (up) + BTERY (¥n)) - Ve d
Qp Cw? 2
TNel

R* (") + Z/ —arf RE (up) + B RD(wh)) a- Vo dﬂ]

which follows replacing: = ¢' € V" in equation {9).

Theorem 3 4
The dual estimateg = >7* ¢ and# = Y% #, whereg' and#* verify the local problems given
in (22), verify the hypothesis of theorefhand therefore

1
HZIIQS/[VQ@Jr&fQ] dQ+§/ o ni? dT.
Q I'n
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Proof

The dual estimateg and + verify equation {5) and therefore theorerf is a straightforward
.i € V(w') and consider the
definition of the dual estimates — equati@i)— and the local equation22) to obtain

1
/[V(]-Ver&fv} dQ+—/ a - nfv dl
Q 2 I'n

Nnp

. . 1 .
Z{/ [V@’~Vu+&f’v]dﬂ+—/ a-m%dr}
i—1 wi 2 I'nNow?

=S {r@w+ Y | ftvael.
i=1 Q Cwi /2

Then, rearranging terms using the linearity of the residtidl), the partition-of-unity property —

equation 20) — and
Y oft=0 (23)
wiNQE#D

yields the desired result

1
/[V@-Vv—l—&fv] dQ+—/ a-nrydl
Q 2 I'n

Nnp

:Z{R*(¢‘ 3 / fludQ

=1 Qp Cw?

:R*(Z¢iu)+z/ > )= R().
i=1 k= Qk WiNQE D

Equality @3) is easily obtained, noting that since the support of thetion f;- is w?, the sum may
be extended not only to the stars intersecfingout to all the stars, and then rearranging terms:

> ZfL > (—arf R (un) + BTPRY (yn)) - Vg
wiNQE#D =1

= (~ar{R” (un) + BrERP(Wn)) & V(D o)
= (—arf R (up) + BrERP (Yn)) a - V1
where the partition-of-unity property — equatid?0f — has been used. O

The computation of the dual estimatgsand# verifying equation 22) is done using the same
strategy as in]]. Note that the only difference between the computationhef éstimates when
introducing stabilization techniques is the new term aatiog for the non-orthogonality of the
residuals appearing in the local equations. This new adsted t

> [ flveds,
Qp Cw? 2

which vanishes if no stabilization is useqf, = 72 = 0, involves only a modification of the source
term of the local problem.
Thus, following the notation used id]} the r.h.s. of equatior?@) can be rewritten as

R*(¢v) = [ fivdQ+ / givdl — / vg) - Vo dQ,
w? T'nyNow? wht
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where the following compact notation is introduced
fi= a[@f — ¢ioe- Vup — opjup, —vVuy, - VG%}

+800f© ~ e Vo5 — 0itbn — vVn - Vo] + £,

1
9f = agig + Bpig®  and @, = ad;Vuy + B Vb, + —¢ina),

and therefore, introducing the new unknown’ = ¢' + ¢}, the strong form to compute the dual
estimategj’ € [P?(w)]? and#' € P4(w?) is,

UV G 4GP = fr in Wt
~ 1 1 ) * 7
v, ~n+§a-nr:gi on yelnNow
vt m =0 on y€dw' —{I'xUTDp}

P ~ Ll
vq, nk+yq*
Qi

n; =0 on ’}/Eanﬁan, Qk,Qlei,

1

wheren; andn,; are the outward normal to the elemefits and 2; respectively. Seel] for a
detailed derivation of the strong form of the local probleifi)(

Remark 3

The strong problem for the dual estimaigs’ € [P?(w?)]? and# € P?(w’) admits a solution as
long as a proper interpolation degtgss chosen.

In particular, assuming andv to be piecewise constant, solvability is guaranteed if

q > max(deg(g; ), deg(f;) + 1).

To be more precise, if the Neumann dataand ¢© are piecewise polynomials of degree
m, in the boundaryl'y, then deg(g}) = m, + 1. Also, if the interior dataf and f© are in

€ Pms(Q) and the velocity fielda € [P (Q)]2, deg(f7) = max(mys + 1,ma(p— 1)+ 1,p+
L,m2(p — 1), map, mamy). Thus,

g > max(mg +1,mp+2,map+1,p+ 2,mi(p —1)+1,mamys+1), (24)

The previous restriction is the worst case scenario, siaperiding on the problem to be solved, for
instance for problems without reaction tesm= 0 or without applied Neumann boundary conditions
(or homogeneous ones), some of the restrictions can be eximmvweakened. In particular, in
advection-diffusion problems associatedte- 0, the termy > p + 2 may be replaced by > p + 1.
Also, it is worth noting that the last two terms in equatid)( namely m2(p — 1) + 1 and
mqmy + 1, only appear when stabilization techniques are used. Evehis case, for piecewise
constant or linear velocity fields, these terms have no infieen the selection of the interpolation
degree;.

4.3. Local computation of the dual estimageand usinghybrid-fluxtechniques

This section is devoted to detail the computation of the gsése polynomial dual estimatées
and7 using thehybrid-fluxtechnique described irLf]. In fact this strategy is a modification of
the technique presented ih{ — which provides a tool to compute strict bounds for quaegiof
interest for the advection-reaction-diffusion equatising standard Galerkin approximations of the
primal and adjoint problems — based on the strategy developEL9] — which provides a tool to
compute asymptotic bounds for quantities of interest fradPS& method approximations of the
primal and adjoint problems.

Hybrid-fluxmethods (or equilibrated residual methods) may be seen asmaid decomposition
strategy which allows to decompose the global probl&B) (nto solving local problems in each
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element of the finite element mesh. This approach is staratatdt is widely used in a posteriori
error estimation for steady problenis3] 21, 14]. The key point is to be able to compute equilibrated
fluxes at the interelementary edges of the mesh which areugeshas local boundary conditions for
the local elementary problems. Standard constructiorntseoétjuilibrated fluxes require the r.h.s. of
the residual problem given iri), that is, R*(-), to be orthogonal to the finite element spate
However, the strategy proposed it], may be used in the context of the SUPG method to provide
a simple workaround to the problem &f (-) being non-orthogonal to".

Equilibrated residual methods compute the dual figldsds ver|fy|ng equation {5), by means
of computing two piecewise polynomial fielgsc [IP’q(Q)] andr e IP"I( ) such that

1 .
/ [yq Vo + &m] o + 5/ a-nivdl =R(w)+ Y [ Ap]dl YoeV.  (25)
Q

I'n ~yery, 7Y

Here, the “broken” spacgis V := {v € £2(1), vlg, € H' (%)}, thatis, functions i are allowed

to present discontinuities across the edges of the meshrambaforced to verify the Dirichlet
boundary conditiond',, denotes the set of all the edges contained in the interiohefhiesh or
on the Dirichlet boundary) € [}, H—2 (09 are the equilibrated fluxes added to the r.h.s. of
equation 25) in order to yield equilibrated and thus solvable local peofs in each element and
[v]], is the jump of the function along the edge if it is an interior edge orfv]|,, = v for the
exterior edges. In order to properly define the jump of a fliemcacross the mesh edges, an arbitrary
ordering of the elements of the mesh is introduceda@nd defined as

( ) -1 ﬂJEQkﬁQl,k<l
Sk(x) = )
: +1 otherwise

In this case

[ ]l 'Ulgk Sk + UlQL g Ify=Q.nNQ el
v =
K v if’yEFD,

where the values ob|, anduv|, atthe edgey are computed in using the traces of the funcions
vlg, andulg, ony.

The different existing equilibration techniques differtire choice of the equilibrated fluxes
which may be computed with an asymptotic complexity thainiedr in the number of vertices of
the mesh using, for instance, the procedure proposed bywkadand Leguillon in13].

Itis a relatively simple matter to see that the dual estis@@nds computed from equatior2f)
verify equation {5). Indeed, for any € V, that is, for anyv in H!(2) vanishing on the Dirichlet
boundary of the domain,

/ A[v] AT = 0
-

forally e Ty, A e [[d, H 2 2 (0€2,). Therefore, taking € V Y in equation 25) yields
/[V@Ver&fv}dQJrl/ o -miv dl = R* (v Z/ | dr = R*(v),
@ 2 I YED)

as required in equatiorif).

Note that for a given choice of the equilibrated fluxedhe dual estimateg and# solution of
(25) can be computed solving independent problems posed ogegléments of the mesh: find
q" € [P4(Q,))? andi* € P1(;) such that

1
/ {m}k Vot ﬁ’fu} o + 5/ o -nify dl = R(v) +/ awdl Vo e H ().
Q. I'nNOQ BQk\FN (26)
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Remark 4

It is tacitly assumed that problems given in equati@é) (have at least one solution. For elements
Q, associated with a strictly positive reaction tefil, > 0 or intersecting the Neumann boundary
anda - nfp 50, # 0the kernel of the r.h.s. of equatio?q) is empty, and therefore, equatidzty
has a unigue solution. On the contrary, the kernel of the.rdre the constant functions. In this case,
the problem is solvable if and only if the following compaliily condition holds:

Ri(1) + / GAdr =0, (27)
2 \I'x

thatis, if the r.h.s. of equatio2§) vanishes fow = 1|, . This previous condition expresses that the
boundary data must be in equilibrium with the interior loadsat the local problems are solvable.
This is precisely the required condition for the fluxet be equilibrated.

Remark 5
In order to enforce the compatibility condition, equati@d)( the equilibrated fluxes, in the case
whereu,, andi);, are the Galerkin approximations efand+, are forced to verify

R(w)+ Y [ Ap]dl =0 VoeV" (28)

~eT, VY

whereV" is obtained fromV" relaxing both the Dirichlet homogeneous boundary conaitiand
the continuity of the functions across the edgesl'gf Note that for 1|, € V", the previous
condition yields to the compatibility condition. Howeverhen using the SUPG approximations,
it is not possible to compute a set of equilibrated fluxeserifying equation 28) due to the
non-orthogonality of the residudt*(-) with respect toV". Indeed, takey € V C Yk, then since
[v][, = 0 Vv € I, equation 8) becomes?*(v) = 0 which does not necessarily hold.

Luckily, [19] proposes a simple workaround to this problem. The equaitéat fluxes are forced
to verify

R*(v) + Z/ (—arf R (un) + BrRP (¥n)) @ VodQ+ Y [ Ap]dl =0 Vo e V",
k=1 yer, 77
_ (29)
instead of equation2@). Note that again forl|, € V", the previous condition yields to the
compatibility condition, since the additional term var@storv being constant inside the elements
of the mesh. Moreover, the set of conditions posed by equa@®) are now compatible since for
anyv € V' c V!,

Tel

R*(v) + Z/ (—arl R (up) + BTERY (¢n)) o - Vo dQ = 0,
k=1

due to equationl(9).

Therefore, the strategy to compute the dual estim@tesds solution of @5), is equivalent to the
strategy proposed iriJ], that is, for each element of the mesh, the restriction efdbal estimates
¢ andr to the elementg” and#*, are computed solving the local equati@s) The only difference
is that now, the equilibrated fluxes are found solving the ifirediequation 29).

Remark 6

The strong problem for the dual estimat@§)(admits a solution as long as a proper interpolation
degreg; is chosen, seel])]. The same derivation applies in this context since theilstation term
only affects to the computation of the equilibrated fluxesolilagain can be taken to be functions of
degreep in the edges of the mesh independently of the stabilizagomg. In particular, following
the notation of remarR it can be stated that

q > max(mg,my + 1, map,p+ 1), (30)
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As in the flux-free context, the previous restriction is tharst case scenario. In particular, the term
q > p+ 1 appears only fos > 0. Foro = 0 this restriction turns intg > p.

Thus, regarding the choice of the interpolation degree efdbal estimates;, the hybrid-flux
technique presents two advantages: 1) the local problemsi@rweighted by the linear shape
functions¢’ and therefore the minimum value of the local polynomial orgeis one less than
for the flux-free technique, and 2) the stabilization termaypl a role only in computing the
equilibrated fluxes). Thus, the choice of the interpolation degreéepends linearly om,, (and
not quadratically as in the flux-free case for stabilizedhtégues).

4.4. Computational cost versus accuracy

This section is devoted to compare the computational efégpired to solve the local problems for
both the flux-free and the hybrid-flux approach versus theraoy of the methods. The explanation
given herein, is valid whether the bounds are computed reithieg stabilized or standard finite
element techniques, since the presented extension doexfect the computational cost of the
methods. However, this section is included to clarify ahdbsirate the resemblances/differences of
the two presented strategies.

In both cases, the cost of computing strict upper bounds dantities of interest is proportional
to the number of vertex nodes in the mesh once the adjoing fadtment approximation has been
computed. Indeed, given the finite element approximaiigrthe computation of the bounds starts
by solving the adjoint problem using finite elements. In gahdoth finite element approximations
are computed using the same interpolation degreand thus, the first step of the bounding
procedure has the same cost as the primal problem. Givenrithalpand adjoint finite element
approximations, in the flux-free approach a local problemefach star is solved with a constant
cost that only depends on the interpolation polynomial degrof the dual estimates and in the
hybrid-flux approach first a local problem for each star isyedlwith a constant cost that only
depends on the interpolation polynomial degpeand then a local problem for each element is
solved with a constant cost that only depends on the intatipol polynomial degree for the dual
estimates.

Both approaches require looping on the vertex nodes of trehraad the hybrid-flux approach
requires and extra loop on the elements of the mesh. The tdst @ertex loop for the flux-free
strategy is more expensive than the same loop for the hylodapproach, since the unknowns
for the flux-free local problems are directly the dual estesa(both in the edges and interior
of the triangles) while the unknowns for the hybrid-flux aggeh in the first vertex-loop stage
are the equilibrated fluxes (polynomials of deggeat the edges of the elements incident to the
node). During the second stage, the hybrid-flux approacmamks are also the dual estimates
of interpolation degree but the advantage is that the problems are solved indeptndeneach
element of the mesh.

Although the cost of the flux-free technique is slightly hegghnumerical examples show that
the use of flux-free techniques yields tighter bounds forghantities of interest. Increasing the
local interpolation degreg in both approaches improves the bounds since the dual éstrhave
more degrees of freedom that can be used to optimize the botiodvever, based on the authors
experience, there is no considerable gain in increasinintegpolation degree, especially in the
flux-free context, see2[)]. Thus, it is advisable to use the least possible interpmiatiegreeq

in both approaches, also in the hybrid-flux approach, siheequality of the bounds is mainly
governed by the quality of the equilibrated fluxes and nothyihterpolation degreg Even if the
local interpolation degregis increased in the hybrid-flux approach, in general thigeggh is not
able to achieve the accuracy of the flux-free approach, thassasing the computational cost does
not yield to the same accuracy.
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5. BOUNDS FOR THE QUANTITY OF INTEREST = ¢°(u): AN ALGORITHMIC
SUMMARY

According to theorem upper and lower bounds ef= ¢© (u) are available once upper bounds of the
energy norn|z|| are obtained for the two combinatiots, 5) = (k, 1/xk) and(«, 8) = (k, —1/k).
The general strategy to obtain these upper bounds is deuisélie previous section. Due to
the linearity of the problem, obtaining the estimates fogsth two values = ke® + 1/ke® is
equivalent to obtain the estimates for= ¢* andz = ¢° separately, that is for the two combinations

(@, 8) = (1,0) and(ev, B) = (0, 1).

This section summarizes the main steps to compute bound$ fej for both theflux-freeand
the hybrid-fluxapproach.
5.1. Computation of the output bounds usingftbg-freeapproach

The main steps of the procedure to compute boundé®u) using theflux-freeapproach are the
following:

1. Compute the primal and adjoint SUPG approximatiapsandq, respectively.
2. For each star? (associated with node’ of the mesh) compute the primal and adjoint dual

estimatesy’, g, € [P?(w')]? and#i,, 7, € P4(w') such that for alb € V(w?)
, , 1 ,
/ [yffp Vot &f};u} a0+ - / a - niby dT
w? 2 I'nNOw?

= RP(¢'v) — Y / TP RY (up) e - Voiv dQ,
Qp

Qp Cw?
and

. _ 1 .
/ [qu Vo + &WDU} o+ - / a -niby dT
w? 2 I'nNow?

= RP(¢'v) + Y / TPRP (n)ax - Vv dSQ.
QpCawt VS
3 Recover the global estimates

Ninp Nnp Nnp Ninp

ap=>Y ap, fr= fp and ap=>Y ap, o=y ih
1=1

i=1 i=1 i=1
4 Compute the three scalar quantities

Tel Tlel

.. o 1 .
0" =3 =3 [ [papeapater] a0y [ aenin?an
k=1 k=1 ke

NNy

Tel Tel

mP)? = "nP = Z/ [qu dp + 5(fD)2] ao + —/ o - n(ip)? dr,
k=1 k=1 Inng

Mel Mel
/ (a0 nfpfp dF,
I'nNQpg

n"P= 0P = Z/ vap - ap + oipip| A2+
k=1 k=1"%

5. Recover the bounds for the outptt < s < s** as

DO | =

| =

1 1 1 1
s = sy + RP(yy) — 577P77D + §7IPD < s <sp+ RP(Yn) + 577P77D + §7IPD =: 5",
(31)
wheres;, = (© (uy,).
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5.2. Computation of the output bounds usinghlybrid-flux approach

The main steps of the procedure to compute boundgdo6u) using thehybrid-fluxapproach are
the following:

1. Compute the primal and adjoint SUPG approximatiapsandq, respectively.
2. Compute\” and\” solutions of

Mel
Z/ LRE (up)ox - V’UdQ—I—Z Plu] dl' =0 Yo e V!,
Y€
and
Mel
+Z/ DRD (1) e - Vv dQ + Diy]dl =0 Vo e VM.
yery, v

3. For each element of the mesh compute the primal and adjoint dual estimaigs g%, <
[P4(€2.)]? and?h,, 7%, € P9(€2;,) such that for alb € H!(Qx)

1
/ {yq’; Vot &ﬂgv] a0 + 3 / o -nitw dl = RP (v) + / G\ dr,
Qp T'NnNOQ GQk\FN

and

1
/ [V@IB - Vv + 67%1}] dQ + 3 / a-niho dl = RP (v) + / APv dr.
Qe I'nNOQ 8Qk\FN

3 Compute the three scalar quantities

MNel

Ner
) R 1 "
E n = E / VQP"IP+U(7"P)2] dQ+§/Q a-n(fp)*dr,
N

Tel Tel A 1
an —Z/ VqD'qD""&(fD)ﬂ dQ+—/ a-n(rp)*dr,
N2y

nel Tlel

1
nFP = Z/ vip - dp + &fpr] aQ + 5/ o - nipfp dr,
Qp N,

4. Recover the bounds for the outptit < s < s** as

[\

1 1
s = s, + R°(yy) — —77 n” + 277PD < s < s+ RP(yn) + 577P77D + 577PD =: 5"
(32)
wheres;, = (© (uy,).

6. NUMERICAL EXAMPLES

This section presents the performance of the estimateddimgvthe bounds for quantities of
interest in three numerical examples, which are defined incadimensional domain and which
are discretized using conforming piecewise linear finiearednts.

In all the examples, both the primal and adjoint approxioradiu;, and+; are computed both
using the standard Galerkin Finite Element method and tHeGhiethod. When using stabilization
techniques, as the SUPG method, the choice of the stablizaarameter plays a major role, since
the accuracy of the discrete solution is highly influencedhiy choice. The appropiate selection of
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this parameter is not discussed here since the primary ddaikavork is to show the performance
of the error estimation strategy. Thus, the stabilizatiarameter is chosen following?]. However,
the error estimation procedure is valid for any choice ofdégnition of the stabilization parameter,
see for instance?3, 24, 25, 26).

The stabilization parameter for the primal approximatigns taken to be constant inside each

element;, of the mesh,
h 9 hro 2\ 72
P k kOk
k 2|y ( (Pe)? <2|a|k> ) (33)

whereh,, is the element size — computed as the radius of the circuladfcthe triangle —|«| is a
measure of the norm of the velocityinside the element — computed as the norm of the velocity at
the barycenter of the triangle —, af#,, is the local Péclet number defined as:

1
(Pe)k = §|a|khkuk.

Analogously, the stabilization parameter for the adjonafylem is

h 9 hilow — [V -al)\\
D __ k k\Ok
= Sal; (” o (% e | 59

Note that if the velocity fielda is divergence free, then the primal and adjoint stabilorati
parameters coincide!” = 7.

As mentioned above, in the following examples both the Gatleand SUPG approximations
of the problem are computed using linear elements, thahé parameter describing the space
discretization isp = 1, and the dual estimates providing the bounds for the outputemputed
using piecewise third order polynomials, which corresgoim ¢ = 3. The dual estimates are
computed both using thfeux-freeand thehybrid-fluxerror estimation strategies (the later also called
residual equilibrated method). In the following, the nmat-F and EQ is used in figures and tables
to denote the two previous techniques respectively.

In the following, the bound averagé’c := (s* + s'*)/2 is taken as a new approximation of the
quantity of interest and the half bound gap= (s“* — s!*) /2 is seen as an error indicator. Note that
stating thats’® ands“® are exact upper bounds for the outplimnplies thats € (s, s“*) which can
be rewritten as = s*v¢ + A.

The meshes are adapted to reduce the half boundgdp the examples a simple adaptive
strategy is used based on the decompositiah wito local positive contributions from the elements:

Tlel

A=Ay,
k=1

where the element contribution to the half bound gapis

. 12P 1 D
Ak = ZK Mk +m77k-

Note that this decomposition is valid because
ub b 1 Teel TNel

1 1 1 1
A — _ 1 pD_ 1L 2 P2 Dy2 _ {_2P D}: A
5 51 =gk )"+ 5 (07) 2 1 Sk g—l Kk

The remeshing strategy consists in subdividing the elesngith the larger values of; at each
step of the adaptive procedure.
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6.1. Example 1: quasi-2D transport

The first example is the quasi-2D transport problem intreduio [L0]. The advection-diffusion
equation is considered in the unit squdle=[0,1] x [0,1] with v =1, ¢ =0 and a uniform
horizontal velocity fielda = («,0). The boundary conditions are of Dirichlet type on the ldtera
sides,u(1,y) = 0 andu(0,y) = 1, and Neumann homogeneous on the top and bottom sides. The
source term ig° = 0 so that the analytical solution is

[e3 T

e —e

) ="y
and the quantity of interest is taken to be the average nagradlent on the right side of the domain,
namely

1 @

ae
= | Vu(l,y) -ndl = .
s ; u(l,y) - n T—eo

Following [10], this quantity of interest can be rewritten using the iierfunction y = = as
s = a(u, x), which in turn using the Green’s formula can be rewrittensas ¢/“(u) using the
functional

°(v) = a(v, x).

This quantity of interest is not directly in the form &)( but using Green’s formula,(v, x) can be
rewritten like 6) with f© = -V . (vVy) - V-axy —a-Vyx+ox andg® =vVy-n+a- ny
forall v € V. However, it is worth noting that following the derivatiomgluded in B] it is possible
to compute the dual estimates without doing the conversideofunctionalt® (v) in terms of f©
andg®, in a much simpler manner.

This example allows testing the quality of the bounds for dbgut for different values of,
ranging from a pure diffusion problem to a advection-dortédadvection-diffusion problem. Four
different strategies are compared for the values ef 5, 150 and500: the bounds obtained for the
stabilizedhybrid-fluxandflux-freestrategies presented in this paper are compared with thedisou
obtained using the standdmglbrid-fluxandflux-freestrategies presented ih( and [1] respectively.
The results are shown in figufieand tabld.

1 [-4-EQ-Gala =5

0 FF-Gala =5

% | —+EQ-GLS aa=5

|| -=FF-GLS a.=5

1]-*-EQ-Gal a =50

1] » FF-Gal o = 50

- EQ-GLS a. =50

4| —FF-GLS a.= 50

-*-EQ-Gal a = 500
< FF-Gal a = 500

3| -> EQ-GLS a. =500

1|—FF-GLS o = 500

Relative Boung gap

—-P

1 1 1
0.0125 0.025 0.05 0.1
h

Figure 1. Example 1: convergence of the relative half bowapl(g /s) for a uniformh-refinement procedure
obtained from standard Galerkin finite element approxiomstiand SUPG approximations using both
hybrid-fluxandflux-freestrategies.
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oa =5 a =50 o = 500
s = —5.033918 s = —50 s = —500

Nel gave A/|5ave| Sa'ue A/|Save| gave A/|Save|

§ 32 —5.02103  0.03474 13.85636 13.80392 || 273561.10163  1.11887
& | 1152 || —=5.03362  0.00097 || —50.00000  0.10165 —330.48485 15.68297
8 3872 || —5.03383  0.00029 || —50.00000  0.02963 —499.99731  3.17566
u | 8192 || —5.03388 0.00014 || —50.00000  0.01384 —500.00000  1.50201
L1 14112 || —5.03389  0.00008 || —50.00000  0.00798 —500.00000  0.86799
0 32 —5.01987  0.03470 || —50.08000  1.72392 —507.69541 20.57684
% 1152 || —5.03362  0.00097 || —50.00000  0.09685 —500.00000  3.20511
n | 3872 || —5.03383  0.00029 || —50.00000  0.02926 —500.00000  1.55460
L | 8192 || —5.03388  0.00014 || —50.00000  0.01377 —500.00000  0.93795
14112 || —5.03389  0.00008 || —50.00000  0.00796 —500.00000  0.62550

S 32 —5.02872  0.05664 42.04600  6.81851 || 437796.96760  1.11699
O | 1152 || —=5.03379  0.00166 || —49.99259  0.16532 —245.33712  32.20248
8 3872 || —5.03388  0.00050 || —49.99772  0.04958 —499.78202  4.88044
O | 8192 || —5.03390 0.00023 || —49.99891  0.02350 —499.89784  2.32843
W 114112 || —5.03391  0.00014 || —49.99936  0.01366 —499.94023  1.35665
O 32 —5.03205  0.05456 || —50.27436  2.04817 —546.27178 22.33189
% 1152 || —5.03379 0.00166 || —49.99375  0.14623 —499.66067  3.85809
w0 | 3872 || —5.03388  0.00050 || —49.99788  0.04753 —499.88878  1.90775
g 8192 || —5.03390  0.00023 || —49.99895  0.02302 —499.94213  1.18005
14112 || —5.03391  0.00014 || —49.99937  0.01349 —499.96335  0.80898

Table I. Example 1: bounds for a uniformrefinement procedure obtained from standard Galerkirefinit
element approximations and SUPG approximations for diffevalues ofx = 5, 50, 500.

Figure 1 shows the convergence of the half bound gap. As expectedhatfidound gap has a
guadratic rate of converge in all the strategies, althohighdonvergence rate is only achieved in the
asymptotic range. It can be appreciated that as the influefinibe convective term becomes more
important, finer meshes are needed to reach the asymptogje.ra

As noted in [L], the results herein confirm that tiex-freestrategy has a better performance than
the hybrid-fluxstrategy, both for standard and stabilized formulatiorisoAit can be seen that for
low values of the advection parameter the bounds obtained tise standard Galerkin method are
pretty similar to the ones obtained using stabilized meshétbwever, as the advection parameter
increases, the stabilized formulations perform betten th& non-stabilized ones. As observed in
[10] and [1] as the advection parameter increases the bounds degedagato the introduction of
the symmetrized residual equations. As it can be seen, thefugabilization techniques does not
avoid the blow-up of the bounds for highly dominated adwatproblems, but it allows alleviating
this behavior for intermediate valuesafFinally, it is worth noting that as the finite element mesh is
refined, the difference between the performance of starataidtabilized formulations diminishes
and both approaches provide similar results, as expected.

The performance of the bounds in an adaptive process iszathfgr the valuer = 500. Starting
with a structured mesh od4 triangular elements, a series of adapted meshes is produced
subdividing at each step the elements whose contributidhetdalf bound gap is larger than the
average contribution, that i&; > A/n.. The adaptive procedure is guided by the indicators (local
half bound gap) provided by the stritix-freeerror estimate, but at each step, the bounds provided
by the stricthybrid-flux strategy are also computed to compare the results. Thalinitéesh of
64 elements certifies a wide interval for the quantity of instre= 20165.45 + 131.51% using
the standard Galerkin approach ang- —499.99 4+ 1271.33% using the SUPG approach. After
remeshing, the bounds associated with the final mesh set la maumwer intervak = —500.00 +
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1.39% (for the standard Galerkin approach for a meshidR2 elements) and = —500.00 4+ 0.72%
(for the SUPG approach for a meshid280 elements). The results for the intermediate meshes can
be seen in figure. It can be observed that stabilizing the solutions for |d?gelet numbers helps

3
10° |
o
I = <D/ ;
=R T o S-S
=
3
Nal
2 10° ¢ +@ /\ FF stab
= ¥ -~ A EQ
&) +o A EQ stab
10—17 —+— /\ FF uniform
c ~* /A FF stab uniform
[ o ——/\ EQ uniform
1072L T 0 /A EQ stab uniform
0.0125 0.025 N 0.05 0.1

Figure 2. Example 1: convergence of the relative half bouap @\/|s|) for an adaptiveh-refinement
procedure obtained from standard Galerkin finite elemepragimations and SUPG approximations.
Comparison with the results for the uniform mesh refinement.

reducing the bound gap with no additional cost both for thiertalyflux and flux-free approaches.
Figure3 shows the final adapted meshes obtained for both the GakenkiisUPG approaches. The
meshes are refined in the areas where either the primal onadgutions present the boundary
layers. The main difference between both approaches isirthie first iterations the Galerkin
method vyields a highly oscillating solution which produdég refinement in areas where no

refinement is needed (interior of the square).

Figure 3. Example 1: Final adapted meshes obtained for dwhQalerkin (left) and SUPG (right)
approaches consisting vf422 and13280 elements respectively.

6.2. Example 2: interior layers behind an obstacle

The second example is taken fro&V]. The computational domain is

Q= {(a,y) € (-1, )%, |a| + ly| > 1/2}.
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where the hole inside the square is conceived as an obstaalie ithe computational domain (see
figure 4). Equation g) is solved in{2 with » = 1, ¢ = 0 and a uniform horizontal velocity field
a = (300,0). The boundary conditions are of Dirichlet type on all the ihdary, homogeneous in
the outer square and equalltin the interior square, that is

w41 for |z| + Jy| = 1/2
D=1 0 elsewhere.

QO
24
«
_— 22
—_
_
_ > 20

Figure 4. Example 2: Domain (left), initial mesh (both foethniform and adaptive refinements) consisting
of 300 triangular linear elements (center) and local Péclet remdistribution for the initial mesh (right).

The obstacle inside the flow field gives rise to two interigels and a boundary layer at the front
part of the obstacle (with respect to the flow) and a boundargrliat a part of the boundary behind
the obstacle.

The quantity of interest is the integral of the solution i tregionQ® € QN [0, 1] which
corresponds t¢g® = 1in Q© and zero elsewhere.

The quality of the bounds is analyzed first for a uniform megimement. The primal and adjoint
solutions obtained with the mesh &i12 elements are shown in figufe As it can be seen, neither
the Galerkin nor the SUPG manage to properly supress th@ésguocal oscillations appearing in
the discrete solutions for this quite fine uniformly-refimadsh. However, even though the proposed
stabilization technique does not completely remove theigpsl oscillations, the SUPG method
provides a much more accurate solution than the Galerkihadet

The results of the a-posteriori error estimates presemtetis paper are displayed in table
and in figure6. As it can be seen, for coarse meshes the use of stabilizabbmiques provides

flux-free hybrid-flux

el Sh R Sub A R Sub A
- 300 | 0.429511 || —20.630848 17.672803 19.151825 || —37.282079 31.544310 34.413194
£ 744 | 0407245 || —7.343591 8283259  7.813425 || —15.776144 16.418931 16.097538
% 1694 | 0.418403 || —3.685801  4.320300  4.003050 || —8.935262  9.011232  8.973247
O 3725 0.395036 —1.869613  2.650419  2.260016 —5.058863  5.745099  5.401981

8012 | 0.395134 —0.943283  1.691546  1.317414 —3.074477  3.685708  3.380092

300 | 0.407135 | —5.336663  6.048435  5.692549 || —11.895049 11.616651 11.755850
8 744 | 0.427548 —3.941503  4.680051  4.310777 —-9.416113  9.122311  9.269212
> 1694 | 0.419324 —2.582214  3.321779  2.951997 —6.698040  6.685539  6.691789
N 3725 | 0.403191 —1.584882  2.349696  1.967289 —3.878484  4.349016  4.113750

8012 | 0.398523 || —0.878744  1.646389  1.262566 | —2.626193  3.182316  2.904255

Table 1l. Example 2: bounds for a uniforiarefinement procedure obtained from standard Galerkirefinit
element approximations and SUPG approximations.

a clear reduction of the half bound gap that becomes lessriamicas the finite element mesh is
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Figure 5. Example 2: Primal (top) and adjoint (bottom) solus for the last mesh of the uniform refinement
(consisting 0f8012 elements) obtained using the standard Galerkin finite edermethod (left) and the
SUPG method (right).
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Figure 6. Example 2: bounds for a unifortmrefinement procedure obtained from standard Galerkirefinit
element approximations and SUPG approximations (left)issncbnvergence (right).

refined. Also, again th8ux-freestrategy provides better results than thyrid-fluxone. It can
also be appreciated that the standard method to obtain bdanduantities of interest, even when
using stabilization strategies, yields poor results wh&ngia uniform refinement (very fine meshes
are needed to effectively reduce the bound gaps). Thus snctise it is crucial to use adaptive
techniques.

The quality of the bounds is also analyzed for an adaptiveeefent. A series of adapted meshes
is produced by subdividing at each stgy% of the elements, those with the larger contributions
to the half bound gap, untih < 0.016. The adaptive procedure is guided by the indicators (local
half bound gap) provided by the strifttix-freeerror estimate. However, in each step, the bounds
provided by the strichybrid-fluxstrategy are also computed to compare the results.
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The initial mesh of300 elements certifies a wide interval for the quantity of instre=
—1.479 £ 19.152 using the standard Galerkin approach and 0.356 &+ 5.693 using the SUPG
approach. After remeshing, the bounds associated withriherfiesh set a much narrower interval
s =0.3798 £ 0.01508 (for the standard Galerkin approach for a meshi2f26 elements) and
s = 0.3800 + 0.01574 (for the SUPG approach for a meshi@330 elements). The results for the
intermediate meshes can be seen in tablesndlV and in figure?.

standard Galerkin finite element approximation
flux-free hybrid-flux

el sh R SUb A R SUb A

300 | 0.429511 || —20.630848 17.672803 19.151825 || —37.282079 31.544310 34.413194
357 | 0.431046 || —11.812368 10.758631 11.285499 || —24.099566 21.238144 22.668855
415 ] 0.394818 || —6.887437  9.467279  8.177358 | —15.872191 19.296528 17.584360
492 10.401901 || —4.615369  5.155705  4.885537 || —11.592608 11.844514 11.718561
577 10.399312 || —2.731070  3.449440  3.090255 || —8.311474  8.934480  8.622977
682 | 0.399517 —2.105179  2.619031  2.362105 —7.025657  7.210070  7.117863
794 | 0.392198 —1.205988  1.968473  1.587230 —5.302291  5.927614  5.614953
923 | 0.381479 —0.972389  1.666009  1.319199 —4.565030  5.216576  4.890803
1072 | 0.385116 || —0.704109  1.404819  1.054464 || —3.927010 4.565738  4.246374
1230 | 0.384589 || —0.446016 1.198208 0.822112 || —3.183883  3.910679  3.547281
1405 | 0.383902 —0.224545  1.002875  0.613710 —2.686555  3.452816  3.069686
1615 | 0.382516 —0.103822  0.868474  0.486148 —2.229312 2983397  2.606355
1851 | 0.381386 —0.007228  0.769074  0.388151 —1.882978  2.636305  2.259642
2115 | 0.381416 0.079254  0.683584  0.302165 || —1.677128  2.435176  2.056152
2397 | 0.381370 0.138560  0.624934  0.243187 || —1.475130 2.227198  1.851164
2768 | 0.380450 0.188917  0.572342  0.191713 || —1.380715  2.140712  1.760714
3198 | 0.380351 0.239798  0.519340 0.139771 —1.075553  1.832568  1.454060
3575 | 0.380190 0.277870  0.481789  0.101959 —0.789506  1.546283 1.167894
4022 | 0.380264 0.293013  0.466865  0.086926 || —0.791676  1.550964  1.171320
4580 | 0.379990 0.308917  0.450748  0.070915 || —0.704982  1.463868  1.084425
5186 | 0.379945 0.320062  0.439756  0.059847 || —0.633929 1.391602 1.012765
6116 | 0.379935 0.336028  0.423666  0.043819 —0.415468  1.172784  0.794126
6840 | 0.379865 0.347440  0.412151  0.032355 —0.269414  1.027825  0.648620
7895 | 0.379881 0.353315  0.406319  0.026502 —0.230727  0.989450 0.610089
8967 | 0.379837 0.357404  0.402180  0.022388 || —0.186034  0.944352  0.565193
10301 | 0.379816 0.360808  0.398750  0.018971 || —0.156364 0.913923  0.535144
12126 | 0.379826 0.364697  0.394854  0.015079 —0.058975  0.817103  0.438039

Table Ill. Example 2: bounds for an apatikerefinement procedure obtained from standard Galerkirefinit
element approximations.

It can be observed that stabilizing the solutions yields metter results for the coarser meshes
and that both approaches converge to the same results ftwdahPéclet numbers. However, in this
particular example, since the SUPG approximations arebtaired using an optimal stabilitzation
parameter, for very fine meshes, the SUPG approximationrmgserform better than the Galerkin
approximation and thus the bounds for the output are alsile biit worse. Figure3 displays the
primal and adjoint solutions obtained in the final meshes@lwith the final adapted meshes
obtained for both the Galerkin and SUPG approaches. It caobgerved that the meshes are
refined in the areas where either the primal or adjoint sohstipresent larger gradients and that
both approaches provide very close results.
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stabilized SUPG finite element approximation
flux-free hybrid-flux
el h S0 b A R SUb A
300 | 0.407135 || —5.336663 6.048435 5.692549 || —11.895049 11.616651 11.755850
348 | 0.429727 | —4.281018 4.983699 4.632359 || —10.633115 10.369201 10.501158
418 | 0.428071 || —3.166066 3.868888 3.517477 || —9.588084  8.985694  9.286889
516 | 0.421839 || —2.265427 2.983470 2.624448 || —7.666838  7.408345  7.537592
610 | 0.403156 || —1.464917 2.228815 1.846866 || —5.698544  6.070066  5.884305
735 | 0.401751 || —1.056960 1.829619 1.443289 || —4.794489  5.237296  5.015893
918 | 0.395629 | —0.608291 1.377529 0.992910 || —3.717249  4.246143  3.981696
1139 | 0.388709 || —0.326000 1.097425 0.711713 || —2.993937  3.696043  3.344990
1347 | 0.386049 || —0.189252 0.957050 0.573151 || —2.588543  3.311109  2.949826
1634 | 0.385730 || —0.030445 0.796235 0.413340 || —2.016893  2.736674  2.376783
2017 | 0.382891 || 0.086123 0.677498 0.295688 || —1.641892  2.387876  2.014884
2366 | 0.382033 || 0.142205 0.620629 0.239212 || —1.611950 2.359493  1.985721
2830 | 0.381993 || 0.196499 0.565911 0.184706 || —1.330300 2.063420 1.696860
3383 | 0.380941 || 0.247565 0.513481 0.132958 || —1.108488  1.852603  1.480546
4032 | 0.380849 || 0.285735 0.474613 0.094439 || —1.022337 1.762936  1.392637
4677 | 0.380305 || 0.306157  0.453796 0.073820 || —0.839117  1.580229  1.209673
5456 | 0.380254 || 0.322223  0.438008 0.057893 || —0.731359  1.482723  1.107041
6417 | 0.380200 || 0.336554 0.423612 0.043529 || —0.553114  1.311487  0.932301
7347 | 0.380118 || 0.348275 0.411643 0.031684 || —0.326203  1.084242  0.705222
8684 | 0.380082 || 0.355037  0.404833 0.024898 || —0.257523 1.015184  0.636353
10264 | 0.379933 || 0.359460 0.400439 0.020490 || —0.213317 0.973382  0.593350
12330 | 0.379947 || 0.364213 0.395691 0.015739 || —0.108349  0.867665  0.488007

Table IV. Example 2: bounds for an apativeefinement procedure obtained from SUPG approximations.
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Figure 7. Example 2: convergence of the half bound gap fordaptae h-refinement procedure obtained
from standard Galerkin finite element approximations andGlapproximations. Comparison with the
results for the uniform mesh refinement.

6.3. Example 3: inner shockfront and boundary layer

The final example is a advection-diffusion problem posedherunit squar€ = [0, 1] x [0, 1] with
v =1, 0 =0 and a uniform velocity fieldx = (300, 150). The right-hand side is homogeneous,
f = 0and on the whole boundary Dirichlet boundary conditionsgiwenu, = 1 at the lower and
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Figure 8. Example 2: Primal (left) and adjoint (center) fiols for the last meshes of the adaptive

refinement obtained using the standard Galerkin finite aémethod (top) and the SUPG method (bottom).

Final meshes consisting a2126 elements for the Galerkin method (top-right) ari$30 for the SUPG
method (bottom-right).

right boundary and.p, = 0 elsewhere (see figu. This example has been presentedZd] [ Due

up =0
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Figure 9. Example 3: Domain (left), initial mesh (both foethniform and adaptive refinements) consisting
of 32 triangular linear elements (middle) and final mesh of theptida procedure for the standard Galerkin
approach consisting d524 elements.

to the velocity field and the distribution of the boundary dibions, an inner shockfront appears
starting in the lower left corner and a boundary layer ocatitbe right boundary, from = 1/2 to
y = 1.



STRICT OUTPUT BOUNDS FROM STABILIZED SOLUTIONS 25

The quantity of interest is taken to be the integral of theioh over the lower right half square,
namely

0°(u) = /Qo u(z,y) dQ

which corresponds tg® = 1 in Q€ and zero elsewhere. That@®’ = {(z,y) € Q, 2 > y} as can
be seen in figur®. Both the primal and adjoint solutions obtained in the finakimof the adaptive
procedure are shown in figui.
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Figure 10. Example 3: Primal (left) and adjoint (right) d@as for the last mesh of the adaptive procedure.

The sensitivity of the proposed error estimation strategiested with respect to the definition
of the stabilization parameter. Although the optimal sédgcof this parameter is not addressed in
this paper, since the choice of the stabilization signifiigaimfluences the quality of the discrete
solution three different choices for the stabilizationgraeter have been considered here to be able
to compare the efficiency of the bounds for the quantity afriest.

The first choice of the stabilization parameter is the sizdtibn parameter used in the two first
examples given in equation83) and @4), denoted byr!. Note that in this particular example,
the stabilization parameter for the primal and adjoint peobcoincide since the velocity field
is divergence free. This stabilization parameter is comgbawith the well known expression
hi/(2|eelk) (coth((Pe)r) — 1/(Pe)y). In order to compute the previous expression, two different
choices for the element size are used: the smallest edgefdide triangle /., and the diameter of
the elemeng;, in the direction of the advection fietd, 27, see P4]. These two different expressions
to compute the element size yield two different choices efdtabilization parameter, denoted by
72 andr} respectively.

The quality of the bounds is analyzed for an adaptive refimenfeseries of adapted meshes is
produced by subdividing at each stes of the elements, those with the larger contributions to
the half bound gap, untih < 0.002. The adaptive procedure is guided by the indicators (loaHl h
bound gap) provided by the striittix-freeerror estimate. The results for thgbrid-fluxmethod are
not reported since, as in the previous examples, its pedoca is much worse than tlfleix-free
method.

The initial mesh of32 elements certifies a wide interval for the quantity of instre=
40.085 =+ 44.666 using the standard Galerkin approach ane- 0.340 + 1.870, sy = 0.341 + 1.859
andsz = 0.312 + 1.777 for the three different SUPG approximations (associateti wi, 77 and
72 respectively). As it can be seen, in the initial mesh, ther great difference between the non-
stabilized formulations and the stabilized ones. The difiechoices of the stabilization parameter
yield to similar results, the third one being the best onetite problem.

After remeshing, the bounds associated with the final mesh seuch narrower interval =
0.25793 + 0.00194 = 0.25793 &+ 0.75% (for the standard Galerkin approach for a mesHh 2if24
elements),s; = 0.25784 4+ 0.00191 = 0.25784 £+ 0.74% (for the SUPG approach for a mesh of
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12507 elements) s, = 0.25784 4 0.00191 = 0.25784 + 0.74% (for the SUPG approach for a mesh
of 12418 elements) ands = 0.25786 £ 0.00187 = 0.25786 + 0.72% (for the SUPG approach for a
mesh 0f13280 elements).

The convergence of the bounds is shown in figliteAgain for the coarser meshes, the use of
stabilization provides better results, and as the meshesefined, the half bound gap reduction
provided by stabilization techniques becomes less impbrtacan also be appreciated that once
the finite element meshes are fine enough, there is no bigetitfe between Galerkin and SUPG.
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Figure 11. Example 3: Series of adaptedefined. Bounds (left) and their convergence (right) foe th
standard Galerkin approach and the SUPG approach for tke thfferent choices of the stabilization
parameter.

The final mesh of the adaptive procedure for the standardrialapproach is shown in figure
10. The final meshes associated to the stabilized approachestshown since they are practically
identical to the one obtained using the standard Galerkimageh. Thus stabilized techniques are
well suited to drive goal-oriented adaptive procedures.worth noting for this quantity of interest,
the meshes are refined mainly in the boundary layer and tbet th no need to overly refine the
interior shock front to obtain accurate approximationshefquantity of interest.

7. CONCLUSIONS

A simple and effective extension of guaranteed goal-oei@nimplicit residual estimators to
stabilized methods has been presented. Bgtrid-fluxandflux-freestrategies have been extended
to be able to deal with stabilized approximations of the egatution. Thus, this paper introduces
two new techniques to compute strict upper and lower boumdsifictional outputs from stabilized
approximations.

The proposed strategies are an extension offlthefreetechnique presented irl]] and the
hybrid-fluxtechnique presented ia()]. The flux-freeestimates yield much sharper bounds than the
hybrid-fluxapproach both for the stabilized and non-stabilized aptres.

The presented strategies are only valid, as they standtdbilizgation techniques which may
be rewritten in the form4) including the widely used SUPG and SU techniques. Althotlingh
performance of the estimates is only shown for the SUPG ndetthe results presented herein
for the SUPG methods using thybdrid-fluxequilibration are in very good agreement with the
results presented i ] for the SU method using also a modification of tmgbrid-fluxmethod.

No significant differences are observed between the pedoce of the estimates due to the choice
of the stabilization technique. Thus, it is expected thatfttt of selecting one among the different
stabilization techniques represented by the fotjdpes not affect the performance of the estimates.

As shown in [L1] the bounds for the quantity of interest are not robust wehpect to the
advection parameter, since the effectivities of the boutsdsriorate as the advection term becomes
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dominant. In this work, sharper bounds which alleviate bigkavior have been obtained combining
stabilization techniques along with goal-oriented adaiytiObtaining robust bounds for quantities
of interest in the context of advection-dominated problénssill and open research topic, this work
being a first contribution.

Finally, the indicators provided by the error estimators aell suited to guide goal-oriented
adaptive procedures. It has also been observed that whetiaiyas used, special care should be
taken when defining the stabilization parameter to yieldiszed discrete approximations better
than the standard Galerkin approximations.
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