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Abstract

This work is devoted to the description of an algorithm for au-
tomatic quadrilateral mesh generation. The technique is based on
a recursive decomposition of the domain into quadrilateral elements.
This automatically generates meshes composed entirely by quadrilat-
erals over complex geometries (there is not need for a previous step
where triangles are generated). A background mesh with the desired
element sizes allows to obtain the preferred sizes anywhere in the do-
main. The final mesh can be viewed as the optimal one given the ob-
jective function defined. The recursive algorithm induces an efficient
data structure which optimizes the computer cost. Several examples
are presented to show the efficiency of this algorithm.
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1 Introduction

In the past decades, computational methods aiming an accurate approxima-
tion to the solution of partial differential equations have received considerable
attention. In particular, the finite element method has steadily increased its
range of applicability and its computational efficiency. However, it is ham-
pered by the need to generate a discretization adapted to a general geometry
and to the desired distribution of element sizes. In fact, the preparation of
accurate data is usually, in real applications, the largest portion of the overall
cost of the analysis. Consequently, a large number of automatic mesh gen-
eration techniques have been devised to overcome these problems. Most of
these efforts, and also most of the important achievements, concern unstruc-
tured triangular mesh generators,'™ while the inherent difficulties associated
to unstructured quadrilateral mesh generators have precluded, until very re-
cently, general efficient methodologies.”*? Nevertheless, the use of mixed
formulations in incompressible fluid and solid mechanics where quadrilateral
elements are preferred by several authors, have increased the general interest
in unstructured quadrilateral discretizations.

Efficient automated meshing techniques are expected to have certain fea-
tures in order to insure its applicability in a wide scope of cases, which
can range from regular domains with uniform element sizes to non singly
connected domains with large boundary curvatures and nonuniform element
sizes. Haber et al.'® present an excellent discussion of such features: precise
modelling of the boundaries, good correlation between the interior mesh and
the information prescribed at the boundary, minimal input effort, broad range
of applicability, general topology, automatic topology generation, and favor-
able element shapes. Some of these features can be easily implemented; for
instance, Bézier or B-splines interpolation curves allow a precise modelling
of the boundaries. Others, such as minimal input effort and broad range of
applicability are much more difficult to obtain. Therefore, all the developed
techniques for mesh generation should include most of the previous features
and this is the goal of the proposed algorithm.

However, from a practical point of view, the basic task of a mesher is
to generate the nodal coordinates and the element connectivity. Ho-Le'#
classifies the mesh generation techniques according to the sequence used by
the algorithm: topology first and then nodal coordinates, nodal coordinates
previous to the element connectivity or both at the same time.

The unstructured quadrilateral mesh generator presented here is one of



the latter. It is based in the original algorithm proposed by Sluiter and
Hansen® and further developed by Talbert and Parkinson.” It automatically
generates meshes composed by quadrilaterals over complex geometries. The
algorithm proposed here differs from? in several crucial points. Now the user-
defined element size can be specified anywhere in the domain. This point is
crucial in adaptive techniques based on error estimation,'®!® where the mesh
size distribution is decided by the estimated error everywhere in the domain.
Moreover, the technique proposed here is organized, for computational effi-
ciently, in three phases. The first one determination of the best splitting line
is based in an improved optimality function. The second one node placement
is the one associated with the desired element size. The final step, which is
usual in mesh generators, is charged of mesh quality enhancement.

Previous to the domain discretization, the boundary nodes are defined
using any interpolation technique. Then, the mesh generation process starts:
the initial domain is partitioned by a splitting line that connects two bound-
ary nodes. The splitting line is chosen minimizing an objective function.
Second, the nodes are positioned along the splitting line with the desired
spacing. Two new subdomains are now considered and the splitting process
is repeated recursively up to the desired element size. Finally, a continuous
rezoning method is developed to obtain a non distorted mesh.

The outline of the remainder of the paper is as follows. In Section 2 a
brief classification of the mesh generation algorithms is presented. Then,
basic concepts on background meshes and boundary processing information
are reviewed. In Section 3 the two basic phases of the new mesh generator
algorithm are developed: determination of the best splitting line and node
placement. In Section 4 the mesh quality enhancement procedures are pre-
sented. Section 5 is devoted to the analysis of the computational cost of the
developed algorithm. Finally, in Section 6, we present and discuss several
examples.

2 Basic considerations/input data

2.1 Classification of mesh generation methods

Several authors'®17 have presented classifications of mesh generation meth-
ods. Apart from the manual or semi-automatic generation techniques which
are left for simple cases or academic studies, three main categories are de-



vised. First, the methods based on adaptation of mesh templates are
defined. The simplest of such techniques is the GRID-BASED APPROACH
which consists on superposition of a grid template over the domain, the cells
that fall outside the domain are discarded and those which intersect the
contour of the object are readapted to fit into the domain of analysis.?!®
This induces a regular discretization in the interior of the domain but an
extremely poor one along the boundaries, and it is not always possible to
keep the offset elements as quadrilaterals.? Instead of a regular template a
grid based on a quadtree construction (in 2D and octree in 3D) can be used,
it is the QUADTREE-OCTREE METHOD.!” These meshes which are usually
of good quality far away from the boundaries are generally very poor in their
vicinity.

Second, the generalized mappings methods are based, for general
objects, in a previous subdivision of the general domain into simpler re-
gions; then, adequate mappings are used to discretise each subdomain. The
TRANSPORT-MAPPING METHODS discussed in detail in Haber et al.,'? are
probably the most popular techniques of this category. In this case, the gen-
eral object is first subdivided in simpler domains with usually three or four
sides and then the mappings referred to predefined templates. One of the first
of such techniques was itself based on the finite element interpolation func-
tions, the isoparametric mapping method.'® Then transfinite mappings or
discrete transfinite mappings where developed®?° to generalize the interpo-
lations, to better describe the boundaries (curves and surfaces are described
exactly), and to prescribe specific constraint curves where the mesh lines
must pass. Although, these later developments allow for subdomains having
more than four sides and even with non simply-connected regions, the ini-
tial partition of the original object reduces the advantages of these methods.
This drawback is also present in the CONFORMAL MAPPING METHODS?!
which could be viewed as a generalization of the original transport-mapping
methods. In fact, they can deal with simply-connected regions with more
than four sides. However, they suffer from the fact that element shape and
mesh density are difficult to control.

Other generalized mapping methods are the PARTIAL DIFFERENTIAL
EQUATIONS METHODS.???*  Due to their importance and extended use,
they usually are in a category by themselves. However, they also rely on a
mapping, although in this case the mapping is not defined explicitly but it is
computed by solving a predetermined system of partial differential equations.
The Laplacian mesh generation is probably the better known technique in
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this case. In fact, these techniques are widely used in finite differences be-
cause they induce structured meshes. However, one of the main advantages
of finite elements is the possibility of employing unstructured meshes.

Finally, the geometric decomposition methods have become the most
representative and used. DELAUNAY TRIANGULATIONS,»?5"2 among others,
are, due to their mathematical basis, robust and efficient in two and three-
dimensional simplex generation. However, they cannot be generalized for
quadrilaterals or hexahedral elements. Moreover, stretching of elements is
non trivial. This is not the case of ADVANCING FRONT METHODS.* 10,2931
These methods are among the most widely used. Finally, methods based on
RECURSIVE DECOMPOSITION of the domain have been used for triangular
elements!! and quadrilaterals.”

The technique developed here is based on the later family of methods.

2.2 Background mesh

The user-defined element size can be specified either (i) at the boundary,’
the node spacing and therefore the element size inside the domain are deter-
mined by the boundary values through interpolation, or (ii) at the nodes of a
background mesh,* Y the element size is determined anywhere in the domain
through linear interpolation inside the corresponding triangle. Other possi-
bilities do exist, see for instance.3! While the former is much more efficient
from a computational point of view (extensive search algorithm are avoided),
the latter allows an accurate distribution of the desired mesh size. As usual,
the requirements for the background mesh are very relaxed. It must cover
completely the domain to be discretized but must not describe the geometry
accurately. The quadrilateral mesh generator proposed here can work with
either approach to prescribe the user-defined element size.

2.3 Boundary processing/information

In order to minimize the input effort, the boundary of the domain is defined
by some base points which define any user preferred interpolation technique.
Usually, Bézier or B-splines are employed. Once the parametrization of the
contour is defined, the nodes along the boundary are generated according to
the prescribed element density. Note that the total number of nodes must be
even to ensure that a quadrilateral tessellation is possible (this requirement
also applies to any subdomain boundary that will be generated during the



splitting process). Multiconnected domains are easily transformed in singly
connected ones by making the necessary cuts. These cuts, or return segments,
consist of two superposed contour segments along which the generated nodes
coincide. When the meshing process is completed, these return segments are
erased and the twin nodes which might have appeared are disregarded. This
procedure is standard, see for instance.!”

3 The quadrilateral mesh generator

3.1 Determination of the best splitting line

As previously mentioned, the mesh generator is based on a recursive de-
composition of the domain, until only quadrilaterals are left. After the ini-
tial boundary is processed, it is transformed into a simple closed polygonal
line. The possible splitting lines must have their endpoints over two non-
consecutive nodes of this polygon. Once the optimal line has been chosen,
its corresponding new nodes are generated (in the node placement phase);
this leads to two new singly closed polygonal lines, where the recursivity of
the algorithm is exploited.

The splitting line cannot be arbitrary, moreover, the optimal one should
be chosen. In order to find the best splitting line an objective function (cost
function) is defined. In fact, the search for the optimal line is a discrete min-
imization problem with constrains because all the lines are not acceptable.

The total number of possible lines between two non-consecutive vertexes
of an n-vertex polygon is (n? — 3n — 2)/2, not all these lines are acceptable.
First, lines joining two aligned vertexes along one contour segment must be
disregarded. Second, lines that may, entirely or in part, run outside the
boundary in non-convex domains must also be eliminated, see Figure 1. In’
an algorithm for node visibility is proposed, but others are also possible.

The definition of objective function is a basic point to ensure proper re-
sults. It is evaluated a large number of times. Thus, the objective function
must be simple to evaluate and include the necessary criteria for mesh opti-
mality. It is defined as a linear combination of five indicators that quantify
geometrical criteria, namely

Objective Function = c1¢ + 20 + ¢3¢ + c4l + ¢ (1)

where ¢;, i = 1...5, are used as weighting values. Equation (1) is evaluated
for each acceptable splitting line. The best one, which will decompose the



Figure 1: Line r is not acceptable because it runs outside the domain, line s
is acceptable.

domain into two polygons, is the one that minimizes (1). The geometrical
criteria are presented next.

Bisecting lines

j
Boundary
4 orientation

Figure 2: Angles formed by a candidate splitting line.

1. Splitting angles. This criterion favors splitting lines that coincide with
bisecting lines. Each candidate splitting line between nodes P; and P; forms
four angles, as it is shown in Figure 2. The basic goal is to choose a splitting
line as close to the bisecting line as possible and to penalize splitting lines
bisecting contours with angles less than 7/2. To this end, the splitting angle
criterion is defined as
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where aq, g, ag and a4 are the angles between the splitting line and the
subdomain boundary, see Figure 2, ¥(a; + ag, a3 + a4) is a function that
tends to select splitting lines close to the bisecting line:
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and u((p, (o) is a function that allows a smooth transition between the ex-
treme values. It is defined as

1(C1, G2) = (1 — C1Ga) + QGatp(ar + ag, az + ay) (4)
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It should be noted that 0 < ¢ < 1. Moreover, for rectangular subdomains
with a prescribed constant element size, ¢ will be zero when both bisecting
lines coincide with the splitting line.

2. Structuring index. This criterion try to construct structured meshes
if possible. The algorithm considers every created subdomain independently
from its neighbors. Nevertheless, the goal of the algorithm is to obtain el-
ements with a distortion that is as small as possible. Therefore, it seems
reasonable to have a measure of the desirable number of elements to which
every node belongs. This is called local structuring. This may be evaluated
by assigning a score that measures the structure at each endpoint of the
candidate splitting line. Then, the estimator of the local structuring for a
splitting line between points P; and P; is found by averaging the scores at
each endpoint, leading to

. o; + 0

200 ©)
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For inner nodes in a quadrilateral mesh, it seems reasonable that the optimal
number of common elements should be four. Then, the mesh will be as
structured as possible and the four formed angles will tend to 7/2. When
this number is four at one node ¢ the mesh is called locally structured at
node i. Table 1 shows the assigned scores for inner nodes. Note that for
locally structured nodes a minimum score is assigned.

The score assigned to a node ¢ on the boundary depends on the angle
f; defined by the adjacent segments X;_1X; and X;X; 1, where x;_1, Xj, Xji1
are the coordinates of nodes ¢ — 1, ¢ and 7 4+ 1 respectively. Two cases are
considered: (%) initial boundary and (7i) subdomain boundary. As shown
in Table 1, the main idea is to penalize a splitting line departing from (or
reaching) a node on the subdomain boundary with ¢; < 27/3. It should be
noted that slightly bigger penalization is assigned to nodes on the original
boundary that meet this criterion, see Table 1. This is because mesh quality
enhancement techniques will not be able to improve either their position nor
their connectivity.

INNER NODES

Common Elements o;
3 5.6

4 4.0

5) 36.0

6 60.0

Any Other 80.0

NODES ON INITIAL BOUNDARY

91 0

0<6;, <27m/3 100.0
21/3 < 6; < 2r¢ 0.0

NODES ON SUBDOMAIN BOUNDARY

0; 0
0<60;,<271/3 80.0
21/3 < 6; < 2r¢ 0.0

Table 1: Local structuring index values.




3. Node placement error. This criterion allows to choose the best splitting
line in limit cases. On every splitting line, new nodes are generated according
to an interpolation between its end nodes or values defined on a background
mesh. However, it is not always possible to find an integer number of new
nodes which fits the prescribed density, and the actual chosen position will
introduce an error that should be quantified. To this end, we first compute
the “theoretical” number of element sides to be generated along the splitting
line, n}. Then, we approximate it by an positive integer number (at least one
element per splitting line), n. This integer number must also meet the parity
requirement in order to generate two subdomains with an even number of
element sides. Then, the node placement parameter is defined as

*
e

e = |ng —nl, (6)
where 0 < ¢ < 1. Note that for practical purposes this difference is only sig-
nificant when splitting lines partitioned in few element sides are considered.
Therefore, parameter (6) is only taken into account when subdomains de-
fined by six nodes, i.e. small subdomains, are treated and, is not considered
for a general subdomain (its weight is set to zero in this case).

4. Splitting line length. A splitting line must join two points which are
as close as possible. The reason is that information on mesh density may sit
on its endpoints. A line which is too long may have some of its intermediate
points near a zone with a very different assigned density, leading to a great
inconsistency of the results. This is the case shown in Figure 3. A non-
dimensional estimation £ of the splitting line length between two nodes P; and
Pj can be obtained by dividing its natural length by the domain characteristic

length defined as, see Figure 4,

lchar - \/(xmaa; - xmin)Z + (ymaw - ymzn)2 (7)
Hence l
0= (8)
lchar

and, as usual, 0 < ¢ < 1.

5. Symmetry. When the domain presents clear symmetries, the final mesh
should maintain these symmetries. Unfortunately, unstructured mesh gener-
ators do not usually create symmetric grids. An estimation of the symmetry
is used in the developed algorithm. It uses the difference between the areas of
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Figure 3: Influence of the splitting line length in the results. In the case at
right, the center of the domain will not be meshed with the proper density.

(Xmux ’ Ymux)

<

VA

(Xmin » Ymin )

Figure 4: Definition of the characteristic length of a given domain.

the subdomains defined by every splitting line. Obviously, this is a very sim-
ple measure of the domain symmetry and it has no effect in non-symmetrical
domains. However, it has proved to be really useful for a simple cases or sym-
metrical domains (especially those with parallel sides). The non-dimensional
estimator that has been used is

o = M, (9)

a, + a,

where a, and a, are the respective areas closed by each subdomain defined
by the candidate splitting line. In fact, parameter (9) measures the areas in
both sides of a splitting line. However, a line which divides the domain in two
parts with both areas as similar as possible, seems to be the best option, even
in non-symmetrical domains. Note that some flags can be added in order to
check that to domains with the same area are symmetrical. However, in
order to increase the computational efficiency of the algorithm they are not
added.
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Based on numerical experiments over a wide range of problems, the best
set of weighting values are:

c1 =052, =017, ¢3=0.00, ¢4 =0.17, c¢5=0.14

Note that the cost function definition (1) is a generalization the one devel-
oped by Talbert and Parkinson,.” However in (1) two new criteria are added
(structuring index and symmetry criteria) and the remaining criteria have a
different definition (splitting angle, node placement error and splitting line
length). For instance, in the new splitting angle criterion, the splitting line
tend toward the bisecting line instead to the normal line. An absolute error
instead a relative error is used to measure the node placement. Moreover, in
each subdomain a characteristic length, instead the maximum length, is used
to normalize (7) in the present algorithm to speed up the meshing process.
Finally, it must be remarked that the weighting coefficient are normalized.

3.2 Six nodes closure

The recursive splitting algorithm previously introduced finishes when a do-
main containing only four nodes (an element) is found. However, a six-node
subdomain appears in a variety of final configurations during the partition
process. The manner in which these domains are transformed into quadrilat-
erals is important for the final mesh quality. Although Talber and Parkinson”
have used a template based method to split up the six-nodes subdomains, in
the present algorithm the same objective function, see equation (1), has been
used. Nevertheless, two modifications are introduced. First, the splitting an-
gle criterion has been modified in order to enforce m/2 angles. Obviously, in
most cases this will not be possible at all. The measure of the deviation of
the actual angle from 7/2 can be computed as

4
> 1ol - 5

k=1
= 21

(10)

Second, two loops, with different weighting values in the cost function are
used to transform these hexagons into quadrilateral elements. In general, the
size of this subdomains is small. Therefore, neither the splitting line length
nor the symmetry criterion are very relevant. The weighting values for each
loop are:
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First loop c1 = 0.56, ¢, = 0.33, ¢3 =0.11, ¢4 = 0.00, ¢5 = 0.00
Second loop c1 = 0.60, co = 0.25, c3 =0.15, ¢4 = 0.00, ¢5 = 0.00

These values have been deduced empirically in order to obtain high quality
meshes.

3.3 Node placement

The developed node placement algorithm is based on a fixed reference system
over which the nodes are previously generated following an arbitrary distribu-
tion (for instance, equidistributed nodes). Then, through a transformation,
nodes are relocated along the splitting line according to the prescribed ele-
ment sizes.

Let x € [xo0,Xn | be a fixed reference and let x; with ¢ =0,...n, be the
n + 1 points distributed along the segment | xo, X, ]. The goal of the present
algorithm is to compute the new position of the points z; = z(x;) i =0,...n
along the segment [ xg, x, |, where xy = z(xo) and z,, = x(x,), in such a way
that the new coordinates x have a different distribution, see Figure 5.a.

(b)

Figure 5: Relocation of y; points along the splitting line. (a) General case
(b) Definition of the function II(z) as two constants.

The nodal position, z(y), is defined implicitly as

_ X—Xo, (11)
Xn — X0

11(¢) dg
[1(§) d¢

/I(X)
o
/.
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where II(x) is a function defined over [ xg, z, ]. Note that if [I(z) = K, being
K an arbitrary constant, then
z(x) — 2o X — Xo Tn — To

= = z(x) = (X — xo0) + 0.
Tp — Xy Xn — X0 Xn — X0

and nodes will be relocated proportionally to the fixed reference distribution.
On the other hand, if II(x) is defined as

_ K ifxo<x<xp
M=) = {K2 if xo <X < Xn

being K, > K, see figure 5.b, then the distance between nodes in the interval
(29, ) will be smaller than the distance between nodes in the interval [z}, ).
Therefore, high values of K tend to reduce the distance between nodes along
the splitting line. In fact, II(z) can be understood as the inverse of the
prescribed element side size, h(z):

[(z) = —. (12)
Thus, the theoretical number of element sides along a splitting line is
T Tn ]_
nt = [ 1) de = / e, 13
[@ds = [ de (13)

Finally, the position of node z; = z(x) can be computed from equations
(11) and (12) as

w0 N(§) o Jag (€)

Therefore, the new position of any node can be computed recurrently as

e hE) T n Juw h(E) ntw h(E) T w (14

where n is the real number of element sides to be generated along the splitting
line. Notice that n is not arbitrary. First, it must be an integer number.
Second, it must verify the parity condition introduced in section 2. In the
appendix, equation (14) is developed and an explicit and analytic expression
to recurrently compute the node position is obtained for two dimensional
problems.

/xk+1 dé k41 o dé koo dE
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Figure 6 shows the splitting line election and the node placement phases.
The domain was proposed by’ and it consists of two squares centered at
the same point, with sides in a ratio of 0.4 and rotated 90°. Since it is a
multiconnected domain a return segment is used in order to joint the outer
and the inner boundary. In the first column, the mesh generation process is
presented when the element size distribution is prescribed at the vertexes of
the two rotated squares. Figure 6.a shows the initial boundaries with nodes
generated on them. Figures 6.b and 6.c show two intermediate states in the
splitting process. Figure 6.d shows the generated grid composed by quadri-
lateral elements. As it can be seen, very distorted elements appear. This
problem will be overcome during the mesh quality enhancement phase. Note
that a symmetric mesh is obtained over a symmetric domain with symmetric
element size distribution. In the second column, the same process is detailed
when the background mesh is used. Note that a non symmetric mesh is
obtained in this case due to the presence of a return segment.

4 Mesh quality enhancement

4.1 Introduction

The recursive splitting algorithm described in the previous section may gen-
erate elements that are very distorted. Therefore, mesh quality enhancement
procedure have to be developed in order to improve the overall mesh quality.
As it is usual in quadrilateral mesh generation algorithms,” %2 two types of
procedures are considered. The first one, often called make-up techniques,
is focused in the improvement of the mesh topology. The second one, called
mesh smoothing, improve the shape of the elements by modifying the position
of the inner nodes once the topology is fixed.

4.2 Make-up techniques

After the split process is completed, some topological properties are im-
proved. Since one of the goals of the present discretization algorithm is to
generate meshes as structured as possible, it seems reasonable to favorize
four elements per interior node, (NE= 4, being NE the number of elements
per node). However, for unstructured meshes some nodes with NE bigger or
smaller than four will appear. Nevertheless, it is better to enforce NE close
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(a) (e)

(b) (f)

(c) (2)

(d) (h)

Figure 6: Several steps in the mesh generation process for the two rotated
squares problem.
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to four. Note that this condition also precludes very distorted elements. In
fact, the number of elements that meet one node has already been taken
into account in the selection of the best splitting line (structuring index cri-
terion). Therefore, only two techniques of those developed in others mesh
generators have been introduced in our algorithm: node elimination and ele-
ment elimination (see®!%!2 for details). It should be noted that any make-up
techniques is used if a node on the boundary is concerned.

4.3 Smoothing algorithm

Since make-up techniques only modify the mesh topology, after they are ap-
plied very distorted elements still appear. Then, it is necessary to apply
a smoothing technique to improve the mesh quality. The most commonly
used technique is the so-called Laplacian method,?? which computes the new
nodal position solving the Laplace equation. This technique has an impor-
tant drawback because it is possible that, in non-convex domains, nodes run
outside of it. Techniques to preclude such a pitfall either increase the com-
putational cost enormously or introduce new terms in the formulation that
are particular for each geometry. Giuliani** developed a new rezoning algo-
rithm based on geometrical criteria. This method modifies the position of
every node in order to minimize a geometric-oriented average distortion of
elements meeting on it. These modifications are done with an explicit itera-
tive procedure. In this case, nodes cannot depart from the domain because
this is an unstable position in terms of distortion and squeeze.

Figure 7: Representation of the set of triangles (shadowed) around node P;.

h—adaptive techniques'®!® first compute a solution on a given coarse
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mesh. Then, a new element size distribution is computed from a local mea-
sure of the estimated error. Therefore, it is crucial in these processes that
the mesh generator preserves the prescribed element size. In this sense, it
is essential that the smoothing algorithm also maintains the size. Giuliani
method gives proven results in a smooth element size distributions for both
2D and 3D problems. However, it yields unsatisfactory meshes when sharp
changes of density appear. This is due to the fact that zones with high den-
sity tend to loose it after several remeshing iterations at advanced stages of
the analysis.

The cause of this problem may be found at its basic rezoning principle,
see®® for details. For each node P; in a quadrilateral grid, a local measure of
the mesh distortion is defined in terms of a set of triangles. These triangles
are obtained by joining all nodes connected to node P; via the element sides,
see Figure 7. The new position of P; is found by minimizing the sum of their
distortions. This is iteratively repeated for all the nodes in a Gauss-Seidel
like procedure, until convergence is achieved. In the original method, the
distortion of the triangles is defined in order to obtain triangles of similar
sizes. Thus, the final mesh will show smooth variations of the element size,
and zones where high element density is prescribed will tend to loose it.
In order to overcome this problem a modification of the distortion of the
triangles is introduced, see3* for details. It tends to preserve the original size
of the triangles, and therefore, the final mesh will maintain the prescribed
element size. Examples presented in®* prove that this modification produces
a robust algorithm that generates well shaped elements of the prescribed size.

Figure 8.a shows the final mesh of the two rotated squares problem af-
ter the mesh quality enhancement phase has been applied, for the uniform
element size distribution case. Note that a symmetric mesh is obtained and
that the prescribed element size is preserved. Figure 8.b shows the final mesh
for a nonuniform element size distribution imposed with a background grid.
A smooth variation in the element size is obtained notwithstanding the re-
markable element size gradient. In both cases very few distorted elements
are generated.

5 Algorithm efficiency

This section is devoted to the analysis of the computational cost of the de-
veloped meshing algorithm. In this analysis it is assumed that a uniform
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Figure 8: Final mesh for the two rotated squares example: (a) without
background mesh (b) with background mesh.

nodal density is prescribed. However, numerical examples show that the
derived estimation of the computational cost can also be used with nonuni-
form meshes. The computational cost is defined as the number of objective
function evaluation, Eq. (1). It is important to note that the described al-
gorithm is naturally suited for a bin-tree structure of the element data. A
recursive binary structure may be constructed since every domain is split in
a “left” and “right” subdomains, see Figure 9. Hence, the total cost is the
number of evaluations of the objective function in every level of the bin-tree
representation. Note that for each level, the objective function has to be
evaluated in several subdomains in order to find the best splitting line for
every subdomain, see Figure 9.

To this end, we first compute the cost involved in obtaining the best split-
ting line for a subdomain with /V; nodes on its boundary. If it is assumed that
(1) the cost of each evaluation of the objective function is always constant,
and that (2) the cost of the visibility algorithm is at least equal to the cost of
the lines whose objective function is not evaluated. Therefore, the objective
function is evaluated

(Ni—1)+(Ni—2)+...+1:%Ni(Ni—l). (15)

times in each subdomain with /NV; nodes on its boundary.
Second, we evaluate an upper bound of the number of nodes in each
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Number of

domains
i=0 1 No
i=1 21 Y'Ng
i=2 22 Y*No
i=3 23 7°No

Figure 9: Bin-tree representation of the proposed algorithm.

subdomain of the sth partition. Given a certain level, 7 — 1, in the partition
process, let /N;_; be the number of nodes on its boundary. We assume that the
best splitting line generates two new subdomains with y*N;_; and v*N;_,
nodes each (0 < v < 1and 0 < 7 < 1). Let Ny be the number of nodes
of the initial boundary and v = max;—o__; 1{7f,7#}. Then, the upper
bound of the number of nodes in each subdomain of the ¢th partition can be
approximated by

N; = 7'Ny (16)

Third, we evaluate the number of subdomains in a given " partition. If
it is assumed that all branches in the bin-tree representation always reach
the same level (note that this is equivalent to assume that a uniform nodal
density is prescribed). Then, the total number of subdomains is 2¢, see Figure
9.

Now, it is possible to compute the number of times the objective function
is evaluated for the i partition (the cost in the i*" partition). Moreover, it
can be written in terms of the number of nodes on the initial boundary

C; = %#NO (vNo = 1) 2" ~ %NOZ K

where k = 2+%.

Since the total cost of the developed algorithm can be evaluated as the
sum of the cost of all partitions (levels in the bin-tree representation), the
number of partitions required to generate the whole mesh has to be deduced.
Starting from an initial boundary with Ny nodes, the domain is recursively
subdivided until quadrilateral elements are left. Let p be the number of
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partitions needed to obtain a quadrilateral element. Taking into account
equation (16), the number of partitions can be approximated by

7" No =4, (17)
From (17) an estimate of the number of partitions can be deduced,
p=aln(Ny) +b (18)

where a and b are two constants independent of Ny, a = —1/1In(y) and
b =1n(4). Note that p = O(In(Ny)).
Finally, the total cost of the developed algorithm can be evaluated as
P 1 1, kPt —1

TC = ZC} = _N3(1+k2+k3+,..+k”) _ = g —

~ N2 ko In(No)+b+1
2 2 0 ’

where the relationship (18) has been taken into account. Therefore,
TC = O(Ng g1y = o Ny, (19)

In order to relate in a simple manner the computational cost with the gen-
erated mesh, comparison will be made with the total number of nodes of
the final mesh, N;. For simple domains, the final mesh has approximately
Nr ~ Ng nodes. This assumption is corroborated in the examples shown
below. Thus, the total computational cost is

rc = o(N* ") = o(Ny) (20)

Note that, for an initial square domain with a constant element size pre-
scribed distribution, v = 3/4 because the best splitting line is always the
shorter one. Therefore, k = 29* = 9/8, a = —1/In(y) = —1/1n(3/4) and
v=1.2.

A numerical experiment has been carried out in order to find the nu-
merical value of v in expression (20). The examples presented in Figures 6
and 8 as well as the four first examples presented in next section have been
meshed several times with different element size distributions for each do-
main. In all cases, the minimum value of the total number of elements has
been 5000. Notice that these examples contains all the characteristics that a
general domain could show: simpleconnected and multiconnected domains,
constant and variable element size distributions, as well as the utilization of
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EXAMPLE Ny vs Ny | CPU vs Ny | CPU vs Ny
Only examples without background mesh 1.96 2.32 1.15
Only examples with background mesh 1.75 2.27 1.25
All examples 1.74 2.01 1.21

Table 2: Slopes of the linear regressions.

background meshes. For each case, the following linear regression have been
performed:

In(Nr) =¢ In(Ny) + dy
(TC) = Co IH(N()) + d2

In(TC) =e3 In(Np) + ds,

where the total cost has been approximated by the cpu time spent to gener-

ate the whole mesh. Table (2) shows the obtained values for ¢;, i = 1,...,3.

These results corroborate the assumption that Np ~ NZ. Moreover, when

all cases are considered, the general performance of the algorithm is in con-

cordance with expression (20) with v = 1.2.

6 Examples

In order to assess the quality of the mesh generation algorithm described
above, five numerical examples are presented. They illustrate the capabil-
ities of the new meshing algorithm in several environments: 1. constant
element size distribution prescribed on the boundary of the domain, 2. vari-
able element size distribution prescribed on the boundary of the domain,
3. element size distribution prescribed on a background mesh, 4. domain
surrounded by a ragged boundary and 5. application to adaptive techniques
based on error estimation.

In the first example, the water around a dock is discretizated. A constant
element size distribution is prescribed on its boundary. Figure 10.a shows
a intermediate state in the meshing process. The final mesh, composed by
8291 nodes and 7600 elements, is presented in Figure 10.b. It is important
to note that with a simple input (just the coordinates of the vertexes of the
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contour and the prescribed element size) a complex domain is discretizated
with a structured mesh without any previous partition of the domain.

The second example corresponds to an rail cross section. The element size
distribution is prescribed at its vertexes and a high element concentration
is defined in the load zone. Figure 11 shows the final mesh. It is composed
by 1541 nodes and 1413 elements. As it can be observed, a structured mesh
is generated where the geometry and prescribed values allow it. Also, a
symmetric mesh is generated in the base of the rail. Moreover, a smooth
transition is obtained between low and high density areas.

The third example is the discretization of a gear. In this case a back-
ground mesh is used to concentrate elements along one direction. The final
mesh and the background mesh are shown in Figures 12.a and 12.b respec-
tively. The final mesh is composed by 1654 nodes and 1568 elements. As
it can be seen, well shaped elements are generated in this case, even on the
curved part of the boundary. Furthermore, smooth size transition are also
obtained and spurious element concentration does not appear.

In the fourth example the developed algorithm is applied to the discretiza-
tion of a domain defined by a ragged boundary. In particular, a mesh for
inner part of the port of Barcelona (Spain) is generated. It is composed
of 29691 nodes and 28537 elements. Figure 13 shows the final mesh. The
boundary corresponding to the harbor mouth is defined by a circular arc on
the right hand side of the mesh. The breakwater corresponds to the bound-
ary on the top of the mesh, whereas quays on the dry land corresponds to
the left hand side and bottom boundaries.

Due to some boundary details (small docks, sharp corners), different val-
ues of the element size are prescribed. For instance, small elements are used
near small docks whereas bigger elements are used near straight boundaries
or in the harbor mouth. Figure 14 shows the generated mesh around small
docks located between the dry land and the breakwater. As it can be seen,
well shaped elements are obtained and the final mesh tends towards a struc-
tured mesh when possible. A detail of the final mesh around two small docks
near the harbor mouth is presented in Figure 15. As it can be observed, a
smooth transition between high and low element density areas is obtained.
Moreover, well shaped elements are generated even in nonconvex corners.

The fifth example shows how the developed algorithm can be applied
to adaptive techniques. The error estimator developed in,3%3¢ is applied to
the adaptive computation of the compression of a plane strain rectangular
specimen with two imperfections (circular openings inside the material).”
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The mesh generator algorithm is included in the adaptive process as follows.
Given an initial quadrilateral mesh, the finite element solution and error
estimation are computed on it. From this error estimation, a desired element,
size is evaluated at the nodes. Then, the initial mesh is transformed in a
triangular mesh by connecting two opposed nodes of each element. Finally,
this new mesh together with the evaluated new element size are used as
background mesh to generate a new one. This process is repeated until
the prescribed accuracy is reached, see.3” Figure 16 shows a succession of
generated meshes. It is worth noting that, as the adaptive process evolves
the elements concentrates in two bands according to the error estimation.
Note that regular and well shaped elements are generated even in a small
region where a high gradient of the element size is prescribed.

7 Conclusions

In this paper a new automatic and efficient two-dimensional unstructured
quadrilateral element mesh generator is presented. The user interaction has
been reduced to the specification of the boundary geometry and the desired
element size at some base point on the boundary or at the nodes of a back-
ground mesh. The technique is based on a recursive splitting of the domain
until only quadrilateral elements of the desired size are left. Moreover, the
algorithm is decomposed, for computational efficiency, in three phases: (1)
determination of the best splitting line (where new criteria have been devel-
oped in order to define the objective function), (2) node placement (where a
new algorithm has been deduced), and (3) mesh quality enhancement (where
a modification of the smoothing method developed by Giuliani has been pre-
sented). The final mesh can be interpreted as the mesh that optimizes the
given objective function. The recursive algorithm induces an efficient bin-tree
structure which has been used to prove that the cost of the new algorithm
is O(N}?). A wide range of numerical experiments have verified this result.
Finally, several examples have been presented to show the new algorithm
capabilities.
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Appendix

Our goal here is, first generalize equation (14) for the two-dimensional prob-
lem, and second, develop an explicit and analytic expression to recurrently
compute the node position. To this end, consider a segment defined by the
end points [ Py, P, ] (a candidate to splitting line). Along [ Py, P, | nodes P,
k=1,2,...,n — 1 must be placed with the desired distance, i.e. the re-
quested element size. The distance between two consecutive nodes is given
by a background mesh of triangles. If two consecutive nodes P and Py lie
inside one triangle, the following equation is verified

P dé' _n_z
/Pk S (21)

where n?! is given by equation (13), namely

P P, 1

= [ e as =

" . % d (22)

Since [Py, Py11] lies inside a triangle, the element size along this segment is

linear,>” that is,
1 1

Tl T aE+ b

where ¢ and b are two constants. These constants are computed from the
values of the element size le and fzj at the intersection of the line defined
by Py and Py, and the background triangle. Let’s denote by P, and ]3 the
points where the line P, Py, intersects its corresponding triangle, and by fl
and fy the values of parameter £ assigned to points P, and P Then,

(23)

Jj St X R

N ~ rh; —h;

b = i i AJ AZ
‘ [fj—&]

Note that function A(§) is always positive because it is the element size.
Therefore, equation (23) can be used to compute the integral that appears
in the left hand side of expression (21). On an arbitrary element side defined
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by Py and Py that lies on a segment limited by the end points f’] and PjH
the following equality applies

/'Pk+l df _ d(ﬁj,f)ﬁ_l) In (hk-i-l)
Py h(f) hj+1 - hj D

where d(-, -) denotes the distance between two points. Replacing the previous
result in equation (21)

nt hii — h;
gL j+1

Finally, since a linear interpolation has been used between the prescribed
values at points P; and Pj, we get

~

hjy1 — ibj _ P —
d(Pj, Piy1)  d(Pe; Perr)’

which can be replaced in equation (24)

d(Pyyr, Pp) = th {exp [”—M] —1 } (25)
hjt1 = h; n d(Pj, Pj)

Equation (25) is the keystone in the node placement algorithm. It allows
to compute the position of the nodes along the splitting line in a recurrent
manner when a background mesh is used. Note that, if not background mesh
is used, expression (25) is still valid. In this case, the prescribed values are
defined at the splitting line end points. Note that equation (25) has been
deduced assuming that nodes P, and Py, lie in the same triangle. If they
lie in different triangles, segment [Py, Py.1] is partitioned in two parts, and
the same expression applies.

In equation (25), the theoretical number of elements sides to be generated
along the splitting line, n’, must be evaluated. According to (23), between
two consecutive intersections of the splitting line with the background mesh,
P, and 133-, the following equation is verified

B dt O G-&
o W = In (h—ﬂ) (26)

1
=— In(a& + b)
a & hi—h
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Using the previous equation, it is possible to find an analytic expression for
the theoretical number of elements sides to be generated along the segment
defined by the end points [ P, P, |:

T O S L S e o dg
A Rl R A R A 27)

d(Py, P, h L d(B, P, d(P,, P, B
A i () + 3 S gy (R o )y ()

hn_ m m

where ]51, ... P,, denotes the intersection points between the splitting line
[ Py, P, ] and the background mesh.

References

[1] J.C. Cavendish, ‘Automatic triangulation of arbitrary planar domains
for the finite element method’, International Journal for Numerical
Methods in Engineering, 8, 679-697 (1974).

[2] N. Kikuchi, ‘Adaptive grid-design methods for finite element analysis’,
Computer Methods in Applied Mechanics and Engineering, 55, 129-160
(1986).

[3] J. Peraire, M. Vahdati, K. Morgan and O.C. Zienkiewicz, ‘Adaptive
remeshing for compressible flow computations’, Journal of Computa-
tional Physics, 72, 449-466 (1987).

[4] S. Rebay, ‘Efficient Unstructured Mesh Generation by Means of Delau-
nay Triangulation and Bowyer-Watson Algorithm’, Journal of Compu-
tational Physics, 106, No. 1, 125-138 (1993).

[5] M.L.C. Sluiter and D.L. Hansen, ‘A general purpose automatic mesh
generator for shell and solid finite elements’, Proceedings of the 2nd in-
ternational computer engineering conference, computers in engineering,
ASME, Computer Engineering Division, pp. 29-34 (1993).

[6] B. Wordenweber, ‘Finite element mesh generation’, Computer Aided
Design, 16, 285-291 (1984).

27



7]

8]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

J.A. Talbert and A.R. Parkinson,‘Development of an automatic two-
dimensional finite element mesh generator using quadrilateral elements
and Bézier curve boundary definition’, International Journal for Nu-
merical Methods in Engineering, 29, 1551-1567 (1990).

Y.C. Liu, H.A. El Maraghy, and K.F. Zhang, ‘An expert system for
forming quadrilateral finite elements’, Engineering Computations, 7,
249-257 (1990).

T.D. Blacker and M.B. Stephenson, ‘Paving: a new approach to auto-
mated quadrilateral mesh generation’, International Journal for Numer-
ical Methods in Engineering, 32, 811-847 (1991).

J.Z. Zhu, O.C. Zienkiewicz, E. Hinton and J. Wu, ‘A new approach to the
development of automatic quadrilateral mesh generation’, International
Journal for Numerical Methods in Engineering, 32, 849-866 (1991).

E. Rank, M. Schweingruber and M. Sommer, ‘Adaptive mesh generation
and transformation of triangular to quadrilateral meshes’, Communi-
cations in Numerical Methods in Engineering, 9, 121-129 (1993).

C.K. Lee and S.H. Lo, ‘A new scheme for the generation of a graded
quadrilateral mesh’, Computers and Structures, 52, No. 5 847-857
(1994).

R. Haber, M.S. Shephard, J.F. Abel, R.H. Gallagher and D.P. Green-
berg, ‘A general two-dimensional graphical finite element preprocessor
utilizing discrete transfinite mappings’ International Journal for Nu-
merical Methods in Engineering, 17, 1015-1044 (1981).

K. Ho-Le, ‘Finite element mesh generation methods: a review and clas-
sification’, Computer Aided Design, 20, No. 1, 27-38 (1988).

P. Diez and A. Huerta ‘A unified approach to remeshing strategies for
finite element h—adaptivity’, Computers Methods in Applied Mechanics
and Engineering, 176, No. 1-4, 215-229 (1999).

A. Huerta, A. Rodriguez—Ferran, P. Diez and J. Sarrate ‘Adaptive finite
element strategies based on error assessment’, International Journal for
Numerical Methods in Engineering, 46, 1803-1818 (1999).

28



[17]

18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

P.L. George, Automatic Mesh Generation. Application to finite element
methods, John Wiley & Sons and Masson, Paris. (1991).

W.C. Thacker, A. Gonzalez and G.E. Putland, ‘A method for au-
tomating the construction of irregular computational grids for storm
surge forecast models’, Journal of Computational Physics, 37, 371-387
(1980).

0O.C. Zienkiewicz and D.V. Phillips, ‘An automatic mesh generation
scheme for plane and curved surfaces by isoparametric co-ordinates’,

International Journal for Numerical Methods in Engineering, 3, 519—
528 (1971).

W.J. Gordon C.A. Hall, ‘Construction of curvilinear co-ordinate sys-
tems and applications to mesh generation’, International Journal for
Numerical Methods in Engineering, 7, 461-477 (1973).

P.R. Brown, ‘A non-interactive method for automatic generation of finite
element meshes using the Schwarz-Christoffel transformation’, Com-
puter Methods in Applied Mechanics and Engineering, 25, 101-126
(1981).

J.F. Thompson, Z.U.A. Warsi and C.W. Mastin, Numerical Grid Gen-
eration. Foundations and Applications, Elsevier, New York. (1985).

J.F. Thompson, ‘A general three-dimensional elliptic grid generation
system on a composite structure’, Computer Methods in Applied Me-
chanics and Engineering, 64, 377-411 (1987).

P.M. Knupp, ‘A Robust Elliptic Grid Generator’, Journal of Computa-
tional Physics, 100, 409-418 (1992).

J.C. Cavendish, D.A. Field and W.H. Frey, ‘An approach to automatic
three-dimensional finite element mesh generation’, International Jour-
nal for Numerical Methods in Engineering, 21, 329-347 (1985).

R.W. Lewis, Y. Zheng and D.T. Gethin, ‘Three-dimensional unstruc-
tured mesh generation: Part 3. Volume meshes’, Computer Methods in
Applied Mechanics and Engineering, 134, 285-310 (1996).

29



[27]

28]

29]

[30]

[31]

32]

33]

[34]

[35]

[36]

Y. Zheng, R.W. Lewis, D.T. Gethin, ‘Three-dimensional unstructured
mesh generation: Part 1. Fundamental aspects of triangulation and
point creation’, Computer Methods in Applied Mechanics and Engi-
neering, 134, 249-268 (1996).

Y. Zheng, R.W. Lewis and D.T. Gethin, ‘Three-dimensional unstruc-
tured mesh generation: Part 2. Surface meshes’, Computer Methods in
Applied Mechanics and Engineering, 134, 269-284 (1996).

S.H. Lo, ‘A new generation scheme for arbitrary planar domains’, Inter-
national Journal for Numerical Methods in Engineering, 21, 1403-1426
(1985).

R. Lohner and P. Parikh, ‘Three-dimensional grid generation by the
advancing-front method’, International Journal for Numerical Methods
in Fluids, 8, 1135-1149 (1988).

H. Jin and N.E. Wiberg, ‘Two-dimensional mesh generation, adaptive
remeshing and refinement’, International Journal for Numerical Meth-
ods in Engineering, 29, 1501-1526 (1990).

L.R. Herrmann, ‘Laplacian—isoparametric grid generation scheme’,
Journal End. Mech. Div. ASCE, 102, 749-756 (1976).

S. Giuliani, ‘An algorithm for continuous rezoning of the hydrodynamic
grid in Arbitrary Lagrangian-Eulerian codes’; Nuclear Engineering and
Design, 72, No. 2, 205-212 (1982).

J. Sarrate and A. Huerta, * An improved algorithm to smooth graded
quadrilateral meshes preserving the prescribed element size’ Communi-
cations in Numerical Methods in Engineering, (accepted for publication)

P. Diez, J.J. Egozcue and A. Huerta ‘A posteriori error estimation for
standard finite element analysis’, Computers Methods in Applied Me-
chanics and Engineering, 163, No. 1-4, 241-157 (1998).

A. Huerta and P. Diez, ‘Error estimation including pollution assessment

for non linear finite element analysis’, Computers Methods in Applied
Mechanics and Engineering, 181, 21-41 (2000) .

30



[37] P. Diez, M. Arroyo and A. Huerta, ‘Adaptivity based on error estima-

tion for viscoplastic softening materials’,

Frictional Materials, 5, 87-112 (2000) .

List of Figures

1

10

11
12

13
14
15
16

Line r is not acceptable because it runs outside the domain,
line s is acceptable. . . . . . .. .. ...

Angles formed by a candidate splitting line. . . . . . . .. ..

Influence of the splitting line length in the results. In the case
at right, the center of the domain will not be meshed with the
proper density. . . . .. .. ...

Definition of the characteristic length of a given domain.

Relocation of yx; points along the splitting line. (a) General
case (b) Definition of the function II(x) as two constants. . . .

Several steps in the mesh generation process for the two ro-
tated squares problem. . . . . ... ... ... ...

Representation of the set of triangles (shadowed) around node P;.

Final mesh for the two rotated squares example: (a) without
background mesh (b) with background mesh. . . .. ... ..

Bin-tree representation of the proposed algorithm. . . . . . . .

Discretization of a dock. (a) intermediate state in the meshing
process, (b) finalmesh . . . ... ... Lo

Discretization of a rail cross section. . . . . . . . . . . . .. ..

Discretization of a gear. (a) generated mesh (b) background
mesh . . . . ..

Discretization of the port of Barcelona. . . . . . .. ... ...
Detail of a part of the outer dock of the port of Barcelona. . .
Detail of a part of the inner dock of the port of Barcelona.

Application of the mesh generation algorithm to adaptive com-
putations. (a) Initial mesh (462 elements), (b) Second mesh
(856 elements), (c) Third mesh (2235 elements), (d) Final
mesh (3307 elements). . . . .. ... ... L.

Mechanics of Cohesive and

11
11

13

16
17

19
20

33
34

35
35
36
37

38



List of Tables

1 Local structuring index values. .

2 Slopes of the linear regressions.

32



—;
—;

T
Inaene
Tt

(b)

Figure 10: Discretization of a dock. (a) intermediate state in the meshing
process, (b) final mesh
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Figure 11: Discretization of a rail cross section.

34



(a)

(b)

(a) generated mesh (b) background

Figure 13: Discretization of the port of Barcelona.
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Figure 12: Discretization of a gear.
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Figure 14: Detail of a part of the outer dock of the port of Barcelona.
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Figure 15: Detail of a part of the inner dock of the port of Barcelona.
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Figure 16: Application of the mesh generation algorithm to adaptive com-
putations. (a) Initial mesh (462 elements), (b) Second mesh (856 elements),
(c) Third mesh (2235 elements), (d) Final mesh (3307 elements).
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