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Chapter 1

Introduction

1.1 Origin and Motivation

The Continunm Mechanics is a theory which establishes the field equations
governing the physical processes of a continuous medium or continuum. A
continuum s any portion of matter (solid, liquid or gas) which can be con-
sidered without gaps or empty spaces,

Although much of the formal developments were carried out during the
ninenteen century, only a part of this theory is of common knowledge among
the engineers, This is probably due to the fact that the complete theory
yields to a set of highly nonlinear differential equations which, in general,
cannot be solved with the traditional analytical tools, Thus, continuum me-
chanica books for engineers are nsually confined to those problems whose
relative field equations may be simplified in a linear form and which, conge-
quently, may be solved analytically,

Nowadays, the solution of a complete set of governing equations is not
anymore & major problem. For example, a mathematical procedure known
as the Finite Element Method allows to transform the set of nonlinear dif-
ferential equations into a system of nonlinear equations which can then be
solved numerically by means of digital computers.

This book presents the fundamental assumptions and the successive
mathematical developments which allow to establish the complete field equas
tions of a continuum. The aim is to be sufficiently general and self-content
using, however, mathematical procedures which can be always understood
by an engineer with a common background of Linear Algebra and elementary
Differential Caleulus,



2 CHAPTER 1. INTRODUCTION

Advanced textbooks in Continuum Mechanics present the theory assum-
ing general curvilinear reference aystems; the relative mathematical devel-
opments require a special mathematical technique known as Tengorial Clal-
eilus, One of the main reason of using curvilinear coordinates is that the
geometrical shape of a solid body or a lluid contalner may be such that the
relative boundary-value problem resulis simpler to solve analytically, How-
aver, mathematical solution techniques such as the Finite Element Method
may solve any type of 3D problems using Lhe field equations relative to the
simpler Cartesian orthogonal reference system.

Thus, this book presents all the theory assuming Cartesian orthogonal
reéference system which allows to consider all the tensorial operalions as
simple linear algebraic operations. The necessary theoretical basis of Linear
Algebra can be found in [38],

The first part of this book is concerned with the classical Continuum
Mechanies for a one phase medium, thal is a medium consisting of a solid or
a fluid phase only. Then, the theory is generalized to take into account eou-
pled solid-fluid problemns which actually represent the origin of this research
work. The Coupled Solid-Fluid Theory establishes the field equations for
the solution of continuum mechanical problems in which the medium is rep-
resented by a porous solid fully saturated by a fluid phase. This theory finds
important applications for the solution of geotechnical structure in which
the medium consists of fully saturated soils.

The most noteworthy recent developments in Continuum Mechanics have
been in the Theory of Constitutive Equations, However, instead of reporting
just an overview of these modern theories, 1 preferred to describe only the
simple classical ones and then explain in detail the meremental Theary of
Plasticity, with its limits and possible peneralizations. This presentation is
then completed by reporting the mathematical developments and the pre-
dicted response of an elasto-plastic model for soils which is Lthe result of our
maosl recent research work,

As mentioned, the solution of a complete set of field equations requires
gpecial mathematical methods, such as the Finite Element Method. Hence,
the content of this book is bounded to the setup of the complete set of field
equations while details for their selution by Finite Element may be found in
[40].
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CHAPTER 1. INTRODUCTION



Chapter 2

Mathematical Foundations

2.1 Introduction

The Continuum Mechanics Theory deals with physical quantities which, by
definition, are independent of the position and orientation of the observer,
For this reason, the equations of the physical laws are vector equations or
lensor equations which are independent of any reference system. However,
for the mathematical description of such quantities, it is necessary to refer
to a coordinate syslem.

In this Chapter, we essentially review the elementary concept of scalars
and vectors. Then, we introduce the definition of a reference coordinate
system and the mathematical relationships between two arbitrary reference
syslems,

2.2 Notations Convention

Most of the mathematical developments in Continuum Mechanies Theory
may be performed according to the Linear Algebra Theory. Consequently,
the notation convention used in this book is fully based on this Linear Al-
gebra Theory, [38].

2.2.1 Elements of matrix algebra

From an elementary poini of view, a veclor consists of a set of ordered
numbers, real or complex, arranged in an array; for example

(hﬂ,u,—ﬂb,ﬂ-k ”

]
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On the other hand, a mafriz consists of a set of ordered numbers, real or
complex, arranged in a rectangular array; for example

-2, 3a, ¢
by 1, d-3
The separate numbers in a given array are called elements or components

of the vector or of the matrix. In general, the elements in the array are
completely independent of each other,

Definition 2.2.1 (Matrix.) A matrir A of order m % n consisiz of a col-
lection of m x n (read m by n) numbers arvanged in m rows and n columns,

A A o A
As )= An An . A (2.1)

Aml Anaﬂ v Awmn
The symbol Ay; denotes the element in the i-th row and j-th column of the
array
J=th column

i-th row A 77

As a special case of matrices we have:
s Real malriz, a matrix whose elements are all real numbers,
e Compler malriz, a matrix whose elements are complex,

s Null matriz, written as O, a matrix whose elements are all equal to
Zero.

® Sguare mairiz, a matrix whose numbers of rows and columns are equal,

A square matrix of order m % m may be gimply called as matrix of order
m. Special types of square matrices are reported in Tabs, 2.1 and 2.2 along
with a brief summary of their major properties.
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Table 2.1: Matrix definitions (I part)

———

List of itemns ‘ Defistitions Froperties and notes
—
_——r— e s ——————
[ A Ay Ay
. : . ; Ay = Ay
Syminel /
vl T I S A
: b A=A"
E v"1u L#ie Jllm"i ..'1", m
A| i A 1%} At
. ' A.’ ==4 i
Skew-symme- = J 1
tric matrix A | =iy Ay Aim = AT
4 —Aim =Aim Arﬂm R
[ Ay Aij = Aubi
Diagonal
square A= Au A= AT
tabrix
| Amm A-l = [6.,/.!"1“}
| feJ = 6“
Identity
square I= I=1"=1"}
matrix
dﬁl.! =1
Liower Ay .
trinngular Ay Asy : 1
squire A - 4 det A = E :‘1.;5
.I'fiﬁ’-l'jﬂ d":m] Amﬂ Amrﬂ
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Table 2.2: Matrix definitions (11 part)

List of iteins Definitions Properties and notes
The system Ax = o
ncdmits solutions

Singular x &0
(uqti.ufre) detA =0 In general; the system
malrix A :
has no solution
Orthogonal ATA =1 [det A] =1
(square) AT = A"}
mabrix ApiAyy = b AAT =1
Positive r=a"As=aqdja; >0
definite det A¥) =0, V &k
(aquare) for ull choices of non det A =10
matrix Lrivial o
EEH A (AT :
Semipositive | " Aa=aidye) 20
?:“J:::) for all cholces of non trivial a det A =10
mql 1 N.B.: There exiats af least one
i non Lrivial & for which # =10
Strictly m
dingonally lAal = 7 |44
dominant jmlgdi det A # 0
(square)
ey forall i=1,2,,..,m
Diﬂgum}l"}' |Adis| = i | A; |
dominant = 4
F=1 i
(square)
mabrix

foralli=1,2,...,m
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Definition 2.2.2 (Vector.) A veclor v of order m is o matriz of order

m % |
L

vy "
v = : ={!’11V!1---s"m}

By

Definition 2.2.3 (The transpose of a matrix.) The transpose of a m x
nomatriz A, wrillen as A7, is a n % m matriz oblained by interchanging the
rows and columns of A

A.Il A')l 1 Aml ;

Ay Ap . Ans

A" (2.2)

H

| A Az . A |

Definition 2.2.4 (Orthogonal matrix) A squarc matriz A such that
AAT = ATA =1

is called orthogonal (or erthonormal) matriz,

Definition 2.2.5 (Determinant of a square matrix.) The determinant
of a square matric A of order m, usually denoted as

Ay Ay . A

det A = An  An . Ay,

Aml Apa -"1mm
15 a scalar value caleulated as
fm
det A =3 (= 1) Ay Aziy o< Ay,
a1

where the sum is extended to all m) permutations (81,82,. .., 8 ), over the in-
dex (i = 1,2,...,m) and s is the number of the inversion of the permutalion
(81,825, 8 ) with respect to the Jundamental permutation (1,2, ,,. ).
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Thus for example:

o the determinant of a square matrix of order m = 1
A = [A]

is equal to
det A = A

s the determinant of a 2nd order square malrix

Ay A
A=
[ An A ]

is equal to

det A = Ay Ay — Aadn

e the determinant of a 3rd order square matrix

Ay Ayg Ags
A= | Ay A An
Agy Az Am

ig equal Lo

det A = ApdppAay+ Ajp A Ay + Ajadg Aag -
— Ay Agaday = App Ay Agz = Az Ay

Definition 2.2.8 (Inverse of a square matrix.) The inverse of a square
matriz A, cornmonly denoted as A=, {a thal matriz which, multiplied by A,
gives the idenlily matriz

AA T =A"TA=1

Theorem 2.2.1 (The inverse of A.) The inverse of A exists if and only
if dot A # 0. In this case A~' is equal to the adjoint matriz of A, adj A,
divided by the determinant of A

I | .
e Y G

where adj A denotes the adjoint matriz of A, Section 3.8 in [38].
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2.2.2 Matrix algebraic operations

Similarly to the ordinary numbers, matrices and vectors can be algebraically
manipulated. In this Section we report the basic definition of addition (sub-
traction) and produet for matrices and vectors.

Definition 2.2.7 (Matrix equality.) Two matvices A and B are equal
A=8B
if and only if they ave of the same owder and all the corresponding elements
are cqual, that is
.Fl;_,' = H,'J'
foralli=1,2,....mand j = 1.2,....n

Definition 2.2.8 (Addiction (subtraction)). Twe matrices A and B
can be adided (sublracted) to oblain

S=A+B
if and only if they are of the same order. The addition (subtraction) is
performed by adding (subtracting) all the corresponding elements, that i
Si; = A+ ll}l'j

The resulling matriz S has the same order of A and B
Theorem 2.2.2 Let A, B and C be malrices of the same arder m x n.
Aecording to the above reporled definition of addiclion (sublmclion), it is
immediate to verify that

A+B B+ A

(A+B)" = AT+B"=B"+A"
A+(B+C) = A+B+C

Notice that, the subtraction of a matrix by itsell results in a null matrix,
A-A=0

Definition 2.2.9 (Product of a matrix by a sealar.) The product of a
matriz A of order m % n by a secalar ¢ is an operation where all elements aof
A are multiplied by this scalar ¢, thal is

8i; = tAi;

The resulling matriz 8 = cA has the same order of A,
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Theorem 2.2.8 Let A and C be matrices of the same order m % n and
¢ be a scalar. According lo the above reported definilion of product, it is
immediale fo verify that

c{A+4+B)=cA+cB

Definition 2.2.10 (Product of two matrices.) Two matrices A and B
can be multiplied to oblain § = AB, if and only if the number of columns
in A is equal lo the number of rows in B. To caleulate the S;; elements
we multiply the elements in the i-th row of A by the elements in the j-1h
column of B and add all the individual results. Let A and B be lwo matrices
of ovder m X p and p x n, respectively; then, the matriz 8 is caleulated as

P
S,‘I,' = Z Aikﬂk,i

b1

The order of the matriz 8 is m % n.

Theorem 2.2.4 If A1, B and C are malrices of appropriate ovder so that
they can be correctly multiplied, then

Al = A

AB # BA; (in general)
A(B4C) = AB4AC
(B+C)A = BA+4CA
(ABC..)T = ...C"B7AT

Definition 2.2.11 (Power of a square matrix.) 7he n-th power of a
square matriz A is defined as

AP = An—lA
where n is any inleger positive value, with the convention
AY=1

Theorem 2.2.6 Let A be a square malriz of order m. According to the
above reported definition of power of a matriz, it is immediate to verify that

ATAT = ATAT — APty



2.2, NOTATIONS CONVENTION 13

Definition 2.2.12 (Produet of a matrix by a vector.) Vectors v and
v? of erder m are in effect matrices of order m % 1 and 1 x m, respectively,
Hence, the rules of the product of matrices applies as well as for the product
of a malriz by a vector, Let A and B be two matrices of onder p x m and
m X p respectively; then

A v
vk By,

i

b

The order of the vectors s = Av and t = v7B is p,

Theorem 2.2.6 Lel A and C be matrices of the same order p x m and let
v and t be vectors of the same order m. According lo the above reported
definition of product of a mairiz by a vector, it is immediate lo verify thal

8 = (A+C)v=Av4|Cv
& = [(A+C)V] = (AV)" 4 (Cv)7 =
= vIAT4+v"CT= v (A4 Q)
a = vii=t"y
b s"Av = v ATs
¢ = 8 (A+B)v=35"Av+s"By

where 8 18 a veclor of order p while a,b and ¢ are sealar values.

2.2.3 Indicial notations

Indicial notations permit to shorten lengthy mathematical expressions and
to speed up the relative caleulations, In indicial notations, any component
of a vector

a= {“'h“"h” ts ﬂm}T

may be indicated as
4 , a
where the letter index i, either subscript or superseript, is understood to
take on the values
i = ]|2\ CY m
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In this notation, the repetition of an index in a term denotes a summation
with respeet to that index over the range, namely

1]
ity = E ﬂ'l'ulr = ﬂ'l"h + ilgily + Lok + Tl iy
i=l

"
!'f-i"h = E ﬂ:,‘fl. = “Ibl + "'ﬁb:] 4o gy I"-'m

=]
Similarly, any ecomponent of & matrix

Ann Az o Amm
Aw .-‘1.-” 3122 by A:;_m

Al’ﬂl Am? . Amn

may be indicated as
Ay , A

where the indiees ¢ and j are understood Lo Lake on the values

i' -_ 1,21.--1.111«
J | T /|

i

The notation Aj;a; indicates a sum over the index j, that is
Fi
A = Z Aoy = Ajay + Agdg + -+ Ajay
=1

Definition 2.2.13 (The Kronecker Delta Dperntur.) The Rronecker
Delta is an aperator defined as

‘5._{0 fori#j
MTLL forie=j

where

o= 1,2,3
1,2,3

b,
1
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According to the above reported definition of Kronecker Delta operator, it
is easy to verify that

by = & (2.3)
dijdi; = bi=3 (24)
bijhie = by (2.5)

bijbikbin = 3 (2.6)

Definition 2.2.14 (The permutation symbol or alternating tensor.)
The permutation symbol is an epevalor defined as

(] il the values of i),k are an even permutation of 1,2,3

(e, if they appear in sequence asin the arpangoment 1 2 3 1 2)
— —1  if the values of i,j,k are an odd permutation of 1,2,3
i3k (i.e. if they appenr in sequence as in the arrangement 3 2 1 3 2)
] if Lhe values of i,j,k are not & pormutation of 1,2,3

(ive. if two or more of the indices have the same \rn|ut:]

According to the above reported definition of permutation symbal, it is easy
to verify that

Eigk = —Ekji (2.7)
btk = 0 (2.:8)

Moreover, it is possible to prove that, Theorems 3.3.1 and 3.4.3 in [38],

A A An
det A = det | Ay Ags Agg =h‘jklhi"hij-‘i-uk (2.9)
Agp Agy Ay

and
Hll’“p Amﬂ Amd
det | Aup  Any  Apa | = Cunrtpge det A (2.10)
Ai".u Arlil Arp
Hence, setling
A =1=[6;]
we can prove that the product between two permutation symbols results to
be equal fo
'511.5' 5113' Guk
Cijkbnpg = det [ ui b5 bpk (2.11)
t.'ff‘n' 5‘;. 15,‘;,
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from which we can establish, for example,

fiikbkpg = dipbjy = biybsp (2.12)
G (2.13)

EijhChis

As an example of the use of the above defined operators, let define

a = {ayagay)"
b o lbj 1 h:.'\ bH]T
e = {ea,ee)”
A Ay A
A = | Ay Ay An

Asi Az Aaa

The Kronecker delta and the permutation symboel may be used to indicate
the following algebraic operations on them:

5,‘_,'!1,'{}_, = by = ujb_, = ayby + tabn < agby
by = Au=A; = Ay + A+ A
€ktibjer = (aibyey+ agbacy + aybycy) = (asbres + agbyes + aybses)

2.3 Scalars and Vectors

In a three dimensional Buclidean space, veetors are antities possessing both
magnitude and direetion and obeying certain laws; conventionally, a vector
is represented by an arrow pointing in the appropriate direction and having
the length proportional to the magnitude of the vector. On the other hand,
scalars are entities possessing only magnitude and do not have any direction
associated with them,

According to Gibbs notation, veciors are designated by bold-faced letters
such as a,b, ..., while scalars are denoted by italic leiters such as ah, ...
The magnitude of a vector a is denoted by a (the same letter in italic), or
by |af, and is always a positive number or zero. By definition:

® Two vectors are equal if they have the same direction and the same
magnitude,
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® The negative of a vector a is that vector —a I aving the same magnitude
bul opposite direction,

* A null or zero vector o is one having zero length and an unspecified
direction,

¢ A unit vector is one having unit length; unit vector are usually dis-
tinguished by a caret placed aver the bold-faced vector, for example,
a,b,....

2.3.1 Addition of vectors

Any two vectors of the same kind may be summed according to the paral-
lelogram law, Fig. 2.1a, which defines the vector sum of two vectors as the
diagonal of a parallelogram having the component vectors as adjacent sides.
This law for addition iz equivalent to the triangular rule which defines the

Figure 2.1: Addition of vectors

sum of two vectors as the vector extending from the tail of the first to the
head of the second, Fig. 2.1b.
Algebraically, the addition is expressed by the vector aquation

at+b=c¢
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Voctor addition obeys the commultative and associalive laws, so thal

a+h = b4n
{a+b)+ec a+(b+c)

Vector subtraction is accomplished by addition of the negative vector as
shown, for example, in Fig. 2.1¢,

A vector a may be multiplied by a scalar m to yield a new vector ma
of magnitude |mal. 1f m is negative, ma has the direction of —aj if m is
zero, ma is a null vector. Multiplication of a vector by a scalar obeys the
associalive and distributive laws, so that

m(na) = (mn)a = n{nin)
(m4n)a = (n+m)a=mna+ma
m(a+b) = m(b+a)=ma+ mb

We remark that according to the definition, a unit vector & can be expressed

a8
a=ala

2.3.2 Product of vectors

The dot or scalar product of two vectors a and b is the scalar
¢=n'b=b.a=abcosd

where 0 is the smaller anlge between the vectors as shown in Fig, 2.2a. The
dot product a - b is the projection of a in the direction of by it is immediate

to verify thal

ﬂ'ﬂzu-z.

The eross or veclor product of two vectors & and b is the vector
e=axh=-bxa=(absinb)e
where
e f is the smaller angle between the vectors a and b, ie. § < 1807

& & ia the nnit vector perpendicular to both a and b in the sense that
a, b, e form a right-handed system.
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[ 8
C= -i.-Xln

o<tsy
b ~h b j
a' . a. r

) ()

Figure 2.2: Vector products

e Lhe magnitude ¢ of c is equal to the area of the parallelogram defined
by the vectors a and b as shown In Flg. 2.2b.

The cross product is not commutative; while, we have

axh=<bxa
It is easy to verily that
AXAHE = 0O
m(axb) = max h=nxmb

ax(bte) = axhtaxe

The sealar triple produet is a dol product of two veclors, one of which is a
cross product, namely

A={axb)e=a-(bxe)=(cxa) e
Geomelrically, the absolute value of A is the volume of the parallelepiped
formed with a,b and ¢ as three edges.
2.4 Cartesian Reference System

In the 3D Euclidean space of elementary geometry, a Carlesian Reference
System, CaRS, is defined by three oriented (straight) lines crossing a unique
point O in the space, Fig. 2.3, These three oriented lines and the crossing
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i xa
TG,
g = = = iy
J Fa n, - .-F"I
- F i
- == - |
I
i I 4 :
| > - >
| i &™) | - | X
Map~ = _ _ _ i Py &
i
xd
ay = Carlesian coordinate reference axes;
mij = Cartesian coordinate reference plane associated to z;z;;

re = Cartesian coordinates:

ol = unit vectors nssociated to z; (length of &1 = 1 ).

Figure 2.3: Carlesian reference system
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point are called the Cartesian Coordinale Reference Azes, CaRA, and the
arigin of the CaRS, respectively. The three planes identified by the CaRA
are the Cartesian Coordinate Reference Planes, CaRP.

In this space, a unil measure is selected for segments so that there is
a unique correspondence between the domain of the real numbers and the
different lengths of segments on the CaRRA measured from the origin, The
positive versus of the CaRA correspond to positive real values.

The unit vectors &;,&; and €3 In in Fig, 2.3, oriented in the positive
direction of the CaRA, are the unit base vectors of the CaRS. Consequently,
any vector a in this space may be uniquely identified as

a = a ) 4 g8 4 gq8® (2.14)

where ay,ag, a3 are the vecior components (projection) of a with respect to
the CaRA. When the CaRA form right angles, the CaRS is said to be a
Cartesian Orthogonal Coordinate Reference System, CaORS.

2.4.1 Algebraic vector operations

With reference to a generic CaRS, the basic vector operations defined in the
previousg Section can be explicited as follows:

ath
a-b

(ar £ b8 4 (az 4 b2)& P 4 (ay + by)el®

arby (81 . &1 4 ayby (80  83) - ayhg() .3 4
azby (87 - &) 4 azby(83) &) 4 aghy(8?) . &) 4
asby (@) &1)) 4 azhy(8® - &) 4 aabe(a® &)

ar by (&) x &) + ayby(8Y) x &) 4 4y by(&!)) x &) 4
aghy (8%) 5 &) + ayby(8 x &) 4 azby(8? x 3) +
aghy (87 x 1) + agbp(8Y x 83) 4 aghy (&8 x &)

2 s attl | N |

axh

+ +

where
all) . gl) = g 52 = g3 . a®
el x &M = g 5 3l _ g o 3B - 4
[n & CaORS, since (&', &%) &) form a right-handed system, we have

a) .z = 3@ &® _ 5@ g = ¢
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and
&)y @) = @™, &) x g™ = a0), &)« al) = &l
802 x 8l = —&M, a0 x ald = g, ) ¥ gl = _a2),

Hence, in a CaORS, the scalar and the veclor products between two vectors
semplify into

n'h
axh

[}

ayby + azhy + asbs
(ﬂr_}ba — ﬂgbz)é“’ + (Mafﬂ = il *’3)5{?} f (ayby = azby )E{m

and, consequently, they can be simply indicated as, Section 2.2.3,

a'b = a"b=a; = bjab, (2.15)
axbh = c,-jknjbﬁ“) (2.16)

[t is interesting to notice that the vector product and the scalar triple product
can be respectively indicated as

) g g

axh = ay  az g (2.17)
by by by
iy da iy
axb-¢c = a‘bxe=|b by by (2.18)
ep 3 o

and the following identities hold for the triple vecior praduct

ax(bxe) = (ae)b-(a-ch=v (2.19)
(axb)xe = (ae)b-(b.cla=w (2.20)

In fact, according to Eqs. 2.16 and 2.12,

e =  GjiGi(€irabics) = €pjiciratijbycy =
(Bkrbjn = Opabypdajbpe, =
= (bjpajcs)lpely = (Ojraiby Yopac, =
(e )b = (ajby)ex
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Figure 2.4: Surface and volume in a CAaORS

2.4.2 Surface and Volume

Let dx'), for i = 1,2,3, be the three (infinitesimal) vectors defined in the
CaORS shown in Fig. 24,  According Lo the basic definitions reported in
Section 2.3, we have that

¢ The modulus of any vector dx1) can be calculated as
dz') = |ax )| = (dxO7 dxl) (2.21)

where ; ' ;
dx(i)‘l"dx[” = 1[:]:(1')? + d:l'..':';}: -+ d.‘:l:g'}?

s The angle 8 between two vectors dx!V and dx?) can be caleulated as

dsc D7 gy i) '
cosfl = mwm (2.22)

where . . _ _ ) . . ;
dx 7 dxli) = da Ve 4 deVdal 4 de)dol)
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e The unit vector n orthogonal to the plane defined by dxl) and dxl9)

can be caleulated as 0 0
b s dxW
I = s==l—=r=—am= 2.23
[dxt) x dxl)| (#2)
wlhore
&) g g
dx® x dx) = | dzl? dzl) dal) | = 6@ dalVaal?
dal) da) dz)
e The (infinitesimal) area dT identified by dx") and dx*) is defined as
FE0 B ) -
dxt) x dx?) = ‘“‘f’-'{n” r!:ca” d
rlmgz) c!m.(f] dmam

= epuelNdaNdat? (2.24)

ndl

where i in the unit vector orthogonal to the plane (dx(1), dx(2)).

o The (infinitesimal) volume df identified by dxt), dx(® and dx!? is
defined as

g g@® GG
dmsll daf)) daf)
dwy ] dmg:” dm&z]
dm{la) rt:r:%‘.” d;r:?jn

(mfl:r;.(.”'n’-:: S,”)d-.tial (2.25)

d = dx™ x dx!® . @yt =

2.5 [Elements of Differential Calculus

We know from the elementary Differential Calealus Theory that, if a multiple
variable scalar function

F = Flay,as,...,dy) (2.26)

is continuous and diflerentiable over a;, the total differential of F with respect
to a; is given by

ar aF ar aF
dl = Da; day + Edﬂq S JUERIE S Eda“ = Mdﬂj (2.27)
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where, cach term

i
Hdﬂ} - f"hdﬂ;‘

ne sum on j, represents the variation of F' for an infinitesimal variation of
a; when the other variables are kopt fixed.

In Continuum Mechanics, the variables of a scalar function are the spatial
position x = {z1,2y,23}" of the material point and the time o, Thus, let
F = F(x,1) be a scalar function continuous in botl x and ¢, The relative
total differential can be indicated as

df = 6F 4 %dt (2.28)

where
* the first term on the right

. OF
o = 5_—‘}1"?::'

represents the variation of F'in space when t is kept constant.

s the second term on the right
ar
i

represents the variation of Fin time at a fixed material point, i.e at
X = conasi.

dt

2.5.1 Differential vector operators

With respect ta a CaORS, the total differential of a continuous function
F' = P(x,1) may be indicated as

dF = §F 4 %—fdr (2.29)

where the variation in space is given by

6F = VFTdx (2.30)
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in which

8 o 87 ,

v = {amaon) =
1N T

VF = gl‘ach={g'§j} = {F}"

are known as the differential vector operator and the gradient vector of F,
respectively. Tt is immediate to verify that ¥ /' is a vector orthogonal to the
surface

F(x) = consl (2.31)

In fact,

P = VFTdx =0
The scalar product of the differential vector operator ¥ by the gradient of
function I defines a sealar AF known as the Laplaeian of F, namely

A&Ft - V'):Fi — Vw-vﬁ; — -1“_‘_

where Lhe symbol A, or Lthe equivalent, V4, is known as the Laplacian differ-
ential operalor,

In Continuum Mechanics, vectors may also represent physical quantities
varying continuosly in space and time with respect to a given CaORS. Con-
sequantly, each component of such type of veclors 15 actually a continuous
funetion of the position vector x and time £. Thus, let

b(x, ” = {ba(x,0), ba(x, 1), ba(x, ‘)}, (232)

be a vector representing a physical quantity in a given CaORS. The total
variation of b js given by

db

ilb = &b + Wdt (2.33)
where
b = Bdx
L
B = [F_j}:] = [bh.i‘]

The first term on the right éb represents the variation of b in space when ¢
is kept constant. Instead, the second term in the right

ih
ﬁdt
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represents the variation of b in time at a fixed material point,
The matrix B, also known as the gradient matrizol b, is usually indicated
ol
B=9Vb=gradb (2.41)
The trace of this matrix is known as the divergence of b and it is indicated

ag
irB = divbh (2.35)

Note that the divergence of a vector can be seen as the scalar product of the
diflerential vector operator ¥ by the vector itself, namaely

divh = Vb = by, (2.36)

The vector product of the differential vector operator ¥ by the vector, say
b, defines a vector known as the curl of b, namely

cerlb =V x b= {E.‘jkbk'j} (237)
It is eagy to verify that
cutl grad F =V x VF =0

Finally, the sealar prodict of the differential vecior operaior ¥ by the gra-
dient vector, say b, defines a scalar

Ab = Vb= VTVb =l ;

known as the Laplactan differential of b,

2.5.2 Stokes and Gauss Theorems

Let T' be an oriented surface bounded by a closed curve O, Fig. 2.5, If
fi is the normal to I' delining its orientation, then the positive sense on
is defined according to the right-hand serew rule as illustrated by the unit
tangent .

According to Stekes Theorem, see or example [19], the integral of the
tangent component of a vector v over a closed reducible curve |, Fig. 2.5,
i# equal to the integral of the normal component of the curl of thai vector
over the surface bounded by the same curve, that is

ﬁi-vds=./;ﬁ-('€?xv)dl' (2.38)
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Table 2.3: Differential vector operators
Vector lidex Extended
notation notation notation
Differential T
vector v {h) {ﬁi' .i. ﬁi' }
operator %1 43 Oy
Scalar A o AT ar ar ar\"’
gradieny | SdF=VE [ (F) {“i-:r a':.;'}
[ b 9b  Bb T
di  Ors  Oig
Vector . _ by by Dby
gradient gradb = Vb [bi] dxy 3_151 O
Dby Oby  Oby
[ ey ey deg |
Divergence R by dby by
ol a vector divb=V"b bis (ﬂml + Gy iy
by by
ustot b on
url o -
% Ees curlb = ¥ x b | {eubyy] E = BT%H:
by by
dxy Oy
Py 0%, 0%,
day darn iy
Laplacian _ ot ) &by B B
of & Vbibiai Ab =V gradb by s 5::—:% + ﬂw;ﬁ + 52‘:*
8*h 9?%h 8%h
Iy = EE% . fh i}
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N

X
Figure 2.5: Oriented surface I' and bounding curve ¢

The generalized form of this theorem takes the form
fimd;:f(ﬁxvpﬁdr (2.30)
s r

where A represents a continuous tensor field of any order (scalar, vector or
wnmr) with continuous partial derivative in I' and + represents either the
scalar (dot) or vector (cross) product. Note that for A = v and when #
indicates the scalar product,

(Mx V) v=n:(Vxv)

According to the Gauss Theorem, also known as the Divergence Theorem,
the integral of the outer normal components of a vector v aver a closed
surface is equal to the integral of the divergence of thal vector over the
volume bounded by the same surface, that is

ﬂﬁ-vdI‘: f}v-vdn (2.40)
X p
The generalized form of this theorem is given by

jrﬁmdrzjﬂvmdﬂ (2.41)
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where A represents a continuous tensor field of any order (scalar, veetor or
tensor) with continuous partial derivative in £ and * represents either the

scalar (dot) or vector (cross) produet,

2.6 Curvilinear Coordinate System

In the 3D Euclidean space of elementary geometry, we can define a systemi of
curvilinear coordinates by specifying three one-to-one functions of a reference
system of Cartesian coordinates.

Thus, let P ba a point in the 3D Euclidean space which, in a Cartesian
reference system F' = Oz 292y, Fig. 2.6, is identified by the vector

x = 23810 4 wy&l?) 4 2480 (2.42)

where z; are the Cartesian coordinates of x and &) are the unit vectors
of . With reference to a curvilinear system, CuRS, F' = O/f,£384 the

Figure 2.6: Curvilinear reference system

curvilinear coordinates of the same point may by identified as

§ = £(x) (2.43)
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whre
£ = Ei(ry1, 22, 23)

are the three one-lo-one functions of the reference system of Cartesian co-
ordinates. The one-to-one correspondence guaranties that the inverse rela-
tionships exist and they ean be formally indieated as

x = x(§) (2.44)

tliat is

ey =2 (&1,62.63)

Il & is held constant, the three Fqs. 2.44 define parametrically a surface,
giving its rectangular Cartesian coordinates as funetion of the two param-
elers £2 and €3; this surface ia a £j-coordinate surface. Similarly, we can
define the £ and &-coordinate surfaces helding constant the parameters £
and & in turns,

The three coordinate surfaces intersect by pairs in three coordinate curves,
on each of which only one curvilinear coordinate varies. The point of inter-
section of all three coordinate surfaces (and of all coordinate curves) is the
point with curvilinear coordinates (£;,&,£) .

The mapping of the origin O and of the three Cartesian coordinate ref-
erence axes (@, #g,23) identify a point O and three curves (£, &y, £4) which
may be used for labeling the curvilinear coordinate system [ = O/ €564,
Fig. 2.5,

Let dx be the vector indicating the infinitesimal distance of P from a
neighboring point ¢, The Cartesian components of this vector are defined
by

dx = de@V) 4 dayet® 4 d,‘lf:{étm (2.45)

According to Eq. 2.43, the curvilinear components of the same vector may
be determined as

idE; = g-f—‘!; (‘.1:_-,

that is

dE = Jidx (2.46)

_ | 9
i [ﬂ:]

where
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The condition of one-to-one correspondence imposed on £(3) requires the
invertibility of J, so that to the eiurvilinear components d€; there js unique
correspondence dz;; namely

dx = J=\dE (2.47)

A necessary and sufficient condition for the inverse to exist is that the deter-
minant J does not vanish for any point in the 3D Euclidian space, namely

J=detd £0 (2.48)
On the other hand, according to Eq. 2.44, dx may be ealeulated as

dx = J'dE (2.49)

dx
J=|=—
lﬂ'&}

Hence, the respect of the condition in Eq. 247 requires that

J =31 (2.50)

where

and, consequently,

J o= det T = g1 (2.51)

The matrix J and its determinant J are known as the Jacobian matriz and
Jaecobian (determinant) of the transformation x — £, respectively. Con-
versely, the matrix J° and its determinant J' are known as the Jucobian
matriz and Jacobian (determinant) of the transformation £ — x, respec-
tively.

Expressing the components dz; in Eq. 2.49 in terms of Eqs. 2.44 and
2.12, we recognize that the vector dx may be viewed as the resultant of the
sum of the following three vectors '

dx = dx) 4 6% 4 5% (2.52)

where, for example,

X ix dr - iy T
(1 _ Y+ = [ Eelafy) oy FRZa3) - VHa[d)
0% = gt = (ael* YRS T e ) e

We can verify that each of these vectors ox{'), and thus dx [ 0F;, has direction
tangent to the &-direction.
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The vectors
gt = Jjel) (2.53)

that is

(i 2% = ZElam) + %5(21 + Q‘EEE{:;-.)

BEi 6'51 aEr 35.
are called the natural basis of the curvilinear system or covariant base vectors.
In general, the natural basis g!") are neither unit vectors nor orthogonal one
to the other.
The unit base veetors @) of a eurvilinear coordinate system al a point
are defined as
{9

ali) = & y

T 1 e
According to Eq. 2.53, they ¢an be related to the unit base of the CaORS
as

Ef(l‘} = AJ_'.EU) (2-55}
where
| I
"= Tg]
The matrix
A = [Ai] (2.56)

is sometime called as the (physical) tensor transformation matriz.,

2.6.1 TFunctional relationships between a CaORS and CuRS

Let F'= Oxyzq2q and F' = 0'€,£,65 be a CaORS and a CuRS, respectively,
relatad by

x = x(§) (2.57)
that is
xy #1(&1, €2, 69)
2y p = 22(&1,63,83)

s wa(éy, &a, €a)
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where the Jacobian matrix of the transformation £ - x
dEy  dby  O&y

dzy B2y Oy
a6 . 9

19.133 3.1.‘:1 ?}:Ga

e

9, 06 &

J =

is nonsingular matrix.
According to the derivations presented in the previous Section, wo have
that:

e Tle relationship between the Cartesian components dx and the curvi-
linear components d€ of an infinitesimal vector is given by

idx = J'dE (2.58)

that is
[ Oy Omy 9u ]
da 1 861 86‘ f.’Eg. df 1
-8.1?1 aﬂfn @
% 6 O |)
sl | 0m dmy Bay | 1 IR0
dEy Aty Ofy

& The vector decomposition of an infinitesimal vector dx in the three
curvilinear &-directions is given by

dx = axM 4 ixld + i =

where
- %
Em s

D,
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that is ;
o8y Owi D3
gh) a8 0&  0& all)
@ \_ | On 922 Oz &(2)
b Dy Db 98 ¢
g™ duy By Oay &
| Ay 08y Oy |

e The relationships between the unit vectors &1 of the cartesisn refer-
ence system and the local wnit vectors &) in the curvilinear system
are given by

el = A8 (2.60)
that is
EY LY LIt
&) by /|06 0& [ |0&| 08 [ |9& aln
il dx dx | dx | Oz Ax
) b ...,J./“__ Qg [ 0. ,,.,,1/_._ 2(2)
2 06 [ 06| 6 / G| 06 /g | °
i B x| Oy file gyl | 288
L PEa / || DEs [ |DEz| O [ |Ea| |
where
BB G2y (22)]
g g ¢ €

In general, the matrix A is not an orthogonal matrix. However, if &) are
orthogonal one to other the A becomes an orthogonal matrix, that is

A~l = AT (2.61)

In fact, according to the definition of sealar product, the cosine of the angle
between &) can be determined as

a0 L G0 = (,.,“.E(a:) . ( A, J.g,u))
and, since &) form a right-handed triad,

(A08) - (481) = (A4 A) 8D 80 = (A Ay byt = AuAyy
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it follows
élh’} ; é![.ﬁi = Ay
If € form a right-handed orthogonal triad, then
&) L gt b
which tmplies that,
.’l,;ﬁl”' = 15,",'

that is

ATA =1

2.6.2 Avrea and volume in curvilinear coordinate

Let = Oayeqauy and F' = O'F €264 be a CaORS and a CuRS, respoectively,
related by

x = x(£) (2.62)
that is
: T #1081, 82, £1)
Xy = :"1(51!&163)
Ta xa(&1,€3,83)

where the Jacobian matrix J' of the transformation £ — x, that is

=

go 01 OBy

dfy  0fy  OEy

P |22 UM 0%
T 98 96 O

ag, & 0&

is a nonsingnlar matrix,

According to the relationship reported in Sections 2.4.2 and 2.6.1, it
results that areas and volumes can he caleulated in terms of curvilinear
coordinates as fc:]lowa.j
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¢ The value of the infinitesimal area dI' on the surface I' at £3 = conast,
defined as
ndl = §x) x §x(

can be calculated in terms of curvilinear eoordinates as

dx ix

i e |2y 9%
5, 0E;

d€dny = LdEdy (2.63)

where
' O&y dFy D& 8& agy a8, 08 88
Sttty
dEy D&y D&y 3

e The value of the infinitesimal volume defined as
d) = (ﬁx“’ % 6::("*}) Cx®

can be caleulated as

L [(551 xa.ﬁ) a&]dfndﬁzdh-dfet.lde.d{;dga (2.64)

2.6.3 Cylindrical coordinate system

One of the classical examples of eurvilinear coordinate system is the so-
called orthogonal cylindrical coordinate system, Fig. 2.7.  The functional
relationships between the Cartesian coordinates (xy,23,24) and the cylin-
drical coordinates (£, = p, & = 0,8 = =) are of the type

¥y = peosf

g = psind

ky = I

It is easy to verify that from these relationships it follows that

s The inverse relationships result to he equial to

.0
# = lan bk
|

e = (ad+ad)h
2 = {3
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Ky

D

X4

Figure 2.7: Orthogonal cylindrical coordinate system

o The Jacobian Matrix J' of the transformation £ — x iz given by
cosll —psinf 0
J = sin® peosd 0

0 0 1

¢ The translormation matrix ia given by
cosdd —snf 0
A=|sné cosl 0
0 0 1

It s important to notice that A is an orthogonal matrix o that

Af =4~
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e The partial derivative operators resull to be defined as

9 _ BB 000 _ 0 gD
dry Oy dp | 9z, 08 o o O
d L dp 8 Bﬂﬂ__,ﬁﬁ cos o
D Dug o« Ouz 00 g g 00
2 _ 2
Jry 8z

since, according 1o the above reported inverse relationships,

%‘: = %:EDHH
ba—:-’; = %“-=ﬁinﬂ
a8 wy  sind
a -~ TP e
a0 - zz_ cosfl
dxs O @

2.7 Change of CaORS

Let F'= Qzqwgen and F' = 068283 be two CaORS defined in the Euclidian
space of unit base vectors (81,802 &™) and (&), &) &), respectively,
Fig, 2.8a. Let indicate the cartesian components of & in F' as

altn

Ei{ﬁ)

{hle ls}
= {my, ma,ma}"
e = {ni,nz,na}”

Then, the Cartesian coordinates x in F' and the Cartesian coordinates £ in
F' of any point P in the space can related as

£=c+ Rx (2.65)
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Figure 2.8: Change of Cartesian coordinate system
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where ¢ is the distance of the origin O form O’ while
h lh s

R = [V &) gt P e mp mg my (2.66)

iy T2 T

is an orthogonal constant matrix known as the retation matriz. The inverse
relationship is then given by

x=R"(£-¢) (2.67)

In thig case, the Jacoblan matrix J and the matrix A of the transformation
X — £ are constant in space and are related to R as

RalJl=sAT (2.68)
and
J7' = =R
J = J=1

[t is useful to note that in case ) = &) the rotation matrix takes the
following simple form

eosf amd 0
R=| —sind cos 0 (2.69)

0 01

In fact, we first remark that, since F’ is an CaORS, A is an orthogonal
matrix, Let

x = a8l (2.70)
be the position vector of a point P, Fig. 2.8b, where #; are its cartesian
component with respect to /', This same vector can be also indicated as

x = gl@l) (2:71)

where z) are the cartesian component of x with respect to . According to
Fq. 2.61, _ .
' = 2@ = al(A8) = (Aya))al®
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which equalized Lo Eq. 2.70 yields to enstablish that
ay = Ajiz;

and hence
x' = Ax=R"x

Finally, since x can be expressed by the vectorial difference
¥=f=¢

we can oblain the relationship in Eq. 2.65.



Chapter 3

Tensors

3.1 Introduction

The Continuum Mechanics Theory deals with physical quantities which
are independent of any particular coordinate system. Such quantitics may
be mathematically represented by fensors. A tensor field assigns a tensor
T(x,1) to every pair (x,1), where the position vector x and time variable t
may vary over the gpatial and the time domains, respectively.

Tenzors may be classified by rank, or order, and this order reflects the
number of components that a given tensor T possesses in a n-dimensional
space, In the ordinary 3D Euclidian space, the number of components of a
tensor is 3V where N is the order of the tensor, Accordingly:

e A tensor of order zero is a tensor of one component go that it recalls
the familiar concept of sealar. Scalars, i.e. 0-th order lensors, are used
to represent physical quantities having magnitude only.

¢ A tensor of order one is a lensor of three components go that it recalls
the familiar concept of vector. Vectors, i.e. 1-th order tensors, are usad
to represent physical quantities having both magnitude and direction.

¢ A tensor of erder two is a tensor of nine components, For the purposes
of this book, it iz sufficient to consider a 2-nd order tensor as a linear
veclor funchion.

The mathematical laws obeying scalar and vector functions have been re-
ported in the previous Chapter. The definition of the mathematical laws
obeying 2-nd order tensors and their physical meaning are the main topics

43
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of this Chapter. Although tensors can be mathematically described with
reference to any coordinate system, we will almost exclusively refer to the
Carlesian Orthogonal Refence System, CaORS,

3.2 2-nd Order Tensors

A 2-ud order tensor is a tensor of nine components which, according to Gibbs
notation, may be denoted by a capital bold-face. For brevity, we will often
use the word tensor meaning 2-nd order tensor. In a CaQRS, a tensor is
represented by a square matrix of order 3

An A A
A=[Ajl=| An An An
A Am An

By definition;

s Two tensors A and B are equal if all the corresponding nine compo-
nents have the same value, that is

Aj; = By
o A null or zero tensor O is one having all nine components value equal
to zero.
s A unit or identity tensor 1 is one satisfving the requirement
I.A=A:1=A

where the symbol - vepresent the tensor product, Seetion 3.2.2. In
practice,

_— T

1 0
I=1]0 1
nn

Az mentioned before, for the purposes of this book, we definé a tensor as a
linear vecior function, By definition, a vector function F is a linear veclor
function provided that

F(a+hb) F(a)+ F(b)
Flea) = cF(a)
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for all vectors a and b in the domain and all real numbers ¢ .
Thus, il a and b are two vectors related by a linear vector function F

a=F(b) (3.1)
we can express Lhis relationship by the tensorial operation
a=0C-b (3.2)

where C is a 2-nd order tensor. In a CaORS, the above produel may be
indicated as

a=0Ch
and algebraically it implies the elassical matrix veetor product
a) = Ciiby
obeying the rule
a” = (Cb)" = b'C?

where the superseript r denotes Lhe transpose of the tensor, that is

A" = {t‘n,uz.ﬂa]
, A A Ay
oF = Ay Az Ay
Aig Apm Asm

3.2.1 Addition of tensors

By definition, the sum of two tensors A and B of the same kind, is the single

tensor
C=A+B

which operates on any vector v to vield the sum of the two vectors obtained
by operating with A and B separately. In a CaORS, the sum is algebraically
performed as

Cy=A; + By

Tensor addition obeys the commulative and associalive laws, so that

A+B = B+A
(A+B)+C A+(B+C)

il
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By definition, for each tensor A, there exisis another = A auch that
A+(-A)=0

A tensor A may be multiplied by a scalar m to vield a new tensor mA.
Multiplication of a tensor by a scalar obeys the associative and distributive
latws, 8o that

rra(nA) = (m-n-}A:rq.(TnLA)

(4 n)A (n4+ m)A =nA+mA
m(A 4+ B) m(B 4+ A)=mA +nB

3.2.2 Tensor products

By definition, the product of two tensors A and B, usually denoted ag A-B, ig
the compaosition of two operations A and B, with B performed firat, defined
by the requirement that

(A-B)v=A:(B-v)

for all vectors v. In a CaORS, the product of two tensors may be indicated
€as

C=AB
and algebraically it implies the classical row by column matrix product
Cij = AuBiy

The product obeys the assoctative and distributive laws, so that

(A:B)-C A(B.-C)

A (B+C) = A-B+A-C

(A+B):C = A-C+B:C

m(A-B) = (mA)-B=A:(mB)

The tensor product is nol commutative, so that
A-BZB. A
In a CaORS, however,

AB = (B"A")
(AB]‘J' = B‘T‘Ar
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where the superscript + denates Lhe transpose of Lhe tensor,
The scalar produet of two tensors A and B is the scalar

ce=A:B=B: A
which, in a CaORS, is algebraically expressed as
e= Au B
The scalar product abeys the associative and distributive laws, so that

(A:B):C = A:(B:1C)
A:(B4C) = A:B4A:C
(A+B):C A:C+B:C

m(A :B) (mA):B=A:(mB)

I

]

Note that,
AA=D

unless for A = O, An alternative sealar product of two tensors A and B ia
defined as
ce=A.-B=B-.-A

which, in a CaORS, is algebraically expressed as

€= A,‘_,‘ﬂj.‘ — B,'J'AJ;,'

3.3 Symmetric and Skew-symmetric Tensors

A tensor whose Carfesian representation is of the type

An Jl]m -‘lm
A= | Ay Ap Axn
Az Apa Am

in called symmetric tensor. Nole that
A=AT
On the other hand, a tensor whose Cartesian representation is of the type

0  Bua B
B‘ = = ﬂm 0 H'}u
=By =By 0
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is called skew-symmetric tensor. Note thal

B=-R"

It is easy 1o verify that:

s Any tensor C can be uniquely decomposed into the sum of a symmetric

lensor A and of a skew-symmelric tensor B, namely
C=A+B (3.3)
where

A =%m+wi

1 .
—[C -
3| ]

The scalar product between a symmetric tensor A and a skew-symme-
1 - y
tric tensor B is equal Lo zero, namely

A:B=A-B=10 (3.4)

® The product

a=B:b (3.5)

where B is a skew-symmetric matrix, is equivalent to the vector prod-
uct

a=wxh (3.6)
where
wy 1| (Baa - Baa)
W= 4 wy = —§ (H;_n - Bm)
Wz (B1z — Bz)
that ia

i .
Wi = = 5tk B
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3.4 Tensor Transformation Rules

Let F'= Oxyz323 be a CaORS and F' = 0&1£263 be a CuRS, both fixed in
space and of unit base vectors (81,83, &) and (&0, &2, @6), respoc-
fively. Let A be the transformation matrix x — £, Section 2.7, relating the
unit base vectors as

&l = A @) (3.7)

Then:

e The rule of changing the veetor components under a change of refererce
system is given by
u= Au' (3.8)

that is
Uy = r’.l.','uj

where w; and v} represent the values of the components that the same
vector takes in F and F', respectively,

# The rule of changing the tensor components under a change of reference
system is given by
T' = A~'TA (3.9)
that is
T} = AR Tudy

where Tj; and 77, represent the values of the components that the same
tensor takes in F" and FY, respectively. We recall that if ) form an
orthoponal triad, as in the case of a CaORS, then A~' = A7 and,

consequently,
T = ATTA
In fact, let
n = u.l,'ﬁm
W o= u:-ﬁ"m

be the tensorial representation of the same vector in # and F', respectively,
According to Eq. 3.7,

u' = e’ =y (A;,*EU’) = (ufA;;) &
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from which we identify the relationship in Eq. 3.8.
Let
u="Tvy

be a linear vector operation performed with respect to F and
“r — Trvl
be the same linear vector operation but performed with respeet ta £, Then,
according to Eq. 3.8,
v = AY
W = A7'u=A""Tv=A"'"TAV

and, equalizing the two expressions far v, we obtain
(T'- A'TA) V' =0
for all ¥/, This implies that
T-A'TA=0

from which we can establish the relationship in Eq, 3.9.

It is important to underline that the above transformation rules can be
applied only between two reference systems fixed in space. The extension Lo
the ease of CaORS in relative motion one respect to the other is presented
in Section 4.4.2,

3.5 Principal Values

In Continuim Meechanics, the Lthree eigenvalues {; associated to a symmelric
Cartesian tensor

l'--".|II Tl? 'Tl-'l
A T]g ng Tm Gl.lﬂ)
Tia Ty T
are called the prineipal values of T. 1t i3 known from Linear Algebra, Chap-
ter 5 in [38], that:
o The three eigenvalues ¢; are the solutions of the standard eigenproblem

(T—tha=o (3.11)
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s The eigenvalues ean be ecaleulated as the roots of the characteristie
ciuation defined asg
det(T — 1) =0 (3.12)

¢ If T is a symmetric matrix, then the three roots are all real,

# [T T is a symmetric and positive dofinite matrix, then the three roots
are all real and positive,

The three principal values ¢; are usnally ordered as

h2t =1y (3.13)
and the corresponding normalized vigenvectors
Al

m (3.1:[)

for, ¢ = 1,2,3. are called principal directions of T,

It is possible to prove that, Theorem 5.2.2 in [38], the three principal
directions form a right-handed triad and they satisfy the following orthogonal
properiies,

all) =

“r=() — 4. = I; fori=j.
T8 b {n; for i # j. L3:5)
~()yrm=7) PN 1 1+ for i = j. .
atTTEvY! = = {{l: for i # 7. (3.16)
Consequantly, the matrix defined as
A= [ﬁ“ ‘5(2}’5@}] (3.17)

satisfies the following orthogonal properties,

ATA = 1= |

= - g
ATTA = T= ty
i3

The CaORS of unit base vector al¥) is called principal reference system.
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[t i possible to verily that the ¢haracteristic egualion associated lo the
symmetric tensor T is given by

B htt hi=-1i=0 (3.18)
where
h = uT=T="Th+Ty+Ta
I E Al A g
i = 5(Talj; = TyTy) =
Iy, Ty, Ty Ty Ty Tia
Tyy T Tyy Tha Tia Tha
= (TuTa 4+ TuTw + TaaTas) - (7'1:4 + T+ T?n)
I3 = detT = ¢5, 11Ty Ty =
= TuTuTs +MiaTiTe — (TaTh + TuTh + TeTh)

The principal values 1, and the values of the coefficients ;. also known
as lensor invarianis, are invariant under any change of CaORS. In faci,
according fto Eq. 3.9, the components of a tensor under a change of CaORS
can be calculated as

T = A™'TA

Algebraically, this represents a .un'mﬂur'z'ty transformation for which it is pos.
gible to prove that, Theorem 5.2.3 in [38], the characteristic equations rel-
ativee ta the standard cigenproblems associated to T and T, and thus the
cigenvalues of T and T, coincide.

Finally, let T be a tensor defined in a CaORS of base vector &) and

T' = A"TA

the transformed tensor in another CaORS of base vectors &0, According
to Eq. 2.66 the relative trangformation matrix is defined as

A = [, 3] (8.19)
Then, from the orthogonal properties in Eq. 3.16, it is possible Lo prove that:

o If one of the 8" is equal to the principal direction a0, then the
nondiagonal terms in the i-th row and column of T/ are equal 1o zero
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and 7% = ;. For example, for &) = g

T,
e Ty T (3.20)
T'Z.'i Tfh'i

where 7y, = {y. Tengors of this form are called plane lensors.

e If&M) =& for all i = 1,2,3, then T becames a diagonal matrix of
diagonal values equal to the principal value of T,
ty
T e=T= L (3.21)
la

Incidentally, this diagonal representation of T allows to identify that,
in terms of principal values, the tensor invariant expressions reduce o

Iy = lL+la+is
1 byty <+ Lyta 4+ talq
Iy = Hilaly

3.6 Deviatoric tensor

Associated to a symmetric tensor T, Eq. 3.10, we can define a deviatorie
tensor I
TI (3.22)

where [} g the firsi tensor invariant of T. Similarly to the case of T, the
sigenvalues d; solutions of the standard eigenproblem

(D-db =0 (3.23)

D=T-=

are called prineipal devialoric tensor. We recognize that, algebraically, this
eigenproblem in Eq. 3.23 represents a shifted eigenproblem with respect to
that in Eq. 3.11 and the shift value is equal to 1,/3. Consgequently, we ean
eatablish that, Theorem 5.6.4 in [38], the principal values d, and directions
b() of D are related to that of T as

di = tj==— (3.24)
Bl) = &0 (3.25)
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for all ¢ = 1,2,3. However, the principal values o; can be directly calculated
as the roots of the characteristic equaiions

det(D - dl) =10 (4.26)

It is possible to verily that this characteristic equation has the following
explicit expression

d* = hd=Ty=10 (3.27)
where the deviatoric lensor invariants J; resull 1o be equal Lo

Jio= wD=D5=Dy+ Dy Dag =0
1

1
J, = HE([J,-,'DJ_,- = DiiDi;) = E.D,‘J‘DU -
1 ;
5 (Dl + Dl + D3y) + DYy + DYy + DYy =
I (L1 Dy + D Dag + DagDag) + D?g + !)?;, + D'g;,
g {[(Tvl = Taa)? + (Tha = Taa)* + (Tha = Tm;)"'] +
+6 (Tla‘l + T+ T?:s)}
Jy = detD = ;. 04Dy Dy =
= DulbuDa+ 2012 DiaDyn — Dy Dy + Dy Dy + Dy D}, )

il

In the principal directions of D, that is of T'; these tensor invariant expres-
sions reduce to

..’[ = 0
1
Jy = §(d¥+d§+d§)=
= = (thtz+ bty + laly) =
l ; ;
= G {UI = 12)? 4+ (ti = ﬁu)'g + (ty = f-;a)z}
Ji = dydady

Finally, the tensor invariants of D result to be related to that of T ax

ho= 3 (f-30)
Jy = %(wi'-w,f”zm)
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In fact, in analogy with the case of T, the characteristic equation associated
to the deviatorie tensor D results to be of the form

det(D = dI) = d® = Jyd? = Jod — Ja

where
JI. - Dfi
1 .
gy o= —5(”55.\'3;;,' = Dy Dij)
However,

T ! !
Dii = Duy + Doy + Day = (’In = 3‘) + (T'.m = _31_) + (TSS = _l) =0

and, consequently,

Jpo= 0
1 1 ’
Jy o= ED;,,L’;_, =3 (I""Izl + Dy + D:gr_t) + Dy + D%‘i + Dy =

1 . @

s {[(Ph + D3y + D3y) + 2000 Dy + Dy D o+ Doy D) +
~2 (Dyy Dayg + Dy Das + Daa D)} + Dy 4+ Dy + D3y =

1 .

f.fm“ + Dyg+ Dag)? = (D11 Doy + Dyy Dag + Dyg Dyg) +

+Df; + Dis + Dy
= = (D1 Dz + Dy Dz + Dy Dag) + D}y + Dy + D3,

It is interesting to note that in a plane tensor, with
Dia=Dyp=20

the tensor invariant expressions reduce to

1
J2 = 3 (D;ﬂ D, + Dga) + Diy =
= (D1 Dy + Dy Dyg 4 Dyy Dag) + DY,

Dy Dgg Dy = f)aa};':f; = Dy (DHD?? = D?z)

i

J;;

il
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Moreover, Jy can be also expressed as
Jy = Dny (Dﬁn = -’2)
In fact, solving the Jy expression for gy Dag, we find

DDy = =dy=(DyDis+ DagDus)+ D}y =

—Jy = D3y (Dyy + D) + D}

Since Ji = 0, we can set
Dyy + Dy = —Dag

and obtain
Dy Dy ==y + f):'{g + 33?3

Consequently,

Ja

D3y (Dnﬂzi % D?:) -
Dy (—-"i + Diy + DYy — 17?2) =
Das (J':Jga = Jg)

TENSORS

3.7 Analytical Solution for Principal Values

The principal values ¢; of the symmettie Cartesian tensor T in Eq. 3.10 can

be caleulated as

I | r &N (ﬂ 4 %ﬂ') 3
h , (Ju)é'
b3 ) = 3 1 y 42 3 < sin #
ta ! ‘ Bil1 (9 = %1‘!’) ‘
where
e Lo l 33 Uy
= 5 alcsin | — TF
z
with
T T
L €
6~ — 6

(3.28)
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In fact, through simple trigonometry, it is possible to verify the following
identity

sin? @ = %s]n - ;}sin 30 (3.29)

Identical expression can be obtained by setting

di = rsiné;

Js 3

a =]

J:] - .in:]ﬁ';
B

2
8 = ﬂ+_—!k;‘.'r

in the characteristic equation in Eq. 3.27, associated to the deviatoric tensor
D in Eq. 3.22, that is

4% = Jad + Js (3.30)

Hence, the principal values d; of I can be calenlated as

di = rsin (ﬁ+§k,-w) (3.31)
where
J:)*
, = o[¥2
’ 3
ko= =1,0,1

Then, according to BEq. 3.24, the principal values t; of T in Eq. 3.10 can be
caleulated as

h
3

Ly = +d;
from which it follows the analytical soluiion in Eq. 3.28

We notice that the angle # is function of two tensor invariants so that it
can be consider a tensor invariant too. We will see in next Section 3.8 that
# has a precise geometrical meaning in the principal CaORS of T.
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3.8 Geometrical Meaning of the Tensor Compo-
nents

In general, each column of a symmetric Cartesian tensor

Ty Tz Tia
T= Ty Ty T (3.32)
Ty Tay T
may be seen as the component of the vector
u={1;,Ty;,T5}
resultant from the linear lensor operation
u = Tal) (3.38)

where &) is a base vector of the CaORS, see Fig, 3.1.

£ 1
A
“ A
T,
'E%“ X

X3
Figure 3,1; The vector components of u = Tal!)

Let F = Ozjaqzy be the principal CaORS of T of unit base vectors alf)

and
ty 00

T=|0 t 0 (3,34)
0 0 i3
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be the relative Cartesian representation of T in F' where
hhzlza=ly
are the principal values of T. In this space F', Fig. 3.2, let define:

s the spatial diagonal as the unit vector
| ; '
n= ;7:,—’.{1,]:,1]7 (3.35)

equally inclined with respect to the axes of the reference system.

o the ectahedral plane as the plane ¥ orthogonal to i and passing through
the origin O of £, namely

roxy+ ey tag=0 (3.36)

o the actahedral azes -5“", lor i = 1,2,3, as the axes resulting from the
intersection of the planes (1,&(")) with the octahedral plane 7.

e the octahedral veference system as the refence system F = Q& £263 on
the octahedral plane made by the three octahedral axes, Fig. 3.2b.
We notice that the £0)-axes define on the ¥-plane six sectors of 60° each; we

will refer to the bisects of these sectors as the f-axis. Let E‘M be the unit
vectors in the direction of the £09 axes, 1t is immediate to verify that with
respect Lo F

(1)

B o %{2.—1,—1}*r
E(B) = :/!'E[_I:Hi_l}r
£ = %{—1.—1,2}"

Figure 3.3 shows the graphical procedure for projecting a vector v from the
I space into the ¥ plane. Incidentally, the value of the components v, of v
in the I reference system are related to those in the F coordinate reference

system as, Fig, 3.2,
'
™= \/;v,- (3.37)

Then, with respect to the spatial diagonal i we define:
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() Principal reference system,

&

& anis

(b) Ociahedral plane.
Figure 3.2: Octahedral plane in the principal CaORS
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(a) Principal reference system,

s

(b) Octahedral plane.

Figure 3.3: Projection of a vector into the octahedral plane



62 CHAPTER 3. TENSORS

e the octahedral vector representation of T as, Fig. 3.4,

X =Th = (¥, % Gl (8.38)
where "
Xi= /3
o the nermal ectahedral vector ¥ as the projection of ¥ on n, namely
F:ﬁﬂ:%{l.l.l]" (3.30)
where
7= |8 = htlatits L

83
s the deviatoric oclahedral veetor & as the vector lying on 7 resultant of
the difference between ¥ and 7, namely

E=Y¥-D= {31, 8a, 33}“' (3.40)

where

ef
|
i
Il
e
=N
-
S
i

[t is possible to prove that the value of the angle between & and the f-axis,
Fig. 3.4, corresponds to the # value defined in Eq. 3.28, that is

= % Arcsin (— J—é‘/—aw‘?i) (3.41)
@

In fact, the cosine of the angle o shown in Fig. 3.4 can be calculated as

e 3
COS 0t = momgeme = Die —=dhs =
96 = S m( | = dy = dy)

Since Jy = 0, we can set
dy +dy = —dy
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Py /

(a) Principal reference system.

£

9’# 30-

(b) Octahedral plane.

Figure 3.4: Octahedral veclor representation of a tensors
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and obtain

COR ¥y = ﬁ dl
2 F

This expression substituted in the identity
cosBa = dcos’ a = Jcos a

yields Lo
3
cosdn = 4(—-@—-‘&"—) _3(fﬁ_ﬁ3 ):
2 i 2 Jéﬁ

3
ﬁ‘%uﬂ = i)

il

and, haing
Jo = =(didy 4 daidy + tfad;)

we obtain
3B
cosdo = W [(h + dy(dy 4 d3) + thdgﬂ':g]
2

Then, being

dz +dy = —d
Ja = dydyds
wa pot
3v3 Jy

0830 = e
9 a2
2 &
Finally, gince

gindf = sin3d(a-30°) =
sin Jevcos 00° = cos Ao sin 907 =
= = COBJO

we can prove the statement in Eq. 3.41

TENSORS

We notice that the modulus of the normal octahedral vector ¥ is pro-
portional te the first tensor invariant [y, the modulus of the deviatoric oe-
tahedral vector & is function of the 2-nd deviatorie tensor invariant Js while
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Table 3.1; 2-nd order tensor invariants

Type of tensor invariants Definition

Principal values of T ty ba ity

Coellicienis of the ;.'r(l'.)

nesociated to T hvhihy
Coeflicients of the p(d)

nssociated to D h,J2, 73
Oetahedral components 75,0

the value of # is function of the 3-rd deviatorie tensor invariant Ja. Thus,
(F,8,0) are themselves three independent tensor invariants of T

At this regard it is worthwhile to remark that a 2-nd order Cartesian
tensor has only three (independent) tensor invariants f, Iy, Iy, However, any
three independent combinations of them ¢an be elected as the invariants of
a tensor. The most common alternative definitions of tensor invariants are
reported in Table 3.1,

3.9 Mohr Circles

The Mohr circles is a very popular method for representing graphically a
2-nd order lensorial relationship. Let be:

¢ T a Cartesian saymmetric tensor of principal values

=tz 2ty (3.42)

¢ ['= Oxy@yes the principal CaORS associated to T. We recall that
with respect to F
Lh 00
T=|0 1, 0 (3.43)
0 0 iy
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& i aunit veclor defined in F of components
i {m1, na, ns)’ (3.44)

B = (nd4niend)t = (3.45)

s 71 a plane orthogonal to n and passing through the origin O of F.
Then, the tensorial relationship
A m Ty = {hﬂ],fg?lg,lgﬂa}r (3.46)
associates to 0 oa vector x whose projections on fand 7 identifly the following
two arthogonal vectors, respectively,
v = pn=v{ng, ug}“l (3.47)
b x = v = {(ty = v)my,(ty — w)ng, (ty = v)na}” (3.48)

It is easy to verify that the moduli of these thrie veclors are respectively
equal Lo

Y o= Ixl= (302 + dad 4 dnd)h (3.49)
vo= || =|x"H| = [ha] + tang + tynf] (4.50)
b = [6]=(2- )i (3.51)

According to the Mohr Circles Method, the value of the moduli #,8 and y
can be graphically determined in a diagram & vs. v as the intersection of the
following three circles

n

(b =Cy)* + 82 U
(v =Cp)? 48 = n (3.52)
(U - ('.-'3']'! + 5"‘ — 1‘5

where the center €, and the radius 7; values are reporied in Fig. 3.5.

3.9.1 Derivation
For a given set of principal values (1,13,14), Eqs. 3.45, 3,49, 3.50 and 3.51
can he combined to form the aystem of three equations
1 = n? o ng = ng
v = hn.f + tgﬂ% 4 t;,n?,
i+ 8t = tind 4 tind 4+ idad
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Figure 3.5: The Mohr circles

dg
™~
w i
%
5\ [RA% K
R, |Rs
Ne Ci i &
-,_rli"!'h ta—ts) )’
| 7 ( 2 ) il ~ta)(t ~ts) | (5 a)
bty | (=t )
2 !;' . (‘2 ;) +malts — t1)(tz ~ t3) hzls)
ity | (h=tz) )
3 '; 2 (12 =) + ity = 0)(ta ~ ta) Ji’_h)

67



68 CHAPTER 3. TENSORS

in the tliree nnknowns (TJ.,TIQ‘?I“). Solving this system for ff.'f we obtain

i 4 67 — p(ly + 13) + taty
(tg =1 ){la = t1)

g v 6% = p(la + 1)) + 13ty
(I3 = ta)(ty = t2)

v+ 64— (i + ) 4 it
(tr = ta)(tz = fa)

Clearing these equations of their denominators we obtain

48—ty + 13)
P46 — p(ta 4 4y)
1 4 6% — vty + tg)

ni(tz = ti)(ta — t1) — taty
na(ts = t2)(ty — t3) = taty
ni(ty = ta)(ta — ta) = tla

from which, adding on both sides the terms

| i 1 1
7(ta +ta)%, ;(zwtl}‘, and Z(t +t2)"

on each equation, respectively, we finally obtain the Mohr's circle equations
in Eq. 3.52.

3.9.2 Remarks

Ii is easy to verify that since

nt n3,ng =0
hzlz21

the following inequalities hold contemporaneously

(v=CiY+8* = R
(b=Ca)f'+ 6 £ Ry
(v=Ca)' 48" 2 Ry
where the radius I} values are reported in Fig, 3.5
Maoreover, for any unit vector i lying on the plane orthogonal to a prin-

cipal direction, the relative ¥ and é values belonging to one of the boundary
circles, that is:
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e the y values relative to all the unil vectors
i = {0,nz,na}
orthogonal to the xy principal direction, lie on the Mohr circle
(v —C1)* + 6% = Ry
s the v values relative to all the unit vactors
n= {ni,0,na}
orthogonal to the @ principal direction, lic on the Mohr circle
(1= Cy)? 4+ 6 = Ry
o the v values relative to all the unit veciors
n= {n,ng,0}
orthogonal to the x3 principal direction, lie on the Molir cirele
(0= Ca) + 6 = Ry
This implies that, for any given direction, the values of y, and thus of v and

&, are bounded by the Mohr circles. The region defined by the Mohr circles
for all possible value of y is also known as the Mohr's Arbello.

3.10 Applications

Let I = Qzyzq2s be a CaORS where the direction of the zs-axis coincides
with the 3-rd principal direetion & of T. In this space F, the Carlesian
symmatric tensor T is represented by a matrix of the type

Tw Tiz 0O
T=|Ty T3z 0 (3.53)
0 0 Tsu
whare
Tay = g
Ty = Ty

and g 15 the principal value associated to the a3 = £5 direction, The Mohr
circles relative to this plane tensor can be immediately constructed according
to the graphical procedure shown in Fig. 3.6. This because:
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Figure 3.6: Construction of the Mohr circle relative to a plane tensor

¢ The radius and the center of the Mohr cirele
(v = C3) + 6% = Ry (3.54)
describing the y values relative to all the unit vectors
i = {n,ny,0}
orthogonal to the s principal direction, can be caleulated as

s Ty 4Ty

3.55

Cly 5 5 (3.55)
— ! i ¥

R = i 2*’ = (T” 27“) T (3.56)

e The two principal values ; and 23 of T can then be determined as the
intersection of this Mohr circle with the v axis; we recall that Thy = 4.

o Knowing all the principal values &), and {1, the other two circles can
be easily constructed,
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An analogous procedure can be followed for any plane tensor.
In fact, according to the relationships reported in Fig, 3.5, the Mohr
cirele associated with the directions

i= {ny,ng,0}" (3.57)

orthogonal to the zz prineipal direction has equation

(v = C3)* + 6% = RE (3.58)
whore
by 41y
T =
: 2
b=ty

Since in this case
L = ly+tatita=Ty+ T+ Ty
!‘3 = .‘aa

the center C'y may be alternatively calculated as reported in Eq. 3.55. On
the other hand, the octahedral vector associated with the i direction is given

by
x = Th = {(Tyng + Tygng), (Tany + Togng), 0} (3.59)

and the moduli of its octahedral vector components result to be equal to
vo= |x"8] = (Thing + Thang)ny + (Tang + Taang)ng

. 1/2

o e

In ease i has the direction of the x1) reforence axis then

v = |Ty|
b |Tha| = [T

Substituting these values and the Cy expression in the Molir circle equation
in Eq. 3.58 we obtain the alternative expression for the radius reported in
Eq. 3,56,
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The Mohr-Circles method becomes extremely useful for studying the
linear tensor function

b = Ta = oT# (3.60)
where
a = |al
= a
mn = -
il
and

s T is a plane tensor, i.e. its Cartesian representation is defined in a
CaORS with one Cartesian axis coincident with one of the principal
directiona.

e 1 varies in the plane orthogonal to that principal direction.

In fact, for example, let T be the plane tensor reported in Eq. 3.53 defined
in a CaORS with the za-axis oriented as the 3-rd principal direction of T,
Following the procedure above reported, we can easily construct the Mohr
cirele describing the y values relative to all the unit vectors

n= {Tll.ﬂg.n} .

orthogonal to the zy principal direction, Fig. 3.7a. Then, let us proceed as
follows:

e Orient the » and § axes as the @y and 2y reference axes, respectively.

& Assume the sign convention shown in Fig. 3.7a by which vectors ori-
ented in counter-clock-wise versus have their modulus reported in the
positive direction of 4-axis.

o Identify on the Mohr circle the so-called Pole as the intersection of the
trace of the coordinate plane drawn from the (1,4) point associated to
these planes,

With these positions, we can graphically determine the y, and thos the v
and &, values associated to any direction orthogonal to the 2 direction as
shown in Fig, 3.7b. Moreover, we can easily determine the principal values
{1 and {5 as wall as their principal directions,

In practice, the value of y is found by drawing from the pole aline parallel
to trace of the plane orthogonal to the given n. The intersection of this line
with the Mohr eirele identify the sought for x, and thus the ¢ and 4, values.
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5 8
Taa
77
A¥a podtlive versug
Taz. for &
m ‘-T?.'L
e
| " "
5 A $ T
Yy
K=ty
Kota
% [/ 9
3 ¢ Ty
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Figure 3.7: Graphical procedure on the Mohr eirele for determining xy = Tn

when T is a plane tensor
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Chapter 4

Mechanics of a Material
Particle

4.1 Introduction

The Continuum Mechanies Theory deals with a medium made by a material
that is assumed to be continuum. However, at the microseope level, any real
malerial is made by a finite, although extremely large, number of diserete in-
teracting material particles. Then, what the Continnum Mechanics Theory
tries to describe mathematically is the final reaull of all interacting mech-
anisms of these material particles, The branch of physic that concerns the
motion and change in position of interacting but distinct material particles
is known as the Particles Mechanics Theory.

In this Chapler we review the [undamental kinematic and mechanical
laws governing a material particle. In the next Chapters these laws will be
then extended to a system of discrete interacting particle and, finally, to a
continuum mediuni.

The classical Theoretical Mechanics is found on the mathematical ab-
atraction of the existence of an elementary material object, ealled particle,
which can be considered as occupying a point in space and perhaps moving
as time goes by. This particle is matter that has a unique, positive measure
known as the mass of the particle, This mass is a material property constant
in space and in time.

With respect to a given frame of reference we can easily describe the
motion of a material object, Section 4.2. However, we should be warnaed
that the reference frame [rom which we make our observation may itsell

75
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travel in space. In fact, if we observe the same material point from another
frame in relative motion with respect to the first one, i1is motion may appear
quite different, Section 4.3.

Among the different choices of frame of reference, two are of fundamental
importance in the Particles Mechanics Theory: the abselute and the inertial
frame of reference, Section 4.4. The absolute frame of reference, 7, is
assumed to be fixed in space, i.e. absolutely at rest. With respect to this
frame the observed space or motion is absolute. Any other frame of reference
which is moving at constant velocity (and no rotation) with respect to F~* is
known as an inertial frame of reference,

With respect to F'* the motion of a maierial point is governed by the
three Newton’s laws of motion, Section 4.5, These laws are valid with respect
to any other inertial frame of reference as well. Newton's laws of motion
introduce the other fundamental mathematical concept of the Mechanies
Theory: the foree, Forces are eventually the cause of the change of state of
real or of uniferm motion of & material point.

4.2 Motion

Let ' = Ozyzq24 be a CaORS of unit base vectors &9 for 4 = 1,2,3, and
P be a material point that from an initial position Py of rest starts moving
continuously with time along a path or curve €', Fig. 4.1.  With respect to
F, the initial position B, at time { = {, and the current one P al time ¢ ean
be identified by the position vectors

-
I

Xie® (4.1)
x(1) = szl (4.2)

Then, we define:
8 The displacerment of the particle as

u(t) = x(1) - X (4.3)

s The velocity, or mstantaneous velocity, of the particle al P as

_fx _dmigy

di ~ dt (44)
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Figure 4.1: Metion in space of a material point P

¢ The acceleration, or instantaneous acceleration, of the particle at P as

_dv A
a= ':_H' = ‘{ETE (4.5)

In the following we will represent the operation of total derivation with
respect of time superpositioning a def on the time variable, so that

= x= el (4.6)
a = %= i@ (4.7)
and their relative moduli can be indicatad as
v o= |v|= (ﬁ'f+:&%+i§)% (4.8)
}

a = |a| = (& +4 +&3) (4.9)

The magnitude of the velocity is called speed and it can be also expressed as

W dy\* dza \? dza\® ds
oe =y () () (4) =% o
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where ds ig the are length, measured along the path . covered by ihe
particle jn dt,
According Lo Eq. 4.3, the current position vector x(t) can equivalently
be expressed as
x(1) = X + u(t) (4.11)
Sinee the initial position X is independent on time, it followa that the veloeity
and the acceleration can aquivalently be expressed as

v = u=uat (4.12)

a = i=ield (4.13)

4.2.1 Tangential and normal acceleration

At the current position P ol the particle, we can define a CaORS of unit
baso vectors, g, 4.2,

dx

t = = (4.14)
* dt .

n = R'r-rs (4.15)
b = ixhn (4.16)

where
e tis the tangent to the curve C al P;
s g is the arc length from the initial point F, to P.

s anid

di
il

is the radiug of curvature of C at P.

In terms of this unit base vectors, the velocity and the acceloration vectors
are given by

v = ot (4.17)
dv-  v*
a = —t4—h (4.18)

dt b
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Figure 4.2: Tangential and normal acceleration

where the acceleration terms are commonly known as the tangential accel-
eration and the normal or centripetal acceleration, respectively,

The mathematical definition of the unit base vectors of the moving
CaORS may be proved as follow. It is known from elementary geometry
that the unit vector tangent to a curve & of equation

x = x(1)
is given by :
t= -
It]
where, according to Eqs. 4.4 and Eq. 4.10,
ax
= — = i.
i ok (4.19)
s
= = Y= = 2
t = M=v=5 (4.20)
Hence,
dx di  dx
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Sinee ¢ is 2 unit vector, that is

then
dt| - dt db -
Vo= gevigtnte
o di
2t - ype
Congequently,
t-n=0
whaere
- it
= RE

The velocity expression in Eq. 4.17 follows immediately from Eqs. 4.19 and
4.20, Consequently,

d. = d - di
a = m(l’ﬁ)-a’ti‘v;ﬁ =

dv~  dbds dv-  dt
AtrR e gt da s

dv..  v® .
= Etﬂ- ﬁn

4,2.2 Circular molion

If the path © of the particle is a circle of radius &, then the arc length
measured along €' between two points P and @ is given by

8= R (4.21)

where # is the corresponding angle subtended at the center of the circle,
Fig. 4.3, In this case, the velocity and the acceleration vectors in Eqs. 4.17
and 4.18 rednee to

v = Rut=rxw (4.22)
s dlu"ﬂ =
a = R (IGA w n) (4.23)
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where

i = |r|sing=raine

it follows that

d df?

o dsa " e
v = tim ;}?t | J_i(!w)t = R;ﬁ-t
= Rut
1 = |v|]= Hw

and
v = Rwt=r(singt =r xw
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4.3 Equivalent Motion
The motion of the same malerial point P, as seen [rom two reference aystems,

is called equivalent motion. Then, let F = Ozyazxy and F' = O'¢£365 be
two CaORS in relative motion.  According to Eq. 2,64, we can establish

FLo'g 6,6

cwc (k)

>
O Fzoxmee
Figure 4.4: Motion of a material particle as seen by two reference systems
traveling and rotaling one with respect to the other.

that at a fixed time {
E=c+ Rx (4.24)

where
s x = x(1) is the loeation of P with respect to F.
e £ =[£(!) is the location of P with respect to /.
¢ ¢ = ¢(l) is the distance between the origins O and 0.

s R = R({) is the orthogonal tensor which rotates F’ to the orientation
of F.
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Consequently, the velocity and the acceleration of P with respect ta F may
be calculated as

£ = ¢+ W(-c)+Rx= (4.25)
o= édwx(f-c)+Rx (4.26)
£ = e+ (W-WH(E—e)+2W(£ - &)+ Rt = (4.27)

= E4@wX(E—c)—wX|wx(£-e))+2wx(£-¢)+ Ri (4.28)
wliare

w RR” = —RR"
W = RRT” 4 RR7

]

represent the angular velocity and acceleration of I relative to F', respee-
tively, and

1 ’
W = = {Efi.fkvvjk}
dw
di
represent the angular velocity and accaleration of F' relative to /7, respec-
tively. Finally, the acceleration terms

w

wx(E-¢)

w % [0 % (€ - c)]

2w X (€ - &)
in the £ expression are known as the linear, eentripetal and Coriolis accel-
erations, respectively.

In fact,
- d¢  d
§ = wegEtins

= ¢4 Rx+Rx =

= ¢+RR7(§ -c¢)+ Rk =

= &+ W(f-¢)+Rik
since, according to FEq. 4.24,

x = RY( — c)
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Then,

" 2
£ = %z%w—l—W(E—-c)+R#)=

= &4 W(E - c)+ W(€~¢)+ Rk + Rk
E+W(E-—e)+W(E-&)+ W(E-&) - WiHE—c)+ Rk =
&+ (W= W) (£ - ) + 2W(E - ¢) + Rx

gince, according to Eq. 4.25,
X

Rx

R" (& - &)~ W(& - o)
RRT [(£-¢)- W(£-¢)| =
W( - &) - WiHE - c)

n

We note that W, and thus W, are gkewsymmetric matrices. In faet, since
I is an orthogonal matrix, then

RRT = 1
- d
:{E(RR} = ;ﬁl_o

d 5 LA J
5 (RRT) = RR” + RR" = W + W'
from which we can establish that
W= _Wwr

Consequently, according to Eq. 3.5, we can set

W(E~c) = wx(f-c)
W(E~-¢) = wx(f-c)
Wi-c) = W [W(E-c)=wx[wx(£-¢)]

W(E-¢) = wx(é-¢)

4.4 Inertial Frame of References

The classical Theoretical Mechanics assumes the existence of a frame of
reference which is fixed in space, Lo, absolutely at rest. This reference system
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is called absolute referenee system and all the measurements or observations
made in this reference system are said to be absolute.

Let F* = Oz zyay be the absolute CAORS and FY = O,£,£4 be another
CaORS in relative motion with respect to /. If F” ig moving with a constant
velocity with respect to F* in the sense that, Section 4.3,

¢ ¢(1) = constant
R = R(1)= constant

then FY is said to be an inerfial frame of reference. For inertial reference
systems, the equivalent motion equations reported in Section 4.3 simplify as

£ = c+R(t)x (4.29)
¢ = &4 R(D% (4.30)
£ = R (4.31)

In fact, as consequence of the assumptions in Eqs. 4.29 and 4.29, we have
that

€ = 0
R = W=0
] = II'.;-’=D

4.4.1 Relative motion between inertial frame of references

Let I = Owywaxg be the absolute CaORS and F' = Oaxfabal and F =
OF #2735 be two inertial CaORS. Indicate the laws of motion of F? with
respect to F'* as, Section 4.3,

x = o+ R'x (4.32)
®¥ = ¢+ R'% (4.33)
& = R/R (4.34)

while that of ¥ with respect ta F* as

¥ = €4Rx (4.35)
X = ¢+4Rx (4.36)
X = R¥ (4.37)
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Thei, the law of motion of I with respeet to F are given by

x = "4 R'% (4.38)
X = &4 R'% (4.39)
¥ = R"% (4.40)

where
¢" = ¢ =R"e
¢ = ¢ -R
R' = R'R"

atd R™ is an orthogonal tensor which rotates I to the orientation of F'. In
fact, according to Eqs. 4.32 and 4.35,

x = R7(x'=-¢)
x = R7(X-%)
and, equalizing these two alternative expressions of x, we obtain
x' ¢ FRR(Z-8) =
(¢ -R'R'E)+ RR'X =
- C” + R”i

1l

4.4.2 Transformation laws between inertial frame of refer-
ances

Let ' = Owyaqars and F/ = '€ £38s be two inertial CaORS and let their
relative motion be described by

£ = e+Rx (4.41)
¢ = é4Rx (4.42)
£ = Rk (4.43)

where R is the orthogonal matrix which rotate ' to the orientation of F.
We know from Section 2.7 that the Jacobian matrix J and the trans-
formation matrix A between CaORS are related to the rotation matrix R
as '
J=A=1" (JL‘E{JI}
Similarly to the case of fixed CaORS, Section 3.4, the tensor transformation
obeys the following rules:
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s The rule of changing the vector components under a change of inertial
CaORS is given by
v = Ru (4.45)

that is
) = Mijuj
where u; and ) represent the values of the components that the same

vector takes in ' and FY, respectively.

® The rule of changing the tensor components under a change of CaORS

15 given by
T' = RTR" (4.46)

that is
T;; = Ry TRy

where T;; and T}, represent the values of the components that the same
tensor takes in Foand FY, respectively,

In fact, with reference to F, let identify a vector u as the difference of the
position vectors x(") and x(?), namely

= xl(n) — x(lj

According to Eq. 4,41, . _
sell) RT(EM —¢)

where £ locate from F' the same points located by x from £. Then,

= R(€"-c)-RI(EM - ¢)=

- Rf({{?) — E(I}) i

= R'!‘u.f
The transformation law for 2nd-order tensora follows from that of vectors in
the same way as reported in Section 3.4.

4.5 Newton’s Laws of Motion

With respect to the absolute reference system F*, Sir Isaac Newton formu-
lated the following three laws which are considered the axioms of mechanics:
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l. BEvery partlicle persists in a stale of rest or of uniform maotion in a
straight line (i.e. with constant velocity) unless acted npon by a force.

2. Let be f the (external) force acting on a particle of mass m which, as
a conspquence, is moving with velocity v, Fig, 4.5a, Then,

d

f=- (4.47)

where
p=my

is called momentum, If m is independent of time ¢, this becomes

il
= m.mv = mn (4.48)

where a is the acceleration of the particle.
3. In a system of particles that interact with each other let be, Fig, 4.5b:

o £09) and £1#') the forces of interaction exerted by a particle 7 on
a particle P; and viceversa, respectively,

e d and d¥) the relative distances of P and F; with respect to
any arbitrary point 2 in the space,

Then,
fliady = Hf{ii}
d) s fli) = gl % £la0)
that is
f[i11+f(.f‘} = o (4.49)
(d ~dl)) x £09) = o (4.50)

In words, te every action there is an equal and opposite reaction.

The 3rd Newton's law, also known as the principle of action and reaction,
has been herein reported under the most common assumption that the forces
of interaction are always directed toward the line joining the particles, i.e.
they are assumed to be eentral forces,

The concepts of foree and mass nsed in the above axioma are not yet
defined. Intuitively we have some ideas of mass as a measure of the quantity
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Figure 4.5: Force acting on a particle
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af matter in a particle and force as a a measure of the push or pull on an
pariicle,

According to the classical theoretical mechanies, we will always assume
that the mass of a particle is constant in time. Forces acting on a particle
may he classified into two kinds;

e Contact forces are those o which most properly include the intuitive
coneept of push or pull. In a system of particles, an example of contact
forces are those developed by the collision of two particles.

s Action-at-a-distance forces are those to which a particle is subjected
without any eontact with the external agent. An example of such a
type of forces acting at distance have been postulated by Newton in
the law of gravitation, Section 4.7,

According Lo the 2nd Newton's law

Lengih

(Time) (4.54)

f=ma= lMa.su
Standard unit of mass is the grams (gm) while standard unit of force is the
dyne: by definition, a dyne is that force which will give a 1 gm mass an
acceleration of 1 em/sec®. A Newton (Nw) is that force which will give a
1 kym mass an acceleration of 1 m/sec?,

We recall that Newton's laws of motion have been postulated under the
asgsumption that all measurements are taken with respect to the absolute
reference aystem. However, it can be shown that Newion'’s laws hold in
any inertial reference system. For example, let F* = Qxyrgzs and FY =
O'z{ x4zl be the absolute and an inertial CaORS, respectively, and let the
relative motion of F with respect to F* be described by, Section 4.4.2,

¥ = c4Rx
¥ = ¢+ Rx
X = Rx
where ¢ is the distance of O’ from @ and R is the orthogonal matrix which

rotates F' to the orientation of F. If an observer in F'* measures on particle
P of mass m a force and a torque equal to

f = ma
A = dxfT
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where d is the distanee of P from any point D in space, then an observer in
F' measures on P a force and a torque equal to

f' THB'

A= dixr

where d' is the distance of P from the same point D, which are related to
the measurements in £'* as
I" = Rf (4.52)
A = RA (4.53)
Moreover, scalar values resulting from a scalar produet of force times distance
remain unchanged, that is
w = d'f
_mi = d”rf'
resull to be equal
w' = w (4.54)
In fact, according to the laws of relative motion,

f = ma=mR"'=R"
A= dxf=R"d'xf)=R"X
w o= de = d-‘TRT‘RfI = dh'r.l

4.6 Kinetic and Mechanical Quantities

Newion's laws of motion establish that the mechanical sources (force) cause
the change of the kinetic (momentum) of a material point, In general, the
kinetic quantities which can be associated to a moving particle P of mass m
are, Fig. 4.6:

o The momentum defined as product between the mass and the velocity
% of P, namely
p=imk

o The angular momentum about any given point D defined as the mo.
ment of momentum of P,

¥ =dx p=m(d x x)
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Figure 4.6: Mechanical quantities acting on a particle

s The time rate of momentum defined as the time derivative of the mo-
mentum, namely

d_ o
p= 5P =k

o The time rate of angular momentum about a given point I defined as
the time derivative of the angular momentum, namely

d 3 i
4 = Eﬁr=m(dx:\:+dx:{)
¢ The kinetic energy defined as the scalar component of p in the direction
of the motion x, namely

elk) = %p""fc = %m:ir2
The mechanical quantities which can be associated to a force vector f acting
on a moving particle P of mass m are, Fig. 4.6

e The torque about any given point D defined as the moment of the force
f, namely
A=dxf
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& The work defined as ithe scalar component of £ in the direction of the

motion dx of P, namely

dw = {Tdx

# The total work defined as the work done by the force £ on the particle

P between two points along a curve €, namely

W= f dx
¢

# The (instantancous) power defined as the time rate of doing work,

namely,

According to the 2nd Newton’s law

f=p=mi

(4.55)

from which we can establish the following relationships between the above

defined mechanical (cause) and kinetical (effect) quantities

A =
dw =

[y
o=

In fact,

A = i:|Kf=m(dHﬁ:)=m[ﬁxi+dxit-éxi¢]

dw

H

= d (1.5,
= ‘H‘lm (-x X

2

dw

a

£
I

dKf:“r-m(c‘l}Cx')
fTdx = delk)

1 I
f iy = ~-='nrm':j
& 2

-*'y--m&xi

: il
f7dx = mi"dx = m#’ :—Ed! = mk  %dl =
) di = d (%mﬁ:a) = detk)

6 (%mi*) = ¢lb)

'y
= d—‘(f H)E

(4.56)
(4.57)

(4.58)

(1.59)
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4.7 Conservative Force Fields

A force is sald to be conservafive if there exists a continuously diflerential
scalar function
el?) = (%) (4.60)

known as the potential energy, such that
f = —grad el (4.61)

According Lo the properties of the gradient operator reported in Seetion 2.5,1,
wo have that

(r)
gr::.dr(-") - ﬂ;}c =V-?t")
R

TxVeltl = @

Using these properties we can easly prove thal a force field [ is conservative
if and only if:

@ the work done for moving a particle is equal te the variation of a
potential energy, that is

dw = [Tdx = —del? (4.62)

e or alternatively, the total work done for moving a particle from a po-
sition at Py to P is independent of the path C:

w :./ fdx = _cmr'g, (4.63)
C Py

e or alternatively, the total work done in moving a particle around any
closed path on a non intersecting curve ' (i.e. simple closed curve) is
Zero:

i s ffwx —0 (4.64)

= or alternatively,
eirlf =Vxf=o (4.65)
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Examples of conservative forces are some kinds of action-at-distance forces
by which two particles P and P attract or repel each other with inten-
sity Tunction of their relative distance. In mathematical terms they can be
generally expressed by

Fe="(r)r (4.66)
where, Fig. 4.7,
52 _ (1)

T
7

i

Identifying dx = dr, it follows that

dﬂ(f’] - ffdx_ = W(r)rrdr - _21_\1,(1.},](1-3) =

= é w ('."')?':h' (4.67)
Pt - : 'IF( r)rir (4.68)
2 Fa

where 7, is any value of r in which the integral is convergent.

The existence of one kind of such conservative forces has been pogtulated
by Newton in the law of gravitation which states that any particle of mass
my exerts a gravity force on a particle of mass ma equal to

f= _gﬂn;mgr

where r is the modulus of v, Fig. 4.7, and G is the universal gravitational
constant. Experimental measures indicate an approximate valie of

G =6.673x 10" [Nm?| K g*| (4.70)

(4.69)

From this law one can prove that any material object of mass m on the earth
is subjected to a body force

f=mb (4.71)
where b is the gravity acceleration vector defined as
M -
b= {';?E, = gh (4.72)

in ‘which M ﬂ,ml i represent the mass and the radius of the earth, respec-
tively, while b a unit vector pointing toward the center of the earth. An
average value of the gravily acceleration g on the earth is

g =081 [m/see?] (4.73)
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ﬂ, My

Figure 4.7: Action-at-a-distance forces between two material particles

Common engineering problema concern material objects of mass m << M
and which are located at distance from the center of the earth |r| & R. Then,
it is reasonable to assume that:

o gravity forces exerted by a material particle on any other material
particles negligible compared to the bady forces;

s constant gravily acceleration vector b. This implies that

{e —ﬂ;—? = mb (4.74)
where
e® = —mb"x
del®) = (asr))de = —mb'dx = —dw
d*el?) = z;%dw; = -mcf:::.-g.—rt:id;vj =0
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4.8 Mechanical Principles

From the Newton's laws of motion and the relative relationships reported in
Section 4.6, we can easly verify ihe following mechanical principles,

Theorem 4.8.1 (Linear Momentum Principle). The net external foree
acting on a particle equals the time rale of change of the momentum of the
particle, that is

.. i
f= a(mx}

Theorem 4.8.2 (Principle of Conservation of Momentum). [f the

net exlernal farce acting on a parlicle is zero, the momentum remains con-
stant, that is

MR = econgl

In such a case the particle preserves its state of rest or motion with constant
velocity.

Theorem 4.8.3 (Angular Momentum Principle), The net external
torque acling on a particle about a fized poind in space, or about any point
traveling with the same velocity of the particle, equals the time rate of change
of the angular moment, that is

d :
x:{f:Em{xHx)

Theorem 4.8.4 (Principle of Conservation of Angular Momentum),
If the net external torgue acling on a particle aboul a fized point in spuce,
or aboul any point traveling with the same veloeity of the particle, is equal
to zero, then the angular momentum remains constand, that is

m(x X x) = const

Theorem 4.8.5 (Kinetic Energy va. Total Work). The lotal work
done by a force in moving the particle from ene state where the kinetic energy
15 equal to tgk} to another where the kinetic eneryy is equal to ei,ﬂ is given

by
wiy = ey - e?‘]
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Theorem 4.8.6 (Principle of Conservation of Energy.) If the external
force s conservative, Section {.7, i.e. there exists a potential energy '?) such
that

f=—prad el

then the total energy

e= e pelh) = %mn‘:? 4 )
14 constant.
Proaf: In fact, according to Fga. 4.58 and 4.63,

w= e-!f’ - ai‘n = ei”} - e.ﬂm
which may be rearranged to define a total energy as

= ESM + :i”’ = cf_."’ 4 EIQF,



Chapter 5

System of Interacting
Particles

5.1 Introduction

A collection of material particles forms a system of particles which is disereet
or continuous depending on the possibility to consider the particles as sep-
arated from each other or not. In this Chaptler we are primarily concerned
aboul a discrete system of particles; liowever, all the presented results will
be in the next Chapters straightforward extended to the case of a continunm
syslem.

Applied to each single particle of the system, a sel of forces may act and,
according to Newton's lawa, it may induce a change of momentum of the
particle. The issue is to establish the relationship between the force field
and the rate of change of momentum of the whole system of particles. This
can bo accomplished on the basis of the resultant sum of each force and
momentum contributions, Section 5.2,

Associaled o a system of particles, we can define a so-called eenter of
mass of the system, Section 5.3. With respeci to this center of mass, all the
kinetic quantities associated to a system of particles may be decomposed
into two distinet Lerms:

s one lerm concerns the motion of the center of mass in which all the
masses of the syatem are supposed 1o be concantrated;

o thesecond term concerns the relative motion of each individual particle
with respect to the center of mass.

89
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Each particle of a system may interact with the other particles, Section 5.5.
Onice the contribution to motion due to these interacting forces is identified,
we can finally establish the mechanical prineiples governing the motion of a
system of particles under a set of external forces, Section 5.6,

5.2 Kinetic and Mechanical Quantities

In general, associated Lo a system of n particles F, of masaes tny, my, ... 7y,
we can define the total mass as

(5.1)

;“\ E a-f.t-')

= =
P
Figure 5.1: System of particles

s The total momenium defined as

p=3p0 =Y mix)

1=1 [1-3 ]
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¢ The tolal angular momentum about a given point 2 defined as

W2 i.,,(ii = im.(d“’ % %)

=l i=]

& The total time rate of momentum defined as

f’p = i p('ll = z“: 'mljv';u}

i=l =1

e The total time rate of angular momentum about a given point [ de-
fined as

T n
& = E;YM - E mi(d) x % 4 a5 5())

iml i=m]
o The lotal kinetic energy defined as

fn i
. == (k 1 i
oAk £ Y '35 )i 52’""“?

i=l i=1

Associated to a system of u forees £(1) acling on n particles F; of masses
My, Mg, iy, We can define the following total mechanical quantities:

s The total foree, or the resultant of £1), defined as

f:if“)

i=]

o The total torque about a given point D defined as

o i,\m = 37(d0) x 1)
=]

i=l

o The work of the system of farces £ defined as

Ml

dw = z dw; = 2(1‘“)“'1‘15{“})
i=1
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e The lolal work of the sysiem of forces £0) defined as

i Ti
W= Z uy = E (/‘:_ r“}-;‘dx(i))

=] =l

s The (instantaneaus) power of the system of forces £ defined as

b O Wi sty
m:%:%%:ﬁ(ﬂh‘dx())

We immediately note that
Ll
f=p= 2 mx) (5.2)

from which we can establish the following relationships between the above
defined total mechanical (cause) and total kinetic (effect) quantities

A = g = 3 mah x %) (5.3)
fml
dw = i £07dx (1)) = delk) (5.4)

% ( [ t0raxt ’) S omat =Wl (55)
i=l

i=]
= E(-rfﬂmscﬁ)) = ¢k (5.6)
i=1
The procedure for proving these relationships is analogous to that presented
in Section 4.6 for the case of a single particle.

5.3 Center of Mass

Let x) fori=1,2,....,n; be the position vectors of a system of n particles
of masses m;. The center of mass or centroid of the system of particle is
defined as that point € having position vector, Fig. 5.2

Z‘IH X

o= ml mzm}{“ (5,7)

=]

iml
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It is easy to prove that if £9 are the relative position of each particle P,

Figure 5.2: Center of mass in a sysiem of particles
from the center of mass C', so that
x('.) = _l. E("]

the following quantities are null

i mél) = i mig = im‘-éﬂ) =0

=1 i=1 i=1
In fact,
n ¥ i n
me = Zfﬂixm =3 mile+ €N =ed mi+ Y mit =
iml i=i] i=1 =1
= me+y mEl)
i=]

Consequently, all the total kinetic quantities associated to a system of masses
defined in the previous Section 5.2 can be expressed as follows, Fig. 5.2:
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s Total momentum

i
p= Zp‘” = mé

Total angular momentum aboul a given point 0

¥ = zn:-yw =m(d % ¢)+ im;(f‘i} X f)

i=m]l =1

e Total time rate of momenium

p= z ﬁm = mé

Total time rate of angulay momentum about a given point D defined
as

¥ = i’r(') = m(d X E)-f— m((ll X é) ) i:ml(&-(,‘) " E(i})
i=1

1=i]
e Total kinetic energy as
(k) = 5 Lo 1< 2
et = gei = Eﬂlf.‘ + Egl:m,-fl-
We note that all the above lormulas contain two distinet terms:

s the first one concerns the motion of the center of mass in which the
total mass m of the system is supposed (o be concentrated;

o the second one concerns the relative motion of each individual particle
with respact to the center of mass.

Then, the relationships from mechanical and kinetic quantitios in Eqs. 5.2-
5.6 can be alternatively expressed as

T

£o= 5 10 = me (5:8)
i=1
n T ; .

A= YA =3 (dl x 1) (5.9)
i=1 j=1

= 4-m(dx &) (5.10)
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In fact,

o8

anil

p

I

dw

i

]

i
- Z[f,-""ttxm] = del®) (5.11)

= (/ chdeﬂ]) = _,mﬁ + Z"”‘ Ema = plk) |:, 5.12)

i=l ¢ im1

Z(f{ilrdkﬁ}) = (k) (5.13)

e ]

z m; x(‘i = z n; (c 4 E"' }) = mec+ Zm .f = mé

Ty | yi=]

Emi (d{" X i{'}) = _Zm.- (d + &0 ) X (r‘:+£ ) =

iml i)
é;m., [(d % &)+ (d X j;"") + (Em % é) + (E(n v ém)] =
wn i1 Fom (052

i=1

= [m(d xc)+zm (\E‘ ) x E“)]

m(d x &) + m(d x &) + D‘m (em x E‘”)

Z =17 302 E 5 (E -+ ém) ( ) =

:'r_'l
i

E:;m' [c & 4_2“?{!') + E(I]-"&.(I’)]

1o o= A2
5+ E{ Em..(f

Z: iy ]{( }

n
Zm L P S——

™=1

m

A = L(d“’ x £l =
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= S(d+ D) £0) = d x 3760 4 T o k)] =
i=1

im] iml]

m(d % &) rzlmu'lfm % (&4 EI‘}')] = m(d % &)+ ﬁ‘: my (€0 x Em)

i=1 =]

= A—m(dxé)

Il

5.4 Equivalence of Force Fields

Lot £, for i = 1,2,...,n, be a force field and let indicate the relative force
resultant and the torque resultant about a point D as

f = ¥ 4" (5.14)
i=1

A = 3 AU (5.15)
i=1

where
Al = gl 5 ¢

where d{) is the distance of the point of application of £ from D.

In general, £ may be defined in magnitude and in direction but cannot
be located in space. Only in the special case that all the direction 1) cross a
unique paint, say A, we can locate £ at A, Consider a point ¢ at a distance
g from £, for i = 1,2,...,n, Fig. 5.3.  The relative torque resultant
aboul @ is given by

v =27 (5.16)

i=1
where
...rl-'l - q(") % £l0)

It is eagy to varily that if s is the distance of @ from D then
Ty=A+exf (5.17)
In fact, since the distance q' can be expressed as, Fig. 5.3,

g =5+ d®
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Figure 5.3: Force field

it follows that

. i.,m=i(qufw)=

i=1 =1

3 ((a+d) x F0) = 5% S0 4 320 x £0) =
i=1 il im]

= axf+A

The scalar product between the forces resultant and the torque resultant is
invariant with respect to the point about which the total torque is calculated.
In fact,

7f

(X T+ A T=s"(fx )+ Af =
AT

From a physical point of view, f may represent the total effort applied in
pushing or pulling a material object, We know from experience that the
effect produced on a rigid object does not only depend on the total effort
applied. Different force fields with the same resultant f may produce different
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effects. On the other hand, it is possible to prove that different foree fields
but with the same f and A about an arbitrary point, produce the same effect
on a rigid material object. Accordingly, we have the following definilion of
equivalence on force fields.

Definition 5.4.0 Let £, for i = 1,2,...,n, and T, for j = 1,2,...,p,
be two force fields and let indicate the relative force resultants and the lorque
resullanls aboul a same point 1) as

£= 3 1, A=30A0

=1 =1
dinel
. 5U) )
f= 3 X=3
jmi i=1

respectively, Then, these two veclor fields are said lo be equivalent if
f=fand A=2X

for any point 1.

According to this definition, it follows that any force field is equivalent to
its force resultant applied o an arbitrary point and to the torque resultant
caleulaled about that point. As special cases we have;

o If all veciors concur to a same point, then the vector field may be
represented only by its vector resultant applied at that point;

s If the vector resultant is zero, then the vector field may be represented
only by its (in this case) constant torque resultant.

5.5 System of Interacting Particles

Let £, for i = 1,2,...,n, be the vectors acting on a system of n parti-
cle P. In general, each particle may exert a force on the other particles.
Consequently, we may express each £V as the resultant of two distinct con-
tributions, namely

£ = §10 4 §0) (5.18)
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where
O b ()
fO = S
a=1
and

s 1 i the interacting foree that the particle j exerts on the particle
o 10 is the non interacting or external force that acts on the particle 4.

Accordingly, the torque of £0) about any point D at distance d) apart from
% ean be expressed as :
Al = xh) + K“] (5.19)

where

Al = i) o g0

30 - g " i

A = d) x §0
Consequently, we can express the force and the torque resultants of the force
field £ as
= f+f (5.20)
A= X+2A (5.21)

.y

whare
S
=1
X = $50

are the resultants of the interacting force field and

Tl

>

i=1

f

n

£ = 3¢

fm i
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are the resultants of the external force field. It can be proved that the field
of interacting forces is equivalent to a null force field, so that

= f (5.22)

A= 3 (5.23)

However, the field of interacting forces atill contributes te the total work of
the system particles unless the relative distance between parficles is constant
in time, fe. the system is rigid. In fact, with regard to the force resuliant
of the interacting forces, we have

n n

f = ):fm=2f“'”

=1 Jm]
@ M e T iy
e TS S il TITE & s T
+ﬂ;("]) s b ?{m) & v T{m-)) -

= 0

since, whenever T%7) appears, appears also, they add up to zero accord-
ing to the 3rd Newton’s law. Incidentally, particles do not exert any force
on themselves, so that we have set in the above derivation

(oL UG - plend _ o
With regard to the total torque of the interacting forces, we have

E“:d“’ X T = 3"l x (E": ;-(m)

i=l =i F=1

r(:il

by

I

- d“)){(?{n)-}---v--}i‘t“}-b -“-|“T“")J+‘“+
a0 s @Y oo B g By
‘I"‘d{"} " (:r{nl) fon .o -f{m] P T{rm})
= 0
since, whenever d() x 19 appears, d4) x F49 appears also, they add up to
zero according to the 3rd Newton’s law,

Finally, according to the decomposition in Eq. 5.18 the work done by 1)
on F; can be expressed as

dw; = di; + di; (5.24)
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where
dw; = £07dxl)
di; = FT gyl
disyg = FOTdxl)

Clonsequently, the total work done by the force field on the system of particles
can be expressed as

dw = dw 4 dip (5.25)

where
Ti

3 407

]
1]

o= 310l
1=}

il

&
|

“ = i
b FOIT gy (1)

i=1
In particular,

o n ) noo
dm = S 10axl) = 3 axlir (Erfu;) _

=1 i=1 =1

def0r M g T Y L
MPRULE R LRI L e
TP L BN L NS L
- T 40) | i‘(”}'r(dxm - dx“}) I I—
+T““)T(dx“1 - d.'{("]) S R +?w}1‘dh‘.m SR
IO (e = )y g T gem)
is not null in general. This work can be equal to zero when the system of

particle is rigid, i.e. when the distance between any two particles does not
change so thal

q{hn - x(':‘ g xu) = cn'nﬁf_
dqfl.f) = 8

forall 4,7 =1,2,...,n.
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5.6 Mechanical Principles

According to the findings reported in the previous Section, we can establish
the following mechanical principles governing the motion of a aystem of
interacting particles.

Theorem 5.8.1 (Linear Momentum Prineiple). The resullant external
force acting on a given sel of n interacting particles equals the lime rate of
change of the total momentum of the particle af this set, that s

T n
() LR )
Zf = L(m.x )
i=1 =1
or, equivalently,

fi

'g_l: £ = % (me)

where e represents the location of the center of mass in which we may suppose
to concentrate the lolal mass

n
me=ym
i=1

Theorem 5.6.2 (Principle of Conservation of Momentum). If the
resultant external foree acting on a systemn of n particles is zero, then lhe
telal momentum remaing conslani, thal is

Wi

E(mp’cm) = consl

i=l

or, equivalently,
me = consl

where ¢ represent the location of the cenler of mass in which we may suppose
lo coneentrate the lolal mass

n
m = Z i
=]

In such case, therefore, the center of mass of the system preserves its stale
of rest or motion with constant velocily.
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Theorem 5.6.3 (Angular Momentum Principle). The tolal external
torque acting on @ given sel of n inleracting particles caleulated aboul a
fized point in space, or about the cenler of mass, equals the time rate of
r:hmayr: af the wngular moment, that is

Z(x(i} x fii) = %Zm;(x“’ x %)
=1

iml

Theorem 5.8.4 (Principle of Conservation of Angular Momentum).
If the resultant external lorque acting on a given set of n interacling particles
caleulaled about a fixed poinl in space, or about the center of mass, is equal
to zero, then the angular momentum remains constant, that s

n

Z m,(x“) x x) = const

i=1
Theorem 5.6.5 (Kinetic Energy vs. Total Work). The lolal work due
by all forces (external and interacting) in moving a system of n mteracting
particles from one state where the lotal kinetic enerqy is Ew to another where
the tolal kinelic energy is e.{zk}, 18 equal lo

(k) (k)

wiz =€) — 6
and the total kinetic energy may be expressed as
e Loae li“m-.{““
2 2 il '

where ¢ represents the location of the center of mass in which we may suppose
to concentrate the total mass

L]
m = E m;
=1
and £U) is the relative veloeity of the i-th particle of mass m; with respect to

the cenler of mass,

Thﬁﬂrﬂm 5.6.6 (Principle of Conservation of Energy). If all forces
(external and internal) acting on a system of particles are conservative, i.e.
there exists a polential function (energy) e such that:

) = — grad e’
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then the lotal energy

ts conatant,



Chapter 6

Motion and Deformation in
a Continuum

6.1 Introduction

A continuous system of material particles oceupying a region of space is a
continuous medivm or a continuum. In a conlinuum the material particle,
which have been postulated to occupy a point in space, are tight one lo the
other withoul gaps nor overlapping.

Accordingly, all the physical quantities defined in Chapter 4 as a conge-
quence of the three Newton laws must be understood as physical quantitios
which may vary continuonsly in the medium, The extension of the concepts
of force and mass 1o a continuum is postpone to the next Chapter, since it
is first necessary to present the mathematical tools available for describing
the motion and the deformation of a continuum,

The Continuum Mechanies Theory has two alternative formulations for
describing the motion and the deformation of & continuum: the spatial and
the material descriptions. The spatial description, Section 6.3, is particulary
useful to formulate the equilibrium conditions in a solid medium, whereas the
material description, Section 6.4, is serviceable to formulate the equilibrium
conditions in a fluid medium. However, both formulations are the two sides
of the same problem, Section 6.5. A particular case of these two formulations
is the so-called small deformalion theory, Section 6.6.

115
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6.2 Generality

Let F' = Q#2424 be a CaORS of unit base vectors &), for ¢ = 1,2,3, and
M be a continuum that from an initial configuration M, of rest at time
t = 0 starts moving and deforming continuously with time, Fig, 6.1. With

'

Xy

Figure 6.1: Motion in space of a continuous medium

respect to F, the initial position F, al time ¢ = {, and the current one P at
time ¢t of any material point of M can be identified by the position vectors

X = Xz (6.1)
X = 6 (6.2)

Then, for each material point P in Ad, we define;
e The displacement of the particle as

H=x-=x (6.3)

s Tlie velocily, or instanlancous veloeily, of the particle at P as

v=x=1 (6.4)
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o The aceeleration, or the instantancous acceleration, of the particle at
P as
a=%X=1i (6.5)

o The relative displacement vector of the particle P with respect Lo a
neighboring point

du = dx — dX (6.6)

where the dof indicates the operation of total differentintion with respect of
time.

[n continuum mechanics, there are problems in which it is interesting
to establich the evolution in time of the whole medium. For example, in
solid mechanies weo are interested in describing the deformation process of
the medium and this can be accomplished by tracing the displacement of
each point of the medium. Thus, we require displacement functions of the
type

u=u(X,t)

For such a type of problems, it is convenient to adopt the spatial description,
also known as the Lagrangian formulation, according to which the mation
of any particle P in M is expressed as

x = x(X,1) (6.7)

where the independent variables are the initial position X of the particle and
the current time {.

Other problems coneern the monitoring of physical quantities in a certain
part of the continuum. For example, in fluid mechanics we are interested in
monitoring the fluid velocity at given fixed points. Thus, we require velocity
functions of the type

v =v(x1)
For such a type of problems, it is convenient to adopt the spatial description
also known as the Eulerian formulation according to which the motion of
any particle P in M is expressed as

X = X(x,1) (6.8)

where the independent variables are the current position x of the particle
and the current time ¢

The Lagrangian formulation in Eq. 6.7 may be interpreted as a mapping
of the initial configuration in the current one. On the contrary, the Eulerian
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formulation in Eq. 6.8 may be interpreted as one which provides a tracing
Lo its original position of the particle that now oceupies the location x.

Under the assumption that A4 remains a continuum, i.e. without gaps
and overlapping of matter, the correspondence between X and x has lo be
one-to-one and continuous over the spatial domain of M. Consequently,
the continnum mechanics theory asaumes that the functions in Eqs, 6.7 and
6.8 are continuous with continuous partial derivatives to whatever order ia
required, Moreovor; it assumes that the Jacobians

= det lm'] = det Vx'] (6.9)

do nat vanish, which is the necessary and sufficient condition for the two
mapping in Eqs. 6.7 and 6.8 to be the unique inverse of one another, Sec-
tion G.5.

6.3 Material Description: Lagrangian Formula-
tion

The spatial description concentrates on a given body of matier of the con-
tinuum M and the motion of any particle P is expressed by equations of the

r(?l'lll
x =x(X,!) (6.10)

where X is the location of P at the initial time ¢ = 0 while x is the location
of P at the current time {,

This description, where the independent variables are the initial loeation
X and the current time ¢, may be viewed as a mapping of P from its original
position into the current configuration. It is assumed that such a tracing is
one-to-one and continuous, with continuous partial derivatives to whatever
order is required, According lo Eq. 6.10, we have that

dx = FdX + %—Tda (6.11)

o g
7= |5

is known as the Lagrangian Deformation Gradienl. The first term on the
right, namely

where

bx = FdX (6.12)
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is the relative distance at the current (and fixed) time of two neighboring
points originally localed at a relative rlistaﬂ:q dX. The condition of one-to-
one mapping requires the invertibility of F so that the correspondence of
any 6 X into the current configuration is unique, namely:

dX = 7 'bx (6.13)

A necessary and sufficient condition for the inverse of F to exist is that the
determinant

J = det F (6.14)

should not vanish for any material point in the eurrent configuration, Then,
for each material point in A4, we have that, Section 6.2:

s The displacement of the particle is given hy

u(X, 1) =x(X, 1) - X {6.15)

e The relative displacement vector of the particle P with respect to a
neigh boring point is given hy

du(X, 1) = TdX + ‘Mﬁlf'—”:u (6.16)

~ t,
i1 = |
[a’r‘*'!'l

is known as the Lagrange Displacement Gradient tensor.

where

s The velocity of the particle at P is given by

v(X,1) = W(X,1) = Bl(gf—"l (6.17)
s The aceeleration of the particle at P is given by
a(X, 1) = ii(X,1) = 2D (6.18)

at
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6.3.1 Lagrangian tensors

The material formulation leads to define the fallowing tensors:

e The Lagrange Displucement Gradient tensor defined as

& i
e The Lagrange Deformation Gradient tensor defined as

8 B,
F =l = [ﬁ%]
;

which can be alternatively expressed as
F =14 =[8;+uis]
s The Green Strain tensor defined as
G=F F= [Erien, ]
which can be alternatively expressed as
G =1+4+U+ i + 1 = [8i5 + i j+ wgi + g ;)

o The Finite Lagrange Strain tensor defined as
= 1/ 1
£=5 (‘3 ~1) = 5 lekitr = i)
which can be alternalively axpressed as

= ly4=  ar =g 1
L= 2 (u +U U H) = i[mh,' + i + vk gtie )

s The Lagrange Velocily Gradient tengor defined as
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All the above reported alternative expressions are obtained taking into ac-
count that according to Fq. 6.15

wig = (X4 wlj = b + wiy

It is immediate to verify that the time rate of the above tensors can be

exprossed as

Q- WK

e | Wue- "ﬁ.l'_ et
i
W

e

|

6.3.2 Measure of Deformation

Let M be a continnum and P, @ and R be three neighboring material points
in M, Fig. 6.2 Let us indicate the distance between these points as:

Figure 6,2; Material description of the deformation process
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e dX = dX9 and éx = 6% the relative distance between P and @ at
time ¢ = 0 and {, respeclively,

o dX) and 6% the relative distance between P and R al time ¢ = 0
and t, respectively.

e and, for 1 = q, 7,

wondX® - sx ()
gy o B L gl oI5
|(t}{"§| |6xt)|

the unit veetors in the direction of dX ) and éx0), respectively.

Then, according to the Lagrangian formulation, we can measure their defor-
mation process as follows:

s The Undeformed Length defined as

d5* = dX"dX

e The Deformed Length defined as
§4% = 5x"Tbx

can be calculated as E
§a2 = dXTCdX

and its time rate as ;

Ty -r"'r
E?(M ) =dX"GdX

In fact,

857 = bx"hx = (dx‘“?") (ﬂx) = dX" (?Tﬁf) dX = dXGdX

andd
ti 5 ¢ e - 'J'"t' . T;_
= (m )= = (d}t §dX) = dX"GdX = 2dX" £dX
s The Streteh defined as )
e bs?
T

can be calculated as
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and its time rate as

L\ = 8758
dt( )=58"GS
In fact,
o T T
A2 = 652 _ éxrﬁx _ X de - 5758
d§*  dX'dX  |axTax|?
and ’ /
&Y o B ferge) _ grae
dt ()‘ ) i (S as) =88
o The Meusure of Deformation defined as

X = ﬁ«"'ﬂ — L‘LS'E

can be calculated as .
X = 2(dX"LdX)

and its time rate as i
X =dX"gdX
In fact,
bs® — ds*?

§x7x — dXTdX = dX"CdX - dXT1dX =
= X7 (E' = ) dX = 2dX" CdX

and

drea  gory_ 4, G
E-f: (55 -5 ) = E(éﬁz) = tiX"ﬂdX

e The Unit Extension defined as
bs —d§

€= e = )\ = ]

s

can be caleulated as

and ils time rate as

In fact,

and
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e The Angle Change defined as, Fig. 6.2,
o= cuﬂ(ﬁm.ﬁm)
can be calculated as

. §larggln) _ G
XAy At

and its time rate as

4= gla)r 450
where :
T slq'ﬂ' gg(q) g(rlﬁ'ﬁﬁ(*‘)
A=0-359 |sirgsw " §hrgen

[n fact,

‘ ST [ gl
e ={q) 2r)y = glg)retr) — | 22 mra | =
T = (“q 32 ) =g (&3(4')) §a(7)

(dxm!"g:‘_"") (;&x(r}) L (dgmgmrf‘") (Eds-{vhgtfl)

B FROPRG! - FROFHG
glargglr)
- e
and
d d [glTrgglr)
dt I( Nohr )=

li
r—
e

rE]

E

rgs§tr ) A = BITGEO) (A2, 4 A, A, )]
o)
From the above reported relationships {or A it results that

A = (5798)"
5 = 5(s768) (5708) ™"
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from which

D]
il
b2 —
———
s
]
LT
[€nt}
by S
———
r )
-3
Cail
[ n}]
[

—
)

Consequently,
4= Glo)r 45(r)

6.3.3 Surface and volume

Let dAM, be an infinitesimal portion of material at time ¢ = 0 defined by
the three differential vectors dX™ dX® and dX®™), Fig. 6.3. According

Figure 6.3: Deformation process of an infinitesimal portion of material

to Eqs. 2.24 and 2,25, the surface defined by the vectors (XM X () and
the volume of dAM, can be calculated as

AXM 5 ax (@
(dxill % dxm)"' dx®

NdI',
a2,

Assume that at the eurrent time ¢ this portion of material reaches the config-
uration d M described by the three differential vectors 5:{(‘),&‘.\:{’) and 6%,
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The current value of the surface and the volume above defined is then given
by
nér Sx(1) 3 px(®
6 = (6xM x 6x2)" 6x@

According to the Lagrangian formulation, these surfaces and volumes are
related as

a6r = JF Nar, (6.19)
o0 = Jd, (6.20)
and their time rate can be caleulated as
;%(ﬁar) = [ﬁ""#.ﬁ?_f] Nar, (6.21)
:;{ME) = divvél (6.22)

In order to prove these statements, we preliminarily ohserve that according

to g. 2.10, i B, 8
i OB Oy By i
“NBX, X, 0x, ~ 4% o
Then, writing in extended form the area expression, we obtain

] = frm‘-f (6.23)

bl = :.;Lém( ﬁ‘h,n = CJ;AH—'!-(LY“) LT d,?('m

ax, OX:
dx, Oy
= _.“L d (g ()
“ikgX, BX, A
from which, premultiplying both sides by x;, and taking into account Liq. 6.23,

dz; Ou; O
f?;'rwr = c,jkE;);'ra;‘a;’:d.xl'm"‘?—c..,. JdxMax?

= jﬁ’,dl‘a
Hence,
ATFST = JNTdD,
WSl = JNTEar,
Rl = JF NdT,
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Writing in extended form the volume expression and taking into account
Eq. 6.23, we obtain

(«&'x“’ X 63:“})1‘ b = epbe Ve Moal) =
O daj @0k ()
= Gikgx, WX gy, K g AN =

dei Oz g oty v 3
= o R ax (Mg x (g x B o
“RBX. DX, DX, ot G Ay
erud dXNAX DX =

— qfdﬂg

641

dx iV

The time rate of change of the area can be found as

! R S e i
é}'ﬁ”: % [.r:r TNdr,| = [J;r "L IF ]th‘u

The time rate of change of the volume can be found as
d d ;= s
7 (60) = = (Fdn,) = Jag,

and, sinee it will be proved in Section 6.5.2 Lhat

j'- = Jdivy
we finally can write
| 1 .
i{ﬁ!! = Jd, = JdivvdQ, = divvd}

6.3.4 Remarks

The relationships presented in Section 6.3.2 indicate that the Green ten-
gor &, or alternatively the Pinite Lagrange Strain tensors £, governs the
relationships between deformed and undeformed geometrical quantities.

In a CaORS, the Grean tensor § is 4 symmetric and positive definite
tensor; in fact,

g ‘fjf = ‘-_;r-r
SXTGEX = ds® >0
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Conseguently, g has always three positive principal values
120126y >0 (6.24)

and three orthogonal principal directions nm Theorem 7.3.1 in [38]. It
is immediately verified that the elements y._, of G are proportional to the
deformation process of the vectors §X oriented as the Cartesian axes. In
facet, let

1}

sx {1,0,0}"
X = {01,007

be two unit vectors oriented as the Cartesian axia @y and z4. Then, according
to the relationship reported in Section 6.3.2,

2 = |dxﬂ)|'
i : §NTGE™ G
= Co “)‘-‘-[3} = = gt :
Y12 (s",8%) Ards (gzlgﬂ)l“
Sinee 1
L=30-1

we can establish that, Theorem 5.6.4 in [38], the Lagrange finite strain tensor
c is, in general, a symmetric matrix and its three principal values .{.., are
related with those of G as

Bys =iy (6.25)

L el

while its principal directions coincide with those of EL_
In general, the Lagrange deformation gradient F is not a symmetric
matrix. Its polar decomposition is given by, Theorem 8.4.2 in [38],

F=RM=NR (6.26)
where:

=f—3—“j"&



6.3, MATERIAL DESCRIPTION: LAGRANGIAN FORMULATION 120

—— =t L nr
N = (ff‘)‘:(;*
R = NM*

M [',"ﬁ(”“"tﬁ'ﬂ')‘H(ﬂl
N = [[0,5®, 59

and Tl are the principal directions of & while 2l*) are the principal direc-
tions of C. We notice that:

e the tensor R, also known as the Lagrange rotation tensor, is repre-
sented by an orthogonal matrix. It may be viewed as the tensor which
rotates the principal axis of @ into the direction of the principal axis
of C.

s The tenaora A4 and .V, also known as the right and left Lagrnge
gtreteh tensors, respectively, are both represented by symmetric and
positive deflinite malrices.

Hernce, the operation . -
bx = FdX = RMdX

may be interpretg_{l g a gtretch by the operator m and then a rigid rotation
by the operator R. Alternatively, the operation

ix = :’:'_"d}{ = Fﬁ;t-x

may be interpreted as a rigid rotation by the operator & and then a streteh
by the operator N N

Finally, notice that / may be expressed in terms of the invariants of §
and of £ as

J=detF = (;f’)* = (14 2017 + 485 + mf’)* (6.27)
where 1% are the invariants of @ and I are the invariants of £, In fact,
we know [rom linear algebra theory that, Theorems 3.5.1 and 3.7.1 in [38],

det(AB) = detAdetB
det AY = det A

for any square matrices A and B. Accordingly,

tlﬂl& = dut(?ﬂr?_) — det?T det F = (det JSE)? = J?
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In the principal direction of @ we have that
J? = det G = (.fl(}:f?;-. = féal
and
To= GiGaGa = [(1426)(1 4 205)(1 + 205)| =
(1 + 285 + 2L, + A5, Ex)(1 4 2L)| =
:1 o+ 9Ly + 25 + ALa Ly + 28, 4 4LV Ly + 4B, B + 3.5;5-;&;] =
= |14 2(E0+ Lot La) + 4 (£fo 4 Ealiy + EsLy ) + 8L EsEy) =
= [14267 + a1 4 817

I

6.4 Spatial Description: Eulerian Formulation

The spatial description concentrates on a region of space of the continuum
M and the motion of any particle P is expressed by equations of the form

X = X(x,1) (6.28)

where x is the location of P at the current time ¢ while X is the location of
Pat i =0,

This description, where the independent variables are the current loca-
tion % and the current time ¢, may be viewed as one which provides a tracing
to its original location of the particle that now occupies the location x. It is
assumed that such a tracing is one-to-one and continuous, with continuous
partial derivatives to whatever arder is required. According to Eq. 6.28, we
have that

X

dX = Fdx + ST (6.29)

= |UX
F= |
[ﬁﬂff ]

is known as the Eulerian Deformation Gradienl tensor. The first term on
the right, namely

where

5X = Fex (6.30)

fraces back the current relative distance dx into the original orie §X in the
undeformed configuration. The condition of one-to-one mapping requires
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the invertibility of F so that the correspondence of any 6X into the current
configuration i unique, namely:

dx = ?'lﬁx (6.31)

A necessary and sufficient condition for the inverse of F to exist is thal the
determinant

J = det F (6.32)

should not vanish for any material point in the eurrent configuration. Then,
for each material point in A4, we have that, Section 6.2:

# The displacement of the particle is given by

u(x, 1) = x — X(x,1) (6.33)

s The relative displacement veetor of the particle P with respect to a
neighboring point is given by

Su(x'”dl

du(x,1) = Udx + 5

iy

(6.34)

where

is known ns the Euler Displacement Gradient tensor,
s The velocity of the particle at P is given by

du(x,1)

v(x,1) = Hv(x,1) + 5

(6.35)

# The acceleration of the particle at P is given hy

dv(x,1)

a(x,1l) = {?v(x,!) + 5

- o
=[]

is known as the Euler Velocily Gradient.

(6.36)

where
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The derivations of the above formulas are postponed to Section 6.4.1. How-
ever, wo notice that the veloeity and the acceleration expressions consist of
two terms:

s The second terms Bufm and dv /O pive the rate of change at a par-
ticular location and, accordingly, they are called local rate of change.

s The first terms v and Vv are called convective rate of change since
they express the contribution due to the motion of the particle in the
variable fiald.

6.4.1 Material derivative operator

Let
J = fix,1) (6.37)

be any continuous function of the independent variables x and 1. Then, it is
immediate to verify that

df = [idz;+ [ydl {6.38)
af
5 = Lt (6.39)
where
=
h = &
8y
fo = B
¥ o= @ —,‘?,,‘l
1 B e af
Maoreover,
(%‘r{ o= favitfavig + Ly (6.40)
iJ
d(f) = [jidui+ faedt (6.41)
{
%(f.:.] = Jaivi+ = (6.42)

= (%) = Lo (6.43)
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where
SN .
JTig = 820z,
?r
lit = poot
gﬂ

vii = 3
o J

The differential forms in Eqs. 6.39 and 6.42 suggest the introduction of the
material derivative operator
d d i
— o e —
dt  dr; a
The application of this operaior to the displacement function u yields to the

velocity expression in Eq. 6.35; then, the application of this operator to the
velocily function yields to the acceleration expression in Eq. 6.36.

(6:44)

6.4.2 FEulerian Tensors
The spatial formulation leads to define the following tensors:

o The Euler Displacement Gradient tensor defined az

% =l | 2N ]

¢ The Euler Deformation Gradient tensor defined as

ox,

F =X = o

which can be alternatively expressed as
F = (1-U) = [fiy - ui]
e The Inverse Cauchy Strain tensor defined as
P=F F= [4\';,.';.?(‘&.;]
which ¢an be alternatively expressed as

C=1-(U+u') +l:lTﬂ' = [8i; =ty = U+ e itep,)
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¢ The Finite Fuler Strain tensor defined as

|
(T=€) = 5 (4 = XaiXy)

o The Euler Velocily Gradien! tensor defined as

=t [gz] < |(3)

which can be alternatively expressed as, Bq. 6.43,

'
=

- o d §
V==U+UV= r‘TI(W"’) -+ “-‘,k“k,j]

¢ The Euler Strain Rate or (streiching) tensor defined as
D= "-('l-’ +¥) = [v-'.: + 5]
which can be alternatively expressed s

= 1. AT | = apar
D = E(U+H)+:§(HV+UH ) =

[ d 1
= g [wij + g + E[u.-,wk“,' + U6 ki)

o The Euler Vorticily (or spin) tensor defined as

.|-l-|. -

-
W= E(V V - E,‘[”H vyl
which can be alternatively exprossed as

(?}‘D V') =

=

g [4i,5 = 'uj..-] + E [0 g j = USRI
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The time rate of the above tensors can be expressed as

i} = (l—ﬂ)f’:ﬁ

F = -l

i AT i o s
C = FFH+F F=-(VCHLCV)
Fu E — o T a~ a

£ = -§=['p—(vs+sv)]

All the above alternative expressions are obtained taking into account that
according to Eq. 6.33

Xig =2 = wily = 21y = vy = by — i

The rate of change expression of the Enler displacement gradient it follows
immediately from Eq. 6,43, Then,

U = vV-uv=(1-u)v=79

F o= S0-)=-l1=-FV

éx GFR)F R TR (30) 54 7 -
= ~[VFF+FFV] =~ Ve

&= L[a-0 --<

In order to derive the alternative expression for £, we have to preliminarily
observe that, according to Eq. 6.12,

B d iz, dv 5?!; dry
dx”'*"‘) - (JJX ‘”‘r) 8x; X1 = gy 5%, 0 =

— CJ | _ "". i
- t?a:k&“ = Vuaozy
that is

—(dx) = Vdx (6.45)
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Consequently,

:
d—‘i(rfx“”'dx”)) - (;—!dx“l) dxt?) 4 (dx“”‘%:ﬁxm) -

1

(fr"rfx{”)q. dx'?) 4 dxMTPax?) =
= dx"D dx® 4 dx""Dax =
dx17 (-‘f;"‘ W -;}) dxt®)

Since WV can be decomposed inte, Eq. 3.3,

V=D4+W

where D and W are a symmetric and a skewsymmetrie, respectively, we

have that
L) (dx7ax®) = x0T (V7 4 V) ax® =
di -
dxO7 (D" + W'+ D+ W) dx

and, being D = D and W= -W', we can finally establish that
d

2. (7 g () = ()P e (2)
- (r.fx idx ) 2elx\ T Ddx
In particular, from this relationship we can write that

d
el

On the other hand, we will prove in Section 6.4.3 that

(ds?) = ;—i(d:r""dx) = 2dx"Ddx

ds* — 657 = 2dx" Edx
from which it follows that

%(daa) = :;% (de"'fdx)

2[(id:¢)Tde +dx"§'d dx"E d { ] =
di X xR Eoix| =

2 [(i‘mx)? Edx + dxTEdx + rtx*‘wa] =

(6.46)

(6.47)
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that is
- (@s%) = 20x" [V'E 4 & 4 ED)| ax (6.48)
Hence, equalizing the above two alternative ex pressions for da® Jdi, we obtain

dx” [ﬁ A (\’b"?: +E+ E‘:i})] dx =0

for all dx, from which we can establish that

or, alternatively,

6.4.3 Measure of Deformation

Let M be a continnum and P,Q and & be three neighboring material points
in M, Fig. 6.4. Let us indicate the distance between these points as:

15
=) R 4 t
A4
P g aq

Figure 6.4: Eulerian description of the deformation process
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o X = X and dx = dx!? the relative distance between P and Q at
time t = 0 and 1, reapectively.

e X0 and dx) the relative distance between P and K at time ¢ = 0
and 1, respectively.

e and, for i = q,7,

gn 3 (1) (1
6500 = -g—}-c-—t.--; dil'l = gx '
[6X)| ||

the unit vectors in the direction of §X() and dx(), respectively.

Then, according to the Eulerian formulation, we can measure their deforma-
Lion process as follows:

s The Undeformed Length defined as
652 = 6X"5X

can be caleilated as
657 = dx"Cdx

In fact,
5% = 6XT8X = dx"F Fdx = dx"Cadx
# The Deformed Length defined as

ds* = dxTdx

and its rate of deformation can be calculated as, Eq. 6.47,
d

- (ds) = 2dx" Ddx

s The Streteh defined as
ya . de? _ dx"dx
T 857 §XTHX
can be calculated as N
A? = (&7¢R)7!
In fact,
2 7 2 -
ils ix dx s = i (ET f.',"zi) 1

V== =

557 T AXTEX  dn'Cdx  5CE
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e The Measure of Deformation defined as
x = ds? = d§?

can be calculated as
X = 2dxTE dx

In fact,

de? — 65 = dxTdx - FXTEX = dx"Tdx — dxTCdx =
= dx’ (1 - E') dx = 2dx"Edx

¢ The Unil Extension defined as
_da—d§

€= —— = A — |

dS

can be ealculated as

In fact,
S\ =1/2
£=A—1:(563J =1

o The Angle Change defined as, Fig. 6.4,
3 = eos(80,50))
can be caleulated as

¥ = AA, (a(o}raa{r)) = Mool

In fact,
AT - WA\ gyxin)
= @,§(n) = §orgm o (XI7) X"
7 oS (S 4 ) Slorg (M(q}) 7607 =

dxTE Fodxr)  galiIgarE g g
§sggltr) T 650 5g(r) =
A A&7 5
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One way of deriving the d{ds®)/dl expression is that reported in the pre-
vious Section, Eq. 6.47. Alternatively, we may derive it by transforming
the expression relative to the Lagrangian formulation. In fact, according to
Eq. 6.12, .

by = FdX
and it will be proved in the next Section 6.5 that the rate of change of the
Green tensor can be expressed as

g =2F DF

Consequently, the Lagrangian expression for d(ds?)/dt, Section 6.3.2, can be
transformed as

Fr+

AXTGdX = (?'lax) G (:?‘m) =

l'l g
EE(&F )

— p—

5" ('f"é:r ') bx = 26%7 Dbk

that is 4 )
I‘fmﬂ) = §XT0X = 2dx" Dilx

Similarly, we can determine the other time rate exprossions.

6.4.4 Surface and volume

Let d M, be an infinitesimal portion of material at time ¢ = 0 defined by
the three differential vectors §X1 §X2) and 6X¥ Fig. 6.5. According to
Eqs. 2.24 and 2.25, the surface defined by the vectors (XM X)) and the

volume of dAM, can be calculated as

eX) x 6x )
50, = (5){“) " ﬁx“ﬂ))? sx

F
=]
=1
[~}

I

Assume that at the current time ¢ this portion of material reaches the config-
uration dAM described by the three differential vectors dx1), dx(?) and dx!3).
The current value of the surface and the volume above defined is then given
by

nér dxM % dx(?)
N = (d'x.'“’ % ﬂ!x(‘))T dx!
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Figure 6.5: Deformation process of an infinitesimal portion of material

According to the Bulerian formulation, these surfaces and volumes are re-
lated as

Nér, = JE Tadr (6.49)
6, = JdO (6.50)

In order to prove these statements, we preliminarily observe that according
to Eq. 2.10,

f}.k‘.- ﬂxj l?.xk [E)X,..] ¥
b s st i - 8 i = .f f.' l
clj-ﬁ' 1’):1:,- Bﬂ:‘q B:C'g St dE ﬂﬂ:n Frial { et )

Then, writing in extended form the area expression, we obtain
i i 3 aX; 10Xk | (2
Nty = eudXVax(? = e rﬂfdﬂ”a—mdzi ! =

aX;0X
o i

from which, premultiplying both sides by X;, and taking into account
Bq. 6.51,

ax; aX; 0X, 8X),

5] I R TP Wi ke S

iz, Mo ‘it By Oz, Ox,

dzf',”d-'l!iﬂ = gmj"d:;:i‘)dmig}
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= Jiidl
Henca,
NTFr, = Jaldr
N”sT, = Ja'F dr
N6T, = JF dl
Writing in extended form the volume expression and taking into account
Eq. 6.51, we obtain
652,}. = (éx(l) W Jx{?,)’l 6}{‘3} - fukﬁa\’;“)#xjﬂéx‘ta) =
X @K, 0Kk, ()
Eijk ir, diey Bz, dax, B, du;"” =
axX; 0X, 0X
Eukm-ﬁi*—k
0-’-E|-r 3;!-, 3-11;
= uddeMdzPdal? =
= Jdf

de Ve P e\ =

6.4.5 Remarks

The relationships presented in Section 6.4.3 indicate that th.eglwamej Cau-
chy tensor C, or alternatively the Finite Euler Strain tensors £, governs the
relationships between deformed and undeformed peometrical quantities.

In a CaORS, the (inverse) Canchy tensor Cisa symmetric and positive
definite tensor; in facl

- = P ~1

E = FF=C
dx"Cix = d§*>0

Consequently, C has always three positive principal values
Ci2C 200 (6.52)

and three orthogonal principal directions i), Theorem 7.3.1 in [38]. It
is immediate to verily that the elements Ci; of € are proportional to the
deformation process of the vectors dx oriented as the Cartesian axes. In
fact, let

dxM = {1,0,0}"
dx? {0,1,0}7
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be two unit vectors oriented as the Cartesian axis ; and z3. Then, according
Lo the relationszhip reported in Section 6.4.3,

A% - M:—_}—
XM ey
Ag == .I_‘..{].‘.-Ef-]-l-:m: :
6X T &y
i = cos(80,8®) = o, nares = Gz

(Ch 1Caa )i/
Since i
E=3(I-C
5(I-¢)
we can establish that, Theorem 5.6.4 in [38], the Euler finite strain tensor

Kl i - - ] 13 =
is, In general, a symmetric matrix and ita three principal values & are
related with those of € as

o} .
& = ;2-(1 =) (6.53)
while its principal directions coincide with those of C.

In general, the Eulerian deformation gradient 7 i not a symmetric ma-
trix. Its polar decomposition is given by, Theorem 8.4.2 in [38],

F=RM=NR (6.54)
wliere:

S g BT S
M = @frﬁ=c=
N o= (FF) =g
R = NM'

M = milllm(*}‘mm]
No= @, 5®)

and m') are the principal directions of € while (") are the principal direc-
tions of €. We notice that:

s the tensor R, also known as the Eulerian rolation lensar, is represented
by an orthogonal matrix. It may be viewed as the tensor which rotates
the principal axes of € into the direction of the principal axes of €.
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e The tensors M and N, also known as the right and lelt Eulerian
stretel tensors, respectively, are both represented by symmetric and
positive definite matrices,

Hence, the operation
X = Fdx = RMdx

—

may he hllulzrpmtﬂ, as a streteh by the operator A4 and then a rigid rotation
by Lhe operator B. Alternatively, the operalion

86X = Fdx = N Rdx

may be interpreted as a rigid rotation by the operator R and then a stretch
by ihe operaior A

Finally, notice that the J we be expressed in terms the C and £ tensor
invariants as

e

J=dmf=(gﬂgz(l—wﬁ+4¢aha$ﬂ* (6.55)
where !f"?’ are the invariants of € and I}E’ are the invariants of £, The proof
is analogous to that presented in Section 6.3.4 for proving Eq. 6.27.

6.4.6 The velocily field

The (current) relative velocity of two neighboring points at a distance dx is
given by
i
tiy = —da
> = Gagrid
thatl 15

bv = Vix (6.56)

where V is the Eulerian velocity gradient tensor. This tensor ¥V may always
be decomposed into

V=D4+W (6.57)

where D is the symmetric strain rate (or stretching) tensor and W is the
skewsymmetric vortlicity (or spin) tensor, Section 6.4.2, Consequenily, the
relative velocity can be allernatively expressed as

v = Vix = vl 4 vl") (6.58)
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where

v = Ddx
svl) = de:ﬁxdx

and w, known as the vorlicy veclor, has componenis defined as, Eq. 3.5,

it = -%f-'ikw.fk - -';l,fua«[”j.k = Uh,g]
From Llit_ strain rate relationships reported in Section 6.4.3, we can verify
that if D is equal to zero, there is no tate of deformation, Conversely, the
rate of deformation is not influenced by W Thus, we can state Lhat D is the
responsible for the whole deformation process while W is the responsible of
a rigid rotational velocity field.

Il the rate of deformation tensor is identically zero (13.-_,- = 0), the motion
in the neighborhood is a rigid rotation and, since in this case vy} = =,
it results

.
W = Skt (6.59)

If the tensor W vanishes everywhere within the field, the velocity field is
said to be irrotational. Necessary and sufficient condition for a velocity field
Lo be irrotational, is the existence of a velocity potential ¥ so that

ﬂl = _q’ﬂ (G'Gn)

In this case,
Vij= 0y

and, consequently, W = O,

6.4.7 The acceleration field

In the Eulerian formulation the acceleration in Eq. 6.36 can be alternatively
expressed as

d )

d—:' = a—‘; + Vv = (6.61)
v 13

= m 4+ 2Wvy 2 — (6.62)

pl

v
= o P 29 X v+ V? (6.63)
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where
Vo= (o)
2W = (v - vyl
q = —%ﬁ'wk(”;.&"’t’kd): "Tlfl'fkm;-"-"'
I fact,
dv,  dv O,

T TR ™
i iy, Bm,) due
(B:n;, = P + Ba; =

— E’T T

Oy 1 gy

= 7+ Wi+ 2 P -
vy . 1 dv?

= B + 2€ikqvn + 3 0z,

since, Eq. 3.5,
Wikt = Cijkttj vk
6.5 Relationships Between the Two Formulations

Both the Lagrangian and the Eulerian formulations require the condition of
one-lo-one mapping, so that according le Eq. 6.12, Lagrangian formulation,

bx = FdX: dX = F 'bx (6.64)
- o,
o

and according to Eq. 6.30, Bulerian formulation,

wliarse
dX = Fbx; fx=F dX (6.65)
where

It follows,
F=F (6.66)
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and, consequently,

J=J"! (6.67)
These relationships allow to relate any previously defined Lagrangian tensor
to the Fulerian ones, and viceversa,

6.5.1 Relationships between the Lagrange and the Euler
tensors

The Lagrange tensors in Section 6.3.1 can be related to the Euler tensors in
bection 6.4.2 as

it |

U = ur (6.68)
— e} |
F = F (6.69)
- T — i —l iy o, PP
¢ = ¢ =(FF)" =F"F" (6.70)
Z = g™t (6.71)
v o= pF (6.72)
and their rate of change as
o - Pl o |
U = P=FUF (6.73)
F o= U (6.74)
- P |
¥ = 2F DF (6.75)
Z 1=
L = =@ (6.76)

Conversely, the Euler tensors can be related to the Lagrange tensors as

i = ur' (6.77)
- e

F=F (6.78)
. | - =] Y

¢ = ¢ =(FF) = FF" (6.79)
g = FEF (6.80)
v o= vE (6.81)
— Y s i T

D = E(v.{-v)::# LF (6.82)
- Foss i

W = ~(P-9") (6.83)
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and their rate of change as

b4 = FE (6.54)
¥ = U (6.85)
¢ = -F T (?"T))”(ﬁ"")]?" (6.56)
X 14

o 6.
s 5C (6.87)

then

L]l L3
I T
Wil 3_-=|.=*=
R

it l-’-’é
Wi t

12
Wl
2w
N
—— ::
NS
~—r

)

]

il

|

=t
I
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and

-

- D= VF
=V

- F

The converse relationships between Fulerian and Lagrangian tensor can be
obtained either by inverting the above found relationship, or as follows.
According to Eq. 6.66

—

F=F
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then

ﬁ:—lf=-—l _n&.?-'=u.7-’

¢ = FE-FTE L (FF) 2o
E = %(I—E) :-"_E(I_E-') = %([—;-T:—FHI ==
_ %Fﬂ-i (3—__‘1?_ l) E_I = %"j_—_-tr (ﬁ . l) ;-1 =?_TEE‘F-‘
3 a du; X Ry =
Vv = ﬁ_ﬁﬁ=v#=vf '
D= (D4D) = L(VE 4 FTY) -
_ %—j__m-r (?1,‘} ; f,:‘—-;,-) F_ %?—T&?-J —FTpF
and
i = Fp=F 97" = F i7"
¢ = - (Vesev)-
= -|0F) @) (7F) T (97 -
& i [-f-r(i—li—’)f'ﬂf—t +?—ﬂ“ ("_7_5_']",3) ?H]J =
= F[E) 4 (7)) F

6.5.2 Remarks

[nterestingly, since

it is possible to express the rate of change of the determinant of 7 as
%(dat?) - .}H: jdivv (6.89)

where

- oy vy By
= { —— s s —
divy rV = = + I, + o

= Y1+ uvaz+ van
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In fact
i d 9wl e o5 E
F = EE)J_“] = I;E'r-‘] = [vy,4]
& — Dv'(x“a) i a”‘(xl!) ﬂ;‘d = "'-_ —
'l‘.’l.J - a;'f_; - amn BJ\,J = VM.:F;J

from which we can verify Eq. 6.88. Then

s d : o dxy Org Oxy |
g B m(dﬂl-;) = EJII,‘I&X}B(\TJ ax, =

i
= (€, 1ea003.K8) =
= erun (B1%a,025 + 10820080 + 21,022,093,
Since, according to Eq. 6.88,
By g = 01,020
the 1st term can be expressed as
Eurci‘i.f"‘mma.ﬁ = R PLaels i stin =
€ (V1% 030 s8a i + V1202, T2, 020K
vy 83,1 22,0%3,x)

but

CranVra®a ®astar = Uiz (F2aZ2a%53 + 22202323 + £330, 83,2+
~Tpalggta = F2%2a%32 — T2a¥3,1%3a) =
= 0

and, analogously,
Craty alt pg y 8 = 0

g0 that
Cpap®1®e o ®a e = CarVi i Be 0T, = V1) det F = Ul.lj
With an analogous procedure we can prove that
bz tan = vazd
enEitaotan = vsal

and, consequently, we obtain that

LY

J

€rom (1,089,003, + Ty, 02,0%3,5 + 1,82, 80,) =

(7 -+ vpa + ”3'3)-T= Jdivv
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6.6 Small Deformation Theory

Usually, engineers solve solid mechanical problems using the so-ealled small
deformation theory. This theory assumes that:

L. the displacement gradient components are small compared to unity,

that is
| 8u(X ) ' 1 |Qudx, 1)
sl = |2 1 Iu-..,lh‘ e ‘-f.:i
(6.90)

2. the displacement field is sufficiently small so that there is very little dif-
ference hetween the undeformed and the deformed configurations and
thus between the material and the spatial coordinates of a continuum
particle, so that

LR P (6.91)

Accordingly, if each of the displacement gradient components u;; is small
compared to unity, the product lerms are negligible and may be dropped,
that is

Wi gt q & W jug, =0 (6.92)

Thus, under the hypothesis of the small deformation gradient, we have that
Fis = by + i, 22 63 Fij = 85 = uyyms by

which implies that the Lagrange and the Euler deformation gradients are
approximately equal to the identity so that we can set

FrixsF (6.93)

and, accordingly, L .
detF = el J=det (6.94)

It is important to underline that the hypothesis of small deformation implies
that the deformation process involves very little change of distance between
two neighboring points, so that

FdX = dX
Fx ~ %

6%
X
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however, the relative displacement
du = dx - dX (6.95)

although small is not null.

Usually, the small deformation theory is presented as a parlicular case
of the Lagrangian formulation. Accordingly, we can say that the small de-
formation theory concentrates on a given body of matter of the continuum
M and the motion of any particle P is expressed by equations of the form

X = x(x,!) (ﬁgﬁ)

where X is the location of P ai the initial time { = 0 while x is the location
of P at the current time £,

This deseription, where the independent variables are the initial location
X and the current time ¢, may be viewed as a mapping of P from its original
position into the current configuration. It is assumed that such a tracing is
one-to-one and continuous, with continuons partial derivatives 1o whatever
order is required. According to Eq. 6.96 and the hypothesis 1, we have that

ix dx
- hitiam Mpareia¥ :
dx = FdX + 51 dt = dX + —d (6.97)

being

s [a; ] 18]

Then, for each material point in A4, we have thal, Section 6.3;
¢ The displacement of the particle is given by
u(X, 1) = x(X,0) - X (6.98)
e The relative displacement vector of the particle P with respect to a
neighboring point is given by

du(X.1)

du(X,t) = UdX + 5

| Ay
= [m l

is known as the Lagrange Displacement Gradient tensor.

it (6.99)

where
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e The velocity of the particle at P is given by

du(X,1)

v(xaf') =u(X,t) = ot

(6.100)

o The acceleration of the particle at P is given by

dv(X,1)

a(X,t) = (X, = ==

(6.101)

6.6.1 Linear Lagrangian tensors

The small deformation theory leads to define the following tensors:

e The Lagrange Displacement Gradient tensor defined as
A
= e |24
(14 [ax,]

s The Lagrange Deformation Gradient tensor defined as

J

B.‘h;
F = [xiy]= [3‘3—] = |
which can be alternatively expressed as
F=1+4+U=[§;+u;)

o The Lincar Green Strain tensor defined as

G=l4+U+U = &+ uy bug) =]
¢ The Linear Lagrange Strain tensor defined as
1 1 !
=g (@=1)= g (M +UT)= 5 [+ uy]
o The Lincar Lagrange Rotation tensor defined as

1 ! 1 .
= 3 (U -U") = 5 (i = uj)
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e The Lagrange Velocily Gradient tensor defined as
24
aX,

& The Strain Rate (or stretching) tensor defined as

V= [vg] =

D= "(V"'vT [”i.:"‘ vl

o The Vorticity (or spin) Velocity tensor defined as
w=twevry= -

2 -2 LB } i

The time rate of the above tensors can be expressed as

U = v
F o= U
¢ = 2D
L =D
It is immediate to verify that the above tensors are the results of the lin-

aarization of the Lagrangian tensors in Section 6.3.1 and of the Enlerian
lensors in Section 6.4.2 due to the hypotheses of the small deformation the-

ory. In fact,

?

il

fE_
- oo | e eres—— |
a* EE
E_-_—.J'I—l

F = [zi4] = = F

G = I4ily z:.z .a'a Rl U =g

Z = %(a_l)=é(~+“Tm*‘“)m;(ma*)=L-
- g |

vV = [UII]_[E::;]=V

and
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.‘7-” 3 ﬂ=f-’§!’l¢'=?:
G = VF4F U=V 4+V=2D=¢
n 8-
= = 5
5 L
Moreover, being
;:Fhlﬂaﬂl
W B &:I};.IHZ}
i - o |
~ §=0 ’=(5?,r’) =1
£ w L=F £7 '~F
V = V=VF =P
and
I.‘rl = ﬁ:?_lﬂ?“'mu
T = g:.’FTﬁf'lm'ﬂ

6.6.2 Measure of Deformation

Let M be a continuum and P, and R be three neighboring material points
in M, Fig. 6.6. Let indicate the distance between these points as:

o dX = dX® and bx = §x(0) the relative distance between P and Q al
time ¢ = 0 and 1, respectively,

o dX) and #‘x(rj the relative distance beiween 2 and R alt time &t = 0
and £, respeactively.

» and, fori = gq,r,

=i 1300 _ sxl0)
g o L& ; 5l = .
x| T

the unit vectors in the direction of X' and fali) respectively,

Then, under the hypothesis of small deformation, we can measure their
delarmation process, Section 6.6, as follows:
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Figure 6.6: Material description of a small deformation process

e The Undeformed Length defined as

ds? = dX"dX
s The Deformed Length defined as

bs* = 6x7bx

regulls to be equal to
5% = dX"GdX

and its time rate to

%m“) = dXTGdX = 2dX" CdX

s The Stretch defined as

results to be equal to I
M= 587¢S
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and its time rate to
‘ iy gy R
57 A?) = §7¢8 = 2(87L8)

The Measure of Deformation defined as
x =63 = d5*

results to be equal to
Y = AdX" LdX)

and its time rate 1o
v = dX"QdX = 2XTLdX

The Unit Extension defined as

bs — dS
ik il
can be caleulated as
¢ §TC8
and its time rate as
i = 8TLS

In fact,

AAXTLAK) = x = bs* — d§? = (65 + dS)(bs — dS) =
= 25(6s — d) = 2d5%¢

from which

dX"LdX  dXTLAX -

_ §Tpa
e 5 e
The Angle Change defined as, Fig. 6.6,
T
W= b

where .
0 = cos™ ! (a4) 501y

can ba caleulated as
a5 2Ly
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and its time rale as
v 72 2y

In fact, according to the hypothesis of small deformation, we can as-
gume that the angle change is small compared to unity, so that

cr:%-ﬂ'mﬂhl(%—ﬂ)=tzu50

and, Section 6.3,

ol = '}va—GﬂfL
gor

o2, ]
(L 2L,)M%1 #2173
= 2Ly

L]

6.6.3 Surface and volume

Let dM, be an infinitesimal portion of material at time ¢ = 0 defined by
the three differential vectors dX(1), dX® and dX®, Fig. 6.3. Assume that
at the eurrent time ¢ this portion of material reaches the configuration dA
described by the three differential vectors 8x(1), 6x®) and #x®). According
io the (finite) Lagrangian deformation, Section 6.3.3, surfaces and volumes
at time ¢ and time { = 0 are related as

BT = JF  NdT.
N = JdSl,

and their time rate ean be caleulated as

d
i ¢
i

&}-(éﬂ) = divvéfd

ATy =

I s =T
JE T 4 JF ]N:ﬂ‘ﬂ

where

dx ) 5 gx(2)
(4% x ax®) T ax®

i

NdI,
r!ﬂﬂ
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and

RéT fx(M) x fx(@
0 = (ﬁx“*x&xf”)’&xm

Under the hypothesis of small deformation, the ahove expressions reduce to

ner = Ndl', (6.102)
0 = df, (6.103)
and
dr—i(ﬁrﬁl') = [(dive)l + V7 Ndr, (6.104)
%{59) = divvéfl (6.105)
since
J = 1
HF__ = 1
.J? = Jdivv = divy
F = v

It is important to underline again that under the hypothesis of small defor-
mation, although describing a deformation process where the initial and the
current configurations are nearly equal, still the difference batween any peo-
metrical quantities of these two configurations is not null, In fact, it can be
shown that the volumetric strain and its rate of change, respectively defined
as

851 — d},

€ —Eﬁ:_ {6.106)
de, '

tu i (6.107)

result under the hypothesis of small deformation to be respectively equal to

v = Lig+ Lo+ Ly=1{" (6.108)
& = Ln+Ly+Ls=L" = divy (6.109)
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In fact, let us indicate

841
fn = a0
¢ = dv=1

According to Eqs. 6.20 and 6.27, we have that in finite deformation

b T = AT - (1_.‘,"3)é = (14207 4+ alfP 4 s,:fff")é

from which we can establish that
($02 — 1) = (v 4 1)(60 = 1) = 2040 4 4057 4 8157
In the hypothesis of small displacement, this expression reduces to
(bo—1)= 19

since 6v = 1, [(? % 17 2 I and {7 = I{".

6.6.4 Remarks

The relationships presented in Section 6.6.2 indicate that the linear Lagrange
atrain tensor £ governs the relationships between deformed and undeformed
geometrical quantities,

In a CaORS, the linear Lagrangian tensor £ is a symmetric tensor and,
consequently, it has always three real principal values

Li>La2 Ly (6.110)

and three orthogonal principal directions n'?), [38] Theorem 7.3.1. It is im-
mediate to verify that the elements £;; of £ are proportial to the deformation
process of the vectors X oriented as the Cartesian axes. In fact, let

dXM = {1,0,0}"
dX® = {0,1,0)"

be two unit vectors oriented as the Cartesian axis z; and 2. Denote by
5% and 6x(?) the respectively deformed vectors. Then, according to the
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relationships reported in Seclion 6.6.2,

Jax] = Jax )

— |,~;x(')| 11
B I o S
Mxﬂ)l
Tiz = angle (ﬁt{”,ﬁx“]) = 2{‘.13

According to Eq. 6.99, the (current) relative displacement of two neighboring
paoints at a distance dX is given by

ou = UdX (G.111)

where U4 is the Lagrange displacement gradient tensor. This tensor &4 may
always be decomposed into, Eq. 3.3,

U=L4+02 (6.112)

where £ is the symmetric linear Lagrange strain tensor and §2 is the skew-
symmetric linear Lagrange rotation tensor, Section 6.6.2. Consequently, the
relative displacement can be alternalively expressed as

bu = Udx = bul® 4 ful? (6.113)
whera

sult) = Ldx
sul"l = $ledx = w x dx

and w, known as the rigid retation vector, has components defined as,

Eq. 3.5,
R 0.

by = = Efuk ik
From the strain relationships reported in Section 6.6.2, we can immediately
verily that if £ is equal to zero, there is no deformation, Conversely, the
deformation is not influenced by £2. Hence, we can state that £ is the
responsible of the whole deformation process while £2 is the responsible of a
rigid rotational displacement field.

The differentiation in time of Eq. 6.113 yields to

bv = Vx = §vl®) 4 4vl?) (6.114)
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wliere

sviv = Px
fvit = Wix = w x dx

and w, known as the verticily vector, has components defined as

1
wi = = eijk Wi

We recognize that the velocity decomposition in Bqg. 6.114 has the same
definition and physical meaning of that in Eq. 6.58,

6.7 Compatibility Conditions for Strains

We have stated in Section 6.2 thal the Continuum Mechanics Theory re-
guires Lhat the three displacement functions in u must be single-valued and
continuous functions of the coordinates, We can rephrase this statement by
saying that any arbitrary set of three displacement functions n can describe
a continuous deformation process provided that u satisly the requirements
of being single-valued and continuous functions of the coordinate. Under
these hypotheses the strain tensors are uniquely defined.

Suppose instead that the strain components are given explicitly as func-
tions of the coordinates. Then, the question that may arise is the lollowing:
whal are the requirements that an arbitrary set of strain component func-
tions must satisfy in order to represent a continuous deformation process?
In other terms, what are the requirements that these strain functions must
salisfy so that there can exist a unigue sel of three single-valued and con-
tinuous displacement functions? The answer to these questions is provided
by the sa-called compatibilily condilions lor sirain,

If the finite Lagrange strain tensor component E,-J- is given explicitly as
function of the coordinates, the search for the corresponding three displace
ment functions w; requires the nnni.empuranéuus solution ol the [ollowing, aix
independent nonlinear partial differential equations

= | !
Ly = 5(“-'..1 + wjp b ek riin, ) (6.115)

The system is Dh‘m‘-dEh-.‘rll‘l!_Imd and will not, in general, possess a solution
for an arbitrary choice of L;; functions. Therefore, the existence of single-
valued continuous solutions 4, must be conditioned by the existence of some
relationship among the L;; functions.
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For our purpose it is sufficient Lo limit the investigation to the linear
T.ugra.uge sfraln Lensor

. 1

Lig= 5(H;J + 15,0 (6.116)
[t can bo proved that the compatibility conditions for £ are given by

Ve:XLXxV,=0 (6.117)

that is

By = Lygz+ Loz = 2L4212 =0
B = Lam+ Langs = 2Ly493 = 0
Ry = Lau+ Ligs = 2L1343 =0
$ = —Luga+ (Ligs+ Lyap —Lagy), =0
Sa = =Lagua+(Liza — Liag+Laag), = 0
Sa = —La+(—Liza+ Liaz + L331)5=10
also known as the St Venani compatibility equations. These gix equations
represent only three independent conditions, since the incompatible compo-
nents Ry, Ry, Ry, 51,52, 53 (which vanish when the strain are compatible)
satisfy the following identities,
fig+ Ssa+ 820 = 0
Ssa+ fag+ 810 = 0
Soa+Rig+ Ry = 0

known as the Bianchi formulas,
The St. Venant compatibility conditions are determined by differentia-
tion of Eq. 6.116. This yields to
1
Lijm = E(“i,;’kt + uyi1)
Interchanging the subscripts we have

1
Lyg; = E(ﬂk.lfj+'l¢¢.kij)

. |
Ly = E(u,,ak.ﬂu,jm)

]

. 1
Cir gt 5 (st + urisn)
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from which we can verify at onee that
Lijur+ Lerdts — Ljtin — Lt = 0

Since there are four indeces, this system represents 3' = 81 equations. How-
ever, only the six St. Venant’s equations above reported are distinet while
all the others are either identities or repetitions on account of the symmetry
of Li; and klin Lij -

It can be proved that, see for example [62] p. 188, the compalibility
conditions are necessary and sufficient conditions for the existence of single-
valued displacements in a simply connected body, but they do nol ensure
uniquenese of the displacement distribution for given strains. Indeed the
displacements are not inigue, since we can always superimpose rigid-body
motion, which changes the displacement and rotation but not the strains.

6.8 Change of Reference System

Let F' = Oxyzyes and F = O0'zfzh2} be two CaORS in relative motion and
indicate their relative law of motion as, Section 4.3,

x = e+ Rx (6.118)
¥ = ¢+ W' —e)+Ri=
= ¢4 Rx+ Rx (6.119)
where
ot
R = |— 6.120
[amj] (fA20)
T e U ]
R" = R ,.[m;] (6.121)
W = RR” = -RR7 (6.122)

and all terms involved are function of time. Let ua denote by

X! =%t =44); X=x(I=1,) (6.123)
ax| i ax,;
(o) = |21 . (o) o |rnl
R\ = lﬂxj]' R [0,«'(,’} (6.124)

the terms relative to some initial t, = L
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Table 6.1: Strain tensor transformation under a change of reference frame

N.B.  R=R{);

R =R{1=0) and

Tensor transformation
Tensors General rule | For R =1 | For R =consi,.= R(?
e e _—
Lmear vector RTR" RTRT .
tranaformation TV Nl i RTR.
Lagrange deformation .

v (e} = =
gradient _F‘f RFR RF RFR’
Lagrange strain RISV ERT - =
Lensor EJ HER “ RLR
Lagrange strain L ; .

oy nte) fRlerr r T
rate tensor L & RCR
Euler velocity ——— - oy

: - '
gradient W i TRYR RVR
Fuler strain RPRT = T
eile bensor ‘Dr ) RDR RTR.
Euler vorticity o o i G
Vapasi W + RWR" | W + RWR, RWR

W= ﬂ.ﬂ.r = =RR7
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Then, it can be proved that the Lagrange and Fuler tensors can be
transformed from F 1o F' according to the rule reported in Table 6.1. In
particular, we are interested in the two types of change of reference reportad
it the last two columna:

& The third column reports the specialization of the general rule to the
case of transformations where al ¢ = {, the CaORF coincide.

s The fourth column reports the specialization of the general rule to the
case of transformations where the reference systems do not rotate one
with respect to the other. These types of transformations include the
case of inertial reference systems, Section 4.4,

The proof of these transformation rules are reported as follows. Congider
the linear transformation of the type

bh=Ta (G.125)
where a and b are two vectors identified in F' as

& = 20 =l
b = ym—y(‘]'

In ' the same linear transformation takes on the form
b’ = Ta’ (6.126)
where
a = x(® 0
K = yfm) - y'l'(l)
According 1o Eq. G.118,
ad = G _x=R (xm - x“}) = Ra
b = y@ -y ® =R (y? - yW) = Rb

The
o b= Rb = RTa = RTR"a’

and, equalizing this expression for b’ with that in Eq. 6.126, we obtain

(T'=RTR")a' =0
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for all a’. 1t follows
T'= RTR' (6.127)

The transformation rule for the Lagrange deformation gradient can be de-
termined according to '

2oy - Oy Hey DX
aX, Oz, 0X, X7,

which, taking into account Eqs, 6.120 and 6.124, can be written as

=) -
Fiy =

F = RFRVT (6.128)

Consequently, the transformation rule for the Green and finite Lagrange
strain tensors ecan be established as

¢ = F'F = ROFRYRFRO) = ROGRE  (6.10)
£ = 3(0'-1)= SROGRO - ROROT) =

= %(E-I)R‘“JT=R{°]ER‘“” (6.130)
A .
£ = ROICRON (6.131)

The transformation rule for the Euler velocity gradient V can be determined
as, Ig. 6.119,

ait de; . iy O,
= . = e — . Ir- A —
e, oa i o', % gz, Be
which, taking into acconnt Eqs. 6.121 and 6.122, and that
¢

7
Iﬂi-j

I

=0

being é; independent on 1':., it can be writlen as
V' = RR” 4 RUR" = W 4 RPR? (6.132)
The transformation rules for the Euler strain rate and vorticity tensors can

be immediately proved taking into account that according Eq. 6.132

!

V = RR"4RURT
S o y S
V' = RR'4+RV'R
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and . .
RR" = -RR’
Consequently,
D = ;—, (¥'+9") = % [(RR7 + RVRT) + (RRT + RV'R"))]
= ; [\'J’ i f:*"] R” = RDR’ (6.133)
ﬁj > E]é(i-)f ~ i-"ﬂ') 5 % [(Rur + R{;’R.q) o (RRT i R.p'i‘ﬂ_‘r')] e
= 5 [RR7 - RRT] 4 SR[V- DR =
- W4+ RWR" (6.134)

Finally, it is of intereat to remark that from the vorticity transformation rule
we can eventually find that

R = WR-RW (6.135)
and also, being W and W both skew-symmetric matrices,
R = -R'W + WRT (6.136)
[n fact, multiplying Eq. 6.134 by R on the right,

WR=RR'R+ RWR'R = R 4 RW

6.9 Strain Invariant Definitions

We have already observed that in a CaORS all the following strain tensors
are represented by symmetric matrices:

s Strain tensors in the material description E.Ej and L.
s Sirain tensors in the spatial description E,E,ﬁ,& anl E
s Strain tensors in the small deformation theory §,£,D,G and £,

Then, each of these tensors has three real principal values and three or
thogonal principal directions. The three principal valies may be determined



6.10. STRAIN VECTOR DEFINITION 169

according Lo the analytical solution reported in Section 3.7 and their geo-
metrical interpretation may be found in Section 3.8
In particular, let us indicate any one of the above listed strain tensors as

L = [Ly] (6.137)
and the relative characteristic equations as, Section 3.5,
PehlP4hl=13=0 (6.138)

where [; and {;, Tor 7 = [, 2,3, are the strain invariants and principal values,
respectively, Associated with L we can define the devialorie strain lensor,
Section 3.6, I

B=1L- IE] (6.139)

The relative characteristic equations is given by, Section 3.6,
e = Jge=Ja=10 (6.140)

where J; and &, for + = 1,2,3, are the deviatoric strain invariants and
principal values, respectively.
An alternative definition of the strain invariants is given by

& = h (6.141)

by = %(:m)"f“ (6.142)
1 HEVE

G = :—,a.rcsin (—i;‘;-—_-};‘;%) (6.143)

which, clearly, are strictly related to the octahedral components of L, Sec-
tion 3.8. Usually, ¢, is called volumelric strain invariant and ¢, is called shear
stratn invartant, Strictly speaking, these names find a physical justification
only in the case of the small deformation in whichL = £ or L = L.

6.10 Strain Vector Definition

For each of the symmetric strain tensors listed in Section 6.9, we can define
a strain veclor and a relative deviatoric strain veclor as

€ = {Lyy, Loz, Lag, Lyzy Lygy Ly y Ly Lays Lga} ™ (6.144)
e = (B, Ly, Eg, B Ehs, By, Eysy Esy Ex ' (6.145)
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According to this definition, we have that
=ty o
£=e+m? (G.146)

whaore
m={1,1,1,0,0,0,0,0,0}"

and the strain invariants can be indicated as the results of the following
veclor operations

I = m'e (6.147)
Jy = %e*'e (6.148)
and
&, = me (6.149)
o = (%ere)’ (6.150

Moreover, the tensor operations

can be indicated as

3 (6.151)



Chapter 7

Force and Stress in a
Continuum

7.1 Introduction

In Continunm Mechanics the term free body denotes  portion of continnum
instantaneously bounded by an arbitrary closed surface. This closed surface
can consist of part of an actual bounding surface of the medium, but it may
be whelly or in part an imaginary surface within the medium. According to
this definition a particle is the smallest free body in a continuum.
Let AM be a free body of A of volume A and mass Am. The quantity
Am

T rar— *

d AD (7.1)
is defined as the average density of the free body AM. Accordingly, the
density of a particle results to be given by

Am  dmi
)= lim —— = — T2
olxt) = Um os = 0 1)
where df2 is the infinitesimal volume of the particle currently located at x,
Fig. 7.1,
Hence, in Continuum Mechanics the mass of a particle dP of a continuum
M results to be equal to
dm = p(x,1)df2 (7.3)

where the mass density
o= p(x,t)

171
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Figure 7.1: Spatial domain at two distinct times

is a continuous function on the spatial and time domain of M. Each par-
ticle dP of M is assumed to obey Newion's laws of motion, Section 4.5.
Consequently, by paraphrasing all the mathematical procedures reported in
Chapter 5 for the case of a system of interacting particles, we can eventually
agtablish the mechanical principles governing a continuum.

7.2 Continuity Equation

In general, we can state that the mass of & material point dF in a continuum
M at time § = 0 ig equal Lo

dm, = p(X, 1 = 0)dS2, = p, di, (7.4)
and at time ¢ Is equal to
dm = p(x,1)df = pdQ (7.5)

where, Fq. 6.20,
dQ = J df,
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One of the fundamental assumptions of the Continunm Mechanics Theory
is the so-called Principle of Clonservation of Mass according to which

dm = dm, (7.6)
that is
dm = pd§l = p,dQ, (7.7)
From this prineiple it follows the Conlinuily Equation
dm d

and the following its equivalent forms:

# The Lagrangian form of the continuity equation

0o = pJ (7.9)
or equivalently i
aw) =10 (7.10)

which can be immediately derived from Eq. 7.7.
s The Eulerian form of the continuity equation

:—f+gdivv=0 (7.11)
or equivalently
%— + div(pv) =10 (7.12)
which for homogeneous material may be specialized into
%’+gdivv=0 (7.13)

These forms can be obtained from Eq. 7.8 recalling that, Fq. 6.22
1 d

= (f(}) = (]

0 ) = iy
In fact,
il B i
di di
. , idp .
pdft 4 pdivvdQ = = + pdivv| dQ

o= (0d92) = ;_irm+¢:£é i) =
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anil

dp dp  dp dx v

0 = livy = == 4 L=
a Hedivy= S v s
HQ 3(! (‘?1:, 39

An important mathematical consequence of the continuity equation is given
by

il
dt

where Ty;..(x,1) represents any physical quantity (per unit mass). In fact,

0T (%, 1) ) = p [’f’;,-..,{x,t)] 0 (7.14)

L3 A l‘ [
QLJ...dﬂ 7t Q‘Ifju. d$Y 4 #ﬂjul}%‘f df) =

6T d 4 T35 d 4 T div v dS2 =
[6+ odivv]Ty... d2 & pTi;.. dS2 =

| S—
77 0T, 1) d]

d
= 0 [T, 1)] 0
being
g4 pdive =10
Finally, we notice that in an incompressible material
do "
78 =) (7.15)

from which we can establish that in an incompressible material

1

= d! L (d0) = divy =0 (7.16)

7.3 Kinetic Quantities
Let M be a continnum and 4P be a particle of M of mass
dm = pd§?

Analogously to the case of a single moving particle, Section 7.3, the kinetic
quantities which can be associated with dF are, Fig. 7.2:
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Figure 7.2: Kinetic quantities associated to a particle in a continuum

s The momentum defined as product between the mass and the velocity
% of P, namely
dp = dm % = px dQ

s The angular momentum about any given point D defined as the mo-
ment of momentum of P,

dv =d x dp = p(d x X)dQ
s The time rate of momentum defined as the time derivative of the mo-
mentum, namely
| iy = Sy
ai\p) = e
which, according to Eq. 7.14, can be alternatively expressed as

d
Ll doy = pl
==(dp) = gRdld

s The time rate of angular momentum about a given point D defined as
the time derivative of the angular momentum, namely

i
L (iy) = Lot x ) d)
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which, according to Eq. 7.14, can be alternatively expressed as
i 1 .
) = [é(d X :‘c)} A = p(d x % + d X %) dQ2

s The kinelic energy defined as the scalar component of p in the direction
of the motion %, namely

deth) = %d]:":k - %m&“ ds?

Integrating these elemental quantities over the spatial domain 2 of the con-
tinuum A we obtain the total mass

i =-/¢-i dm = /“(:dﬂ (7.17)

and the following total kinetic guantities:
o The total momentum defined as

=d=f'dﬂ
p_/p | ok

& The tolal angular momentum about a given point D defined as
-y:/dﬂy=j pld % %) dQ
0

& The lotal time rate of momentum defined as

.= A d [t
b= dp_m‘/;_‘gx a9

which, according to Eq. 7.14, can be alternatively expressed as

p = () ey
p fn pX

# The total time rate of angular mementum aboul a given point [ de-
fined as

) i
y= = [dy=— [ p(dx#)d
) ds["" dtfn‘-’( R E)an
which, according to Eq. 7.14, can be alternatively expressed as
; d . {22 i
Y= j‘;sﬁia(d X x)df) = l/ﬂg(d ¥ % d x#)d
o The total kinetic energy defined as
tka_/dm_l/ 2 40
e\t = e\ = i
2 u@
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7.4 Center of Mass

Analogously to the case of a system of discrete interacting particles, the
center af mass ov eentrebd of a conlinunm is defined as that point C having

position vector,
/gxdﬂ
(7.18)

c= =
pdfl
Q1

It is possible to verify, with a mathematical procedure analogous to that
reparted in Section 5.3, that if £ is the relative position of the particles in
the continuum with respect to the center of mass 7, so that

x=c4 £
then the following quantities are null

[ etda= [ otan= [ otan =0

Consequently, all the total kinetic quantities associated with a continuum
defined in the previous Section 7.3, can be expressed as follows:

¢ Total momentum
p= / dp = me

s Total angular momentum about a given point D
v = fdf'r = m(d x -E:)+Lr‘»(£ X é)fm
¢ Total time rate of momenium
. f —
p=a dp = mé¢

s I'otal time rate of angular momentum about a given point [ defined
a5

'=%j&1=mdxa+mmxm+fgmxémn
il
e Total kinetic energy as

W — [k = L l/ 2
¢ frhe‘ Emé 4 3 ﬂge d$d
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We remark that all the above relationships contain iwe distinet terms:

s Lhe first one concerning the motion of the center of mass in which the
total mass m of the continuum is supposed to be concentrated;

e the second one concerning the relative motion of the continuum with
respect to the center of mass,

7.5 Mechanical Quantities

In the Continuum Mechanics Theory, forces may be classified ag external
Jorees acting on a free body or as internal forces acting between two parts of
the free body. The external {orces are then classified into two kinds, Fig. 7.3:

Figure 7.3: External forces acting on a free body.

e surface Jorces which are contact forces acting on the free body at its
bounding surface; these forces are usually reckoned per unit area of
the surface across which they act, namely

df = tdl'
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where t is known as the fraction foree per unit arca or simply stress,

e body forces which are action-at-a-distance forces acting on the elemen-
tary particles inside the free body; these forces are usually reckoned
por unit mass, namely

df = pb dQ)

where b is known as the body foree per unit volume.

Thus, on a particle dP of a continuum M may act an elemental force and
torque respectively equal to

tdl' 4 pbdQ (7.19)
dx df = (d x t)dl'+ p(d x b)dQ2 (7.20)

df
A

[

Internal forces have been defined as the forees acting between two parts of
the free body. However, each of any two parts of the free body is a free body
itself. Then, the internal foree may be still considered as an external force
which one of the parts of the free body exeris on the other part.

In Continuum Mechanics it is postulated that internal forces vary con-
tinuously in the medium, Moreover, it is also postulated the validity of the
Newton's laws, Thus, if at every action corresponds an equal and oppo-
site reaction, then, as for the case of a system of interacting particles in
Seclion 5.5, the resultant of all internal forces and moments are null. Ac-
cordingly, the resultant of the force and torque fields acting on a continuum
are respectively equal to the resultant of the external force and torque fields,

g0 that
£ = /r&f = [ tdl + f} oh d9) (7.21)
. " {
A = fd.\=]r(d)-ct)dl'+f{_a(dxb}dﬂ (7.22)
1
Moreover, since according to the 2nd Newton’s law
i
df = a(ﬂ!p) (7.23)

it follows that the above defined total mechanical quantities are related to
total kinetie quantities defined in the previous Sections 7.3 and 7.4 as fallows

f = p (7.24)
A= 5= d x %) dS 1
i fng( X %) dQ (7.25)
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Equalizing the above alternative expressions for f and A we oblain
/tﬂ+ phd2 = p (7.26)
r 0

dxt)dl
j]‘[ % t)e +fn.gb(dxh}dﬂ

#—Agﬁxiﬁﬁ (7.27)

where p and ¥ can be equivalently expressed as

. & d,.
g = -/‘;gxdﬂ_mm(c)

& /mdxi+dxﬁ”ﬂ=
{1

meEqudxm+/QWxEMﬂ

7.6 Mechanical Principles

From the relationships between the mechanical and kinetie guantities re-
ported in Eqs. 7.26 and 7.26, we can establish the following principles gov-
erning the motion of a continuum,

Theorem 7.6.1 (Linear Momentum Principle). The resultant external
foree acting on a continuum free body size equals the lime rate of change of
the total momentum of this continuum, that is

i
£ d bM:-['
-/I‘ f”‘-l-fng ‘ pr ngxdﬂ

ar, equivalenily, d
f!.d[‘-l—/ pbdQl = —(mé)
. | di

where ¢ represents the location af the center of mass in which we may suppose
to concentrale the total mass
m = f p S
{1

Theorem 7.6.2 (Principle of Conservation of Momentum). If the
resuliant external foree acting on a continuum free body s zeve, then the
total momentum remains constant, that is

x dfl = const.
Agx cons
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ar, equivalently,
mé = const,

where ¢ represents the localion of the eenter of mass in which we may suppose
lo eoncentrate the tolal mass

m = / odfl
0

In such cage, therefore, the center of mass preservea ils atate of rest or
malion with constant velocily,

Theorem 7.6.3 (Angular Momentum Principle). The tolal external
torque acting on d continuum [ree body about the origin of the CaORS, or
uboutl the cenler of mass, equals the lime rate of change of the angular mo-
menl, thal is

. _d .
fr(xxt)dI | /ﬁp(x}cb)dﬂ_ dt.fﬂg(xxx)dﬂ

Theorem 7.6.4 (Principle of conservation of angular momentum).
If the total external torque acling on a given conlinuum free body caleulated
aboul the origin of the CaORS, or aboul the center of mass, ts equal lo zero,
then the angular momentum remains constant, thal is

fnatx X x) df) = const

7.7 Cauchy Stress Tensor
In Section 7.3 we have defined the quantity
df = tdl’

as the force acting on an elemental surface dI' of a free body, Fig. 7.3.
The traction foree t has to be interpreted as a continuous quantity in the
continunm whose value depends on the position and on the orientation of
the surface dI'. Then, congider a material point dF and let be:

e & dl';, for i = 1,2,3 the three mutually orthogonal elemental areas
at d P parallel to the Cartesian coordinate plane.
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o tl1) the traction force of vector components
t = g, 00, 703}
acting on the area 80 dI;,

It is possible to prove that the traction force t acting at dFP on a surface
ndl' ean be caleulated as

t=7T"h (7.28)

where ¥
T= tm,’hm,tta)] = [ay;]

is known as the Cauchy siress vensor. In fact, consider the so-called Cauchy
tetrahedron shown in Fig. 7.4.  If nAl s the area of the base of this

Figure 7.4: The Cauchy tetrahedron.

tetrahedron, where nis the unil normal Lo this base, then;

o the area of the other three faces perpendicular to the coordinate axis
can be caleulated as

AT; = 8"eAT = ;AT (7.29)
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¢ The volume of the tetraliedron can be caleulated as

Al = %AF (7.30)

where h is the distance of the vertex P from the base AT,

According to the Linear Momentum Principle, Theorem 7.6.1,

/ri- dl' = mé¢ - /ﬂ b d

from which, applying the Mean-value Theorem of the Integral Caleulus to
the integrals over the face and the volume of the tetrahedron, we obtain

i
tar =S iAr; = #(é - BAD (7.31)
1]
whepe

o ©and T are the average values of the traction forces over the base
and over the other three faces of the tetrahedron, respectively.

» 7 and b are the average values of the mass density and of the body
forces over the volume of the tetrahedron, respectively,

Expressing in AT and A in Eq. 7.31 as in Eqs. 7.29 and 7.30 and, then,
dividing the resulting expressions by AI', we obtain

3
6= 3T = (¢ - B)

il

h
3 (7.32)
The above equation is valid for any size of the tetrahedron and, in particular,

for h — 0 the tetrahedron reduces to the material point P, In Lhis case we

have that _
t= 405 + ™5, + 1™, (7.33)

proving therefore the tensor relationship in L. 7.28.

7.8 Piola-Kirchhoff Stress Tensors

We have defined the contact force as, Section 7.5,

df = tdl’ (7.34)
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where the traction t may be caleulated as, Lqg. 7.28,
t=T'n

and T is the Cauchy tensor while i is the unil vector orthogonal Lo the area
41 defined in the current t‘Pl'Iﬁgur&Lh)h. Alternatively, we can define df in
terms of undeformed area N dI', as follows:

e lst Piola-Kirchhofl definition
df =t dr, (7.35)
where the traction t) is defined as, Fig. 7.5,
glo) = ety
and T ig the fat Piola-Kirchhoff stress tensor defined as

70 = JF ' = 2F T
e

¢ 2nd Piola-Kirchhoff definition
df = Fdf = Fdl', (7.36)
where the iraction t is defined as, Fig. 7.5,
t=7T N
and 7T is the 2nd Piola-Kirchho[f stress lensor defined as

F=JF TE = %‘:&"'“T:Tr"“

where F is Lagrange Deformation Gradient tensor, Section 6.3.1. Notice
that for 7 symmetric tensor, T results to be a nonsymmetric tensor while
T vesults to be a symmetric tensor.  From the above definitions it follows
that the Cauchy tensor can be alternatively expressed as

T = f—?ri*l=j‘f"fm (7.37)
(0]
T = LFEFF S JF TF (7.38)

2o
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22

\
Ny B

w df

Figure 7.5: Force vectors for Piola-Kirchhofl stress definition

and the two Piola-Kirchhioff tensors are related as
e = FE FF" (7.39)

.

T = TOFET = gEF" (7.40)

where F is Fuler Deformation Gradient tensor, Section 6.4.1, We notice
that under the hypothesis of small deformation, Section 6.5, where

J= 1 =]

Fe 1 =F
the 1st and 2nd Piola-Kirchhofl stress tensors are approximately equal to
the Cauchy stress tensor T .

In order to prove the relationships of the Piola-Kirchhoff stress lensors
with the Cauchy stress tensor, we have to recall that deformed and unde-
formed areas are related as, FEq. 6.19,

ndl = JF 'Ndr,
Then, according to the 1st Piola-Kirchhoff definition,
tdl =t dr, = TER T,
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from which
pdl' — M dr, = TR — TN AT, =
= TTJF NdI,- TY'Ndr, =
JTtFE - TM"‘] Ndl'y =0

for all NdI',. Tt follows that
Tr

TOT — JTTFE

that is
Tl = JF'T

According to the 2nd Piola-Kirchhoff definition,
tdl' = Fidl, = T NdT,
from which
tdl' = Fidl, = T'adl = FT Ndl, =
= T'JF "Rdr, -FT"Ndr, =
= [JTT‘.T_:-T - ﬂ.?"_"i-"r] ﬂf“.'a =10
for all ﬁdh. It fallows that
FT = JTTE "
that is _
F=JF oF "
7.9 Co-rotational and Convected Stress Tensors

Let F' = Qxywgwa and F = O'z{ahal be two CaORS in relative motion and
indicate their relative law of motion as, Section 4.3,

x = c4Rx (7.41)
% = &4 W(x' - ¢)+ Rk =&+ Rx+Rx (7.42)

]
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where
4
R = ‘9“_]
di;
aF [m,]
w = R7 = ~RR7Y

and all terms involved are function of time,
The Cauchy stress tensor T, being a linear operalor relating n to t,
Eq. 7.28, transforms according to the rule, Table 6.1,

T'=RTR" (7.43)
Consequently, its rate of change transforms according to this rule
7'=RTR' + RTR” + RTR" (7.44)

In Continuum Mechianics it is interesting to define stress rate tensors which
under a change of CORF transforms according to the rule

= RTR" (7.45)

This need has led to the definition of a class of stress tensors among which
the best known are:

o
e the co-rotational stress lensor T defined as

1] . o ——
T=T+TW-WT (7.46)

o]
s the convecled siress tensor T defined as

T=T+TV+ VT (7.47)

whaere
” EJ
D - ii: )
= g
W = %(ir-i:"')
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are respectively the Euler Velocity Gradient, the Stretching and the Spin
tengors, Section 6.4.2. IL can be proved thal these two slress rale lensors
are related as

a o T b
T=T (DT + TD) (7.48)
The co-rotalional stress rate tensor 7 is found by noticing that:

e Since D and W are respectively symmetric and skew-gymmetrie ma-
trices,

23
|
yz
e

|
3
W
1:::
I
=1

s According to Eqs 6,135 and 6,136,
R = WR-RW
R” = WR" - RTW'
where W' is the Spin defined in F.
Then,
7' = RTR"{RTRT+RTR? =
= (WR-RW)TR" + RTR" 4 RT (WR' - R"W') =
= WRTR" - RWTR" + RTR” 4 RTWR” - RTR™W =
= WT'+R(-WT + T+ TW) R - 7%
from which
T'-WT + TW =R (T - WT + TW) R
that is
@ o
T'=RTR" (7.49)

0
The convected stress rate tensor 7 may be then obiained noticing that

i

T = T-WT+TW=T+W T +TW-=
T4V -D )T+ T(V-D) =
(T+V'T+TV)— (DT +TD) =

T (DT + TD)

Il
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and that the quantities DT and TP transform according to the rule

DT = (RDR")RTR')=RDTR"

7D = (RTR')(RDR')= RTDR"
Henee,
3 & .
T'=R TR (7.50)

7.10 Cauchy Equations of Motion and Equilib-
rium

The linear momentum and angular momenium principles state that in a free
body Theorems 7.6.1 and 7.6.3,

i
bl _/ bdﬂ~-—f cd) = 0 (151
,/r‘" dl' -+ uﬂ b ﬂpxrm ( )

a0 d . _ i
/r(xm)(ﬂ + fng(xxh)dn_m I[}@(x)cx)dﬂ = 0 (7.52)

Accordingly, we can establish that in any material point of the free body,
Cauchy Equations of Motion and Equilibrium,

VIT +of = 0 (7.53)
T = TT (7.54)
where
f=hb-i
that is
36"
_ﬂ i = “F"
Tii = O (7.56)
with
fi = b = &
These equations are obtained recalling that
L = nyoy (7.57)
./:- g dD = /1 A 4 (7.58)
1 x
é[@.ﬂ'j...dn = pr.-‘,-...dﬂ (7.59)
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as established by Eqs. 7.28, 2,41 and Eq. 7.14, respectively, Then, according
Lo Eq. 7.51,

0

& f
fr;.dm/ﬂgb;dﬂ—a_[ng:c.rtsza

fr njajidl’ 4 L pbi dS2 - L P dQ =
j;ll‘-’iid + p(bi = ;)] ds2

for all §2; this implies that

%5iq + elbi = &) =0
On the other hand the terms of Eq. 7.52 can be explicited as
-/I"‘(x xt)dl = ‘/I-‘E,'j):,-.'l.-’jﬂk dl' = -/;C[l;kirjﬂ‘,ﬂm dl' =

j‘;(fuk-ﬂjm).a dQ} = L k(@5 k + 2044, ) dSL =

/nh'jk{ﬁjjﬂxk + I;ﬁdnk.ﬂ) di} =

A; lij.’l‘(“}k + mjank.n)dﬂ

/.\,’?(H * b)d§2 f{?f,‘jkaﬁjbkdﬂ

{1 il
“/ % X %) dQ) ‘If b d) j i 1) d)
2 - i F o ey
7 ﬂp( x T ) Ok nedt(ei,wm)

_/“ el E iy + 2@ ) d = A P T g S

I

go that

0

il

il g
./l'-‘{ijkmjtk dr 4 ./‘;QE”;-IBJ'EHE if2 — m‘/ﬂ PEi Rt T df =
. /ﬂ Ciik(Tin + 200k, ) A2+ fn peiski by di) ~ _/‘;acuw;h df2 =
= /{; Cigh {0k + 5 [Oa0 + 0(by = y)]} d2 =
= €0k df)
./:_‘ kT ik

for all £2; this implies that
ffjkﬂ'jk = {)
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that is
Tk = Ok

The Linear Momentum Equation in Eq. 7.51 and the relative Cauchy Fqua-
tion of Equilibrium in Eq. 7.53 are given in terms of current quantities,
Eulerian formulation, The correspouding ones in the undeformed configura-
tion, Lagrangian formulation, may be obtained setting

x = x(X)
b = bx(X)]

and recalling that

tdl' = tdr, = 7N,
pidfl = p,dSd,

as established by Iq. 7.36 and Eq. 7.7, respectively. Thus, Iig. 7.51 can be
transformed as

f £) dr, f 2ob) da, - & f 2ok dR, = 0 (7.60)
{1 {i I'H i

and, following a mathematical procedure analogous to that above reported,
we can eventually establish that

ETE 4 10 =0 (7.61)
where
f-{n) =phl) _ &
that is -
da'y) @ _
X, ‘o fi =0 (7.62)
whaere

7.11 Stress Invariant Definitions

We have proved in Section 7.10 that in a CaORS the Cauchy tensor 7 is
represented by a symmetrie matrix. Consequently, also the following stress
tensors result Lo be represented by symmetric matrices:
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# The 2nd Piola-Kirchhofl stress tensor T,
. . o o
¢ The rate stress tensors T, T and 7.
Then, each of these tensors has three real principal values and three or-
thagonal prineipal directions. The three principal values may be determined
according to the analytical solution reported in Section 3.7 and their geo-

metrical interpretation may be found in Section 3.8.
In particular, let us indicate any of these two stress tensor as

T = [Ty] (7.63)

and the relative characteristic equation as, Section 3.5,
=Lttt ht-ti=0 (7.64)
where [j and &, for i = 1,2,3, are the stress invariants and principal values,

respectively. Assoelated with T we can define the deviatoric stress lensor,
Section 3.6,

I
S=T- IE' (7.65)
The relative characteristic equation is given by, Section 3.6,
R Y R = (7.66)

where J; and s, for { = 1,2,3, are the deviatoric stress invariants and
principal values, respectively.
An alternative definition of the stress invariants is given by

I
p = = (7.67)
¢ = (319)'* (7.68)
s V3 Uy
g = Emﬂﬁlﬂ (—TJ:?T) (759}

which, clearly, are strictly related to the octahedral components of T, Sec-
tion 3.8, Usually, p is called mean pressure and g is called shear siress
invariant.
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7.12 Stress Vector Definition

For each of the symmetric atress tensora listed in Section 7,11, we can define
a stress vector and a rvelative devialoric stress veclor as

o = {Ty,T, T, Tias Tia. Tor . Tog, Ty Tz} (7.70)
8 = {Ps'llrSﬂ!ib'BHv'gliﬂglﬂ|Sﬂlpsﬂﬂolgﬁhsﬁﬁ'}w (7‘T1)

According to this definition, we have that
@ =8+ mp (7.72)

whera
m = {1,1,1,0,0,0,0,0,0}"

and the stress invarianis can be indicated as the results of the lbllr.)wiug
vector operations

L = m'e (7.73)
-
J3 = is’u (7.74)
and
; e
p. = smia (7.75)
¢ §
g = (gnTa) (7.76)

Moreover, the tensor operation
et =Ti'T
can be indicated as

e’ =eo'o=5"s43p = gq* + 3p? (7.77)



194 CHAPTER 7. FORCE AND STRESS IN A CONTINUUM



Chapter 8

Mechanical Energy
Principles

8.1 Introduction

This Chapter presents the concopts of work and power in a continuum sub-
jected only to mechanical quantities. The basis for all the mathematical
developments Is given by the Theorem of Siress Mean, Section 8.2, Two of
the possible specializations of this theorem yield Lo the so-called Principle of
Virtual Work and Principle of Virtual Power, Sections 8.3-8.4, These prinei-
ples are not actually energy principles because they relate fictitious (virtual)
work and power made of not necessarily real quantities such as kinematical
admigsible displacement (veloeity) field and dynamically admissible stress
field defined as follows:

o A dynamically (statically) admissible stress field is one satisfying the
equation of motion (equilibrium), Section 7.10, in the interior of the
body, and boundary conditions 778 = t (or TN = t{2)) wherever
any boundary tractions t (or t/)) are preseribed.

o A kinematieally admissible displacement (velocity) field is one satislying
any prescribed displacement (velocity) boundary conditions and pos-
sessing conlinuous first partial derivatives in the interior of the bady.

However, these principles are the fundamental variational principles and
play a prominent role in Continuum Mechanics. For example, the Principle
of Virtual Work finds extensive applications in linear structural analysis as

195
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as in the limil analysis theory of rigid perfectly-plastic solid materials, [17].
Moreover, it may be used as the fundamental variational principle from which
derive the numerical formulation for the complete solution of nonlinear solid
medium problem, [40],

Finally, when these principles are specialized for the actual displacement
and velocity fields they yield to the (actual) work and power principles for
a continunm subjected only to mechanical quantities, Seclions 8.5-8.7.

8.2 Theorem of Stress Mean
Let M be a continuum of volume £ bounded by a surface
P=Ty+ T,y

and

t = Ti (8.1)
f = b-% (8.2)

are a given set of traction and body forces acting on I'y and 2, respectively.
Moreover, let be:

e = (x) a continuous function in §2.
o  possesses 1-8t order derivative in {2,
¢ =0 on ', where the iraction forces are not prescribed.

If
T = o]

is a dynamically (statically) admissible Cauchy stress tensor for M, then

L df f dl' = j oy dS) 8.3
j;vwf af, | g o Pl (8.3)

for any arbitrary function . Conversely, if the identity in Eq. 8.3 is veri-
fied for all possible choices of function ¢ respecting the three above listed
conditions, then 7 is a dynamically (statically) admissible Caunchy stress
field.
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In fact, direet proposition, il T is a dynamically (statically) admissible
stress field, then it satisfies the Cauchy Equation of Motion ( Equilibrium)
in Eq. 7.53 and, therefore,

/ﬁ elogi + ofi] dt =0
for any arbitrary function . Since the first term can also be oxpregaed as
@050 = (P0,) ;= 8,050
the above integral may be written as
A (a5 = epfi) dQ = fﬂ (paji) ; dS2 (8.4)

The term on the right-hand-side can be transformed into an integral over
the bounding sutface I through the Divergence Theorem, Eq. 2,40, namely

fﬁfﬁ(“ﬁ),,- dQ =A i dl

and, according to Eq. 8.1, we also have
/:pﬁ_,-a,-g dr wa,-fﬂ"=/ wt; dl’
I r Y

/; pla), St = fr ptyar (8.5)

Substituting this expression in Eq. 84, we obtain the identity in Eq. B.3.

Conversely, inverse proposition, assume that 7 is a (symmaetric) stregs
tensor field respecting the identity in Eq. 8.3 for all possible choices of fune-
tion @ respocting the above listed conditions, Then, by adding and subtract-
ing i e in the surface integral we obtain

/ o fi A f Pt — Rye) dT + [ TR f o dSt  (8.6)
2] i I i1

s0 that

The second surface integral on the left-hand-side can be transformed into a
volume integral through the Divergence Theorem, Eq. 2.40, namely

-/l"n pho;dl’ = ./r.‘wﬁjrrjf dl' = _/:-]("'M-"")J dfl =

= /ﬁ (a5 + paji ;) dQ
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Substituting this expression in Eq. 8.6 and eliminating the common terms,
we eventually obtain

4 @ (ti = Ajai) dI' + fuw(djd.j +ofi) dit =0 (8.7)

If this condition is verified for all possible choices of function ¢ respecting
the three above defined conditions, then the term in parenthesis are inde-
pendently null. That is, 7 is a dynamically (statically) admissible stress
field. .

The result in Eq. 8.3 is known as the Theorem of Stress Mean and the first
formulation may be traced back to ihe original works of Castigliano, later
extended by Signorini, [87]. In terms of material coordinates, Lagrangian
formulation, the Theorem of the Stress Mean takes on the form

] oo dS2, + f watle ur, = f 2Tl a2, (8.8)
{1a s s
where
o = p[x(X)]
and

tlel = gliry
o) = pl) - %

and T is a dynamically (statically) admissible 1-st Piola-Kirchhoff stress
ficld, Seetion 7.8. The mathematical proof of this identity is analogons lo
that above reported.

8.3 The Principle of Virtual Work

In general, the Principle of Virtual Work establishes the identity
SWE) o sl . §ele) (8.9)
where
o AW is the virtual work done by the external forces;
o 6WU) s the virtual work doune by the internal forces;
o 6&1) is the virtual variation of the kinetic energy.

The explicit expression for these terms depends on the choice of the reference
state, deformed or undeformed configuration.
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8.3.1 Deformed configuration

The Theorem of Stress Mean in Fq. 8.3 specialized for ¢ = du;, an arbitrary
kinematical admissible virtual displacement field, leads to the following form
ol the Principle of Virtual Work

SWEY — spll) 4 ge(k) (8.10)
where
swie) = fghT.surm+ / ¢ budl
Y JI0
sl = Lf:ﬁzdﬂ
e = f o hu S
1)
and

| [ Obug) | D(buy)
b= [E ( iy * iy ).|
is the virtual variation of the symmetric Linear Lagrange Strain tensor.
The identity in Eq. 810 is verified for any dynamically (statically) ad-
missible stress field 7 and for any Kinematically admissible displacement
field du. Conversely, if the identity in Eq. 8.10 is verified for all kinemati-
cally admissible displacement field édu, then the stress field T is dynamically
(statically) admissible.
It is important to remark that:

e The stress and the displacement felds need not to be the actual ones
occurring in the real material and they may be independently pre-
seribed, The only requirements for T is the respect of the equilibrium
and force boundary conditions while {he only requirement for du is Lo
satisfy the prescribed boundary conditions and to possess continuous
first partial derivatives in the interior of the body.

s The virtual displacement du is to be considered as an additional dis-
placement from the equilibrium configuration. Thus a virtual displace-
ment component must be zero whenever the actual displacement is
prescribed.

The identity in Eq. 8.10 is easly obtained from Eq. 8.3 setting ¢ = bu; so

that
[ ebuifida+ [ butiar = [ buiso5id0
Ja r i
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that is
T Ty ¥
/ﬂaﬁu fdﬂ-l—/[_bu tdl _Lau T d0 (8.11)
where
f=b- (8.12)

Splitting the Lagrange Displacemen! Gradient & as
U = dL + 652

where £ is the symmetrie Linear Lagrange Strain Tensor and §2 is the skew-
symmetric Lagrange Rotation Tensor, we oblain

- T =6C:T (8.13)
being T a symmetric tensor and, BEq. 3.3,
T =0:T=0

Substituting Eqgs. 8.12 and 2.13 into Eq. 8.11 we obtain the identity in
Eq. 8.10.

8.3.2 Undeformed configuration

The Theorem of Stress Mean in Eq. 8.8 specialized for ¢, = dz; = du,,
an arbitrary kinematical admissible virtual displacement field, leads to the
lollowing form of the Principle of Virtual Work

SWIE) = sppth) 4 gg() (8.14)
where
FWiE) = /ﬂ 2 b5y dR, 4 f gy ar,
o I
. - L [ o = SR
Wl = fo“’--ﬁFciiln:rf 'r:.sam,,zf T 6L d2,
fa 2.Ja, {2

s = Lgﬁ“ﬁudﬂa

and, Sections 6.3.1 and 7.8,

o t00) = TETH is the prescribed traction foree;
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o F is the Lagrange Delormation Gradient;
o T17) ig the 1-st Piola-Kitchholl (not symmetric) stress tensor;
e a is the Green Strain Tensor;
s L isthe (finite) Lagrange Strain Tensor;
o 7 is the 2-nd Piola-Kirchhoff (symmetric) stress tensor.
Naotice that in the case of small deformation, Section 6.6, where
TaT, L=L, d, = d0

the identity in Fq. 810 can be approximated to that in Eq. 8.14.
The identity in Eq. 8.10 can be obtained from Eq. 8.8 setting ¢ = dz; =
du; o that

that is
| et a0, 4 [ sut®ar, = L F.oTOd0,  (8.15)

where
£lo) = Rle) _ i (8.16)

The alternative forms for the virtual internal work ean be obtained as follows.
According to Eq. 7.39,
T{u) = "?'3:_:

so that

w=bF IO = 57,00 = 6FTuFf = 6FTF
On the other hand, Section 6.3.1,

6 = FF
60 = 6F FL+F 6F

and, accordingly,
'}-' i tlia ﬁﬂﬁﬁh = ia(af_&ﬁka + -ﬁiaﬁh) =
= To(bFuFh+6FLFL) =
SFuiTiaF B + 6FTIFL =
m

= $FTF +6FT F =UFTFE =9

Il
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. - — 5/ 7 s
being T = T . Equalizing the above two aliernative equations for w we
obtain

w:ﬁ?-.rfﬂ:%ﬁ&:fﬂi;i (8.17)
Substituting Egs. 8.16 and 8.17 into Eq. 8.15 we obtain the identity in
. 8.14.

8.4 The Principle of Virtual Power

The Theorem of Stress Mean specialized for ¢ = &u;, an arbitrary kine-
matical admissible virtual velocity field, leads to the following Principle of
Virtual Power

W = ) 4 g£(1) (8.18)
where
SWIE) = b v df t7év dl
s o
A [T:ﬁﬁ:m
I
GEV) = j; px " v d)
{
and

= |1 {8(bw)  B(dvy)
o= 3 (5 + %5

ig the Buler Strain Rate tensor, The different terms in Eq. 8.18 are usually
called ag:

o §W) jg the virtual input power;
o SWU) g the virtual stress power;
e 6£0) ia the virtual rate change of the kinetic energy.

The identity in Eq. 8.18 is verified for any dynamically (statically) admis-
sible stress field T and for any kinematically admissible velocity field v.
Conversely, if the identity in Eq. 8.18 is verified for all kinematically ad-
missible velocity field v, then the stress field 7 is dynamically (statically)
admissible,

Analogonsly to the case of the virtual work, we remark that:
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& The stress and the velocity fields do not need Lo be the actual ones oe-
curring in the real material and they may be independently prescribed.
The only requirements for T is the respect of the equilibrium and force
boundary conditions while the only requirement for dv is to satisfy the
prescribed boundary conditions and to possess continuous first partial
derivatives in the interior of the body.

# The virtual velocity év is to be considered ag an additional velocity
from the equilibrium configuration. Thus a virtual velocity component
must be zero whenever the actual velocity is prescribed,

Finally, in the case of small deformation, Section 6.6, where
D=L, d, = d9

the internal virtual power can be approximated as
SWU) = : T : 6L dS2, (8.19)
Ho

The procedure for establishing the identity in Eq. 8.18 is analogous to thal
followed for ustnblishing the identity in Eq. B.10 In fact, setting ¢ = du; in
Fq. 8.3, we obtain

j o8, [ dQ + _/ oty dl’ = f by 050 dS2
Y I {1

that is
T T - T
/ngav fn!ﬂ-!—frﬁv £ dI _j;’w T d9) (8.20)
where
f=b-x (8.21)

splitting the Euler Velocity Gradient V as
8V = 6D 4 6W
where W is the skew-symmetric Euler Vorticity tensor, we obtain
W T=6D:7T (8.22)
being T a symmetric tensor and, Eq. 3.3,
W T =W:T=0

Substituting Eqs. 8.21 and 8.22 into Eq. 8.20 we obtain the identity in
Eq. 8.18.
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8.5 Work and Power

The Principle of Virtual Work presented in Section 8.3.2 specialized for the
real displacement increment du = dx and stress T fields, establishes the
relationship between the work done by the external and the internal forees,
naimely

aWlE) = pwli) o ggl®) (8.23)

where

AWE = [ 2 b d d, + f 7 dudr,
AT Iy

w0 = [ 7O Fay =g [ Tidgag, = [ TidEan,
Ja, 2 Ja, i,

JdEW)

I

f peiTdwds

»

The different terms in Eq. 8.23 are usually called as:
o dWE) the work done by the external forces;
s AWU) the work done by the internal forces:
o d&W) the change of kinetic energy.

The Principle of Virtual Power presented in Section 8.4 specialized for the
real velocity increment dv and stress T fields establishes the relationship
between the power input by the external and the rate of change of the

internal work, namely ) _ ‘
WIED = 1) 4 g) (8.24)

whero

)

/ b7y dQ + f {7y dl

/ T:Dd) = T("} Fd, = [ T:Edo,

{1y
/gx vdﬂ:-d f@

The different terms in Fq. 8,24 are usually called as:

Wil

|

glr)

s W the power input by the external forces;
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o W the stresy power;
e £0), the rate of change of the kinetic energy.
Notiee that in the case of small deformation, Section 6.6, where
T=T, Lac, D=L, d), = d

the change of internal energy can be approximated to
oW = [ Tiacag
i
WE = f T:Ld0
i

The alternative expressions for the siress power can be found as follows.
Similarly to the case of the virtnal power, we can establish that

wm=fnfnfmn= /;T:i?dn

Then, according to Eqs. 7.37. 6.88 and 6.50,

T = JET )
7 - VF
A, = Jdd
Thus,
T..{.‘F = Tﬁi};ﬂzjﬁ”ﬁ:}i’;,=Iﬁ&°’f’;,,¥,j:
= JI\VF, =J1® F
whernce

T..Dd0 = JTO . Fdn = T . Fa, (8.25)
On the other hand, according to Eqs. 7.38 and 6.76,

Thus
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whence e <. >
T :DdQ=JT . LdS =T ; Lidil, (3.26)

The alternative form for the rate of change of the kinetic energy is found
noticing that

AP il o d v?
$ Ty = o = moeem ¥ = e e
ﬂvuvv_gt(vv) =

and, consequently, Eq. 7.14,

o ! v? i v
HK) = %7 fﬂ:/ i 1Q=—'[ — df2
& j;}mtvt 0 fﬂﬂt it Ji '3[

8.6 Stress Energy and Power

The most common forms for expressing the mechanical (virtual) work and
anergy of the internal {orces are respoctively

oW = [ F:dzag, (8.27)
o
Wi = f i':i:dﬂ.,:ff;ﬁcm (8.28)
o 0
It is also customary to express them as
AW = g / a1 dG), = f s\ ds1, (8.29)
0, Qo
awtn a it
e o B[ wabvan =/ 90 :
dl A o, " 95 o R e (8:30)

or alternatively

awt 0 dut?
= — ] 1) = el 7 4 :
o :H‘L“'"" 2 &= df2 (8.31)
where
podi') = T .F =T dE (8.32)
dil!) = A :
ot~ = Tik (8.33)
dwl) =
| = T:D (8.34)

adnel
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e ') is known as the stress energy per nnit volume;
o d@\) /di and dw') /di are known as the siress power per unil volume.
Let us generally indicate anyone of the above scalar tensor products as
uw="T:dL (8.35)

where T represents a atress tensor and L the corresponding strain tensor in
the above definitions. Interestingly, this scalar prodiet inay be decompozed
in a volumetrie and a deviatoric part as follows

u = pdey + S : dF (8.36)
wherea:

e pand S are the mean pressure and the deviatoric stress tensor respec
tively defined as, Section 7.11,

P
5

|
-1 ;T
K
T=pl

n

s r, and E are the volumetric strain and the deviatoric strain Lensor
respectively defined as, Seetion 6.9,

i = Lk
E = L—%e'.,l

In vector notation, thig scalar quantity can be expressed as
w=ga'de = pde, + 8" de (8.37)
where, Seciions 7.12 and 6.10,

# W T
{711, Doz, T Tz, Thaa Tn , Taas T Tz}

s =
€ = {Lu, Ly Lga, bagy Thay Lany Daa, Ly L}
and
p o= %Fﬁ"a
8 = o —pm
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and
dy = m'e
€
e = £——m
3
being,

m = {1,1,1,0,0,0,0,0,0,0,0,0}"

We have stated that in general dW() is not a perfect differential. However,
if there existe an internal energy function

W= il (8.38)
guch that
= i it
T = - 2.9
=2E =lepE (2.39)
of altern al.ti\raly
W= pu (8.40)
auch that
i du
T = = p— 8.41
b 0D (Sah)

then dWU) is a perfeet differential. In fact, for example, in the case stated
by Eq. 8.38 we Lave

ift'ﬁ"’:lf:d&:l%;dﬁ=ﬂ-:da=dﬁ
s 24 0L L

and, consequently,

AW = A oottt dS, = dif
la

{twm ﬂ
dt Tl

where
dif = f podii dfd, = d f oo dS2,
s fla
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B.7 Energy Principles

The identity in Eq. 8.24 is also known as Lhe energy equalion of a contin-
wrrn, 1 only mechanical forces are considered, this equation represents the
mathematical statement for the following mechanical principles.

Theorem 8.7.1 If enly mechanical Jorces are considered, the power inpul
aof the cxternal forces equals the rale of change of the kinelic energy plus the
slress power, namely

dawle) gl 2 ag)

dt di dt (5:42)
where
()
o / ob v dQ 4 f t’vdl
dt o r
Dl — 2 1
):r = fT:mt!z=f T Fdy= | T:LdD,
. i,
&) ¢ v?
dr [ﬂx vit=; dt ?

Theorem 8.7.2 (Principle of Cmmermtinn of Energy.) If only me-
chanteal forees are eonsidered and

¢ the exlernal forces are conservative, i.e. there exists a potential enerqy
el?) 5o that the power inpul can be expressed as
awie)
dl

o there exists an internal energy function w = pu so that the stress power
can be expressed as

= (r) =,,.,M
J‘Age a2 = Tt

awld g d
e r“/ qudft = 2

then the total energy
£ = [ pe s}
L4y

where .
#

c=-§-

$elP) 4y

ts eonstant,



210 CHAPTER 8. MECHANICAL ENERGY PRINCIPLES



Chapter 9

Thermodynamic Principles

9.1 Introduction

Nature has different forms of energies: the mechanical energy which we have
presented in the previous Chapter, and the non-mechanical energies guch as
thermal energy, chemical energy or electromagnelic energy.

Thermodynamics is the science which comprises the study of transforma-
tion of energy and of the relationships between the properties whose values
change as a consequence of these transformations. The study is approached
from a macroscopical point ol view, Section 9.2,

Although thermodynamic is a general science which may take into ac-
count all forms of energy existing in nature, we will assume thal the con-
tinnum thermodynamic system is uncharged and chemically inert in any of
its parts and not acted upon by electrical or magnetical field. Thus, only
mechanical power and thermal energy, Section 9.3, are considered,

We have seen in the previous Chapler that a set of external forces supply
a continuum with an amount of additional energy, power input. Part of this
energy is spent as kinetie encrgy and the remaining part is used to deform
the body., During the deformation process we may notice an increase of the
body temperature which aventually is conducted away (dissipated) as heat,
In many cases this heat production may be immediately visualized as the
end result of friction developed between particles, Conversely, when thermal
energy is supplied to a real material, part of it may be spent to deform  the
material structure,

The amount of these energy conversion processes depend on the nature
of the material structure. However, the thermodynamic science has been

211
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able to establish the energy conversion rnles which are common for any real
material.

One of the most significant achievemenis in the evolution of physics is
ihe recognition of the Principle of Conservation of Energy, also known as
the fst Principle of Thermodynamics, Section 9.4, This principle states that
any type of energy supplied to a thermodynamic system (here a continuum)
may change jtg form but the total amount is preserved. However, it does
not specify the extent and the reversibility of this conversion process,

This additional informations are supplied by the 2nd Principle of Thep-
modynamics which postulates the existence of an extensive property known
as entropy, Section 9.5,

9.2 Thermodynamic Systems

Any portion, even the smallest, of our physical world may be considered as
a thermodynamic system. 1t is postulated that any (thermodynamic) system
possesses a cerlain level ofinternal energy U7 whose value can be maodified by
the contact with the surrounding systems.

Energy can be supplied or removed from the system under various forms.
However, the only ones which are of interest for us are the thermal and
meechanical energies, where the latter is defined as the rate of work done by
the external forces on the system.

A mathematical description of a system reqnires the specification of its
boundary conditions, In thermodynamics, the boundary conditions are de-
fined through the constraints thal they impose on the sysiem. For our
purposes it is sufficient to consider the following different kinds of thermo-
dynamic systems:

s Adiabatic thermodynamic systems which are restrictive o the flow of
heat preventing therefore thermal energy transfer.

s Diathermal thermodynamic systems which, instead, permit the flow of
heat and thus thermal energy transfer.

e ftigid thermodynamic sysiems which are restrictive to any deformation
process preventing, therefore, any mechanical work.

e A nof-rigid thermodynamic system, instead, permits some or all de-
formation modes of the system allowing therefore mechanical work.
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We remind that for a continuum we have to consider six possible con-
tributions of mechanical work, each associated with one of the =ix

independent strain components,

A system is then termed elosed or open depending on whether the walls
surrounding the system prevent or nol any portion of matier to leave or
enter into the system. A closed system is termed isoluled or nol-isolated
depending on whether the walls surrounding the system prevent or nol any
exchange of any form of energies with the external system,

An isolated system tends fo evolve spontancously towards a terminal
state called thermodynamic equilibrium state. In our case, where only me-
chanical and thermal energy are considered, a thermodynamic equilibrium
atate consists of:

e mechanical equilibrium in which all forces in the system are equili-
brated;

o thermal equilibyium in which there is no flow of heat in the system.

Two or more systems constitule a composite system. Consistently with the
above definitions, a continuum may be considered as a composite system
where the most elementary subsystem ig the material point of mass dm =
pdfd,

By definition, the whole physteal world 18 an isolated composite system,
Thus, the composite system made of & system and of all the surrounding
systems is by definition isolated.

The walls of each individual subsystem represent the constraints of the
composite system. The walls which result to be located inside or on the
boundary of the composite syatem may be further distinguished as internal
or external consiraints, respectively.

Il an isolated composite system is in equilibrium with respect to certain
internal constraints and some of these are then removed, the system even-
tually comes into a new equilibrium state. The ehange from one to another
equilibrium state is said a thermeodynamic process.

A thermodynamic process is said to be quasi-siatic if at any instant the
system is infinitely close to an equilibrated state, Consequently, the state
agsumed by the system at any stage of the process can be considered as an
equilibrated state. Quasi-static processes may be oblained by removing very
slowly the constraints. They are rather ideal processes and generally they
can be properly simulated only in laboratory experiments. However, for any
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practical purpose, several real processes can be considered as quasi-static
processes,

The equilibrium state of a system is characterized by the value assumed
by the so-called staie variables which are then classified as extensive and
intensive according to the following definitions:

& an exlensive state variable is that which may be used for characterizing
a properly of the whole system, An exiensive variable is one that in an
homogeneous system is proportional to the total mass; in peneral its
total amount in the system is the sum of the amounts in all its parts.
Extensive variables are, for example, those defined as

] = /
[ I/i;muﬂ

where u is known as the density associated with the extensive variable
.

e an infensive state variable is one which may be used for characterizing
a property of the system only at the point level. Its value does not
depend on the mass. For example, the density of extensive variables,
e.g. i, is an intensive variable.

Not all the state variables are necessarily independent and the functional
relationships among them are called equation of state. Any state variable
which may be expressed as a single-valued function of a sel of other state
variables is known as a state funetion,

A thermodynamic process is said reversible if whenever the independent
variables return to their initial value, so do the dependent variables,

9.3 Thermal Energy

The rate of increase of total heat into a continuum is defined as
Q _ / grdn—fc*‘ﬁdr‘ (9.1)
dt 1 I

where

e 7 is the internal heat supply per unit mass and unii time, for example
the heat supply from a radiation field;

& ¢ is the heat flux per unit area and unit time by conduction.
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The negative sign is needed because / e"ndl is the ontward heat flux, The

. Ir : :
gpecial symbol d is again used to indicate that the quantity in Eq. 9.1 8 not
an exact differential.

The divergence theorem of Gauss allows Lo transform e, 9.1 as

9 _ [ (95 i [ (o |
T S \eT i?:::.)'m_/n(!” dive) dQ (9.2)

It is customary to express the rate of increase of total heat by the integral
expression

d o dy
e%. _E [ pedt= f 24 0 0.
dt dt Jn eq 0 QIH- k 28]
where
uqur o -{Hr-i (9."1)
il it

is called the local thermal energy. According to Foutier’s Law, the heat
conduction is governed hy

c=—Kpgradd (9.5)

where I, known as the thermal eonductivity, is a material constant.

9.4 The First Principle of Thermodynamics

In defining the power input and the rate of change of total heat 2, Section 8.5
and Section 9.3, i1 has been underlined thal these two quantities are not exact
differentials. In fact, generalizing from many experimental observations, it is
found that when a system is subjected to a complete thermodynamic cycle
returning to its initial state

adWie) dQ
f Tl # 0, =t £ 0

However, Lhe same experimental evidence sliows that

aw® g
)
These findings lead Lo the conclusion of the existence of a tetal energy func-
tion of the system E such that

dE = aw'® + a0
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is a perfect differential. Moreover, expressing the work done by external
forces as in BEq. 8.24, we find that this total energy is equal to

dE = de™) <p ]
where
dil = awt!) 4 aQ

is a perfect diflerential. Physically, the existence of a total energy implies
the conservation of the energies supplied to the system and the intercon-
vertibility of mechanieal and thermal energy. These findings are explicitly
statad by the following thermodynamic principle.

Firat Principle of Thermodynamics. Thermodynamic systems have o
definite and precise total energy E subjected to a definite conservalion prin-
ciple, so that

dE = aW®) 4 g0 = deU) 4 du (9.6)

where
dll = Wt 4 dQ (9.7)

15 known as internal enerqy and
aweE = fﬂ b7 du 42, + f 1O gy dr,
L r'u

oW = [ T aFag, = fn T dE 4,

dE® ~ g j g.,—«m..

. vty oo
aQ [fﬂ or d -/FE nrﬂ]dt

Thus the power inpul plus the time rate of thermal energy supplied to (or
remaved from) the conlinuum equals the time rate of change of the kinetic
energy plus the time rale of change of the internal energy. In a complete
thermodynamic eyele returning to the initial state

A aw'®)  aQ df' ()
frztd‘-f(—rﬂ—l-dt d:+f Ci=0 (9.8)
We notice that since d/ is a perfect differential
dl/

Jrdt=0 (9.9)
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we hiave Lhiat

Jir)
“‘r:T (&a “Tﬁiru (9.10)

[n Continuum Mechanics, it is customary o express the change of internal
elergy as

dll = d _/;! pud() = jn pelw dS) (9.11)

where 1 is known as the specific tnlernal energy or as the inlernal energy per
unit mass. According to Egs 9.7, 9.4 and 8.32

d dw'’) & ]2
A L-|-—q=—’.T:‘;'J-|-1v'—

ST T dt  p s

9.5 The Second Principle of Thermodynamics

The 1st Principle of Thermodynamics establishes the interconvertibility of
all forms of energy present in a thermodynamic system. However, it indicates
neither the direction nor the extent of the conversion. This information is
instead supplied by the 2nd Principle of Thermodynamics,

This principle is based on the concept of entropy which is thought as mea-
gure of the internal disorder of a thermodynamic syastem. The effectiveness
of the use of this concept depends upon the fact that an isolated thermody-
namic system always tends naturally to reach the maximum disorder.

The entropy concept expresses the fact that nature has its spontancous
tendencies. Any attempt to invert this natural behavior requires a certain
amount of additional effort. For example, we know by experience that heat
flows spontaneously only from a hotfer to a colder part of the body. Even-
tually the gystem may reach a thermal equilibrium but the inverse heat flow
will never occur spontaneously,

Another immediate example is given by the fact that mechanical work
can be transformed through friction into heat. But this heai will never
spontaneously change back into the mechanical energy.

The entropy and the 2nd Principle of Thermodynamics found their logical
and rigorons explanation in the Quantum Statistical Theory, Herein, we
adopt them as postulates, depending upon a posteriori rather then a prioni
Jjustification.

¢ I Pogtulate. There exist particular states (called equilibrium states)
which, macroscopically, are characterized completely by the specifica-
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tion of the internal energy U and a sel of extensive parameters
N = {Ni,Nz...Np}"
later to be specifically enumerated,

s II Postulate, There exists a function S, called entropy, ol the exten-

sives parameters
S =5(,N)

defined for all equilibrium states. It is assumed that:

= the entropy is an homogeneons first-order function of the exten-
alve parameters, so that

S(AU AN AN, o AN,) = AS(U,N)

= the entropy is continnous and differentiable and is a monotonically
inereasing funetion of the internal energy, so that

a5
—— = {)
(BU)N
~ the value assumed by the extensive parameters in the absence

of a constraint are those which maximize the entropy over the
manifold constrained equilibrium states, that is

ds = 0
d*s < 0
o IIT Postulate. The entropy of 4 composite system is additive over

the constituent subsystems, that i

1

g = E gl

whero
gl) 5('}(1;(0 : N{il)

ig the entropy of the i-th subsystem.

s [V Postulate: 2nd Principle of Thermodynamics. The entropy
of an isolated system can never decrease, so that

B jichsind apsiam = 0
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s V Postulate: 3rd Principle of Thermodynamics. The entropy
ol any system vanishes in the state for which

0
(W)N ~ 0

thiat is the zero temperature.

The continuity, diflerentiability and monotone properties of 5, indicate the
possibility of solving uniquely the entropy function with respect of /. Thus,
we can conversely state that the internal energy can be expressed as

[/ = U(§N)
Moreover, always according to the hypotheses on 5, it results that:

s I/ is a continuous and is monotonically increasing function of the en-

Lropy
(ﬁ"-{) =0
as/n
e the value assumed by Lhe extensive parameters in the absence of a con-

straint are those which minimize the internal energy over the manifold
constrained equilibrium states, that is

dl/ = 0
U = 0

The above postulates can be reformulated in varions allernative ways, as for
example:

Entropy Maximum Principle. The equilibrium value of any uncon-
sirained inlernal parameter is such as lo mazimize the enlropy § for a given
value U of the total internal energy, that is

ds(lly = 0
d*S(U) < 0
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Energy Minimum Principle. The equilibrivm value of any uneonsirmined
internal purameter is such as to mindmize the internal enerqy U for a given
value S of the total entropy, that is:

dU(5) = 0
AUE) > 0

The 2nd Principle of Thermodynamics states that for an izolated system
the entropy can never decrease. Thus, if an isolated gystem undergoes a
process in which the enlropy inereases, Lhe exact inverse transformation can
not take place since it would imply a decrease of entropy. But, if the process
does not increase the entropy, the inverse transformation may take place,

lu an isolated system, therefore, thermodynamic processes producing an
inerease of entropy are irreversible, whereas if the entropy remains constant
the process is reversible.

Real processes are always irreversible although in some cases, for prac-
tical purposes, they may be considered reversible. Irreversibility does not
imply that we can not eventually restore a selected thermodynamic system
to itz original configuration. It only underlines that in sueh cases we have
to input new energy into the system.

9.6 The Specific Entropy

The Continuum Mechanics Theory assumes that entropy is an extensive
variable so that it can be expressed as

Sm /ﬂ ps dit (9.13)

where s, known as the specific entropy per unit mass, is an intensive property
of the continuum. Since a particle of unit mass is a thermodynamic system
itself, we can postulate, according to the postulates reported in the previous
Section, that

= The specific entropy is a function of the intensive parameters
4= a(u,v) (9.14)
where w is local internal energy u and
v={e, v,

is a el of parameters later to be specifically enumerated.
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# the entropy is continuous and differentiable and is a monotonically
increasing function of the internal specific energy u, so that

ds z
(ﬁ)p =0 (9.15)

e 2nd Principle of Thermodynamies, the value assumed by the intensive
parameters in the absence of a constraint are those which maximize
the entropy over the manifold constrained equilibrium states, that is

ds = 0 (9.16)
d*s < 0 (9.17)
The continuity, differentiability and monotone properties of s, indicate the
possibility of solving uniquely the entropy function with respect of u. Thus,

we can conversely state that the internal specific energy can be expressed
as, the ealoric equation af state,

o= u(a1) (9.18)
Moreover, always according to the hypotheses on &, it results that:
s u is a continuous and is a monotonically inereasing lunction of the

entiopy ;
i
e 0 1S
( oa),.. 5 (9.19)

s 2nd Prineiple of Thermodynamics, the value assumed by the extensive
parameters in the absence of a constraint are those which minimize the
internal energy over the manifold constrained equilibrium states, that
14

du = 0 (9.20)
du > 0 (9.21)

Some time Eq. 9.14 is alternatively written as
s = s(u, 1, X)

where the presence of X in the equations permits that the functional depen-
dence on u and 2 can be different for different particles in inhomogeneous
media. Accordingly, the inverse relationship in Eq. 9.18 takes on the form

U= ul(s,1,X)

We suppose Lhe dependence on X and on the other variables ta be continu-
ous, but for mest purposes we do not explicitly include X in the equations,
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9.7 Thermodynamic Pressure and Temperature

According to Eq. 9.18, for any change in the thermodynamic state of a given
particle, the variation of the internal energy u is given by the Gibbs relation

du = Ods + 7" dv (9.22)
where

e fis an intensive parameter known as thermaodynamic temperature and
defined as

= (%E)u =0 (9.23)

The positiveness of # is given by Eq, 9.19.

e 1 ig a set of intensive parameters known as thermodynamic pressure
and defined as
o
T = {TI-T'S'i-“an}

where i
W= (@) )
for all 7 # 1.
We remark thal according to Eq. .21,
d*u = dz"Hdz > 0 (9.25)
for any dz # o, where

d {ds,dvy dig,. .. ding}"

R TR
g gl

and

.H“ =G i — -é;'r

HO4

2
- [8]-5]
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and o s a null vector. Hence, the Hessian matrix H of u is a symmetric
and positive definite. Consequently, [38] Theorems 7.3.2 and 7.34, it is a
nonsingular matrix and all its diagenal minors are symmetric and positive
definite too. In particular, py

5 >0 (9.26)

and the matrix H®? is symmetric and positive definite.

9.8 Equations of State

Any relationship expressing intensive parameters in terms of independent
parameters is called equation of state. Thus, Eqd. 9.14 and 9.18 are two
equations of state; from these equations and the definition of the thermody-
namic tomperature and pressure in Eqs. 9.23 and 9.24, respectively, we can
define the following set of equations of state:

» Since according to Eq. 9.18
o= u(s,1) (9.27)

we can conclude that the thermodynamic temperature and pressure
defined in Eqs. 9.23 and 9.24, respectively, can be expressed as

0 = 6(sv) (9.28)
T = T(a,1) (9.29)
e According to Eq. 9.14
5= s(u,v) (9.30)
which gubstituted in Eqs. 9.28 and 9.29 yields to
0 = Ofu,v) (9.31)
T = 7(uw) (9.32)

o The condition i1 Eq, 9.26 ensure the possibility of inverting Eq, 9.28
for a. This gives

s = 8(0,v) (9.33)

which substituted in Fqs. 9.27 and 9.29 yields to
w = uf(f,v) (9.34)
T = 7(dv) (9.35)
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e The positive definiteness of the diagonal submatrix H®?) of H in
Eq. 9.25 ensure the possibility of inverting Eq. 9.29 for 2. This gives

v=u(s,T) (9.36)
which substituted in Eqa. 9.27 and 9.28 vields to

t = u(sT) (0.37)
0 = O(s,7) (9.38)

¢ The condition in Eq. 9.26 ensure the possibility of inverting Eq. 9.38
for s. This gives

a=3(0,7) (9.39)
which substituted in Eqs. 9.37 and 9.36 yields to
u = u(dT) (0.40)
v o= w,T) (9.41)
It is customary Lo call
= s{u,v)

v = u(s,v)
as the caloric equations of stale,

T = 7(f,¥)
v o= pdT)

as the thermal equalions of state,
Flo,py,t)=10

as the kinelic equation of state.

9.9 Thermodynamic Processes
Let us indicate the caloric equation of state in Eq. 9.18 as

= u(z)
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where
= (s iasaaan) = (s
Accordingly, we can indicate the definition of the thermodynamic tempera-
ture and pressure, Section 9.7, as
Y

where
T T
= {In,f:],.. ; ..!-.,4.1} = {ﬂ,?‘.‘h... ,7“"}
Then, any vanation of the parameters in 2 canse a variation of the parame-
ters in 4 which can be caleulated as

dt = Udz (9.42)

o[- 5
iz, dz.,-Bzi

is the Hessian matrix of u which has been proved to be a symmetric positive
definite matrix, Eq. 9.25. The relationship in Eq. 9.42 indicates a thermody-
namic process cawsed by a variation dz leading thereby to an effect dt. We
notice that u is the potential function of this thermodynamic process.

However, not all thermodynamic processes are caused by a variation dz.
For example, the exact opposite may happen where the cause is a variation
dt and the effect is a variation of dz. Since U is a positive definite matrix
and thus nongingular, the relationship in Eq. 9.42 can be inverted and obtain

dz = U'dt (9.43)

where

where
U'=yu!
As u is the potential function for the thermodynamic process in Eq. 9.43, it
must exist a potential function, say
= w(t)
suech that
dyp
ot

8
U = |—
[aﬁ.'mj]
The identification of this potential function can be accomplished through
the so-called Legendre Transformation Technique.
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9.9.1 The Legendre Transformation Technique

Let
u = u(z) (0.44)
be a function of the independent variables 2. Accordingly, we can define
du = t7Tdz (9.45)
d*v = dz"Udz {9.46)
where BuiT
u
I I ¢
t={am) (041
and

v B [L2,
iz Oz6z;
Finally, we can relate any variation of di caused by dz throngh the linear

transformation
dt = Udz (9.48)

We remark that under the above hypothesis, the matrix U is a symmetric
matrix. If we assume thal

u >0 (9.49)

then u representa the potential function for the transformation in Eq. 9,48
and U results to be a positive definite matrix,
The inversion of the linear relationship in Fq. 9.48 vields to

~dz = Gdt (9.50)

where

G=-U"!
Moreover, if U is positive definite then G exisis and, [38] Theorem 7.5.1,

dlg = di"Gdt < 0

for all non trivial vectors t.
According to the Legendre Transformation Technique, provided that it
is possible to express
= u(t)



9.9. THERMODYNAMIC PROCESSES

the transformation matrix G can be ealealated as

O] g
(i [BU] - [m;m;]

where the function ¢ is defined as
g=g(t)=u-1t"z
Moreover, it can be verified that

=z dt
dt” Gt

dy
d'y

_ (8T
g {‘mi}

The above relationships can be proved noticing that

H

wlhera

dg  d ~du O dz
B, - r?h;(u =1iz)= e mz. - hm =

du - Ou sz Bu du

il

which then verify Eq. 9.55, Consequently,

a ;
dy = --g-dtk = =z diy = —27dt
aty

This result can be also directly obtained from Eq. 9.52 as

Il

dg div =t"z2) = du = di"z = t"dz =

—dt"z

sinee from Eq. 9.45
du = t"dz

Y e B A W N e
TR U o TR PR A TR
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(9.51)

(9.52)

(9.53)
(9.54)

(0.55)

9.9.2 The Generalized Legendre Transformation Technique

Let .

(9.56)
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be a function of the independent variables (5(”.3(33). Accordingly, we can
define

du = tWTggll) 4 (07502 (9.57)
dPu = deMTUM ) 4 22U ) 4 deETUED 13 (9.58)
where
r
it
{M = {__} (9.59)
5"
"
i
M- {_m} (9.60)
0:(7
and
pln o | _ [ %
_(’)z}”_ F(‘.‘)zf-nﬂzi-”_
. Bf.m1 0*u
U““ = | = | ———
02| | 920 |
U o] _ |
N B PROPRE
Lo d Hofis | 4

Finally, we can relate any variation of (dt"), dt™®) caused by (dz(V),dz(*)
by the linear transformation

det! vy g0 | [ gglh
40 [T | ghar g dz(?) (9.61)
We remark that under the above hypothesis, the matrix

y o [0 uo
| pgaAr U{?E}

and the square submatrices U9 are symmetric matrices, If we agsume that

d*u =0 (9.62)
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the u represents the potential function for the linear transformation in Eq. 9.61
and U and U reault to be positive definite matrices, that is

d*u dz"Udz = 0

d*u dz UM g 5 g

i = dzTUP) e 5 g

il

for all non trivial vectors dz, dz!") and dz(?).
It is poskible to prove that, Theorem 7.6.3 in [38], the partial inversion
of the linear relationship in Eq. 9.61 is given by

—dzM gt gh2) Ji) )
A [ | gbar g da(?) (9.63)

gl - _[Uun]'I

gt - _glmgh2)
alz) _ [Um)_l_u{mﬁm}utm)

where

Moreover, if U is positive definite then GU7) exist and
g = dtW7cgMg( < g
'y = de!PTGE) g < g
for all non trivial vectors dt1) and dz(®

According to the Generalized Legendre Transformation Technique, if it

is possible Lo express
g1 — zil)(t('llmiﬁ)J

so that, Eq. 9.56,
U= u(t.{').zm)

then the matiices GU2) can be ealeulated as

qiin '935” = "y
i) mE"at;”
om] [ s
an o (9% | (&9
w8 92\ m,‘.”m}“]
@] [ g2
G = Q'f‘f’:‘ ™ fy 3
| d)z; ’d | 8z, 82}
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where the function g is defined as
g= gt 2 = y — (70 (9.64)

Maoreover, it ean be verified that

dy = —zW7t) 4 (72 (9.65)
dy = aM'GUgM 4 2t MTGON ) 4 gl DT G 45 (9,66)
where
ag "
) -
] ? = {T}-} [guﬁ?)
ot
T
@ - ] %
t® = {aﬁ} (9.68)
L
The above relationships can ba proved noticing that
dy 0,00 ' gy most
= (u—;q )= ——}-w;- =1 =
o) () 5@ ah™ " gyfD
E’u L) du 92" py 1y du (1
= e bz — —— - =—5_J
) a0 o a T gD ;
dy d (1) (1) _ (@
ol wo LELRED

which then verify Eqs. 9.67 and 9.68 Consequently,

a i :
d!]' — a {.{}{““J + r. ?ﬂyd.?”’ .Ei,nd‘i_” +ﬁf}d$£” -
2.

_ _mtt)rdtm INCILIPRE)
This result can be also directly obtained from Eq. 9.64 as

dg = d(u-t7e0) = gy — atV750) _ 70 o
= —dtT50) 4 ()7 02

since from Eq. 9.57
du— t7dz1) = (37 g2
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9.10 Potential Thermodynamic Functions

231

Thermodynamic processes of common interest are those where it is possi-
ble to control the four alternative pairs combinations of ds, df,dv and dr.
The calorie equation of state u = u{s,#) in Eq. 9.18 allows to control ther-
modynamic processes where (ds,des) are the causes and (df,dr) are the
effects. The function controlling the other three alternative thermodynamic
processes can be determined from u = u(s,v) following the mathematical

procedure reported in the Section 9.9. Hence:
o The local inlernal function
o= u(s,1)

is the potential function for the thermodynamic process

dp Un (L8 ds
dr [T | ybar g v |

whaore, Section 9.7,

i dT
# = '{_}—&‘ =10
r = {a)
LA
and
a0 d*u
Uy = = 0
u D5 08t~
G - [P . [T
|| | 9sd
@ - 'ﬂi " 9*u
e il
with
dv" U dy > 0
Finally,
du = Ods+ 1t7dv
Py = Upds+ 2dsU" e + de" U dw

(9.69)

(8.70)

(9.71)

(9.72)

(9.73)
(9.74)
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According to the 2nd Principle of Thermodynamic, Section 9.6, equi-
librium states are those which minimize the internal energy u. Notice
that in a isentropic process, wlere s = const that is ds = 0, u is the
potential function for 7.

The Helmhollz free energy

=@ ) =u—sd

where, according to Eqs, 9.33 and 9.34, we can express

s(0,v)
u(f, 1)

4

n

H

governs Lhe thermodynamic process

{

in tlie gense that

and
with
Finally,
dis
d*i

1]

—ds | | ¥y i) di
dr [ = e e ||
_[ay
-+ = (g), 50

a1’
= {a),
ds %)
'II“ = W=W{ﬂ
. s a* 4
(12) s |9
® [05‘!{;] [595&{;]
o, a*
(1) - |=2b) = |
v [5‘1{,‘ ] [ B ]

de™ ) gy <

du — 0ds — sdfl = —sdf + 77 dp
Wy d20 4+ dow D dy 4 de” W) g

(9.75)

(9.76)

(9.77)

(9.78)

(9.70)
(0.80)
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Notice that in an isothermal process, where 8 = consi that is 48 = 0,
i is the portion of internal energy for doing work., In this case, ¢
is the potential function for 7 and equilibrium states are those which
minimize #. The thermodynamic process in Eq. 9.76 can be considerad
to be obtained from that in Eq. 9.70 by inverting 4@ with ds.

o T'he entaply free energy
he=his,7)=u—e"r (9.81)

where, according to Eqs. 9.37 and 9.36, we ean express

1]

i uls, 1)

i p(s8, 1)

governs the thermodynamic process

dld Hyy 5 (L83 ds
{—u!u }= [ H}li)‘?’ H(22) dr (9.82)

i the sense thial

ah
= — > B
0 (&a)r"ﬂ (9.83)
anyT
v (2
a.llgl
a8 8*h
fy = m—“&:ﬁy}ﬂ
a0 9 h
(1) = |25 S| e
aon = |8 - |
; iy *h
@) o |22 3 |
LA [01':'] ['9'-’-'*”1]
with
dr"H ) dr < 0
Finally,
dh = du-7"dv-v'dr =0ds - v"dr {9.85)
dih = Hyd s+ 2dsHYD dr 4 drTH* D dr (9.86)
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Notice thal in a thermodynamic process where the pressure 7 is held
constant, that is dr = o, h represents the portion of internal energy
that can be released as heat and equilibrium states are those which
minimize h. The thermodynamic process in Eq. 9.82 ¢an be considered
lo be oblained from that in Eq, 9.70 by inverting dr with de.

# Ihe free entaply or Gibbs function
g=gl0,7) =08l — 77w = h - i (9.87)

where, according to Eqs. 9.40, 9.39 and 9.41, we can express

w = u(f,T)
s = s(8,7)
v o= plT)

governs the thermodynamic process

—d o G“'J] df
{ -d: }= [ .31(11211' G ] { dr (9.88)

in the sense thal

- = (5), <0 (00
i
=y = {-t?-fi} (9.90)
and

L, 0s 8%
iy = Eﬁ—ﬂ?j{()

g - [Os]| _ [ 2%
dry| | addry

an| _ [ 9%
dr; |~ |ardr

dr7G ¥y < 0

Q
=
B

with
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Finally,

—sdf — v dr (9.91)
Gud*o + 8GN dr 4 dr"G®dr <0 (9.92)

dy
d"!y

Notice that the Gibbs [unction can be seen as the complementary
internal energy and, according to the 2nd Principle of Thermodynamic,
Section 4.6, equilibrium states are those which maximize the Gibbs
function g. The thermodynamic process in Eq. 9.88 can be considerad
to be obtained by inverting that in Eq. 9.70.

9.11 The Clausius-Duhem Inequality

Lot M be a continuum of density g instantancously occupying a volume {2
bounded by a surface I'. According to the definition in Eq. 9.13, the rate of

change of the entropy in M ig given by

© - / sdf) = / Pt (9.99)

In Continuum Mechanics, the rate of change of the entropy carried by heat
transfer is defined as

'H fg’ df — j—ﬁu‘ (9.94)

where r and ¢ are defined in Section 9.3, The Gauss Dhvergence Theorem
allows Lo transform Eq. 9.94 as

dt i1 (2]
The Clausius-Duhem inequality states thal the rate of change of the entropy

dS 18 greater than or equal to the rate of change of the entropy 45 carried
by heat transfer, namely

d‘né_/[%;—divgldﬂ (9.95)

ds _ dS _
P (&49)
where the inequality holds for irreversible processes. The relative local form
is given by, Egs. 9.93 and 9,05,
ds 1. ¢

r-i.t. = l.‘; - Edw -J (9'9?)
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The quantity ; 1
ids 1 c
A — I —_ _',‘.!' 9.'
1= ﬁ+9twﬂ_0 (9.98)

is called internal entropy production per unit mass. Since

div s = dive <" gradd
0 0 0

The internal entropy production can be also expressed as

g = yliee) 4 yleen) 5 g (9.99)
where
(loe) _ s l[‘, (“‘-’L‘]Hn‘.ﬂ 1 dq
TS wm T 0 at B
Seom) _c‘gr:d@
pfl

and 4%} represents the local entropy produciion while ¥ represents the
entropy production by heat conduction.

Truesdell and Noll, [93), propose a stronger assumption than that in
Fq. 9.99 requiring separately

o) >0 and 4™ >0 (9.100)
and for reversible processes
T“M} =0 and rr(‘““') =) (9-10])

Notiee that the inequality 4(") > 0 simply implies that heat does not flow
spontancously towards a hotter part of the body. On the other hand, the
equality (") = 0 implies that in a reversible process

a
ds = —ﬁ‘l (9.102)

9.12 Fully Recoverable Stress Power Processes

It is possible to prove that for two alternative thermodynamic processes the
internal work dw(?) ig fully recoverable and squal to

dw' = +du (9.103)
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Moreover, there exists a potential funetion

w = ww) (9.104)
for 7 such that
T e
dw = T'dw

d*w = dpTWide s 0

ari A
L [5::;] B [t?w.-ﬂuj]

These two alternative thermodynamic processes are:

where

1. Iseniropic and adiabatic processes, that Is processes where
da=0 and dg=0 (9.105)
In this case w = u, the internal energy function.

2. Isothermal deformalion with reversible heat transfer processes, thal is
processes where
df =0 and ddg=8ds (6.106)

In this case w = i, the Helmhaltz free enargy.
In fact, according to Eqs. 9.12 and 9.22,

du = d‘w“’-{-dq
du = Ods+ v7de

which, equalized for du, yield to
dul!) = fds « dg 4 77 dw (9.107)

It is immediate 1o verify that both the hypotheses in Eqs. 9.105 and 9.106
reduce Eq. 9.107 into Eq. 9.103, We recall from Section 9.10 that in a
isentropic process, 1st case, the internal function u is a potential function
for 7, On the other hand, in a isothermal process, 2nd case, the Helmholiz
free energy ¢ s a potential lunction for 7.
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9.13 Identification of the Thermodynamic Pres-
sure

In any thermodynamie process where the internal work results to be equal
to the thermodynamic work, that is

dwt?) = v Tl = Tijeiss; (9.108)
we can identify the thermodynamic pressure as follows:

s Assuming

k5] = [20j] = F (9.108)

the Lagrange Deformation Gradienl tensor, we can identify

Il = [ o) = L - Tler (9.110)

o

the transpose of the lst Plola-Kirchhofl stress tensor. In fact, according
to Iqs. 8.32 and 9.108, we have

duwl) = -H-T(") dF = —-‘I"G}d 1
2o 2o
dwl) = rijdvi; = riydug

which equalized yield to
[E’n .Ef} = T!'.i] dzj; =0
Since dz;; is arbitrary, we finally identify

o) = pomij (9.111)

o Assuming
[45] = [Lij) = £ (8.112)

the Lagrange Strain tensor, we can identify

[ri;] = “"[”’u] 911% (9.113)
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the 2nd Piola-Kirchhoff stress tensor. In fact, according to Eqs. 8.32
and 9,108, we have

L El'."f' LdE = Qiﬁ.'jdffu
o o

’tw(” Tl'jd’"ij = Tl'jdfl';;‘

which equalized yicld to
1 N
[-—5‘;,' - T,'j] dﬂ,‘j = ﬁ
2a

Sines zZE,'J' is arbitrary, we finally identify

Ti; = PoTij (9.114)
s Assuming N »
[#45] = [Dij] = D (9.115)
the Euler Strain Rate tensor, we can identify
1 1
= =lgil= =T 9.116
)= 3o = + (9.116
the Cauchy stress tensor. In fact, according to Eqs. 8.34 and 9.108, we
have
o0 = a1, 5.
2 p it

=,

\'f)“l = T'.'jJ':f.'J' = r,-jﬂ,-f
which equalized yield to
| "
Since f’;j is arbitrary, we finally identily

@i = prij (9.117)

Notice that in the case of sinall deformation, all the above findings reduce
ta

vl = [Ly]= € (9.118)
) = logl =27 (9.119)
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and
;= Qrt'_i (9.120)

where £ is the Linear Lagrange Strain tensor.

9.14 Non Fully Recoverable Stress Power Proces-
ses

In all real thermodynamic processes the stress power is not fully recoverable.
Although in many practical cases the non-recoverahle part may be neglected,
there is an increasing demand from the industries for a mathematically cor-
rect deseription of the complete real thermodynamic process. Since this
need has become of relevanee only recently, non-reversible thermodynamic
processes are still a subject of intensive research studies.

Let us generally indicate the internal work as

2ol = LoTde 9.121
e

where & and e are the appropriate conjugated stress and strain tensors,
respectively, We have seen in Section 9.12 that for two particular thermo-
dynamic processes we can identify

a = pr (9.122)
£ = p (9.123)

where T and 1 are the thermodynamic pressure and strain. Moreover, there
exists a potential function

¢ = pw (9.124)
for & such that
¥ s %;E = gi__‘: (9.125)
dwl!) = %a"'de = :_P (%)rde = dw (9.126)
Pl = %da’*'de = de"Wide > 0 (9.127)

e 118 a*
o i
W= 5l - [rr.-ae,-]
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In & non-reversible thermodynamic process, we obviously cannot expect to
identify a potential function. However, it is of interest to identify the sign for
dw") sa that we can properly set up the appropriate constitutive equation.

According to the Clausius-Duhem inequality, the internal entropy pro-
duction respects the condition, Eq. 9.09,

‘T = ?{hn‘:) + T{Mh) E 0 (9123)
where
yllon) = g2 &g 1 dul) dv
di ddt @ il di
@
{can) = L L= El'i‘ld i
T Eﬁ‘l

The above alternative form of %) is obtained taking into account that,
from Eq. 9.107, the change of entropy can be expressed

da = %(d‘wm - r7dv) 4 %!-

If we accept the atrong hypothesis in Eqs. 9.100 and 9.101, we may conclude
that in general

dw') = +"dp >0 (9.129)
and, for revarsible thermodynamic processes,
't = +7dw (9.130)

Wlhen the internal work is not fully recoverable, two alternative common
assumptions are made:

# The stress tensor can be split into
o =gl +ql? (9.131)

where ol and &V are the recoverable and the dissipalive (non-re-
coverable) part, respectively,

& or, Lhe strain tensor can be split into
e = ¢l 4 ¢P) (9.132)

where €™ and €?) are the recoverable and the dissipative (non-recav-
erable) parl, respectively.
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In both cases we obtain that the internal work can be expressed as
dw! = dwi™ 4 gwl*?) (9.133)

where dwl/®) and dwl’?) are the recoverable and the dissipative (non-recov-
erable) parl, respectively. Moreover, if we assume that the recoverable part
is given by

du''™ = 77du (9.134)

we arrive to the conclusion that the dissipative is subjected to the condition
that
P > 0 (9.135)

This phenomenological eondition should then be respected by any constitu-
tive equation relaling stress and strain.

9.15 Fluids

Experimental evidence shows that for the case of fluids the only substate
variable in # is the specific volume v, defined as the inverse of the mass
density function p, that is

1
U= :G__T | (9.136)
Accordingly, the caloric equation in Eq, 9,18 can be indicated as
it = u(s,v) (9.137)
and its differential form as
du = Bds — wdv (9.138)

where .
du
8 = (E)u}“
S o (f?::)
= i),

and = is known as the thermodynamic pressure. Interestingly, according to
the Eulerian form of the continuity equation, Eq. 7.11,

dv_d(j)_ ldp dive 1. = .
F=iily)=—ga=—m=g1:P (9.139)
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where D is the Euler Strain Rate tensor,

Obviously, all the mathematical developments presented in the previous
Sections hald for the case of fluids as well; the only difference consists in re-
placing v by v or, equivalently, by 1/p. In particular, according to Eqs. 9.33
and 9.35, we have that

4 a(f,v) (9.140)
r = w(#, ) (0.141)

As an example of explicit forms of these two equations of state, we have the
[ollowing experimental laws:

o The Law for Perfect Gas which states that

o = If

where R is the gas constant for the particular gas.

e The Boltzman Formula for GGas which states that, the total entropy §
in a sample of gas of volume N containing N molecules can be caleu-
lated as

3
§=kN (lan— §luﬂ) +
where k and e are the Boltzmann constants.

Usually, in the solution of fluid problems, we refer to the kinetic and Calorie
equalions of state in Eqs. 9,34 and 9.35 written in the form

r = n(p¥) (9.142)
u = ul(p,8) (9.143)
[t is immediate to verify that, for the case of fluids, the loeal form of the

internal entropy production respects the condition, the Clausius-Duhem in-
equality, Eq. 9.99,

y = llee) . 4lemm) 5 g (9.144)
where
. de 1y 1 =
(loey - @8 _1ldg 1 ;
L it @ di pH( Fal) @
T(“", _nTgradﬂ

of?
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The above alternative form of v iz obtained specializing the alternative
form in Fq. 9.128 as

| e—— = ._.....) .{ izw{f} + ﬂ-d_u
8 di dt” 0 di dl
and Laking into account that, Eqs, 8.34 and 9,139,

(

‘}'”"F’ ] dw? piis

dut?) 1 =
i ET"D
duv 1. =
— = =I;:DP
di 0

If we accept the strong hypothesis in Eqs, 9,100 and 9.101, we may conclude
that in peneral

(T+n0): D=0 (9.145)
and, for reversible thermodynamic processes,
T = =il (9.146)
that is
Ty = =m (9.147)
Ty =0 (9.148)

for ¢ ¢ j.



Chapter 10

Constitutive Equations
Theory

10.1 Introduction

The set of functional relationships relating stress and deformation at a ma-
terial point are called constitutive equations, As the name suggests, a con-
gtitutive equation describes the (macroscopic) behavior resulting from the
internal constitution of the material, Symbolically, a constitutive equation
may be indicated as

Siress Tensor = [(Deformation Tensor) (10.1)

whera [ is a tensor valued function, known as response funclion.

In this Chapter, we report the mathematical developments of the Purely
Mechanical Theory, Sections 10.2 and 10.3, to single out the appropriate
pairs of stress and deformation tensors and the requirements that the re-
aponse function must satisfy.

Attention is focused upon the simplest, nevertheless most used, consti-
tutive relationships for elastic solid materials, Sections 10.4-10.9, and for
Newtonian fluids, Section 10,10, Posgible forms of constitutive relationships
for non-elastic solid materials are presented in the next Chapters.

10.2 Purely Mechanical Theory Postulates

The Purely Meéchanical Theory ignores thermal effects and, for any constitu-
tive theory attempting to model the behavior of a continuum, the following

245
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postulates are assumed to be valid, [71, 93, 94];

1. Principle of Determinism for Stress. The stress in a body is deter-
mined by the history of the motion of that body.

2. Principle of Local Action, In determining the stress al given particle P,
the motion outside an arbitrary neighborhood of P may be disregarded.

3. The Principle of Material Frame-Indifference. Constituiive equations
must be invariant under a change of frame of reference.

4. Principle of Physical Admissibifity, All constitutive equations must he
consistent with the basic physical laws of conservation of energy and
the Clansius-Duhem ineqguality.

The first two prineiples seem rather obvious for a purely mechanical theory.
The Principle of Determinist of Stress establishes that the past behavior
may certainly influence the current behavior of the material; however, it
excludes any possible dependence of the material behavior on future events,
The Principle of Local Action excludes any dependence of the stress-strain
relationship on any type of action-al-a-distance. The Principle of Frame-
[ndifference guarantees thal two observers, even if in relative motion with
respect to each other, observe the same stress in a given body.

Lot F' = Quayzgzs and F' = O'81£:£5 be two CaORS in relative mo-
tion and with the same orientation al some initial time t = (. In general,
functions and fields whose values are scalars or tensors are called frame-
indifferent or abjective if both the dependent and the independent vector
and tensor variables transform according to the following relationships:

1. Events, Section 4.3:
f=c+ Rx

where

# x = x(#) iz the location of a material point P with respect to F;

o £ = £(1) is the location of the same material point P bul with
respect to

s ¢ = ¢(t) is the relative distance between the origing Q' and O.

s R = R({) is the orthogonal tensor which rotates F' to the ori-
entation of F. By hypothesia, at { = 0 the two CaORS had the
game orientation so that R(1 =0) = 1.
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2. Vectors, Section 6.8:
v =Rv

whera

¢ v is the vector as identified from [
s v/ s the same vector as identified from '

3. Linear vector transformation tensors, Table 6.1:
T = RTR”
where

e T is the linear transformation tensor as defined in F;
e T is the same linear transformation tensor but as defined in F/;

4, Deformation Gradient, Table 6.1;
F = RF
With regard to the Principle of Physical Admissibility, the strong condi-

tion on the Claugius-Duhem inequality, Fqs. 9.100 and 9.101, leads ta the
conclusion that, Fq. 9.120,

duw'’) — +Tdp > 0 (10.2)
and, for reversible thermodynamic processes, Eq. 9.130,
dw') = +Tdy (10.3)

where T and » are the thermodynamic pressure and strain, Let us generally
indicate the internal work as

duw!’) = %cr"dt (10.4)

whers o and & are the appropriate conjugated stress and strain lensors,
reapectively.  We have seen in Section 9.13 that when the internal work
results to be equal to the thermodynamic work, we can identily

a = pr (10.5)
& = W (10.6)
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Moreover, we have seen in Section 9.12 that for two particular thermody-
namic processes we can identify a potential function

= pw (10.7)

for e such that

dip dw
7 = Fo=ppe (10.8)
%
dw = 1 (0—';&) ile = ld‘"dé = gl (10.9)
p \ e P
Al = da"de = de"Pde > 0 (10.10)
where ;
v [52) - [
e Deidde

In a non-reversible thermodynamic process, the conditions to be imposed on
a constitutive equation in order Lo respect the Clausius-Duhem inequality
in Eq. 10.2 are not so obvious. In the hypothesis that the internal work can
be expressed as

dw'? = gl 4 gul®) (10.11)

where dwt’™ and dw{'®) are the recoverable and the dissipative (non-reco.
verable) part, respectively, and assuming that the recoverable part is given
by

') = rTdy (10.12)
we artive to the conelusion that the non-recoverable part is subjected to the

condition that
aw'® = 0 (10.13)

For these reasons alternative criteria for physical admissibility have been
proposed. Among them, the best known is the so-called Drucker’s Stability
Postulate, Section 10.3.

10.3 Drucker’s Stability Criterion

Aceording to Drucker, [31], a stable material is one respecting the following
two conditions:
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1. Stability in small, The work done by an added stress set der on the
corresponding change of strain de 15 positive, that is

daTde =0 (10.14)

2. Stability in eyele. The net work over a complete eyele of application
and romoval done by an added stress set de on the corresponding
change of strain de is non negative, that is

}( do"de > 0 (10.15)
We will gee in the next Sections that, in general, a constitulive equation may
be expressed by an incremental relationship of the type
do = Cde (10.16)
where C is known as the tangential conatitutive matriz, Acecordingly,
doTde = de" C'dle

We notice that the condition in Eq. 10.14 can be satisfied if © is a symmetric
and positive definite matrix.
Moreover, it is easy to verify that if there exists a potential function

P = i(e) (10.17)
for o such that
dip
T = Be
d¢p = e'de

¢ = doTde = de"Cde > 0

8] 2

ey | | Beide;

where

then the equality in Eq. 10.15 holds,

Thus, Drucker’s criterion includes, as a particular case, the mathematical
requirements of a fully recoverable thermodynamic process. The extension
consiste in requiring that useful net energy cannot be extracted from the
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malerial and the system of lorces acting upon it, in a cycle of application
and removal of the added set of forces and displacements. Furthermore,
energy must ha put in if only irrecoverable deformation is to take place,

Clearly, the conditions posed by Drucker’s eriterion are more restrictive
than those strictly required by the Clausins-Duhem inequality, However, it
furns ont that Drucker's stability criterion provides the sufficient conditions
[or establishing the uniqueness of the solution for an important class of salid
continuum problems,

10.4 Finite Elastic Constitutive Equations

A material is defined elastie when the continuum recovers ils initial con figu-
ration upon removal of the applied load, In this Section we will prove that,
according Lo the postulate of the Purely Mechanical Theory, Section 10.2, a
possible form of the conatitutive functional relationship for elastic material
is of the type ~

T =§(L) (10.18)

where T is the 2nd Piola-Kirchhoff stress tensor and g, known as the elastic
response function, is in Fgenera.l a non linear tensor value function of the
Lagrange Strain tensor £, Sections 7.8 and 6.3.1. For small rotations but
finite deformations this constitutive relationship may be reduced to

T = g(£) (10.19)

where T is the Cauchy atress tensor, Section 7.7. Finally, when also the
daformations are sufficiently small

T = g(£) (10.20)

where £ is the Linear Lagrange Strain tensor, Section 6.6.1, The vectorial
form of this elastic constitutive functional relationship can be indicated as

& = §(€) (10.21)

where o is the 2nd Piola-Kirchhofl stress vector and € is the Lagrange Strain
vector, Sections 7.12 and 6.10,

In fact, the application of the Principles of Determinism for Stress and
of Local Action leads to the conclugion that for such materials the stress
depends only on the current deformation state. Accordingly, we can state
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that the general form of the constitutive equation for an elastic material is
of the type _
T = h(F) (10.22)
where the response [unction his, in general, a nonlinear tensor value function
of the Lagrange Deformation Gradient x.

The Prineiple of Frame Indifference requires the responge funetion to he
invariant under a change of reference system, that is

T’ = Rh(F)R” = h(RF) (10.23)

for all rotation (orthogonal) matrices R. In fact, under a change of reference
system rotated by R, the tensors T and F transform aceording to the rule,
Section 10.2,
T RTR"
v} s
F = RF

i

Wa recall that the polar decomposition of F yields Lo, Bq. 6.26,
F=RM

where R is the (orthogonal) Lagrange Rotation tensor and
M=g*

is the Right Lagrange Strecth tensor. Hence, if we make the special choice
RE "R‘-T, the constitutive functional relationship in Eq. 10.23 takes on the
form

T'=h(M)=R WFR
and, conversely,

—

T=RT'R =RnMR = WF)

Thus, the constitutive relationship in Eq. 10.22 may take on the following
alternative reduced forms

i'
U

7 = Rh(M) (10.24)
T = RIGR (10.25)
T = Rg(L)R' (10.26)
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where

h(G*) = h(AL)
£(14 22) = K(§?) = h(AA)

.
T -t
et e
1] |

We recall that the Cauchy tensor T is related to the 2nd Piola-Kirehhoft T
as, Bq. 7.38,

T = Qi.'ﬁ:’“r.'f“' - fﬁﬂf’ﬁ"ﬁ"' (10.27)
(v} o

Thus, substituting Eq. 10.27 into Eq. 10.24, we may eventually find the
following alternative forms of constitutive relationships

T = h(M) (10.28)
T = (0) (10.29)
T = g(£) (10.30)
where .
h(M) %’-M_'h(M)M ‘
aiid
f(@) = W@ = hED
B(L) = f(1+2x"3)=i':(55)="1(1‘-'n

10.5 Hyperelastic Materials

A material is called hyperelastic, or Green elastic, il the elastic response
function in Fq. 10.18 is further restricted by the existence of a potential
Minction

¢ = puw(E) (10.31)

known as the strain energy function or as the elastic potential function, snch
that

_ o
A
dip = &'da

¢ = daTdé = di'Cdé > 0
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2
C:[f)qo]

705,
We naotice that:

s C jg a symmelric positive definite matrix;

s hyperelastic conslitutive equations respect Drucker’s stability criteria,
section 10.3;

o the internal work of hyperelastic elastic material results Lo be equal to

dw') = g&rcﬁ = dw

anl ) 1
dliy = =daTde = EdETGfE =0

_f‘}
ag in the case of the fully recoverable thermodynamic process presented
in Section 9,12

According to the above definition, we have that the constituiive equation
for an hyperelastic material is given by the following incremental form

da = Cde (10.32)

where C, the tangential stiffness matriy, is a symmetric and positive definite
matrix. Since C is symmetric positive definite, we can invert Eq. 10.32 and
obtain

d¢ = Dda (10.33)

where
D=C"

the tangential complianee matriz, is asymmetric and posilive definite matrix,
too. Following the Legendre Transformation technique in Section 9.9.1, we
can prove that the inverse transformation in Eq. 10.33 has potential function
defined as

V=puF) ="~ (10.34)
alse known aa the stress energy function or as the complementary elastic
potential funetion, such that
d¢
ta
dy = €da
d* = déTdF = da"Dda > 0

E =
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4
> g2

95,07,
It is important to remark that the positive definiteness property of C leads
to the conclusion thal in the 9D sirain space, the surface corresponding to

P(€) = consl (10.35)
is convex, The same applies for
ihla) = const (10.36)

in the 9D stress space &. In fact, the Taylor expansion of Eq. 10.33, neglect-
ing the higher order terms, in given by

HF B = fEW) = éﬂ{) 5+ LAGTDAG =
Ppla' )= p(a™) = (6& ﬂd’.‘ndﬂlr?,&d' DAg

and

= #HaF 4+ %AﬁTDA&

whaers

AG = (a1 — &)

Assume that &' and ') are two next stress points on ¢ = const. Then,
since the term on the left-hand side is equal to zero, while the second term
on the right-hand side is positive definite, we can write

EMAF <0

which i condition of strict convexity on . Similarly we can prove the
convexity of ¢(€) = conast,

We recall that in a 3D space, a surface f(zq,22,21) = consi is said lo
be convex, if and only if any line segment joining two points on the surface
lies on or inside the surface. It follows thal each tangent plane to a convex
surface of constant f(w, @y, 2a) i8 a supporting plane that does not intersect
the surface.

10.6 Isotropic Materials

A material is called isolropic when its mechanical response is identical in all
directions. This implieg that the funetional relationship in Eq. 10.18 must
reapect the condition

b J

T = QE£)Q" = E(QLQ") (10.37)
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for all instantaneous (orthogonal) rotation matrix Q, where Q represents
the instantancous rotation of the current reference frame. In fact, in this
case, both tensors 7T and £ translorm according Lo the rule

]

= QTQ"
= QLQ"

¢

e [}

Natice that, if in particular we select Q as the orthogonal matrix Q’ which
rotates £ into its prineipal reforence system, then we have

QRIEIQ" = (L, Lo La) = gD, 14D, 147

wlmw £, and .f' ) are the principal strain value and the strain invariants of
Fol respectively.

It can be proved, [83], that the response functions g respecting the con-
dition in Eq. 10.37 have a representation of the form

T = §(£) = 1l + HE + GEL (10.38)
that is, in vectorial form,
= B(E) = Gil + §2€ + gu’€ (10.39)

where g;, for i = 1,2, 3, are scalar invariant functions of the Lagrangian strain

invariants (f”" f“‘-') fg“) Accordingly, we can state that for an hyperelastic
material the atrmn energy function must have a representation of the type

b= (15, 1B, 11 (10.40)

s0 that, according to Eq. 10.38 and Appendix A, the stresses result to be
equal to

F3) () (£)
By = ,f?i— dip i ; der DI . g QL _

D6 i ALy ad ALy I ALy
= i+l ¥ ?}:sf;kf:,fb

where 04
G = 51O, 15 19y =
i '_(h{ 1 2 1 ) W}_
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We notice that in an isotropic material the principal values of T can be
calculated as
Fi = i + Golis + Gal? (10.41)

from which we can conclude that the principal directions of £ coincide with
those of T. In fact, the strain tensor £ in its principal direction has a
representation of the type
L= [ﬁ.\,f.]
which substituted in Eq, 10.38 yields to
G o= Gy + Gaby Lo+ FabnLibily =
= 8 (@ + G + G L7)

By induction, we can conclude that for an hyperelastic material, the com-
plementary energy must have a representation of the type

= (D, 17, KDy (10.42)

where !}T’, for i = 1,2,3, are the siress lensor invariants, Consequently, the
strains resull 1o be equal to

L=Gl+6T +6TT (10.43)

thal is, in vectorial form,

E= 8t 8eTE (10.44)
where
& = 5™, LD, D) = ﬁ&f}i—
H!f ?
In faet,

L0 a e oy on” | 9y KT
L @Fw‘u a”i;) EE,J a!£$) aﬁ.lj al‘!f}’ aau .

[t

]

E18ij + Eadij + Eadin
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10.7 Energy Function for Isotropic Materials

We recall from Section 6.9 that (é,,7,,#-) are a set of alternalive strain
invariants. Thus, the elastic energy function in Eq. 1040 can alternatively
be expressed as

b= (b(i’,,,i’,,,ﬁ;) (10.45)

It can be shown that, Appendix A,
d

§=z= Jim+ fa 4 fad (10.46)
where

o 9

h = T,

f - 3_ ﬁ_tanﬂﬂvﬂ

P aE o, i, o0

4
R o= 2

37 cos 36- 00-
and the elements of d are given by

dij = - %"RH

wlhera
(E20€43 — €33) (F1afys — €méyy) (Fra€za — Emera)
[di;] = (Fudys = &) (Erafia = E11aa)
Symmetric (21182 — €13)
Moreover,
-
O déy | . =3
E = {F}Eﬁf: = [2€ + fad (10.47)
- dd =
. = 3T — 10;"8)
bi a{u fl (

(10.49)

]

|
—
.-""!"‘H
Talce
=%
it
BE

+
amﬂ""
—
ol e
FIE
fa S—
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where, by definition, Sections 6.10 and 7.12,

g = E-m-

"".n:

="‘_r'i§J"

my

We recall from Section 6.9 that (p.g,0;) are a set of alternative stress in-
variants, Thus, the complementary elastic energy function in Eq. 10.42 can
alternatively be expressed as

W= VJ(I_)- 7, ﬁ'&') “0.50)
It can be shown that, Appendix A,
i= 3’f hii 4 hyii+ hal (10.51)
whaere
. oo 0w
hi = 3 8;7
B = EN; tan 30~ ap
v 2q % 08
¢ = 9 thf
YT T 9 cos 36- 085

and the elements of d are given by

" .
dij = biy ~ —:'f'?fkk

wliere
(322333 — 834) (J1a82 — Eaaf"}i) (312843 — 332844)
[m:)'] = (37115:33 - 81"3) (31251:1 - 3113'—33)
Symmetric (811323 — .ng)
Moreover,
_ oy 5" - =
- i i = hes 4 han 10.52
e {5311.- Pars 28 + fiak (10.52)
- a
g, = -5";5 = 3y (10.53)
1/2

-
=
|

ORI -
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10.8 Linear Elastic Materials

Linear elasticity implies that stress and strain are linearly related. Accord-
ingly, for a linear hyperelastic material, the constitutive equation in Eq. 10,32
rediuces Lo

&= Ce (10.55)
where C, the stiffness matriz, is a constant symmaetric and positive definite
matrix. Since € is svinmetric positive definite, we can invert Eq. 10.55 and
abtain

dé = Diler (10.56)

where
D=¢!

the eompliance matriz, is a constant symmetric and positive definite matrix,
Lo,

Thus, in an linear hyperelastic elastic material it must exist a quadratic
potential Tunction

s | S
¢ = ¢(€) = EE’"Ge (10.57)

where the stiffness matriz C is a symmetric positive definite matrix such
that
oF = {% = {JE
dip = &"de =¢"Cde
d’¢p = do"dé = de"Cdé > (

Conversely, we can state that the complementary elastic enorgy
p=(&F)=8"¢- ¢ (10.58)

is quadratie function of the type
v — Lgnuec
= (&) = Ea‘na (10.59)

where the compliance matriz D is a symmetric positive definite matrix such
that
- iy o
¢ =@ =—m=Dg
e
dp = €'da =a"Dda

d*y = deéTde = da"Dds =0
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and
D=(C)” (10.60)

10.9 Linear Elasticity Isotropic Materials

For an isotropic linear hyperelastic material the constitutive relationship in
Fq. 10,46 must be reduced of the quadratic terms and, therefore, take on a
linear form of the type _ .

o= fim+ e (10.61)
T'his can be obtained if, and only if, the strain energy function is independent
of &> invariant so that

. e
h = .

- 2.8
Ja = 5 9
Ja = 0

and f1 is a linear function of (¥,,¢,) while fg is a constant.
Accordingly, we ean state that the elastic strain energy function for an
hyperelastic linear isotropic material must have a representation of the type

= d€, %) (10.62)

where ¢ is a quadratic homegeneous function, for example

Wint,) = 5(BE +3G) (10.63)
such that 90

7= = Bmg, 4 2¢e (10.64)
and

d¢p = &"dé = Bdi, + 3Cde,
d*¢p = da"dé = Bdi: + 3Gde: >0

Since & and de? are two independent positive variables, the inequality d*¢ >
0 is always satisfied if and only if

B >0 G0 (10.65)
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where B is known as the bulk elastic modulus and & is known as the shear
elastic modulus,

The constitutive equation for linear eélastic material is commonly given
in the form, Hooke’s Law,

@ij = [Abkrbis + p (binbjs + birbi)] Ere (10.66)
or, equivalently,
8 = Newbij + 28, (10.67)
where
o= B 2:?
g =

are known as the Lame’s elastic éonstants. This form can be derived from
Iiq. 10.64 as [ollows

Il

a't'j z'?:'.-ub.fj + EC;EU ] vaﬁu 4 003 (E{_J, = 6”%‘) =~

20N -
(8- %) b + 267 = Vb + 267, =
Aﬁ“?“&;’ + (Iﬁiké‘;f + 6!'{5.]1') -E'H

Il

It is possible to verily that the vectorial form of Eq. 10.65 is given by
&= CE (10.68)

where the stiffness mattix C s a positive definite matrix of only two inde-
pendent coeflicients defined as

{1 —u) b i i i ]

X i (1 =i} ir 0 " ]

= I t' i {1 —w) 0 1]

(14 w)(1-2v) 0 0 0 (1-2w) o
0 0 0 0 (1 = 20 (o)

where
i J(2p 4 30)
= wA A
A

¥ = 27-——-——“ + “)
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Table 10.1: Relationship among elastic moduli
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are respectively known as the Youngs modulus and the Paisson ralio. The
relationships among the elastic moduli are shown in Table 10.1, [18]. The
respeet of the conditions in Eq. 10,65 vields to the conclusion that the pos-
sible range constants £ and » is given by

E>0 ~1<p< (10.69)

finoh |

However, the measured range of variation of # for real materials is
0<wv<049 (10.70)

[n a small deformation process the constitutive equation for an hyperelastic
material in Eq, 10.68 reduces 1o

o= Ce (10.71)

The values of the parameier £ and ¢ can bo experimentally measured in a
small deformation 1D axial load test in which ay; # 0 while all the other
stress components are equal to zera, In this case, in fact, we have that

7 €1 Ly -
E=- [ SE (10.72)
1 m €11

The inversion of Eq. 10.68 yields 1o
i = Do (10.73)

where the compliance matrix D = €~ is positive definite matrix of only
two independent coeflicients defined as

|

®

|

=

L=
L= = = =]

_ =i =i 1 0
D‘“'ﬁ 0 0 0 (14w

o 0 o o . 40 Jggy)
This inverse relationship can be obtained from a complementary elastic en-

ergy function
YP=ppg)=¢—-a"¢ (10.74)

where ¢ is a quadratic homogeneous function of the type
fj’) =

N F;
WA = 35 + o (10.75)
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L I

€= gz =gpmt5aE (10.76)
and
e = W
= B B —dF
dip = a'dé= B m + Hqu
by — gatae o W, T
d* = da"de = I o+ e =0
Finally, it is of interest to notice that, Eqs. 10.47-10.49,
8 = 20Ge (10.77)
P = BE (10.78)
q = 30e, (10.79)
and the inverse relationships are given by, Eqs. 10.52-10.54,
" 8
€ = 5= (10.80)
£ = i;u (10.81)
. &
“a = w4 (10.82)

10.10 Newtonian Fluids

In Continunm Mechanics, the term fluids usually denotes a material that,
unlike solid materials, has the following two main characleristics:

# Pluids cannot support a shear stress; in a fluid, the shear deformation
will continue as long as any shear stress is applied.

e Iluids carry no memory of their initial state; in a fluid, the stress at a
point depends exclusively on the instantaneous rate of deformation,

The classical Fluid Mechanics Theory assumes that the Canchy stress tensor
T can be expressed as

whera

F = F0 Lo (10.83)
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. "f‘tn, 15 & recoverable part assumed to be equal 1o, Eq. 9.146,
TN = 1 (10.84)

where 7 is the thermodynamic pressure obeying the thermal equation
of state, Eq. 5.35,
= w(f,v)

whare v = 1/@ is the specific volume.
o 'f'w, is a dissipative (non-recoverable) part assumed to be equal Lo
) _ (D) (10.85)
where g is a tensor value function of the Euler Strain Rate tensor D.

In general, therefore, the constitutive equation for fluids is assumed to be
given by »
T = —nl+g(D) (10.86)

and, depending on the functional form of g, fluids are further classified as
follows:

s If g is a non-linear tensor function, the fluid is called Stokesian.
o Il g is a linear tengor function, the fluid is called Newlonian,
According to Principle of Frame Indifference, g must respect the condition
7% = Rg(P)R” = g(RDR") (10.87)

for all rotation (orthogonal) matrices R. In fact, under a change of reference
system rotate by R, both the tensors 7 and P transform according to the
rule

7% = RTR’
D = RDR’
Notice that the condition in Eq. 10.87 is analogous to that in Eq. 10.37 and
thus it implies also a condition of isotropicity for fluids,
In a Newtonian fluid, similarly to the case of linear isotropic elastic solids,
Eqgs. 10.66 and 10.67, the constitutive equation for the dissipative part iz set
to

Tij + b = [Ngidis + p(Gipdyr + 846,1)] Dy (10.88)
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or, equivalently,

aj; = —=mbiy + Adydy; + pdy; (10.89)
where
20 = ?i,J
d;l)' = ﬁ‘.’

and A and g are two independent constant. The respect of the inequality in
E¢j. 9.145, leads to the conclugion that

s

2
k A+§J!20
o= 0

In vectorial forni the constitutive equation for a Newtonian fluid can be
indicated as

o = -7m 4 Cé (10.90)

where é collects the components of D and € is a symmetric positive definite
(or semidefinite) matrix of the same form of that in Eq. 10.68.

An equivalent form of the Newtonian constitutive relationship in Eq. 10.89
is given by, Navier- Poisson Law of a Newtonian Fluid,

Tij = 2uey
{ o =K (10.91)

where », known as the bulk viscosity, is defined az

2
K=A4 op
3
rij and ¢;; are the deviatorie stress and strain rate tensors respectively de-
fined as

T = aijtbip

iy
G b

&y
Finally, p i& the mean compressive pressure defined as

Tk

. it

3
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In fact, according to the above positions. the constitutive relationship in
Eq. 10.89 vields to

dyk
Ty = pbi; = —mwdi; + .\rfm..(lu + 241 (I’.‘.‘j 4 6,-_,-%)
that is
i = [(p = 7) + wdia]bi; + 2pey;
from which. setting ¢ = j and summing, we find
(r— )+ h'-dkk = {J

since rpe = 0 and ey =0,
We notice that i:l-l':t:ul‘t“llg o [':t'|. 10,91, the siress power can bhe expressed
a5

i = b () (10.92)
whers

aijdi; = —pdyk + Tijei; =
= —wdy+ ndiy, + 2peiiei;
Wl = al{-_:-d(f.‘j = =7y
Wwl?) = rr‘{f"}d;_, = Kdiy + 2eeijes;
Finally, if the fluld respects one of the following conditions:

s perfect (or inviscid) Mluid conditions

A=pu=10 (10.93)
g0 that x = (.
e Stokes condition 3
Ay —ghH (10.94)
g0 that k = ().
& incompressibility condition
dip =0 (10.95)

then
T=p {(10.96)
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Chapter 11

Hypoelastic Constitutive
Equations

11.1 Introduction

The hyperelastic constitutive theory presented in the previous Chapter is
based on the main hypothesis that all deformations are recoverable upon
removal of the applied forces, Tt is common knowledge, instead, that a
large class of real solid materials do not exhibit such a characteristic when
subjected to cycles of loading and unloading.

A typical example of the response of a non-hyperlastic material subjected
to cyeles of triaxial loading condition, Section 11.2, is shown in Fig. 11.1.
In this diagram we can distinguish the following important features:

« streas va. strain relationships are not linear and are dependent on the
current state of stress;

s not all the deformations are recoverable upon removal of the applied
load;

s there exiats an ultimate value for stress,

Irreversible deformations resulting from mechanisms of slip, or from dislo-
catlons al the atomie level, and thereby leading to permanent dimensional
changes, are known as plastic deformations. With reference to Fig, 11,1,
the strains E&M and c!f) represent the plastic (irreversible) and the elastic
(reversible) components of the total strain ¢,, respectively.

269
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loading

i.q.ﬁ.ltl i\.d in

__,.- r'e\hiémllﬁﬁ

Tl 2
E 1

Figure 11.1: Typical triaxial response of a real solid material

Experimental evidence shows the existence of an ultimate stress intensity
value for any real material, known as state of fatlure. The envelope of all
possible states of stress producing failure deseribe a surface Q(e) in the
stress space known as failure surface, Section 11.3,

The three distinet material responses for loading, unloading and reload-
ing triaxial stress condition are as well observable for any other different
stress path. The envelope of all the transition states of stress from one type
of response to another defines in the stress space o a surface G(ea, k) known
as yield surface, Section 11.5.

A possible way to model such a type of material response, in the hypothe-
sis of small deformations, is provided by the so-called hypoelusiic constitulive
maodel, Section 11.6, according to which a possible constitutive equation is
of the form

do = Cde (11.1)

where & is the Cauchy stress vector, € the Linear Lagrange strain vector
and C is the tangent constitutive matrix assumed to depend on the current
stress o, that is

C = Cla) (11.2)
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Various hypoelastic constitutive equations have been developed and an ex-
haustive review can be found in [18, 28]. In practice, the most used ones
are the so-called Variable Moduli Medels, Section 11.7, according to which
the material response is assumed to be incrementally isotopic. Under this
hypothesis, the tangent € matrix contains only two independent material
parameters

C=C(F ) (11.3)

or, alternatively,
C = C(B,G) (11.4)

The law of variation of E and v, or of B and &, with o, may be determined
on the basis of the material response under triaxial loading conditions. An
example of this type of model is fully described in Section 11.9.

11.2 ‘Triaxial Apparatus

The properties of a solid material can be determined experimentally in var-
ious ways. Usually laboratory tests are performed on a small cylindrical
sample of material. The simplest test consists in loading axially the sample;
more information about the material properties can be obtained by applying
a confining pressure all around the sample,

The possibility of controlling at the same time axial and confining pres-
sure is provided by the so called simple iriazial tesi apparatus, Fig. 11.2.
Today several types of triaxial apparatuses are available on the market, In
the most sophisticated one, the applied axial and confining pressures are
controlled through computer facilities. Also, these apparatuses provide the
complete monitoring of the axial and radial strains as well as of the volume
change. '

As a general rule, a triaxial apparatus can test a material sample for any
desired loading history of the following stress components, Fig. 11.2:

o axial stress o, = o}

e confining pressure o, = a, = Ty
e mean pressure p= (o, + 20,)/3 ;
o deviatoric stress ¢ = |o, = o..

The material response may be then controlled by monitoring the following
strain components:
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Figure 11.2: Simple triaxial apparatus

e Axial strain ¢, = ¢,
# Hoop strain ¢, = ¢ = ¢,
s Volumetric strain ¢, = ¢, + 2¢,

& Shear strain ¢, = %I‘eCI — &

Among the different stress paths which is possible to follow through the triax-
ial apparatus, we may distinguish the following three main paths, Fig. 11.3:

e Isotropic Compression, IC path in Fig. 11.3a, of stress components

de,
day
0

0
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Ic

Figure 11.3: Stress paths in a simple triaxial test

¢ K-Compression, KC path in Fig. 11.3h, of stress components

do, _ 342K
de, =~ 3-K
dp = %:3 5%:- + 2]
dqg = |do, [:::' - l“
:4; = ak

where
= ldag| 35 1]

 de, 3K -1

# Triaxial Compression, TC path in Fig. 11.3b, of stress components

dﬂn # U
do, = 0

doy
dp = =—=

3
dqg = |dag|
dy |dera|

3; = 3do*q
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11.3 Failure Criteria

Coulomb (1776) was apparently the first to suggest a criterion for the defi-
nition of failure. Let 7 and o, be the shear and normal stresses acting on a
plane of normal . According to the Coulomb failure eriterion, failure takes
place along this plane if

T =¢— oy tan (11.5)

where ¢ and ¢, known as the cohesion and the friction angle, respoctively,
are material constants, For pure cohesive materials, where ¢ = 0, Fq. 11.5
simplifies into

re=e (11.6)

which is known as the Tresca failure criterion, (Tresca, 1868).

AT
Couvlomb failure

+—Crilgrion

Figure 11.4: Mohr-Coulomb failure criterion in the o vs, ¥ Mohr-plane

Mohr (1882) interpreted the Coulomb criterion in terms of principal
stresses and the relative geometrical representation of the complete Mohr-
Coulomb failure surface in the principal stress space is shown in Fig. 11.5a.
This failure surface is a pyramid, symmetric about the space diagonal and
the normal section at any point is an irregular hexagon, Fig. 11.5b. For pure
cohesive material, the failure surface changes into a prism whose normal
gection at any point is a regular hexagon, Fig. 11.5b.

A convenient representation of the Mohr-Coulomb failure surface in the
3D principal stress space was given by Nayak and Zienliewicz, [70], in term
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Mohr-Coulomb ¢ =0

chmlqﬁ

Figure 11.4: Mohr-Coulomb and Tresea failure surfaces

275
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of atress invariant in the follownig form

‘ Eln"\p_l ’*( ﬂ_ &l#;#) '_-“‘-'OH‘P (11_7)

The Tresca yield eriterion can be then easily obtained by setting ¢ = 0; this
gives
Jé' cosd = ¢ (11.8)

The above expression in Eq. 11.7 may be derived noticing in Fig. 11.4 that

r=(d-b)sing

where
I i
T2
I T
1 = 2
¢
o i Lan ¢
Thus, :
ay— o3 (s oy
-11.8
2 (t.u.mp 2 )smw ( )

According to the relationships in Eq. 3.28, the principal stresses oy and oy
can be expressed as

{m}‘hll]”(ﬁ)% sin (0+ 3 )
&3 . 1 0 sl (ﬂ - %ﬂ')
from which

252 = () (o ir) - (0-5r)} -
()" foum (H%ﬁ%("“%”)]
,,1.%[;(34, )= (-39)]} -

( ) {2(‘0303”\%1}=J;‘./2m30 (11.10)

e &
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f‘l‘:zt—d?' = % + (%)& {nin (!? + %w) + sin (0— gw)} =
o () fsnd(0+3) (-3
¢‘Jﬁ% [(ﬂ'+ %w) - (0 - éw)]} =

_ Lo (h *{ﬂ- 3}_51_(53)*-
= r-:-l—ap(a) 2..m9r.n331r =3 3 sin @ (11.11)

il

Substituting Eqs. 11.10 and 11,11 inte Eq. 11.9 we obiain the relationship
in Eq. 11.7

Von Mises (1913), tried to reduce the mathematical difficulties associated
with the determination of the angle # in Eq. 11.8, by replacing the hexagonal
prism by an inseribed circular eylinder, Fig. 11.6.  Thus, the Von Mises

Drucker-Prager ¢ = 0

=3 o= a;=ay

| Von Mises ¢¢ = 0

Figure 11.6: Drucker-Prager and Von-Mises failure surfaces
failure criterion can be obtained by setting @ = 30" in Eq. 11.8, that is

Jé‘ = (11.12)

g
Vi
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Drucker and Prager (1952), [32], then proposed the following generalized
form of Eq. 11,12

wly +d8 =k (11.13)
where a and k are to be considered as two independent material parametors,
In this case the vield surface in the principal stress space is a right circular
cone whose axis of revolution is the diagonal space, Fig. 11.6.

It is easy to verily that all four Molir-Conlomb based failure eriteria in
Bgs. 11.7, 118, 11.12 and 11:13 may be generally expressed as

@=qg4+Mp-N=10 (11.14)

whaere p s the mean pressure (negative for compression ), ¢ the deviatoric
stress and:

& i the Mahr-Coulamb failure surface we have Lliat

decosy
N = N@)=
() V3 eosf — sin 0 sin @
Moo= M) = dsin @

V3 cosd — sinfsin @

e [n Lhe Tresca failure surface, being ¢ = 0, we have that

dJe
N = N{#§ =
() ;3005.8
M = 0

# In the Drucker-Prager failure surface N and M are independent of 8.
o [n the Von Mises (ailure surface M = 0 and N is independent of #,
In particular:

o The Drucker-Prager cone thal crosses the outer apoxes of the Mohr-
Coulomb hexagon al any section can be obtained by setting in the
Molir-Coulomb relationships @ = 30°, This yields to

N = ﬁcr:uuf
3—sing
W = Gisin ¢

4 —aing
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s The Drucker-Prager cone that crosses the inner apexes of the Mohp
Coulomb hexagon at any sectlon can be obtained by setting in the
Mohr-Coulomb relationships # = —30°. This yields to

ﬁc'r.'.mu;a

34 sing
G sin e

34 sing

N =

¢ The Drucker-Prager cone that is tangent to the Molir-Coulomb he-
xagon edges at any section can be obtained by setting in the Mohr
Coulomb relationships

! = — arctan (%)

This yields to

N = decoad
(3 + sin’ w]';a
sin g
(3 4 sin? l‘D)l;a
Finally, for the Von-Mises failure surface the N and M expressions can be
obtained setting ¢ = 0 in the above listed Drucker-Prager expressions.
More recently other types of failure ¢riteria have been proposed, An
excellent review of some of them can be found in [18].

11.4 A Modified Mohr-Coulomb Surface

We have seen in the previous Section that the Mohr-Conlomb criterion in
Feq. 11.14 i a generalization of the simple Coulomb frietional law postulated
in Iiq. 11.5, The relative surface in the 3D principal stress space presents six
sharp corners, Fig, 11.5. But experimental results performed on real material
with a true 30 gtress states seem (o indicate smoothed corner zones,

A possible modifieation of the Mohr-Coulomb equation accounting lor
smoothed corner zones ean be of the type, [26),

g=—M()(p-pu) (11.15)
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where

M(8) =

with
M (#)
M, ()
and

il

bi

Il

1

ai(#)

for 1= 1,2, in which
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My(0) for -F <020,

M,8) fordy <8 <48,

My(0) forfy <0<

- dain g
B 75_{:05(3 = &in fsin ¢

a (.rh(f’) +/gi0) - b

gy
by — d;
di [2e06; = i)+ 2¢; = 1
{0 fori=1

V3 for =2

T
cotan [ — — @,
(3 )
by
=8 ; -2
)+c'cm(3 )]

x Being
. 3 sing

" | sing+3
¢ Jasing— |

Finally, (psr, 81,82, ¢) are material constants whose physical meaning can be

understood from the graphical representation of Eq. 11.15 in Fig. 11.7.

particular:

In

8 g represents the distance OV shown in Fig, 11.7h;
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Figure 11.7: A modified Mohr-Coulomb surface
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e {4 ane &5 are the values of the angles where the smoothed corner zones
beging their values result to be bounded as

sth =6 =

o3
o)

o ¢ is the (friction) angle which controls the value of the inclination M,
Fig, 11.7b; its value ean be dotermined by solving the implicit equation

(f)
M, (e: E) %

b (P(” = Pui )

where (p“ Vgt ’) is a pair of experimental stress invariant values mea-
sured on the inclined line in Fig, 11.7b. The value of ¢ results ta he
bounded as .

0<¢g< 3

As a particular case of this modified Mohr-Coulomb eriterion, we have:

o The standard Mohr-Coulomb criterion which can be obtained setting

w
B = =8y = _E

s The Drucker-Prager criterion which can be obtained setting

P e st (siin;b)
| 2 arctan 7

Interestingly, by setiing
0 = =f; = —25°

the corresponding M values calculated according to Eq. 11.15 and that eal-
culated according to Eq. 11,14 specialized for the standard Mohr-Coulomb
crilerion, differ at most of 8 %, for ¢ < 60°.

For our purposes, it is useful to report the following derivatives

dM,(0) _ Ml(ﬁ):\/ﬁniu9+cmﬁmnqﬁ

dfl Jsin ¢
dM,(0)  dM.(#) 1 =Mﬂ(mz\/ﬁsinﬁ+unaﬁain¢

do h df  cos 3 cos 30 sin ¢
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AM(8)  M(0)gl(e)

s m

AN (0) dAM(0) 1 M;(0)e; 1 +3(=1)

dd — dd cos3f (@)~ b dcosd (cos0 + (=1) Vasind)
where

7i(0) = ¢ [— cas (% - ﬂ) + ¢ in (} - 6)]

11.5 Yield Surface

fori=1,2

Experimental evidence has shown thal the three distinel material behaviors
observed for loading, unloading and reloading triaxial conditions are as well
observable for any other type of stress paths.

Clearly, in a general stress path involving a contemporaneous change
of all six indepandent stress components, the terms loading, unloading and
reloading no longer have such a clear-cut meaning as in the triaxial case. In
fact, it is possible that the material is loaded in one direction while unloaded
in the others.

Supported by experimental evidence, we agsume the existence in stress
space & of a so.called yield surface G(e, k) where k is some hardening pa-
rameter controlling the evolution of &, For loading conditions, the yield
surface evolves following the current stress point e, so that:

Gler k) = 0 (11.16)

Consequently any other possible siress state may lie only within the space
region ingeribed by the yield surface, that is

Gle, k) <0 (11.17)

If de represents the infinitesimal stress increment from the current o, we
define loading/unloading/reloading conditions as follows, Fig. 11.8:
Glo 4 do, k) 2 0; loading.
Gle.k)=0 and
Gl + da, k) < 0; unloading,
Glo + do,k) =z Gla.k); reloading.
Gla, k)< 0 and
Gla +da, k) < Gla,k); unloading.
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The specific form of 7 is material dependent.

11.6 Hypoelastic Theory

A peneral class of incremental constitutive equations has been proposed in

the form of ) .
T = g(T,L) (1318)

where T and £ denote the Canchy stress and the linear Lagrange strain
tensors, respectively. The overdot denotes the rate of change with respect
Lo time,

This incremental constitutive equation is strictly applicable under the
hypothesis of small deformations in which also rigid rotations are negligible.
In fact, Eq. 11.18 does not satisfy the principle of Frame-indifference for
any arbitrary motion. Part of the difficulty is that 7 does not transform
according to the rule in Section 10.2.

For (initially) isotropic materials, the response value function must re:
spect the condition, Bq. 10037,

T = Rg(T,L)R" = g(T", £ (11.19)
where
T' = RTR’
‘c.! s Rth.

for all the rotational (orthogonal) matrices K. It can be proved, [83], that
regponse funclions g respecting the condition in Eq, 11.19 have a represen-
tation of the type

':i’ = E(T.E) =
= apl H’|II: + u‘)tﬁl 4 asT +a4TT +
‘os(LT +TL) + 06(LLT + TLL) + ar(LTT + TTL) +
}ag(CLTT + TTLL) (11.20)

where a;, for i = 0,1,...,8, are scalar invariant functions of the six £ and
7T invariants and of the following four joint invariants

Qi=L:T, Q=TT

Qa=(LL): T Qu=(LL):(TT)
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(v doj ) <o

G (s, KJ > G.('ﬂ;.k)

Figure 11.8: Loading /unloading/reloading criterion
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For time-independent materials, the constitutive relationship in Eq. 11.18
must be homogeneons in time, that is time must appear to the same order
in all terms so that it may be dropped from the equation. In this case, [18],
the constitutive equation in Eq. 11.20 reduces to

‘j" = g(T.A’I.'-]E
= agl+4 r.'r,l:.'. dasT + ey TT +
+og(LT + TL)+ es(LTT + TTEL) (11.21)

where oy, for ¢ = 0,1,3,4,5, 7, are scalar invariant Tunciions ol the three T
invariants only. In particular:

s ay, 05 and a- must be independent of £ and so functions of the three
T invariants only.

& ap, oy and oy must be of degree one in C so that

Bl -+ @y + 20

kg =
oy = ol +B1Qr + BsQs
oy = Pelig + 320y + Fallz

where A;, or 1 = 1,2,...,8 are response coeflicients functions of the
three 7 invariants,

In fact, the requirement of being homogeneous in time can be satisfied only
by eliminating all terms containing second and higher powers of £,

We notice that the right-hand-side of Eq. 11.21 is a linear function of
dC. This suggests that the constitutive relationship in Eq. 11.21 may be
conveniently written in the inerementally linear form

doi; = Cijpden (11.22)

where
Cisnt = Cizut(Cmn)

and, because of the symmetry of o;; and deyy,
Cijit = Crint = Chite = Chjik
while, because of the (initial) isotropic condition,

Cpr.vw (_a:;b ) re Rpquerk Ralcijkn'(”nm)
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where
ﬂ":.,b = Havii Byi @i

The most general form of Cjjp satisfying the above conditions may be written
an

Cikt = Avdigbig + Aa(bidyr + 650i1) + Azoyby + Aubijon +
FAs(0iay + buajp + &ipoi 4 o) +
+A66:'j¢kmdm! At Agbp i e
+*"Iﬁ('ﬁﬂfﬂjm Tl + &I'fﬂ.ﬁﬂﬂmfr + ﬁ.}'k"l'm‘?ml | I'sjn‘al'm”mk) +
+Aaijan + A00iiOpm O + Apyainoioy +
+ At O Ty (11.23)

in whicli the 12 material coeflicients A; depend only on the invariants of the
Blress lensor oy,

Depending on the degree of dependence of C"ijki on the components of
the stress tensor, (initially) isotropic hypoelastic models of various order
can be formulated. The simplest one is the Hookes law for linear elastic
isotropic material in Eq. 10.66 which can be obtained setiing Ay and A; to
be constants while A; = 0 for i = 3,4,...,12

[t is important to notice that the constitutive relationship in Eq. 11.22
presents the following characteristics:

o Il a material element is subjected Lo an infinitesimal strain increment
and then return to its original state of strain, the stress components
resume their initial values to within higher-order quantities, Thus in-
finitesimal (incremental ) deformations in an hypoelastic material under
initial stress are reversible,

o The behavior of a hypoelagtic model is in general stress (or strain)
path dependent.

e In general, the matrix Cyjyy is not symmetrie. Consequently, neither
the Drucker’s stability conditions in Section 10.3 nor the invertibility
of the constitutive relationship can be ensured.

An important characteristic exhibited by the hypoelastic behavior described
above is the stress- or strain-induced anisetropy, [18]. In fact, the tangential
stifliess matrix in Eq. 11.23 does not generally have the same isotropic form
of the stiffness matrix for jsotropic materials in Eq. 10,66, Thus, depend-
ing on the stress path, an initial isotropy of the material may be destroyed,
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resuliing in a generally anisotropic imcremental stiffness. As a result of the
induced anisotropy, there is a coupling (inferaction) between the volumetric
response and the deviatoric action. The stress-induced anisotropy and the
coupling effects are important features in modeling the behavior of real mate-
rials such as concrete and soils for which inelastic dikm{timw or compaolions
are important effects.

11.7 Variable Moduli Models

The hypoelastic Variable Moduli Models assume the material to be isotropic
and that the constitutive relationship can be expressed as, Generalized Hoo-
ke's Law,

do = Cide (11.24)
where the tangent stiffness matrix
C=0C(o)

i# a symmetric matrix of the type in Eq. 10.68. In this case, the two in-
dependent material parameters £ and ¢ are assumed to be function of the
stress invarianis, Lhat is

E = E(pyg.80)
o= E(pq,#)

This constitutive relationship can be obtained from the general hypoelastic
constitutive equation in Eq, 11.22 seiting

Ay = Ailpog,0)
Ay = Aulp,q.0)
Ay = Ay=...=Ap=10

from which we ean prove Lthat

Aa(242 4+ 344)
Ay + Ag
B
2(A; 4 Ag)
It ean be proved that Eq. 11.24 may be alternatively expressed as, Sec
tion 10.9,

E =

po=

do = Bmde, -+ 2de (11.25)
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where the (B,G) are two independent scalar functions of (p,q) related to
(E£,#) as reported in Table 10.1. Finally,

da = 20de
dp = Bie,
dg = 3Gde,

[nteresting to notice that in triaxial stress conditions

de, %[dﬂn ~ 2uvda,)

fk“ = _Il}_:','q[dﬂﬂ - “("zﬂu + dﬂ'ﬂ)]

Then, the laws of variation of the parameters (| ») or alternatively of (8, &)
can be established from triaxial test as fullnws,ISe::I;iuu 11.2:

o TC test with do, = 0. From the experimental diagram a, va. ¢, we

can compute
der,

| — R —
de,

while from the experimental diagram ¢, vs. ¢, we can compute

E

d[.::.

Y= .

de,
s [Cor KC or TC testa. From the experimental diagram p vs. ¢, we can

EDITIpI.:II‘.E
B dp 1 (dad +2dm)
T de, 3\ de, + 2de,

while from the experimental diagram ¢ vs, ¢, we can compute

a ldg 1|de, ~ da,|
P o = o sesee——
de, 2 |dey = deg)

11.8 Hyperbolic Models

The name hyperbolic models usually denotes a class of incrementally isotropic
hypoelastic models, Le, vaiiable moduli models, in which stress-sirain rela.
tionships are approximated by hyperbolic equations. This Section presents
some of the best known hyperbolic relationships applied for the best fitting
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of experimental &, va. ¢, curves obtained from uniaxial tests, that is TC
tegts with o, = 7 and o, = (..

The simplest hyperbolic stress/strain relationship has been proposed by
Kondner, [55], in the form of

7
F =
i+ be

(11.26)

This equation represents a curve, Fig, 11.9a, with an initial glope L, = 1/a
and an asvmplolie value o, = ]ﬂ). In Fact, the inversion of Lq, 11,26 giwm

T
= I—m (1].2?}
while the differentiation of Eq. 11.26 yields o
Lod t
= e (11.28)

de  (a+ be)?

which, substituting the expression of ¢ in Eq. 11.27, takes on the form

S Y _ oy ? .
L-Eu—w)_mﬂ-i) (11.20)
Thus, from Eq. 11.26, for ¢ — oo
l .
iJ = B = J

while, from Eq. 11.29,
;1; = Es for ¢ = 0.
0; for ¢ — oo,

A modified ntmss/ut.mln relationship has been proposed by Hansen, [49], in

the form of .
t‘ &
”‘(u+m) (11.30)

This relationship represents a curve, Fig. 11.9b, with an initial vertical slope
and an asymptotic value at @ = 1/V/b. In fact, the inversion of Eq. 11.30
gives

ﬂﬂ"?

W (11.31)
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o| E‘”Il o

(™o

Rondner’s model

. 7‘-“‘..-'\ 'é"

A=

o

£
m
F'f'l-,“..

Ramberg-Osgood model

Figure 11.9: Hyperbolic stress-strain curve
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while the differentiation of Eq. 11.30 yields to

der i

E e —
de [t.‘(ﬂ.-l- be)?

(11.32)

]1/2

which, subatituting the expression of € in Eq. 11.31, takes on the form

2
: 1 ¢ W\ i a?
B g (1-be) =m(1"?) (H93)
Thus, from Eq. 11.30, for ¢ — oo

b o
0= —F==dad

while, from Eq. 11.33,
ooy fore=10.
E=s {
0; fore—oo.

Ramberg and Osgood, [76], proposed a sort of generalized hyperbolic model
in the form of

+ Eye (11.34)

where, Fig. 11.9¢,

Ef = Bn (= l‘-:p
and [, is the initial slope, o, a yield siress, E, the slope at ay, while m
defines the order of the curve. The differentiation of Eq, 11.34 gives

I E; :
By i & + B, (11.35)

priy ML
de |:l i (M) ] [
Ty

Notice that for a, =@, F, = 0 and m = 1, Eq. 11.34 reduces to Kondner's
hyperbolic relationship in Eq. 11.26.

For an optimal approximation of an experimental curve, the following
best fitting procedure has been proposed, [27]:
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e measure al ¢ = 0 the value of the slope F,;
& choose a convenient value of &y

s select two points (), ) and (€2, e4) on the experimental curve and
then calculate & &y X
by=—; FEy=-—=; R=-=
£ i} €]

o calculate the value of m by solving the equation

‘,1"'_3_+(L_1)=0

.Hm IHITI.
where
P By
A‘e:,—E,,‘ H'E;-E,

s ovaluate the vield stress as
E,
Ty = A - aniym ]
(A7 =1)

11.9 A Complete Variable Moduli Model

Variable Moduli Models have been widely used in geotechnical engineering
for describing the hehavior of soils. Among the various proposals, the most
popular ones are perhaps those which assume that, under triaxial loading
conditions, the o, vs. ¢, and the ¢, va. ¢, curves can be represenied hy
hyperbolic curves.

Based on many available experimental and theoretical suggestions, we
describe in this Section a possible complete hypoelastic model for isotropic
soile.  The main hypothesis of the model are:

» the material response in a triaxial test is of the type shown in Fig. 11.10

e failure conditions are represented by a Mohr-Coulomb surface, so that
al failure, FEq. 11.9,
(71 = d3) + (8 + Ta)sin @ = 2ecos (11.36)

or, equivalently,
(71 = da)(1 = sing)
2(ecos @ — a8in ) -

{11.37)

where
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Figure 11.10: Material response under triaxial conditions
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= @y and &y are the maximum and the minimum principal stress
values ab failure, respectively,

= ¢ and @ are material coeflicients.

# The material response is controlled by a stress level parameler defined

as )
o= (G- 0a)(1 —sing) (11.38)

~ 2(ccosp — oy singp)
where oy and g are the maximum and the minimum current principal
stress values, respectively. Comparing Eq. 11.37 with Eq. 11,38, we
immediately realize thal this parameter is a sort of a measure of the
current distance of the current stress o from the failure surface and its
range of variation is bounded by

0; for oy = aa.
H = -
1; for ey = &y and a3 = as.

o the loading criterion for o given stress load do is given by

Snga = i loading.
n = k B

8n41 < 8y unloading.

Snp1 = &y teloading,
in < K . adi
Sapn < 8y unloading.

where
8, = 4&p(a)
Antl = Sn{a + dﬂ')
where & is the maximum stress level parameter ever measured.

¢ Under triaxial loading conditions, the o, vs. €, and the ¢, va. ¢, curves
can he represented by hyperbolic curves,

Under the above hypothesis, the constitutive relationship is given by
do = Cde (11.39)

where C is a symmetric matrix of the type in Eq. 10.68 function of the two
independent material parameters F and v, For loading conditions
{ E [l = Ra]*; for< s <1,
-

(11.40)
0.017,; for s = 1.
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wto s for |1 = A| = /1, 0195
v o= {(1=4) (11.41)

0495 for [1 = A £ /1, /0.495

where

1]
£, hp, (I:—'I) >0

i

|f’1|) !
(f=mlopg (| — | < =
(78 § =1 m,(m 7

A

b
%fm — a3)(1 - Rs)

and p, is the atmospheric pressure. The coeflicients to be determined ex-
perimentally from triaxial tests are

s I, initial slope in the (o, — a,)/p, V5. ¢, diagram for g, = p,,
Fig. 11.10a;

s I, factor controlling the asymptote in the (o, = a.)/pa vs. ¢, diagram
for oy = pu, Fig. 11.10a;

e n, exponent controlling the rate of change of E, with o,;
o (7, initial slope in the ¢, vs. ¢, diagram for a, = p,, Fig. 11.10b;

e [, factor contralling the asymptote in the ¢, vs, ¢, diagram for a, =
Py Fig. 11.10b;

e m, exponent controlling the rate of change of #, with o,.

On the other hand, unloading and reloading conditions

E = Kyp, (M) =0 (11.42)

P

¥o= o, (11.43)

where Ay, is a material constant Lo be determined experimentally,

The original theoretical and experimental sources from which this model
has been developed are reported in the following Sections, In geotechnical
unginvm‘ing, it iz customary Lo assume cm‘npl‘mﬂinu stress and strain com-
ponenis as positive. In order to be consistent with the works which will
be cited, we report the mathematical developments adopting the same sign
convention, that is:
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o Maximum compressive stress o, = —day and strain ¢, = —ey

o Minimum compressive stress o, = —a; and strain €, = —¢

11.9.1 Law of variation of the Young modulus

According to the Kondner formula in Eq. 11,26, uniaxial experimental data
may be approximated by an hyperbolic curve of the type

L4

= — (11.44)
and the relative tangent results Lo be equal to
| - ay\?
E=—(1=-lba)=E (1—~) A5
a( ) 0 @ (11.45)

where E, = 1/a and & = 1/b are the initial slope and the asymptote of the
curve, respectively, The extension of this formula to the case of triaxial test
can be obtained by setting

&= g4-0, (11.46)
E = €, (11.47)

and N
m.ﬁ,.-u,.:"“;?"” (11.48)

where &, 1s the measured ultimate axial stress and R iz an opportune factor.
Substituting these positions in Eq, 11.45 we obtain

i | 2
E=E, [1. - "*’] (11.49)
To — Ty

Duncan and Chang, [30], recognized that in term# of the Mohr-Coulomb fail-
ure eriteria, Eq. 11.37, the limit load in triaxial conditions can be expressed
HE

5 g = z(r:r:ampﬁ-la., gin @) (11.50)
1 = &2
aubstituting Eq. 11.50 into Eq. 11.49 and restoring the correct sign conven-
tion we obtain the tangent Young maodulus expression in Eq. 11.40.
Finally, the law of variation of E, with the confining pressure e, is in
accordance with that proposed by Jambu, [58].
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11.9.2 Law of variation of the Poisson Ratio

Kulhawy et al., [57], concluded from the examination of many triaxial tests
on soils that, within the usual range of variation of the compressive strain,
the experimental curve ¢, vs. ¢, may be approximated by a Kondner type
hyperbalic Tunction, that is

€a

e ———— R
wE v = I, (11:51)
Accordingly. the tangent Poisson ratio results to be given by
o =k . (11.52)

T (1- Deg)?

where, always according to Kulhawy, v, varies with the confining pressure
as reported in Section 11.9 We recall that the inverse of Eq. 11.44 is given

by, Eq. 11.27,
air 1 a

‘=1~—rm=ﬁ[l_g]
i

from which, setting the triaxial position in Eqs, 11.46-11.48 we obtain,

I Ty — Ty Ty — [ P d'u]
£ = == - = . 1= k= 11.53
i f:q} [l — !‘t;q - :ﬂ] E" ﬂ.u = ﬂa ( )
a = Ug

Substituting Eqs. 11.50 and 11.53 into Eq. 11.52 and restoring the correct
sign convention we abtain the tangent Poisson ration expression in Eq. 11.41,

11.9.3 Law of variation of the velumetric strain

It is of interest to notice that, the inversion of Eq. 11.51 gives

oty
o = — -
# 1 i) I\jﬁu
Accordingly, the volumetric strain results to be equal to
2u,
(y = g 4-2.:..:{,.(1 -Tﬁa) (11.54)
and ) 9
el < (11.55)

des (1= De,)?
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s, A
Cv ;:.-?-: -y H¢ = N
of g N £o
\
\
\
\

Figure 11.11: Volumetric strain prediction

Figure 11.11 reports the type of ¢, vs. ¢, curve represented by Eq. 11.54,
It is immediate to verily from Eq. 11.55 that the maximum of this curve is

at
e | =2,
mw D
which, substituted in Eq. 11.54, gives

(1= /2u,)?
£y = —-D—

11.9.4 Yield surface

According lo Eq. 11.14, the Mohr-Coulomb failure eriteria in Eq. 11.36 can
be alternatively written as

Q=g+ Mp=N=10 (11.56)
where

M = M(cp,b)

N = N{cp0)
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Interestingly, the loading eriteria in Section 11.9 implicitly assumes the ex-

istence of a Mohr-Coulomb yield surface of equation

G=q+Mp—-N=10

where
M = M(,¢,8)
N = N\, 0)
and
. ksin g
e
¥ o= MER T E " Dsing
X Pt;‘ltltp'
© 7 “tang
o= (g = ag)(l —sinp) ay—ay

2ccos — mysing) @y — T

being & the highest stress level ever measured,

(11.57)

(11.58)
(11.59)

(11.60)

In fact, we can see from the Mohr circle drawn in Fig. 11.12, that the

b

Figure 11,12: Failure and yield surface

stress leval k can be expressed as

oy — 3
k== =

ay — oy

e
i
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from which we can establish that
8N = E e e
PEAT Mo-1 n
since
R = v/k
A = (a=7)+ R
Solving Eq. 11.61 in terms of * we obtain

ak sin @
L4 (k= 1)sine

from which it follows that

: k gin
1 "'_— :=
it Al 14 (k= 1)sing

301

(11.61)

(11.62)

proving therefore Eq. 11.58. The relationship in Eq. 11.59 follows from the

fact that
de ¢ e
~ tan (p;  tang

(11.63)
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Chapter 12

The Incremental Theory of
Plasticity

12.1 Introduction

At the present, the most popular constitutive theory to account for irre-
versible deformation seems to be the so-called Ineremental Theory of Plas-
ticity whose first formulation may be traced back to Melan, (67]. The main
assumplions of this theory may be summarized as follows, Section 12.2;

¢ small deformations:

e instantaneous material response;

s The variation of the total strain can be expressed as
be = 8el) 4 §elo)

where 6¢l®) is the elastic (recoverable) part while 8¢'?) is the plastic
(non recoverable) part.

The elastic component bele) ig assumed to be always active and fully recover-
able. The plastic deformation 8¢(?) | instead, is assumed to occur only during
loading processes and above a certain threshold value known as elastic limil
or yield stress, determined on a yield surface, Section 12.3.

After initial yielding, the level al which further plastic deformation oc-
curs, is usually assumed to depend on the degroe of some hardening pa-
rameters k, Seetion 124, The yield surface may then be mathematically

303
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represented as Fer, k). Several diflerent phiysical meanings for k have been
suggested and some of them are presented later. In any ease, it represents
mathematically the controlling parameter for the evolution of # in the stroess
space,

This theory of plasticity also assumes the existence of a plastic function
(e, k) whose gradient in the stress space determines the direction of the
plastic strain increment &), The magnitude of &/ is controlled by a
scalar paramaeter 4, known as the plastic mulliplier, Section 12.5,

From this general theoretical frame work, it ia possible to establish the
necessary criteria for predicting the type of material response to be expected
from a stress or a strain increment as well as the general form for the relative
constitutive equation, Sections 12.6 12.7 and 12.8, However, the theory does
not explicitly give the forms of the yield and potential function nor does it
identify the hardening parameters, Some restrictions on the possible form
of F' and & are given for the so-called slable materials, Section 12.9.

In the last ten years, an impressive number of alternative proposals for
&, F' and k have been formulated. In this Chapter, however, we only report
the simplest ones concerning isotropic materials. Finally, we report the
extension of the Incremental Theory to account for time dependence of the
plastic response, Section 12,17,

12.2 Elasto-Plastic Strain Definition

According to the Incremental Theory of Plasticity, an infinitesimal stress
increment do causes an infinitesimal strain increment de, which is the sum
of an elastic (fully recoverable) component 8e!®) and a plastic (irreversible)
component &), namely

be = §el?) 4 gel?) (12.1)

The elastic strain may be caleulated according to an incremental constitutive
relationship of the type

5 = (0) ™' bor (12.2)

where ©l¢), the elastic stiffness matrix, may be function of the current o.
The plastic strain instead is defined as

') = §Ab (12.3)
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where
e oG {_EIE_ _ii(;x:_ a6 oG 86 oG G aG oG }T
da - HH'H g Hﬂ'ﬂ'.'.- ' ﬁa;m v at‘-"m y 5\5"13 ! Daﬂ ‘ f‘.}ﬂga h Bﬂ';“ . aﬂ'gz

and

(i = Ge k)
is asealar function known as the Polentinl Function, The vector k collects n
hardening paramnelers k; functions of the stress history, Section 12.4. Finally,

6A, known as the plastic multiplier, is a non negative scalar, Section 12.5.
Notice that, since the stress & can be expressed as,

a =8+ mp
the potential function may be written in the form
G = Gp,s,k)

According to the plastic strain definition in Eq. 12.3, it is possible to prove
that the plastic deviatoric strain and plastic strain invariants result can be
calculated as, Appendix A,

bl = 5AV,G (12.4)
i _ 50 198
del g (12.5)
bel?) = 5A\/§||V,G|| (12.6)

where

vio = (260" _[0G & 06 )"
Dy Doy ds;; 3 Oagy

v i - 1/2
g /2 - | 06 9G _1(&:, )*
(VG Gyt = [m;,- Dsi; 3 \Bap,

%G|

12.3 The Yield Function

The Ineremental Theory of Plasticity assumes that the type of material
response is controlled by a so called Yield Surface of equation

Fr=Fek) (12.7)



306 CHAPTER 12, THE INCREMENTAL THEORY OF PLASTICITY

where k, Section 124, collects the same hardening parametors of the poten-
tial Tunction 7. Sometimes Fis assumed to coincide with @&, in which case
the constitutive model is said to obey an associative flow rule,

The yield surface is assumed to bound always the location of each current
stress point, so that, il (e, k) represents the current material state, the only
admissible alternative conditions are

Fla,k)=0; & lieson F
(12.8)
Fla, k)< 0; o lies insgide I
while
Fla,k) =0
is not admissible. Consider a loading process of an infinitesimal increment
(der, bk), starting from a current configuration (e, k). By definilion:
s Elasto-plastic deformations oceur if, and only if, during the loading
process the current stress point always lies on the yield surface, that is
Fle,k)=10 and Flo 4 6o, k+ 6k) =0 (12.9)

Thus, only in these cases, 8 = 0.

e [n any other case, that is
Fla.k) < 0 and Fla +ba,k+6k) <0 (12.10)
Fla,k)=10 and Fla +béa.k+dk) <0 (12.11)

the material response ¢an be only purely elastic and, consequently,
A =0,

It is immediate to verify that the rule in Eq, 12.9 for establishing elasto-
plastic conditions is equivalent 1o requiring

Fla,k) = 0
. (12.12)
P (k) = aTéo + -grg—.ﬁk,- =0

where i = 1,2,...,n and
ar aF aF aF aFr ar ar ar arFr ar "
=0 T {ﬁm. "By’ By’ Baryy’ Dery’ Dagy Daryy* Bery” acm}
The second equation, known as the Consislency Equation, can be derived
expressing Fie + éo, k + 8k) into the exact Taylor series

F(o + 6o,k + 6k) = F(a,k) + 6F(a k)
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12.4 The Hardening Parameters

The hardening parameters collected in k have to represent the past plastic
history of the material point. In general, therefore, they must depend on
the total plastic deformation. However, the incremental theory of plasticity
does not necessarily need an explicit funetional reélationship for k: in fact,
wir will see that it is sufficient to establish incremental relationships of the
type

8ki = ;.'—',Nu (12.13)

fori=1,2,....nand 7 = 1,2, ..., m, where:

o the partial variations &k;/8h; and the initial values of k; have ta he
known quantities;

& the infinitesimal increments ﬁh, of the inlernal variables h; must be
expressible as

6h; = fi(6e'P)) = ¢;6) (12.14)

for j = 1,2,....m, where ¢; are m scalar values. The notation f;(8e'?))
indicates any scalar function of the nine scalar variables é¢2, (7,8 =

1,2,3).
From Eqs. 12.13 and 12.14 we abtain
e ok
bhi = ——L4h; = —msg; 215
V= Bhy b5 ahjq,ﬁ;\ (12.15)

fore=1,2,....nand j = 1,2,...,m. Notice that this incremental relation-
ship assures that during elastie processes, where by definition 6\ = 0, the
hardening parameters do not vary; consequently, F' and &' remain fixed in
the stress space,

Many formulations of elasto-plastic constitutive models assign directly
the hardening parameters k without introducing the internal variables 4;,
In our notation, this is equivalent Lo assume

hy =k
for j =4, 0=1,2,...,n,7=1.2,...,m; with m = n. This implies that

ahy

The most common choices for & are reported in the next Sections.

i



308 CHAPTER 12, THE INCREMENTAL THEORY OF PLASTICITY

12.5 The Plastic Multiplier

By definition, the value of the plastic multiplier 8 is never negative and in

a purely elastic process
fA=10

In an elasto-plastic process, instead, its value may be calculated as follows:

¢ if o 15 assigned

a’da, i A £ 0.

53 (12.16)

indeterminate; if A = 0,
s if b¢ is assigned

AT AR
ir={ A+aTe®' 7 (12.17)

indeterminate; if A = —a”e(9),

where

bal®) = Clse (12.18)
¥ = c¢lop (12.19)

and the scalar quantity A, known as the Plastie Modulus, is defined as

__VOF k.,  OF Ok o
An oA Ok B}L,—MJ_ EJ\:;B};.JCJ (12.20)

fort = 1,2,,..,nand j = 1,2,...,m. In general, the value of the plastic
modulug A, calculated as above, may result negative, null or positive,

In fact, according to the position in Eq. 12.20, the consistency equation
in Eq. 12,12 takes on the form

atda = AbA =1 (12.21)

from which we can verify the statement in Eq. 12.16. On the other hand,
according to Eqs 12.2, 12.1 and 12.3, we can express

bor = ClOgele) = lo) (as. = asm) = ¢lege — sACllp
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that is, Eqs. 12.18 and 12.19,
fo = bar'®) — frel®)

Substituting this expression of e in Eq. 12.21 we have the following alter-
native form for the consistency equation

adel?) - (n“‘c‘”‘ + A) 6N =10 (12.22)

from which we can verily the statement in Eq. 12.17.

12.6 Stress Based Elasto-Plastic Criterion

By definition, Section 12.3, if
Fla, k) <0 (12.23)

the material response is always elastic, regardless of the applied stress incre-
ment da. Elasto-plastic response can oceur if, and only if, Eqs. 12.12 and
12.21,

Flok)=10

(12.24)

6F = a"bo = AN =0
Accordingly, we can establish the following stress based eriterion which pre-
dicts the material response for any given stress increment do applied on any
material state (e, k), [23]:

1. Elasto-plastic response oceurs if
Fle,k)=10
and
A=0 i a'ée 20
A=0 ; a"éo=10
A<l ; aTfa=0
The case in which
A=0 ; a%ba=0

takes the name of hardening since, being the stress increment der di-
rected outside F, it denotes a subsequent expansion of F,
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2. Blastic response aceurs if
Fle,k) <0

or

F(r:r,k) =10
and

Az0 ; alba <0

3. Either elastic or elasto-plastic response may occur if
Fle, k) =0
and
A<l ; aTdo <0

This is the enly ambiguous situation which the classical theory of plas-
ticity does not solve by itsell. If plasticity occurs, this case takes the
name of softening since, being the stress inerement ée directed inside
F, it denotes a subsequent contraction of F.

4, Stress increments by which
Fle,k) =0
and
A<0 ; a"be >0

are not admissible; that is, according to the theory, the material eannot
sustain such type of stress increment,

In fact, the elastic case for Fe,k) < 0 is trivially verified. Then, for
Fler, k) = 0, elasto-plastic response occurs if, and only if, also the second
equation in Eq. 12.24 is satisfied. Since by definition §A = 0, it follows that
elasto-plastic response ocenrs if, and only if]

A=0 ; aTéa >0 (12.25)
A=0 ; aéa =0 (12.26)
A<0 ; a"ea <0 (12.27)
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Consequently. elasto-plastic deformations cannot occur lor

A=0 ; afe <D (12.28)
A=0 : a'éo Z 0 (12.29)
A<D a"e >0 (12.30)

These situations may indicate either purely elastic or inadmissible material
responses. In particular, by definition, in the case of a purely elastic response
dA = 0; consequently, from Eq. 12,15,

bk =0 (12.31)
fori=1.2,...,n. Moreover, according to Eq. 12.11,
Fla +de,k+ 6k) < 0

whichi, expressing F into a Taylor series, yields to the conclusion that, in a
purely elastic response,

Fle,k) +a"bo + g{fﬁk. <0 (12.32)

fori=1,2,...,n Being F'(cr,k} = (} and &k; = 0, we abtain
a’ba < () (12.33)
Hence, the situations

A=0 ; a"ba >0
A<D : aTbe >0

in Egs. 12.29 and 12.30 cannot be elastic; therefore, they are not admissible,
ag gtated in item 4. The uniqueness of these inadmissible conditions is
trivially verified,

Then, consider the possible elasto-plastic material response predicted in
Eq. 12.27. According to Eq. 12.33, the case

A<0 ; a"be <0

may also represent a purely elastic material response. This justifies therefore
the ambiguity stated in item 3.

With the above observations it becomes easy to verify the statements in
items 1 and 2,
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12.7 Strain Based Elasto-Plastic Criterion
By definition, Section 12,3, 1f
Flo,k) <0 (12.34)

the material response is always elastic, regardless of the applied strain in-
crement de. Elasto-plastic response can occur if, and only if, Eqs. 12.12 and
12.22,
Flee, k) =10
(12.35)
bF = aTfale) — (a“’c(‘" 4 A) dA =10

Accordingly, we can establish the following strain based criterion which pre-
dict the material response [or any given sirain increment d& applied on any

material state (&, k), [23]:
|. Elasto-plastic response occurs if
Fle,k) =10
and

A= -aTel® o aTiel®) 20
A= —aTeld : aThal®) = 0
A< —a"c® ; aTfel) =0

2. Elastic response occurs if

Fla, k) <0

ar

Fle, k) =10
and

Az —aTel® o aTsel?) <0

3. Either elastic or elasto-plastic response may occur if

Fle, k) =0
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and
A< —aTcld . aTsale) 2

This is the only ambiguous situation which the classical theory of plas-
ticity does nol solve by itself.

4. Strain increments by which
Fla.k)=10
and
A< =a’cd?D . aTial® 59

are not admissible; that is, according to the theory, the material cannot
sustain such type of strain increment,

The proofl of the above statements is analogous to that reported in Sec-
tion 12.6 for the stress based eriterion. It is only important to take also into
account that, in the cass of purely elastic responae,

Sorlel = Clelje = her

It is interesting to observe that, in the case of associative flow rule and C(%)
positive definite matrix, it results

a?cl® = pTClYg 5 0

This implies that the ambiguous and the not admissible situations in items 3
and 4, respectively, may occur only when A < 0. Moreover, the condition

A< —a’el = _a'cle)y
is obviously more restrictive than the condition
A<0

which, when de is assigned, may cause ambiguous or not admissible situ-
ations, Section 12.6. Then, in practice, it is generally more convenient to
assign de.
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12.8 The Elasto-Plastic Constitutive Equation

The mathematical developments reported in the previous Sections lead to
the conclusion that the strain increment de resulting from a stress increment
fer, starting from a material state (o, k), can be calculated as

-1
je = (cm) ber + 6Ab (12.36)
where, il a purely elastic response occurs,
fA=10

while, if plasticity develops,
r
i HA#£0
A= j

indeterminate i A =10

The type of mechanical response is established according to the stress based
criterion, Section 12.6. We remind that, when A < 0, some ée may be not
admissible or cause ambiguous situations,

The inversion of Eq. 12.36 gives

b = CU) (fe ~ §AD)

whete 84X mmay be expressed as in Fq. 12,17, Hence, the stress increment der
resulting {rom strain inerement de, starting from a material state (o, k), can
be caleulated as

der = Cle (12.37)

where, if a purely elastic response oceurs,
C=Cl
while, if plasticity develops,

o = g
el @ lFIT

: fi —aTel®):
o = | Atardd or A# ~a'c

indeterminate for A = —a”el%);
clrlig

]

elF
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The type of mechanical response is established according to the strain based
eriterion, Section 12.7. We remind that, when A € —a"e(9), some fe may
be not admiseible, or cause ambiguous situations,

It is interasting Lo remark that:

¢ If A =0 and elasto-plastic response oceurs, C is singular. In fact, in
this case, the strain increment de mobilized by any admissible ée is
indeterminate; hence, the matrix € in Eq. 12.37 cannot be inverted.

s If € js symmetric and the flow rule is associative, C is symmetric.

12.9 Stable Materials

We recall that according to Drucker, Section 10.3, a stable material is that
respecting the following iwo conditions:

o Stability in small. The work done by an added stress set o on the
corresponding change of plastic strain de is positive, that is

baTbe >0 (12.38)

e Stability in cyele. The net work done over a complete cycle of applica-
tion and removal done by an added stress set d& on the corresponding
change of strain ée is non negative, thal is

j(&a"&a =0 (12.39)
Provided that the elastic work is fully recoverable, the above requirements
lead to the conclusion that in an elasto-plastic material:

s Tho plastic work done by an added stress set & on the corresponding
change of plastic strain d¢'™) is not negative, that is

baTbel? > (12.40)

¢ The yield surface F must be convex;
e The yield and the plastic polential functions coincide, that is I' = &

s the plastic modulus A has a not negative value .
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e the elasto-plastic tangential constitutive matrix C in Bq. 12.37 is sym-
melric and positive definite.

In fact, consider a material point P in a continuum M and let o = () be
its stress at time t=0. Suppose that e'?) is inside the yield surface F' and
that an external agency brings the stress value to make the following cycle:

& al time { = {; the stress reaches the value & = (1) on F',

e al lime § = I3 = I, + 8; = the stress reaches the value & = ol =
all) 4 5tV outside or on the initial yield surface.

e at time | = fa = I3 + 12 the siress returns back to the initial value
o = o'l = o 4 5! inside the initial yield surface.

According to Eq. 12.1,
é = &l8) 4 @te)

and, consequently,

duleh = fa"efn = fcr""é("dt + fﬁ”‘é"”dﬁ =

]

i iz fa
}& oTedr 4 [ aTeMay + f ateédt + | o"éPdl =
iy i i3
'/h :rTé{”]dt
[§]

stice, in a eyele, the net elastic work

f ateldt = 0

and the loading path inside the yield surface as well as the unloading path
do not mobilize plastic deformation, so that

t
f "oTeMar = 0
b
i
f TeTeMdar = 0
ty

Similarly, we can prove that

dul”) = }(w‘”"erﬂ = f " olrelrlat
t
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Thug, the net external work in the cycle results to be equal to
i
gwle) = guitt — du!® = f‘(a ~ o) dt (12.41)
SLy

According to Drueker’s postulate in Fq. 12.39, dw(®™) = 0 for arbitrary dt;

this implies that
(e — ') 5l > 0 (12.42)

Then, setting (o - a'®)) = do, we can prove the inequality in Bq. 12.40.
Moreover, if §e(P) is the plastic strain mabilized at o on the yield surface,

then Fq. 12.42 states that the all the initial #() inside F' lie on one sidé of the

hyperplane (dashed line in Fig. 12.1) orthogonal to sl Hence, through

Figure 12.1: A convex and net convex yield surfaces in the stress space

évery point o on I, there is a plane such that all points inside I lie on the
same side of the plane, that is F' is a convex surface.

Conversely, assume that F' is convex. Then, according to Eq. 12.42, the
plasiic strain veetor 5e®) mobilized at o on the yield surface must make
an not obtuse angle with the vector (o — (@) for all initial a(®) inside F".
Hence, since the only direction for 5e) gatisfying this requirement is the
outer normal to F, we can conclude that F is a plastic potential.
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Assuming F' = &, it follows that, Eqs, 12.3 and 12,16,

: B
ba”be®) = a5 = (J’"Ai
According to Eq. 12.40,
Tond
bar6el?) = L{:—B) >0 (12.43)

which implies that A must be a not negative value.

Always assuming /" = G, it follows that the plastic constitutive matrix
C®) is a symmetric matrix and, consequently, also the elasto-plastic stiffness
matrix C results to be a symmetric matrix, Finally, the requirement in
Eq. 12.38 leads to the conelusion that

baTée = 6e"Che = 0 (12.44)

that is C symmetric positive definite matrix,

12.10 Isotropic Elasto-Plastic Materials

By definition, Section 10,6, an isotropic material is a material whose me-
chanical response at a point is identical in all directions. A suitable form
of elasto-plastic constitutive equations for such type of materialg is given by
iq. 12.36 or, conversely, by Eq. 12,37 specialized as follows:

L. the elastic stiffness matrix is of the type, Eq. 11.24,

3]

(e) — M
= (oI =2
{]'—H] [ 0 (1] 4]
y s v 0 0
R L. S g (12.45)
0 0 a (1= 215} 0
0 0 0 0L (- (93}

where the Young Modulus F and the Poisson Coefficient v may be a
function of invariant quantities (p, ¢, ).

2. The yield and the potential functions can be expressed in the form,
Section 10.6,

F
o

F(p,q,8,k)
Gipog,0.k)
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where k may be eventually exprassed in torms of strain invariant quan-
tities,

Notice that the assumption in items 2 implies that the quantities ¢; and
ki [Oh; defined in Section 12.4 as well as the plastic modulus A in Eq. 12.20
can be eventually expressed in terms of invariants.

It is possible to prove that the gradient vector b to a potential funetion of
the type (' = G(p,q, 8, k) and its octahedral components can be respectively
calculated as, Appendix A,

o
b = {%} = ¢+ 8+ egv (12.46)
ac ap |7 |
VPG = {Em} =om (12.4?)
ac Bam 7
v = ——— i = : i."l‘
o {mm :‘?:ria'} T oY (1245}
where
6 & 19G
A% 3 ap
- i(@(&’_'ta.nﬂﬂa_@)
7 2 g q o0
H G

e 2rF' cos 30 08

and the element of v are given by

dy
ﬂu = luju - ";;‘!‘WA-“— (121‘19)
where
[ (822839 — 833) (519829 = saa%12) (812803 — S22813) ]
[wij] = s = (11933 = 8f3) (812813 — $116m)
Symmetri¢ (811843 = 53,)
| |
a0y 4
wye = = —J= =

sy 3
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Similarly, we can also express the gradient vector a to a yield function of the
type F' = F(p,q,8,k) and its octahedral components.

It follows that the plastic strain, its deviatoric component and invariants
defined in Section 12.2 can equivalently be expressed as

6l = 6A(erm + €28 + e3v) (12.50)
bel?) = BA(cg5 + cav) (12.51)
m = 5% 12,5
e = ﬁAﬁp (12.52)
; o 2] 1/2
(»m — f‘?ﬁ)z ! (Q,E)z 9 B
sl = 6}\[(&] b2 (5 (12.53)

Finally, it is simple to verify

ar ar ar
T - 1 ‘i 12,5
a'da = 3;ﬂép+ aqéq-]- Bﬂ” (12.54)

12.11 Perfect Plasticity

A material whose yield surface F' = F(eo, k) coincides always with its failure
surface Q is called perfectly plastic material. In this case, since F' = ¢} and @),
by definition, remains fix in space and size, we can establish thai k = consi
and, consequently,

bk = 0 (12.55)
1 8F
— — s s ] BT R ‘2.-
A S5k =0 (12.56)

Figure 12.2 reports the triaxial stress-strain response for a linear elastic per-
fectly plastic material with failure represented by a Mohr-Coulomb surface
type.

Much of the classical plastic theory have been based on ihe assumption of
elastic perfectly-plastic materials with associated flow rule and yielding state
represented by Mohr-Coulomb surface type. The theoretical importance
of these ideal materials is related to the fact that it is possible Lo bound
analytically the range of loading conditions in which the collapse of the
elasto-plastic structure is to be expected, These analytical solutions, given
in the form of upper and lower bounds, are provided by the so-called limit
analysis theory, [17].
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q i
/ fa= rg
/ P:F" f"rs
fy
e Ejr

Figure 12,2: Triaxial response of a perfectly plastic Mohr-Coulomb material

12.12 Work Hardening Materials

Apparently, within the common range of engineering applications, the yield-
ing in metals is independent of the mean pressure p and of the 8 stress
invariant. Accordingly, Hill proposed an incremental constitutive model for
isotropic metals whose main hypotheses may be reformulated as follows, [52];

L. State of failure described by a Von Mises surface type, namely
Q=q-N=0 (12.57)
2. State of yielding represented by a Von Mises surface type of equation
F=g-Nk) =0 (12.58)

4. Hardening parameter k identified as the plastic work, namely
dk = o de?) (12.59)

4. Associative flow rule.



322 CHAPTER 12. THE INCREMENTAL THEORY OF PLASTICITY

The above hypotheses yield to the conclugion that stress-sirain relationship
¢an be represented by an incremental constitutive equation for isolropic

material of the type described in Section 12.10 where

e RBecause of the hypothesis of associative flow rule, F' = G.

e Plastic modulus caleulated according to

9

4= del?)

where the law of variation
g = q(e”)

lhas to be determined experimentally,

o The variation of the plastic surface can be calculated as

§N = Adel?)

In fact, according to Eqs. 12.51-12.53,
3

M — A=
be | Eqﬂ
6P = 0
6{9’} = §A
d
all ﬂék B _él
ok
Hence,

ik

From Fqs. 12.20 and 12.66, it follows that
| ar bq
= ek =
9 oA Ok at-,fﬁj
proving therefore Eq, 12.60. Finally, since

OF _0F N _ 0N
ak — ON &k bk

a"el) = (pim 4 n)"‘(&ef}") + dselr)) =

(12.60)

(12.61)

(12.62)

(12.63)

(12.64)
(12.65)

(12.66)
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from Eq. 12.20 it results

_LOF . 1ON,
A=—5var k= g an ik

and, consequently, we can establish that
6N = Ab) = Agelr)

It should be noticed that, since the plastic response of the model does not
depend on the mean pressure, the law of variation of A can be determined
from simple uniaxial tests; in this case, it can be proved that
_ day,
= del)
In fact, in an unixial test, the only stress value non equal to zero is the axial
atress o, so that

(12.67)

dy = do,

Moreover, according to Eq. 12.64, we have that hoop and axial plastic strain
are related as
26¢l) = —gelp)
from which it follows that
4§h!£"3'J o 6:3"}

Simple, nevertheless sufficiently accurate, approximations of the unjaxial
stress v, plastic strain relationship can be obtained with the hyperbolic
equations reported in Section 11.8,

12.13 Strain Hardening Models
For an isotropic material, we can simplify the general funetional relationship
for the hardening parameter k reported in Section 12.4 into

k= k(e e (12.68)

in Section 1241, The relative plastic modulus results to be given by, Eqs. 12.20,
12.52 and 12.53,

_ l HF . ] aF \9& h}l ﬂk (P}
-‘1 = -FAAEH\.——(’A-W{WEIE:. +W“‘C‘ =

oF | ok ac ok [raayt 1 facytE)
_W{Wﬁg-}'m (a—q) +q—§(ﬂéﬁ)] ](12.69)
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As an example, consider the following plastic model for igotropic material,
Fig. 12.3:

Figure 12.3: Strain hardening Drucker-Pragher elagto-plastic model

1. State of failure described by a Drucker-Pragher surface type, Eq. 11,14,

namely
RQ=g-Md=-p)=0 (12.70)
where
d= .
M taneg

9. §tate of yielding represented by a Drucker-Pragher surface type of
equation

F=qg=Md-p)=0 (12.71)
where
e N ¢
A= M-tnng:
M o= M(K)

and the law of variation of M(k) has to be determined experimentally.
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4. Hardening parameter k identify as the plastic shear stress invariant,
namely
bk = el#) (12.72)

4, Associative low rule,

The above hypotheses yield to the conclusion that stres-strain relationship
can be represented by an incremental constitutive equation for isotropic
material as described in Section 12.10 where

® Because of the hypothesis of associative flow rule, F = 7.

# Plastic modulus calenlated according to

B dM(y d q =
A_MHPJTE")_M_ME:EE (dwp) (12.73)

where the law of variation of M with respect to Ef‘,”) has Lo be deter-
mined experimentally,

In fact, according to the hypotlieses of the model,

bk = 555”’:6,\%
dq
A= OPOROG__OFOFR_ ., o aM _
©Okadn 3 T adn dq Plaem =

(d - P)ﬁ (3—%)

12.14 Capped Plastic Models

For a nnmber of engineering materials and especially for soils, experimental
evidence shows that plasticity takes place even under pure isolropic compres-
sion. Therefore, the yield and the potential functions cannot be represented
by a Mohr-Coulomb based model; they should have, instead, a convex shape
and cross the hydrostatic axis.

Roscoe et al., [79], indicated that at failure, or as they called it, Critical
State, the volumetric strain tends to be a constant value. Hence, Eq. 12.5,
the potential function should present a maximum with respect to p, at the
intersection with the failure surface.
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Apparently, Drucker et al., [33], were the first to suggest that soil might
be modeled as an elasto-plastic hardening material, They proposed that
successive yield surfaces might resemble Von Mises'’s cones with convex end
caps., Drucker, [34], discussed this concepl in a later paper in which he
suggested that failure surface may not be the yield surface, This point
was further emphasized by Drucker, [35], who nioted Lhat siccessive loading
aurfaces or yvields do not approach the failure surface.

Roscoe et al., [79], published a paper which contained the basis for a
number of subsequent hardening models for soils. The paper was concerned
primarily with the hehavior of soils in a (riaxial test and contained the so-
called State Boundary Surface (called yield surface in that paper) and the
Critical State Line postulates. The primary merit of this work lies in the
attempt to explain the behavior of soil in a global way, giving new light to
thie early intuitions of Rendulic, [77, 78], Hvorslev, [63], and Terzaghi, [89].

Roscoe and Poorooshab, (81], used the ideas contained in the early paper
of Roscoe in order Lo develop a stress-strain theory for clay which, however,
was not based upon the theory of plasticity. Calladine, [14], suggesied an
alternative interpretation of this theory using coneepts from strain hardening
theory,

Subsequently, Roscoe et al., [80], adopted the strain hardening theory of
plasticity in order to formulate a complete stress-strain model for normally
consolidated ov lightly pre-consolidated clay in triaxial test, This model has
since become known as the Cam-Clay maodel, [86].

Burland, [13], suggested a modified version of the Cam-Clay model which
was eventually extended to a general 3D stress state by Roscoe and Burland,
(82]. The complete mathematical formulation of this model is reported in
the next Section,

12.15 Cam-Clay Model

According to Roscoe and Burland, [82], the following postulates are valid for
an isolropic soil:

1. There exists a Critical State Condition where indeterminate shear
siraln ¢, oceurs with no change in the stress o and in the specific
volume

U = 3%?- (12+7‘J)
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where 69 is the total volume of the soil (porous) particle while 602, is
the part of the volume 89 occupied by the mineral geains only.

2. Thelocus in the o space of all the stress levels corresponding fo eritical
state conditions is called Critical State Surface and it is represented
by a Drucker-Pragher cohesionless surface, that is

R=Qmu)=q-Mp=0 (12.75)
where M is Tunction of the friction angle ¢ only.

4. There exists a yield-potential function for plastic strain which, in the
stress space o, is represenied by ellipsoid of rotation aboui the diagonal
space, Fig. 12.4a, that is

2
. - q
F=Fpaqp,)= p* - PPy + M- 0 (12.76)

Soils whose stress state is on F are called Normally Consolidated Soils,
NCS. Conversely, soils whose stress state is inside I” are called Over
Consolidaled Soils, OCS.

4. Under cycles of all-round pressure, the soil behaves as reported in
Fig. 12.4b, that is

= I[sotropic loading on NCS, elasto-plastic deformations,

b=y = Aln % (12.77)

& lsolropic loading and unloading on OCS, elastic deformations,

v=1,~-yln il (12.78)
X

5. The variation of the plastic specific volume in a NCS is only dependent
on the variation of the Py and on the current v,

The above listed hypotheses lead to the conclusion that the stress-strain
relation an isotropie soil may be described by an incremental elasto-plastic
constitutive equation of the type described in Section 12.10 where:

e [ = (, associative flow rule,
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LN

= o
f Wa.
Figure 12.4: Cam-Clay model

o Nonlinear elastic deformations where the tangent Young Modulus is
set to be equal to

po M=)

12.79
- (1279
¢ The plastic modulus is given by
= .._UEL E.E or 12.80
A—xap, op ( )
where

oF _

ap, E

aF _

T 2p — Py

In fact, we preliminarily observe that according to the definition of specific
volume in Eq. 12.74 it results that the volumetric strain increment can be
valeunlated as, Section 15.2, ;

béy = TuE (12.81)
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from which it follows that

dey = el + el (12.82)
where
sote)
belt) = 2
belP) = sulr)
v

According to BEqs, 12,77 and 12,78, in a NCS subjected to an isotropie com-
pression test, the total variation of the specific volume and the variation of
its elastic part can be respectively caleulated as

b = - "?,E (12.83)
sule) = —x%‘ (12.84)

from which il follows that the plastic part can be caleulated as

SulP) = gy — fole) = (x - -\)@ (12.85)

r
We recall that in an isotropic soil, the elastic volumetric strain rate can be

caleulated as y
;J
.s;,ff) ==

where "
e —
3(1 - 2w)

Consequently,
bp  wip vp

B = = = -
W fule) X

from which it follows the Young modulus expression in Eq. 12.79.
According to Eqs. 12.82 and 12.85,

8 _ (=N dp

v n P

felp) =
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which implies that there exists a Tunction for isotropic compression on NCS

such that
e = (v, p)

We notice that in a NCS subjected to isotropic loading conditions p = J,.
Thus, according to the hypothesis in item 5, we can state that for any loading

path the volumetric strain can be calculated as
) = (v.7,)
and its rate of variation is given by

sl = = A6y
v " Fp

Conversely, we can also state that there exists a lunction
= Py(ﬂf,p})

whase rate of variation is given by

(171
ﬁﬁu = ;‘LAbfLPJ

(12.86)

(12.87)

(12.88)

(12.89)

Identifying the hardening parameter k as p,, we have that the plastic mod-

ulus expression in Eq. 12.20 can be specialized into

_laF_  10F P,
A= The T TR - A

_OF wp, oF
dp, x = A dp

gince, in an isotropic material with associative flow rule,

ar
() = A2
e = 6A 3

This proves the plastic modulus expression in Eq. 12.80.
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= 6=306°
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A h_ n" l(—':i—f:

Figure 12.5: ECAM model

12.16 ECAM Model

ECAM model, [37], is an extension of the Cam-Clay model as described in
the previous Section in order to account for limit states deseribed by the
Mohr-Coulomb surface type. Moreover, in ECAM, the major ellipse semi-
axis ratio of the yield surface, Fig. 12.5b, may be independently controlled,
In particular, the major differences with the Cam-Clay model may be sum-
marized as follows:

¢ The Critical State Function is represented by a Mohr-Coulomb surface
type of squation
Q=g+ Mp-N=0 (12.90)

where M and N may be set either independent or dependent functions
of the @-invariant, Fq. 11.14,

# The yield-potential function for plastic strains is represented by an
(irregular) ellipsoid of rotation about the diagonal space, Fig. 12.5b,
of equaltion

2
P=(p=p7+ L - K=o (12.91)
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whire
A = d=1h
d = c/ tan
m = rM

atid

r=(m/M)p=aos
is a given parameter controlling the ellipse semi-axis ratio.
s The hardening parameter of the potential surface is identified by the

equivalent preconsolidation pressure which is the intersection of F'with
the hydrostatic axis, that is

Ppy=A=h=d=(r+1)h (12.92)

e The plastic modulus results to be equal to
_ Py, OFOF ¥
A= 3~ x 05, b7 (12.93)
where

ar _ 2p-=pAir—h

op, P4l

ar

a5 = 2p- 1)

It can be proved that, Chapter 16, for a given soil state (e, v) the equivalent
mean pressure P, can be calculated solving the equation

Py 14
= Aln—==¥lh—+v-1v
(x = 4) === xin. A

Hence, (o, v) may be considered as the state variables of the model.

12.17 Extension to Visco-Plasticity

The Incremental Theory of Plasticity presented in this Chapler does not ac-
count for any time dependence and plastic strains are assumed to be imme-
diately mobilized. Conversely, experimental evidence shows that for many
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real materials the permanent (irreversible) deformations are not instanta-
neonsly mobilized. A generalization of the Incremental Theory of Plasticity
Lo account for strain rate dependence of the material response, has been
proposed by Perzyna, [74, 72], on the basis of the pioneer work of Bingham,
[10].

Analogously to the Incremental Theory of Plasticity, it is asgumed that,
under loading conditions, the strain rate € results to be the sum of an elastic
(Tully recoverable) component ') and a visco-plastic (irreversible) compo-
nent 1':{""’3, namely

€= &lo) g glon) (12.94)
These two strain vectors are respectively defined as
=]
& = (ceNg (12.95)
e = b (12.96)

where C*) g the elastic (symmetric) constitutive matrix,

o {7 < ¢l(a) =; for Fle,k) = 0.
=0 for Fla,k) < 0.

ig a fluid parameter controlling the plastie flow rale and

b { 060G 9G 9G 8G 96 0G 0G , 06 }
lﬂf’ll : aﬂ"}.! ' f}ﬂ’aﬂ‘ aﬂ'm‘ 8;1.3‘ ﬂﬂ"ﬂ ; aﬂ'q:j Y 8{‘.\‘3‘ ' -ﬂd’gg

In general, the parameter v is a function of time, temperature and of the
total creep strain, [36, 59, 60). Finally, the functions

F = Flak)

G Gle, k)

0

are the usual pield and potential functions of the Incremental Theory of
Plasticity. If ¢ = F the constitutive model is said to obey an associative
Jlow rule.

According to the strain increment definition reported in Eq. 12.94, the
stress increment resull to be defined as

e = clge - gl (1'5 _ étum) =
€ (&~ i) (12.97)
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definition of the (viscous) plastic multiplier 7. In this case, 7 is given as
an explicit function of some distance from the yield, while the value of the
plastic multiplier A is found in order to satisly the consistent equation.

Among the various possibilities, the two most common expressions for ¢
are:

~1+ €' (12.98)
at (12.99)

bla)
$la)

[]

where £ ia an arbitrary prescribed constant.
The distanee a has been defined in varions alternative ways. For yield
functions which can be expressed as

Fleo, k) = f(a,k) = h(k) (12.100)
it has been proposed to caleulate this distance as

Fle, k)

= el 12,101
h(k) ( )
In this way we obtain an adimensional value which is representative of the
distance of the stress point from the yield surface and, ai the same time, we
account for size effects of the yield surface.



Chapter 13

A Generalized Theory of
Plasticity

13.1 Introduction

Experimental evidence ' shows that many real materials present progressive
aceumulation of plastic (irreversible) deformations under eyelic loading. In
some cases this progressive aceumulation may cause serious effacts; for ex-
ample, in a saturated soil, it may eventually cause the liguefaction of the
solid skeleton.

The standard Incremental Theory of Plasticity presented in Chapter 12
is not able to describe such phenomena. For example, consider an isotropic
material subjected to a triaxial eyclic loading test in which the deviatoric
stress invarianl value ¢ is confined within ihe range [0,4°]. Assume for
simplicity that the yield surface of this material is represenied by a Von
Mises surface type, that is, Section 11.3,

Flo, k) =q= N(k)

where the initial value of the hardening parameter k is equal to zero. During
the first loading phase, the yield surface expands following the siress point
and, consequently, plastic deformations are mobilized and the hardening
parameter increases ita value reaching eventually a limit value &= such that

Fla,k*) = ¢" = N(k*) =0

'Chapter writien in collabaration with A, De Crescenzo

335
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According to the standard incremental theory, the space region bounded
by this vield surface is the new elastic region. Thus, all next loading phases
cannot mobilize any plastic deformation, being the relative stress path always
confined within the elastic stress region..

Ini the last 20 years a number of theoretical works have aimed to overcome
the above described limitation of the standard theory, Some of them assime
the existence of three, generally, distinct stress surfaces, [21, 22, 56, 68, 69,
73]

e a yicld surface F' which is assumed to follow always the stress point,
even during unloading conditions;

s o bounding surface I';
e an clastic surface I}
and

FCF
FCTF

Loading conditions whose relative stress point inerements are directed out-
side I may mobilize plastic deformations, unless the current stress point lies
inside the elastic region bounded by F. The size of the plastic deformations
results to be a function of a relative distance of the current stress point from
F.

At a rule, the above proposed modification of the standard theory allows
to describe the accumulation of plastie deformations during cyclic loading,
However, we still have 1o identify the law of variation of the size of the plastic
deformation and the interrelationship between the evolution of these three
stress surfaces.

In this Chapter we present a possible theoretical framework which allows
to answer the above two quostions, ['23]. The practical use of this theory is
explained by means of a small example. A more complex elasto-plastic model
is proposed in Chapter 16,

13.2 The Main Hypotheses

In this Section we present the general theoretical framework by which it is
possible to extend any ¢lassical elasto-plastic model in order to account for
possible plastic deformations at any stress level, The basic asgsumptions are:
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There exists a Bounding Surfuce
F = TF(ak) (13.1)

which, as the name indicates, bounds always the location of the current
stress point.  Aceordingly, IT (e.k) represents the current material
slate, the only admissible alternative conditions are

{F(J.E) =0 ie. & lieson F.

Mo, k)< 0; ieo lies inside T

while

Fle,k) =0

18 not admiszsible.

The veetor k collects n hardening parameters k; whose Incremental
variation is controlled by W internal variables H;, namely

TJTT (13.2)

fori=1,2,...,n and J = 1,2,..., %% It is required that the infinites-
imal increments ﬁ?i_.; must be expressible as, Fq. 12.14,

By = J(8elP)) = a6 (13.3)
where ) and 8 are defined as reported jn item 9,
There exiats a new type of Yield Surface
F = F(o,kk) (13.4)

which always follows the location of the current stress point. Accord-
ingly, the only admissible material condition is

e,k k) =0

while

Fle k) # 0

is not admissible,
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4, The vectors k and k are of equal size n and

(a) There exist n scalar functions of the type
ki = k(oK) (13.5)

for # = 1,2,....n, 80 that for any given material statle (e, k), the
current location of the yield surface F(e.k k) can be uniquely
determined,

(b) 1M plasticity occurs, then the ineremental variation of the harden-
ing parameters &; is controlled by the same 7 internal variables
F}' of k; plus other m internal variables fy, namely

bk, a%‘:ﬁ. + ‘.mJ (13.6)

for i = 1,2,..09n, 7= 1,2,::.;7 and § = 1,2,...;m. Analo
gously to the hypntlwms on 7? in item 2, it is wqulrﬂd that the
infinitesimal inerements dhy mtwt be expressible as

Nr.l.,' = fj(ﬁﬁ) =504 (13.7)

5. The space region bonnded by F' is a subspace of F, that is

Flo.k k) C Flo.k) (13.8)

If the current stress point & lies on F| then I and F must coincide,
that is

Fla k. k) = F(o,k) (13.9)
and, in particular,
k= ks (13.10)
ik ak, A
55::-; = Em; (13.11)
ak;
i = 0 (13.12)

foralli=1,2,....,n,7=1,2,.... Mand j=12,....m
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6. There exists an Elustie Surface
F = Fe.k) (13.13)
defined as = "
Fla k)= Fla,k k= k)
where k = k(k) collects the n known scalar functions

-

ki =k(K) (13.14)

where i = 1,2,...,n. Notice that ihe above definition im_!‘:-liea that if
the current stress point lies on F, then £ coincides with £

7. In general, for & — &,
o
Ohs
(‘3&'1
A = 4

= X

forall i = 1,2,,..,n 7= 1,2,..., % and 7 = 1,2,...,m. The defi-
nition of the Plastic Modulus A is postponed to item 9. If F' and F
always coincide, then the above assumptions do not apply.

8. There exists a Potential Function for plastic deformations, of the form

G = Glo,k k) (13.15)

9. Analogously to the Standard Incremental Theory of Plasticity, it is
asgumed that an infinitesimal strain increment de can be expressed as,
Eq. 121,

be = bel) 4 pelt) (13.16)

where:
o el represents the elastic (fll"y recoverable) component whicli

may be caleulated according to the Generalized Hooke's law, Soc-
tion 11.7,

del) = (C‘“’)" ber (13.17)

where €0, the tangential elastic symmetric stiffness matrix, may
be function of the current e,
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¢ 6el?) is the plastic (irreversible) component, defined as

s = 62b (13.18)
where
=0, if alagto-plastic response occurs,
aA {
=0, if elastic response oceurs.
e
h = =

aG oG oG aGc oG oG aG 0G 0G }"'
{ aa‘” 2 aﬂ“ﬂ Ty Daga - 8#’13‘ ihiry) ' derag ) iy "aﬁ"az

The respect of the consistency equation on the yield surface F(o,k, k)
yields to the conclusion that, item 4 Section 13,3, the value plastic
multiplier §A ¢an be calenlated as;

o Il ber is assigned, Eq. 12,16,

alba '

wie it A4 0.

dA = (13.19)
indeterminate, il A = 0.

s if f€ is assignad, Bq. 12,17,

ﬂIT 'I'.l'te} it A # =nTeld
5A = { perorc LS det (13.20)
indeterminate, if A= —aTeld),

where

far'®) = Clie
el = gley

and the Plastie Modulus A is defined as
5‘1
A = .s,\ T.&I i m] =

aF ki m Ok, | OF Ok q
['75 L aT-,-aT&.“»J“ Dle; Oy ] Shi
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10,

where i = L,2,.., n; ) = 1,2,... % and L N A—
According to the above definition of elasto-plastic deformation, the
stress increment dor resulting from strain inerement de, starting from
a material state (e, k), can be caleulated as, Fq. 12.37,

bor = Cie (13.22)
where
clo). if a purely elastic response occurs,
U=
clo = vl if plasticity develops,
an

(i) ()T : ; ¥ (&)
el _ m. for A # —a"el9),
indeterminate; for A = —a’el?),
in which
clf) = qle)Ty
The type of mechanical response is established according to the follow-
ing criterion.
By definition, if .
Flo k. k) <0 (13.23)

the material response is always elagtic, regardless of the applied stress
ineremaent der or strain increment de, If, instead,

Flo k. k) > 0 (13.24)

the type of material response is established as follows, see remark in
item 5, Section 13.3:

o Stress Based Criterion, Let bor he a stress increment appliad on
any material state (o, k, k), then:
(a) Elasto-plastic response occurs if

A=0 4 aéa =)
A=0 ; a%ba=1
A<0 5 a"be =10



32

CHAPTER 13. A GENERALIZED THEORY OF PLASTICITY
(b) Elastic response occurs if
A=0 ; alda <0
(¢) Either elastic or elasto-plastic response may occur if
A<D : aba <

This is the only ambiguous situation which this theory of
plasticity does not solve by itself.

(d) Stress increments by which
A<0 ; a"be >0

are not admissible; that is, according to the theory, the ma-
terial cannol sustain such type of glress increment.

e Strain Based Criterion. Let fe be a strain increment applied on
any material state (o, k, k), then:

(a) Elasto-plastic response oceurs if

As=aTel® ¢ a%al 20
A=-a"cl® ; a%éal) =0
A< =aTel® ; aTéal? =0

(b) Elastic response occurs if
Az =a%el? . aTéel? <0

(¢) Either elastic or elasto-plastic response may occur if
A< -aTe? ; aToel) <0

This is the only ambiguous situation which this theory ol
plasticity does not solve by itself,

() Strain increments by which
A< —a%el® . a”ba!) = ()

are not admissible; thai is, according to the theory, the ma-
terial cannot sustain such a type of strain increment.
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13.3 Remarks

It Is important to make the following remarks on the main hy potheses listed
in Section 13.2:

L.

When purely elastic response occurs, the bounding surface ' remains
fixed in the stress space, that is

k; = constant

for all ¢ = 1,2,...,n. In [act, by definition, in a purely elastic re-
sponse 4 = (; cousequoently, asccording to the hypothesis in item 2 in
Section 13.2,

bk =0
forall ¢ = 1,2,...,n.

The requirements on the partial derivatives of & in Eqs. 13,11 and
13.12 are consequences of Lq. 13.10. In fact, when the current stress
point & lies on T, from Eq. 13.10 it results that

ki = bk; (13.25)
Hence, if plasticity occurs, Eqs, 13.6 and 13.2,
Ohy g iy, O,

i
B 45 e g e
T ol A

Since this equality must be true for any arbitrary value of «‘iﬁ':; and &hy,
the requirements in Eqgs. 13,11 and 13.12 immediately (ollow.

. The requirement in item 7 on the limit value for A guarantees that,

-
if #' does not always coincide with F* and the stress point lies on the
elastic surface, then:

¢ the infinity value of A makes §A = 0, Eqs. 13.19 and 13.20, and,
consequently 8¢?) = §Ab = o, I, 13.18. This assures the conli-
nuity of any deformative process in which the stress point crosses
the elastic surlace,

e The positiveness of the A value makes admissible any stress incre-
ments applied on a material state lying on P In fact, according
to the stress based eriterion in item 10 in Seetion 13.2, the only
not admissible situation may ocear if A < 0, cage (d),
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4. The expressions of §A and A in Eqs. 13.19-13.21 may be proved noticing

that the expansion of the yield surface I defined in Eq. 13.4 into the
exae! Taylor geries about a material state (criE,k) vields to

Fla+ 6o, K + 6K,k + k) = F(e K. k) + 61 (@, K. k)

Since by definition the material stale always satisfies the yield surface
I, then

Fle +éa,k+ 6k, k + 8k) 0
Flokk) = 0

and, consequently, we can identify the following consistency equation

ar ar

§F(o,k k) = a’be + o, —— 8k + T bk =0 (13.26)
that is
aTba = AbN =0 (13.27)
where :
e g{ i+ 51 Stk (13.28)

The consistency equation in Eq. 13.27 is t'nrma.lly identical with that
reported in Eq. 12.21. Then, proceeding as in Section 12.5, we even-
tually obtain the expressions for A in Eqs. 13.19 and 13.20.

In the case of plastic deformation, ék; and &k; may be expressed as
Iiqs. 13.2 and 13.6, respectively. Thus, the expression of A in Eq. 13.28
takes the form reported in Eq. 13.21.

The stress and strain based criteria in item 10 are identical with those
derived in Sections 12.6 and 12.7 for Lhe case of the standard incre-
mental theory of plasticity. However, in this generalized incremental
theory, these criteria are given as definitions. In fact, according to
item 3 in Section 13.2, the current stress point lies always on the yield
surface I, consequently, the mathematical procedure followed in See-
tions 12.6 and 12.7 for deriving the stress and strain eriterla cannot be
applied.
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13.4 Recovery of the Classical Theory

It ia easy to verify that the generalized theory of plasticity proposed in
Section 13.2 recovers the standard incremental theory il

e The bounding surface F' coincides with the yield surface of the standard
theory,

s The elastic and the bounding surfaces coincide, i.0,
F'(rr,_l"c') = ﬂ(u, k)

According to items & and 6 in Section 13.2, this is assured with the
position:
k=k

e When the current siress point lies on F, the potential surface &' is
made to coincide with that of the standard theory.

In fact, we have thai:

& Peing F=T, plasticity may occur anly when the stress point o lies

on I,

e In general, if & lies on F| it can be proved that the plastic modulus
expreasion in Fg. 13.21 reduces to the standard form

| aF aF Ok;
= —— by == 3.2¢
A “m:l—._aT EEET;ET (13.29)

Consequently, the elasto-plastic strain definition and the loading criteria in
items 9 and 10 of Section 13.2 result to be identical with those of the standard
theory.
The reduced form of A in Eq. 13.29 can be proved noticing that, when
e lies on T, Eq. 13.25,
bk = bk;

Hence, we can simplify the expression of Eq. 13.21 into

A=~

L [0F | OF) . [OF  0F 0K |
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During a loading process in which the current stress point does not leave the
bounding surface F' = F, we have that

bF = §F
that is —
T OF +  OF o _ 7 OF
aTbeo 4 m.ﬁm ka;M' =Ko + aE.-‘lﬂc'

from which, being a = & and ék; = 6k;, we can establish that

G +58)- 5] =0

Since this equalily must be true for any arbitrary value of the n increments
ok, it follows that
gF. .. OF ar
ok, " ok~ ok
for each 1 = 1,2,...,n. Substituting Eq. 13.31 into Eq. 13.30 we obtain the
expression of A in Fqg. 13.29.

(13.81)

13.5 A Generalized Von-Mises Strain Hardening
Model

Consider a material whose uniaxial response is of the type shown in Fig. 13.1.
Assume that the behavior of this material under monotonically increasing
loading conditions can be modeled with an isotropic elasto-plastic constitu-
tive equation of the type:

o Elastic sirain obeying the Hooke law for isotropic linear elastic mate-
rial,

e Failure condition represented by a Van-Mises surface of equation

RQ=g-N=0 (13.32)

e Plastic strain obeying an associative flow rule with yield-potential func-
tion represenied by a Von-Mises surface of equation

F=g-q,=0 (13.33)
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H=

AE

Figure 13.1: Material response under uniaxial cyclic loading

where g, is a hardening parameter whose incremental variation is con-

trolled by the total plastic shear strain API only, that is

d
7, = Zhid? (13.30)

where

= / 5elp)
i

day (s)

and i!y(ci"jj, which has the dimension of a stress, is a function to be
determined experimentally.

In the following Section we present the extension of thiz simple Von-Mises
strain hardening elasto-plastic model to account for the uniaxial response
under cyclic load of the type in Fig. 13.1.
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13.5.1 The constitutive equation

Aceording to the recipe listed in Section 13.2, a generalization of the Von-
Mises strain hardening model to account for plastic accumulation can be
obtained as follows:

1.

4.

The bounding surface has equation
F=Tlg,q)=q-17, (13.35)

where G, is the hardening parameter whose value is assumed Lo be
always a positive quantity.

The incremental variation of the hardening parameter g, is controlled
by the total plastic shear sirain ff,”) only, that is

. dq {P) ~

b3, = Qf_ﬁﬁf‘se" (13.36)
whers

dn = f gelp) (13.37)

i, {r) 13

= W) (13.38)

and ?I,,(eim), which has the dimension of a stress, is a function to be
determined experimentally.

. The yielding surface has equation

F = F(4,Ty4) = 4= Ty = 4y =0 (13.39)
with the condifions

i = 0
0=z 4 =7,

In practice, I does not depend on 7.

With regard to the hardening parameler g, we have that:
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From the above defined yield funclion equation we find that ¢,
can be expressed as

qy = 9. 7,) = q = 13, (13.40)

where t = 0, that is
G =4 (13.41)

If plasticity occurs, the incremental variation of g, is controlled

by the variable EE") only, that is

dq,
= 2 g p)
ey er”JﬁF' (13.42)
where r
L _ (7 q e
PR ay gy ) (13.43)

and a,(qu.sg”}), which has the dimension of a stress, is a func-
tion to be determined experimentally, However, the mathemati-
cal framework of the model requires that, items 5 and 7 in Sec-
tion 13.2,

_ (r)y, f —
(7, €P)) { =qy(ei"); forg, = ??E- 13.44
LAl — 80; for gy = qy. ( )

The parameter g, is defined in item 6.

5. It is ensy to verify that:

the space region hounded by F is a subspace of F, that is
Fla, 8y, 4y) € Fla:7y) (13.45)

if the current stress point & lies on F, then F coincides with F,
that is

Fla, 1y q) = Fla,7,) (13.46)
and
qy = ??y
dg, _ dj
;:iﬁf L a-;n}
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The elastic surface I has equation
F=Fq,q,) =q- (13.47)
whers
8 = #,(1,) (13.48)

and @,(qy), which has the dimension of a stress, is a function to be
determined experimentally. Notice that, according to item 6 in Sec-
Lion 13.2, ir" is derived from F' as

l?'(q.ﬂ,,] = F(.'?ni?wfly = y)

Moreaver, we require
iy(3,) > 0
for any 7,, o that for & = o the mechanical response is purely elastic.

_ It will be proved later in this Section that, according to the definition

of /' and assuming associalive flow rule as stated in the next item 8,
the plastic modulus results to be given by

d
_ dgy
A= 7 (13.49)

Note that, if the experimental function in Eq. 13.43 respect the condi-
tions in Eq. 13.44, then for ¢, — g,

A= o0

as required in item 7 in Section 13.2

. The potential function for plastic deformations coincides with the yield

surface, ngsociative flow rule, that is
G=Mqgyq) =qg=1G,—9 =10 (13.50)
with { = 0; in practice & does not depend on 7.

According to the definition in item 9 in Section 13.2, the infinitesimal
strain increment d¢ is given by

be = bel*) 4 5elr) (13.51)

where:



13.5. A GENERALIZED VON-MISES STRAIN HARDENING MODEL351

the elastic (Tully recoverable) atrain increment can be caleulated
according te the Hooke Law for Isotropic material, Eq. 10,68,

sel9 = () " 4o (13.52)

where the elastic stiffness matrix € is a constant symmetric
positive definite matrix function of two constants £ and ¥ to be
determined experimentally;

the plastic (irreversible) strain increment can be calculated as
bel®) = dAb (13.53)

where, according to the above listed hypotheses, it results that

aF 3

b = a= '-'5'; -- -BT}H (]354)
A = ay(gy e (13.55)

and the value of &\ ean then be calculated as reporfed in item 9
in Section 13.2,

Aceording Lo the above definition of elasto-plastic deformation, the
stress increment dor resulting vom strain inerement de, starting from
a material state (e, k), can be caleulated as, Eq. 13.22,

for = Cée (13.56)
where
cle, il a purely elastic response occurs.
©r {C(“) ~ ¢ if plasticity develops.
mld

() (F)T :

cir) = fmﬂ'i for A # —aTel?);

indeterminate for A = —a”el?);

in which

clf) = ¢ltla
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10. If the eurrent stress point & lies ingide F, that is

q<qy

the material response is purely elastic. Otherwise the type of me-
chanical response is determined according to the eriteria in item 10 in
Section 13.2.

The expression for b in Eq. 13.54 can be easily obtained by specializing the
general expression of the gradient to stress invariant function in Eq. 12.46.
From Eqs. 12.50-12.53, it follows that the plastic strain, its deviatoric com-
ponent and invariants associated with the above described model can be
calculated as

fel?) = i,g,\s (13.57)
24

bel?) = g (13.58)

el = 0 (13.59)

5elr) = A (13.60)

and, specializing Eq. 12.54, we find that

a'ba = bg (13.61)
The expression for A in Eq. 13.55 can be then easily obtalned specializing
the general expression in Eq. 13.21 as

1 OF 1 dg sl — dy,

"o T R = S

A complete, incremental calculation can be performed knowing the initial
values of the stresses and of the hardening parameter Gy The initial value

of ¢ ig by definition zera, Then, at £ = 0,
& = &,
ﬁy = ﬂyu

I.'E"} = 0

At the initial time, the mechanical response due to a given stress increment

der is caleulated as indicated in item 9. Hence b‘cf." is known and, from

Eq. 13.36, the value of 67, can be calculated. This allows to update o, c,(.ﬂ

and 7.
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13.5.2 'The uniaxial response of the model

In an uniaxial stress test, the material sample is subjected to a vertical
uniform stress field a,. In this case, therefore, the stress vector field is given
Ly

o = a,{1,0,0,0,0,0,0,0,0}" (13.63)

from which il follows that

8 = apﬁ%=f§:{2.—1‘-1‘()10.0.0.0.0}"'" {13.64)

3 o UQ a
(32 B) = |ar| (13.65)

Under a uniform axial stress field, the model presented in Section 13.5.1
predicts a strain vector field

q

be = del) + bel?) (13.66)
where, Iiqs. 13.52 and 13.57,
=] )
el = (Cm) ba = 6;“ {1,~1,=1,0,0,0,0,0,0}" (13.67)
a; for pure elastic response
sl = '5,7“" = be {1,_§,—§.u,u.(),u,u,n}"; ifA#£0 (13.68)
indeterminate; ifA=10
and,
A = f‘-u(i"nhd”]
(13.69)

= f|;,',_.ip)|
In fact, according to Eqs. 13.19, 13.61 and 13.65, for A # 0 and a, £ 0,

alda by  a, ba, ;
e (13.70)

Moreover A is given by, Eqs. 13.55, 13.41, and 13.65,

A =a,lq, ﬁg"") = ﬂy(laulmfgﬂ)
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In order to prove the expression for r,t,”} in Eq. 13.69, we observe that,

belo) = geo) — 282 gt

being, Eq. 13.59, el = 0. Then,

¥ 1 i 7
(,'f:-{ﬂra) - (.’Ebc{ph‘mw}) e = (%(,Jp)’f"gﬁ(n})u
3 ;

which specialized according to the unlaxial response in Eq. 13.68 yields to
Bl = |6elP)| (18.71)
Finally, note that, when plasticity occurs, it results, Eq. 13.68,

§
A= ay(jou],e) = ﬁ;—, (13.72)

13.5.3 Experimental determination of the material proper-
ties

The constitutive model in Section 13.5.2 requires the experimental determi-
nation of the following material propérties:

s the constant elastic parameters £ and

e the plastic functional relationships, Eqs. 13.38, 13,43 and 13.48,

2 g i
B = 2k
[

dq
“H(G’y'{g"]) = {kiﬁl
X

Fa,,(?:,) =, ﬁu

All these material properties can be determined from the simple uniaxial
test shown in Fig. 13.1 as follows:

1. We identify in the linear paths in Fig. 13.1 below the dashed line
A'CE'G'T'M'P’ the purely elastic response of the material.
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2. With reference to these linear elastic paths and the elastic relationships
in Bq. 13.67, we can caleulate the elastic material constants as

b,

b be,
1 be,,
¥ o= E (‘ =k E)

3. We draw the diagram o, vs. & in Fig. 13.2 scaling the abscissa in
Fig. 13.1 by the elastic strain, that is

Ta

E

P =gy =l =y -

We note that, according to Eq. 13.69, for a, = 0, it results, Fig. 13.2,

) = / J6e| =

Figure 13.2: The uniaxial material response scaled by the elastic atrain
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4. Weidentily in the stress path ABD'T'H'L'N'Q’ST in Fig. 13.2 the plas-
tie response of the material when the stress point lies on the bounding
surface; then:

¢ According to Eq. 13.35, along this path o, = |oa| = ¢ = G,

e According to Eqs. 13,44 and 13.72, the functional relationship
?x],(ff,"')) can be identified by interpolating, with an opportune
lunection, various pairs

(3y(d) = o', lP) = )

where
y_ dag

" del)

is the slope of the stress path measured at ¢/,
5, We identify in the dashed line A’C’E’GT'M'P" in Fig. 13.2 the bound-
ary for pure elastic deformation; the functional relationship @,(7,) can
be identified by interpolating, with an opportune function, the pairs

(@(7,) = 0g 7, = )
(El‘(?f-v) = ‘-"f 1y = E’uﬂ )

6. Weidentily in the stress paths within the continuous fline ABD'F'H 1L'N'Q'ST
and the dashed line A’C'TGTM'P in Fig. 13.2 the plastic response
of the material when the stress point lies inside the bounding surface;
then:
s according to Eqs. 13.41 and 13.65 along this path ¢, = ¢ = |a,| =
Ty
a the functional relationship up(qm-ﬁ,{.”}) can be identified by inter-
polating, with an opportune function, various pairs

(ay {4y, 6)) = o', 4y = g, e = &P))

whera

d}'

_ day
de ﬂ"'j

is the slope of the streas path, for example C'D’, measured at &r,
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13.5.4 Note on the hysteretic loop

We recall that the o, ve. cﬁ“’ graph shown in Fig. 13.2 is obtained scaling the

elastic strain component from the assumed material behavior in Fig. 13.1,

item 3 in Subsection 13.5.3.
In particular, the hysteretic loop sketched in Fig, 13.2 presents the fol-

lowing geometrical characteristics:

s The paths C"CD, C"GH and C"MN result symmeiric to the paths
CO'DY, GPG'HT and M"M'N', with respect to the f(,f) axis,

o The paths REF,RIL and RPQ are identical to the paths E"E'F, I"I'L’
and PUP'Q, with an opportune shift,

[t is possible Lo prove that the proposed model is able to reproduce exactly
such type of response,

[ fact, we note that, according to Eq. 13.72, the slope of the material
plastic response depends only on the absolute value of the uniaxial stress o,

and plastic strain ff."", namely '

ba ;
3&%‘ == uyfqv,c,(,”J
where
Gy = 4= ll‘T.-.[
Pl [5&-9?1 a /“54':1”

Thus, for example, the g, and ) values at the point C* are equal to those
at the point C. This implies that the slope at the point C and C' coincide
and consequently the path CD has to result symmetric to the path €D,
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Chapter 14

Field Equations for Solids
and Fluids

14.1 Introduction

The final aim of the continunm mechanics theory is to establish a com-
plete sel of equations, known as field equations, which allows to describe the
motion and the deformation of a continuum subjected to a set of external
agents. The diagram in Fig. 14.1 sketehes the main lines of the continuum
mechanie mathematical developments presented in the previous Chapters:

s Chapter 6 describes the motion and the deformation mobilized by an
applied displacement field;

e Chapter 7 describes the stress mobilized by an applied set of external
forces:

s Chapter 8 describes the overall mechanical principles relating the inpul
power due to the external forces and the induced stress power in the
interior of the continuum;

e Chapter 0 presents the thermodynamic principles that a real contin-
unm has been experimentad Lo obey;

e finally, Chapters 10-13 report a number of alternative constitutive
equations relating stress and strain which may used to deseribe the
mechanical behavior of different types of continuum.

359
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--------------------------------

I Displacemonta | | External Forces |
............... | e e i
_______________ I | i B b
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Figure 14.1: Interrelationships of variables in the solution of a continuum
mechanie problem

In this Chapter we collect from each of the above listed Chapters the nec-
eggary relationships for setling up a complete system of equations for the
solution of a one-phase solid or Auld continuum mechanic problem.

14.2 Field Equations for Solids

It is customary to solve solid problems by means of the Lagrangian formula-
tion. In terms of such type of formulation, the complete set of field equations
governing the purely mechanical respond of a solid is given by:

1. the 3 Cauchy Equations of Motion in the undeformed configuration,
g, 7.62,

P
5_5-?'5 -+ .;?J.IED) = Qﬂ'}"ﬁa}' (lril)

2. The 9 Geometric Equations relating the st and 2nd Piola-Kirchhofl
stress Lensor components, Bq. 7.39,
f’}:"} =T (14.2)

3. the 6 Constitutive Equations for Solids, Chapter 10,
aij = [(€;) (14.3)
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Note that the above equation indicates 9 relationships but only 6 are

linear independent because of the symmetry in &;; and ;.

4. the 6 Geometric Equations for the Finite Lagrange Strain tensor com-
ponents, Section 6.3.1,
s |
Gj = E(a'k,.-:u,,- - 5.‘5) {lfl.d)
Note that the above equation indicates 9 relationships but only G are

linear independent because of the symmetry.

This set of equations represents a complete system of 24 equations into the
following 24 unknowns:

¢ the curreni position components z;, 3 unknowns;
e the finite Lagrange strain tensor components &5, 6 unknowns;

s the lst Piola-Kirchhofl stress tensor components #E;-’), 9 unknowns;

s the 28t Piola-Kirchhofl stress tensor components @;;, 6 unknowns.

14.2.1 Linearized theory of elasticity
The Linearized Theory of Elasticity assumes that:

a The deformation process may be approximated by means of the Small
Deformation Theory, Section 6.6, according to which we may set

fo = P
™
};” = §, =oy
G = &

i

o

where ay; is a component of the symmetrie Cauchy stress tensor and
¢;; 15 a component of the symmetric linear Lagrange strain tensor.

o The solid behaves according to the Flastic Hooke's Law, Section 10.9,
Under the abave hypothesis and recalling that

Ty = Xi+ 1
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where Xy is the initial location and w; is the deformation funetion, we can
reduce the system of equations in Eqgs, 14.1-14.4 into the following system
ol equations:

L. the 3 Cauchy Equations of Motion

A u;
Tji + 0bi = pmy (14.5)
i
2 the 6 Hooks Law for Elastic Solids
aij = Aepbi + 2pe; (14.6)

Note that the above equation indicates 9 relationships but only 6 are
linear independent because of the symmetry in ai; and ;.

3. the 6 Geometric Equations for the Linear Lagrange Strain Tensor com-
ponents

1 .
€ = EUAI'J 4 H‘j.l'} (14.7)

Note that the above equation indicates 9 relationships but only 6 are
linear independent because of the symmetry.

This et of equations represents a complete aystem of 15 equations into the
following 15 unknowns:

¢ the displacement components u;, 3 unknowns;
s the linear Lagrange strain Lensor components €;;, 6 unknowns;
s Lhe Cauchy stress tensor components &y, 6 unknowns,

It is easily verified that combining the above et of equations we obtain the
following 3 Navier Equations of Motion for linearized elasticity

&%
(A + )t + pi e + obi = Eaﬁ;'- (14.8)

in the only three displacement unknowns u;.
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14.2.2 Nonlinear solid and small deformation theory

If the deformation process can still be approximated according to the Small
Deformation Theory, Section 6.6, but the material behaves according to a
nonlinear hy poelastic or elasto-plastic constitutive relationship, Chapters 11-
13, then the relative solition can be obtained from the following modified
form of the set of equations in Eqs, 14.5-14.7

1. the 3 (incremental) Cauchy Equations of Motion

. a*6u .
bojij + bbi = o= - (14.9)

2. the 6 Incremental Constitutive Relationships
by = [lbeij) (14.10)

Note that the above equation indicates 9 relationships but only 6 are
linear independent becanse of the symmetry in a;; and ¢,

3. the 6 Geometric Equations for the Linear Lagrange Strain Tensor com-
ponents

, l
beij = S(Buij = bujy) (14:11)

Note that the above equation indicates 9 relationships but ouly 6 are
linear independent because of the symmetry,

This ot of equations represents a complete system of 15 equations into the
lollowing 15 ineremental unknowns:

o the displacement components du;, 3 unknowns;
o the linear Lagrange strain tensor components b¢iz, 6 unknowns;

# the Cauchy stress tensor components doyy, 6 unknowna.

14.3 TField equations for Newtonian Fluids

It is customary to solve fluid problems by means of the Eulerian formulation.
According to such formulation, the complete sot of field aquations governing
the flow of a Newtonian fluid, Section 10,10, is given by:
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. the 3 Cauchy Equations of Motion, liq. 7.55,

duj
aiig + o = Ed_tl (14.12)

ihe 6 Constitutive Bguations for Newtonian Fluid, Fq. 10.89,
o = =1 + Miadi; + 2ud;; (14.13)

Note that the above equation indicates 9 relationships bul only G are
linear independent because of the symmetry in ayy and d,j;

ihe 6 Geometrie Equations for the Euler Strain Rate Tensor compo-

nents, Section 6.4.2, '

dijy = =

i =3

Note that the above equation indicates 9 relationships bul anly G are
linear independent because of the symmetry;

i i+ v34) (14.14)

. the Euler form of the Continuity Equation, Fq. 7.11,

dp
o Tovkr =0 (14.15)

the Kinetic Equation of State, Eq. 9.142,

= (g, M) (14.16)

the Calorie Equation of State, Kq. 9.143,

w=u(p, ) (14.17)
the Energy Equation, Eq. 9.12,

du i . ‘
il 4 (14.18)

where
W = oy

the 3 Fourier Relationships of Heat Conduction, Fq. 9.5,

ci ==K (14.19)
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This set of aquations represents a complete system of 22 equations into the
following 22 unknowns:

s the velocily components u;, 3 unknowns;

the Fuler strain rate stress tensor components diy, 6 unknowns;

e the Cauchy stress Lensor components o;5, 6 unknowns;
e the thermodynamic prassure #, 1 unknown;

e ihe density p, | unknown;

o the internal energy w, 1 unknown;

s the heat flux components ¢, 3 unknowns;

e the absolute temperature #, 1 unknown.

It can be immediately verified that the above set of equations can be equiv-
alently reduced to the following set of equations:

1. the 3 Generalized Navier-Stokes Equations of Motion for (Newtonian)
Fluids

=75+ (A p)viij + pvg + eby = _{,% (14.20)
2. the Euler form of the Continuity Equation
-‘;ﬁ + puge = 0 (14.21)
3. the Kinetic Equation of State
m = n(e, ) (14.22)
4, the Caloric Equation of State
u = u(p, ) (14.23)

5. the Energy Equation

d
gd—? =+ K5+ pr (14.24)
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where, Eq. 10,92,
W= =iy “dzk + 2peije;;
anl

K

1

A %;.\
1
r!,-'.,' = i(nlhf + 44)
o
ey = ;= ii;_.,«-;ji-‘f-

This sel represents a complete system of 7 equations into the following 7
unknowns:

¢ the velocity components #;, 3 unknowns;

e the thermodynamic pressure 7w, 1 unknown;
& the density g, 1 unknown;

s Lhe internal energy w, 1 unknown;

e the absolute temperature ¥, | unknown.

We recall that according to the Eulerian formulation, Section 6.4.7, the
acceleration term may be alternatively expressed as

dv dv
E = m = Vv = (1‘1-35)

dv v? .
= FE + 2Wv 4 V? s (M.Qﬁ)
gx
it

]

2
+29% v+ v% (14.27)
where

Vo= (ug)
W [vi; = ;4]

1 1
g = —7euklvie = vey) = ~SeiisWik

]
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14.3.1 Steady Flow

A flow is said to be steady if all flow variables are independent of time, so
that

af -
----- = 4.28
B 0 (14.28)
and, consequently,

tf: f s (14.29)

where [ represents, for example, a velocity component v;, the density g or
the internal energy w. It is clear that under the above condition of steady
flow, the set of equations in Eqs. 14.20-14.24 can be equivalently reduced to
the following set of equations:

1. the 3 Generalized Navier-Stokes Equations of Motion for (Newtonian)
Mluids

— 75+ (A Vi + Hosi + ob; = ov; kv (14.30)
2. the Euler form of the Continuity Equation

oEVE+ Ve =0 (14.31)

that i

(ovg ) =10 (14.32)
3. the Kinetic Equation of State

T =n(p,) (14.33)

4. the Caloric Equation of State

= u(p,?) (14.34)

. the Energy Equation

&

pu vy = b+ K g + pr (14.35)

where
th = —wdpy + rcd%k + 2pieijeqy
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an
K = A+§;1
1
diy = §(U-‘.j + v5.i)
oy
& = f-'fl'l,—b.‘f%

Thig set represents a complete syastem ol 7 equations into the following 7
unknowns:

& the velocity components v, 3 unknowns;

the thermodynamic pressure w, 1 unknown;

-

the density o, 1 unknown;

the internal energy u, 1 unknown;

the absolute temperature ¢, 1 unknown,

14.3.2 Irrotational Flow

A flow is said to be irrotational if there exists a potential function @ for v
such that

w=-0; (14.36)
and, consequently, the acceleration term in Eq. 14.20 reduces to, Eq. 14.27,
dv  dv v’
SrAy RNtk B, - e 4.
dt ot i 2 (14.37)

gince in Lhis case
W=l -vil=[-245+%u=0

Moreover, if the body forces are either neglegible or conservative, i.e. if they
may be also expressed as the gradient of a potential function, it is possible to
reduce to § the number of unknowns and of equations in Bqs, 14.20-14.24,
This is because the 3 Equations of Motions may be reduced in a scalar
function and the 3 unknowns v; may be replaced by the only unknown &,
Examples of auch a type of reduction are reported in the next Sections.
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14.3.3 Barotropic flows

A Now is said to be barotropic if the Kinetic Equation of State is independent
of the temperature, that is
1 = n(p) (14.38)

or, conversely,
g=p(r) (14.39)

Example of Barotropic Equations of State can be found in the following
thermodynamic processes:

e [sotherinal flow where, by definition, # = conal.
s Incompressible flow where, Section 14.5, it resulls p = p,.

s Reversible adiabatic flow in a perfect gas where, it may be shown that,

‘;_w = const (14.40)

where R
= EE = ] -
L Ey o Oy
and ¢, and ¢, are the specific heats at constant pressure and constant
volume, respectively, while B is the gas constant for the particular gas.
In an adiabatic expansion of dry air 7 = 1.4.

It is easy to verify that the barotropic condition allows to decouple the set
of equations in Eqs. 14.20-14.24 into the following two independent sets of
equations;

1. The first set includes only mechanical quantities and is given by:

(a) the 3 Generalized Navier-Siokes Equalions of Motion for (New-
tonian) Fluids

dvy

— w5+ (A4 p)vi + pvji+ ol = g-&-fa- (14.41)
(b) the Euler form of the Continuity Equation
I
£y oo = 0 (14.42)

dt
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(¢) the Kinetic Equation of State
m=7(gp) (14.43)

This set represents a complete system of 5 equations into the following
5 unknowns:

e the velocity components v;, 3 unknowns;
¢ the thermodynamic pressure 7, | unknown;

& the density p, 1 unknown.
2. The second set is given by:

{a) the Caloric Equation of State

u=u(p,?) (1d.44)
(b) the Energy Equation
du . :
QHT = w4+ K+ or (14.45)
where
W = =7y + h‘.rdh + 2pe ey
and

Rom A2

l 1
dy = gquﬁ-w.«'}
il
g = dij—aij“:;'t

Once the first set is solved in terms of v, v and p, the second set repre-
sents a complete system of 2 equations into the following 2 unknowns:

s the internal energy =, 1 unknown;

s Lhe absolute temperature o, 1 unknown.
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14.4 Perfect Fluids

We recall that, Section 10,10, that a fluid is said to be perfect if

A=p=0 (14.46)
and, under this conditions, it results
oy = anl =~y (14.47)
p = _“’:_’;‘F =-r (14.48)
w = —midy (14.49)

It can be verified that for a perfect fluid the set of equations in Egs. 14.20-
14.24 can be reduced to the following set of equations:

1. the & Fuler Equations of Motion for (Ideal) Fluids

!
— 1, + oby = 953‘.;1. (14.50)
2. the Euler form of the Continuily Equation
dp .
il - 14.51
= T vk =0 (14.51)
3. the Kinetic Equation of State
r=m(p,d) (14.52)
4. the Calorie Equation of State
u = u(p,¥) (14.53)
5. the Energy Equation
! .
o = =mv+ Kilii 4 or (14.54)

This set represents a complete system of 7 equations into the following 7
unknowns:

o Lhe velocity components vy, 3 unknowns;

e the thermodynamic presaure r, 1 unknown;
s the densily p, | uuk.nmvn;

o the internal energy u, 1 unknown;

& the absolute temperature 9, 1 unknown.
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14.4.1 Barotropic flows

In the case of barotropic flow, Section 14.3.3, the set of equations in Eqs. 14.50-
14.54 governing the flow of a perfect fluid can be equivalently decoupled into
the following two independent séts of equations:

1. The first one includes only mechanical quantities and is given by:
(a) the 3 Euler Equation of Motion for (Ideal) Fluids

d’ :
—1J+Qh=pé% (14.55)

(b) the Euler form of the Continuity Equation
‘:—f 4 prg =0 (14.56)

(¢) the Kinetic Equation of State

m=r(p) (14.57)

This set represents a complete system of 5 equations into the following
5 unknowns:

s the velocity components vy, 3 unknowns;
e Lhe thermodynamic pressure m, 1 unknown;
o the density p, 1 unknown.

2. The second set is given by:
(a) the Caloric Equation of State

u = u(p, V) (14.58)

(b) the Energy Equation

0% = o + KO+ o7 (14.59)

Omnce the first set is solved in terms of v, 7 and p, the second set repre-
sents a complete system of 2 equations into the following 2 unknowns:

s the internal energy u, | unknown;
s the absolute temperature , 1 unknowu.
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14.4.2 The Bernoulli equation
Consider the flow of perfect fluid in which it is possible to assume that:

s Barotropic flow, Section 14.3.3, so thal we can define a pressure func-

fion ¥ 3
big
P(r) =f —_ 14.60
(r S, olm) ( )
such that
i = pPi (14.61)

e Conservalive body lorces, i.e. Lhere exists a potential function B for
the body forces b such that

b = ~B; (14.62)

It is immediately verified that under the above hypothesis the Euler Fquation
in Fq. 14.50 results into

dv;
dt
which shows that, in this case, the aceeleration is a gradient of a poten-

tial, The integration of this equation ilnng a streamline yields to, Bernoulli
Equation,

- (P+B), = (14.63)

v? dv " ;
PB4 5+ [ Sl = C() (14.64)

In fact, let diey be the i-th ineremental component of the displacement along
a streamline. Taking the scalar product of this inerement with Eq. 14.63
and integrating, we oblain

- [j('P..‘ + B )dz; + C'(!)] = / (%\%‘- 1 l'Jj‘tJ{.,') da;

Sinee Pydry = dP and Bdz; = dB, the lefi-hand-side of thig equation ean
be integrated at once. Along a streamline we can express dr; = (v;/v)ds,
where ds is the increment of distance; thus

vivgde; = vy (e /v)ds = v (v fe)ds = v yde, = vidy;

and, consequently,

fﬂ,w.-,_,-dm; = fv,'dv.- = ‘%Uiﬂi = %uz
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proving therefore Eq. 14.64.
It is obvious that, expressing the acceleration term as in Eq. 14.27, we
obtain the following alternative form of the Enler Equation in Eq. 14.63

N9
—V(P+B+%)=%§-+2qxv (14.65)

We notice that this Euler Equation and the Bernoulli Equation in Eq. 14.64
may be further specialized as follows:

e I the How is steady, so that dv /81 = 0, we have that the Euler and
the Bernoulli Equations reduce to

2

-V (T-"-I-ﬁ'-i—%) = 2q%v (14.66)
ol

'P+H+% = C (14.67)

where '), known as the Bernoulli Constand, i8 a conatant value along a
stream line and, in general, it assumes different values along different
line,

e If the flow is irrotational as well, i.e. there exists a potential function
P for the velocity such that v = =¥ ® and, consequently, g x v = 0,
then the above Euler and Bernoulli Equations can be further redoced

#]
112
v (‘p+ B+ ?) -0 (14.68)
2
'P+6+"_'? = C (14.69)

where, in Lhis case, 7 is a constant a.lﬂ'ng any streamline.

s If in addition the only body forces present is gravity, so that the po-
Lential for body forces is given by

B =gy

where ¢ is gravitational constant and y is the elevation above some
reforance level, then the above Euler and Bernoulli Equations can be
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further reduced to

Vh = 0 (14.70)
h = consl (14.71)
wliepe } 4
mooamw ]
i = f .. . i
gl o .-79(#)+2.=;

is known as tolal head,

14.4.3 The gas dynamical equation
In the case al:
s steady flow, Section 14.3.1;

s irrotational flow, l.e. there exists a potenbial € for the velocily such
that
ve= -V (14.72)

# barotropic Hlow, Section 14.3.3, and there exists a pressure funetion

" drr
Plr) = / .8 14,73
"= /. otm (A7)
such that
Ti=0P, (14.74)

s negligible body forees, so that b = o}

the Bernoulli Equations in Eq. 14.69 reduces to

‘lllrz

P(x)+ 3 = o (14.75)
where ' is the Bernoulli constant. This equation establishes that r is a
function of the velocity © and, thus, of the potential ®. Consequently, the
density p, which according to Eq. 14.74 is a function of #, it results also a
funetion of v.
Under the above hypothesis, the first set of equations in Eqs. 14.55-14.57
governing the flow of a barotropie perfect fluid can be equivalently decoupled
into the following 3 independent acalar equations:
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the Gas Dynamical Equation
(%81 = @ )Py =0 (14.76)
that is, in extended form,

(e ~ '1',2;)4',-:” + (e - q'?p Joyy + (e*- q':f;)q’.n ==
-0, 0 @, +P,0 0, +. 5. P, )=0  (1477)

where ¢ is the local sound veloetly defined as
1/2
£ = (%) =clv) = (D)

This is a nonlinear differential equation for the only unknown @®. Once
this equation is solved, we can calculate the velocity field v as in

g, 1472
The Euler form of the Continuity Equation
2V F oo =0 (14.78)

which, for a given velocity field v, allows to calculate the associated
density field p.

. the Barotropic Equation of State

T = (o) (14.79)

which, for a given density field p, allows to caleulate the associated
pressure field .

In fact, the hypothesis of steady flow and negligible body forces allows to
reduce the first set of equations in Eqs. 14.55-14.57 as

—mi = U (14.80)
exvktpvie = 0 (14.81)
T o= m(p) (14.82)

From Eg. 14.82 we obtain

Lo A
&mj . -Eig &;rj !fp f"l“,
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that is

R
Mg =C0

Making use of this relationship in Eq. 14.80, we obtain

1 2
B = ;-,j:ri;, = -?vkd"j

which inserted in Eq. 14.81 yields to
0 = opvp+ ook =
(- r%”k"”}j) Up + ek =

1
o (_r_:!”.?vk o+ aﬁ) 0k

ixpressing the velocity asin Eq. 14.72, we oblain the gas dynamical equation
in Fq. 14.76.

For a two—dimensional irrotational flow where € is independent on 2
direction, Eq. 14.77 takes on the form

L[|

Aq",q.'m‘ "|' B‘l’.my '+ C-"kw = 0 (14..33)
where
A= £2- ﬁb?z
E ""2"1’.;;¢,y
¢ = ¢ 'b?u

The character of this quasi-linear, partial differential equation is determined
by the gign of the discriminant

B? = 4AC = 4 (M* - 1)

where
M = 2
C
is the local Mach number. Hence, the equation is:
e elliptic, for M < | (subsonic)

o hyperbolic, for M = 1 (supersonic)
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o parabolic, for M = 1 (iransonic)

Notice that the solution methods differ markedly from one classification to
another. Completely subsonic flows may be solved with some difficilties.
Completely supersonie flows are easier to solve, but shock waves may oc-
cur; Lhese are surfaces across which the velocity, pressure and density are
discontinuous and on which the differential equation does not hold.

Finally, we notice that if:

e all the velocity components & 5, @, and & . are small compired Lo the
round velocity e,

e Lhe mixed derivatives @ ;@ . and ® ., are not an order ol magnitude
greater than @ ., @, and @ ..,

then, the gas dynamic equation in Eq. 14.77 can be reduced to the linear

differential equation
P =0 (14.84)

We will see in Section 14.5.2 that this equation governs also the flow of an
incompressible fluid,

14.4.4 The wave equations

Lot A be a continuum instantaneously bounded by a volume §2 and let us
indicate the velocity, the density and the pressure fields at the current time
{ as

= vio gy (14.85)
= po+p (14.86)
r = m4rnr (14.87)

where * denotes the initial values at time ¢ = 1, while the primed quantities
denote the variation from the initial values, Assume that;:

s the continuum M is a perfect and barotropic fluid;
e neglegible body forces, so that b = o;

e Statical Equilibrium State at time { = 1, so that, in particular, vi?) =
o, g, and 7w, constant in £, Eqs. 14.55 and 14.57,
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s Small flnctuation of p and v aboul the corresponding values at the
equilibrium state in the sense that

- (14.88)
d'
S >l (14.89)
vt
Lo oyl (14.90)

& harotropie flow with barotropic equation of state 7 = #(p) given by
the linear form (1st order Taylor expansion of ¥ about x,)

m=7 4o - 0a) (14,91)

: dr
z = eV
Co = (dg )G

e potential (irrotational) flow, je. there exists a potential © for the
velocity such that

where

vEavV ==V (14.92)

o negligible body forces, so that b = o,

Under the above hypothesis, the first set of equations governing the flow of a
barotropie perfect fluid in Eqgs. 14.55-14.57 can be decoupled in the following
three independent scalar lunctions:

I. the Wave Equation for the velocity potential lunction

o
g =0 (14.93)

Once this (Laplace) linear differential equation is solved for the only
unknown ®, we can ealculate the velocity field v as in Eq. 14.92.

2. the Wave Equation for the density function
i ;
-—§ — ok =0 (14.94)
at

3. the Wave Equation for the thermodynamic pressure function

?
37',{ =0 (14.95)
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In fact, under the above listed hypothesis, the first set of equations in
Eqs. 14.55-14.57 governing the barotropic flow of a perfect fluid can be re-
thiced at once into

é d

T di
de _ _.O0u
dt s

a3
T = et (e o)
where we can express

e drdp D 2 i w200
E = .%am; = ap[wﬂ'*'ca(.g Pﬂ)]am”_(ﬂ'# + (\))" ﬂna‘_ﬁJ

WS R H TR e T o
ou _ o 0
dr,  dry ey,
dp dg 0o @, o

i 3 _ i do do’
eli = a“;(ﬁ"‘ﬂ]: di — & +3ﬂ:kvkﬁ i

and p = p,. Hence,

g’ 9
¢ 3;; = fo M
ap’ 0* @
B = o dundnr
',rr" o 'Ei e\*

ail

e Differentiating the first equation by ¢ and the second one by z; and
equalizing them, we obtain

a [a*«b , 00 ]

4‘}_.1'.,' at _c”i‘):uka:n_-

=0 (14.96)

This indicates that the expression in the bracket is independent of the
position and, therefore, it is at most function of time. Hence, adding
a function of time | does not affect the velocity and, consequently, we
loose no generality in writing Eq. 14.93.
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s Differentiating the first equation by #; and the second one by ¢ and
equalizing them, we obtain

a:l!?r ; ﬂn&i,
_ - 2. =10 14.97
o byl ( )

s Substituting in Eq. 14.97 the barotropic condition in the third equation
we ohitain :
i M o i

v IR g
it “Ox;0r;

0 (14.98)

14.5 Incompressible Newtonian Fluids

We recall that the rate of change of an elementary volume 8§} results to be
equal to, Fqs, 6.22 and 7.11,

L d(#9) 1 dp

g = dvv= -2 (14.99)
It follows that, if a fluid may be considered incompressible, that is
1 d(sQ)
et =0 (14.100)

Lhen:

e Lhe divergence of the velocity vector results to be zero at any time and
location, that is
divv=w, =0 (14.101)

This implies that, in a Newtonian incompressible fluid, the thermo-
dynamic pressure is equal to the mean compressive stress, that is,
Fep. 10.96,

fr=p (14.102)

# The rate of change ol the density resulis to be zero at any time and
location; that is

- N 108
P ) (14.103)

This implies the barotropic condition

£ =0 (14.104)
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It is evident that the incompressibility condition in Eq. 14.101 and the
barotropic condition in Eq. 14.104 allow to reduce the set of equations in
Egs. 14.20-14.24 governing the flow of a Newtonian fluid into the following
two independent sets of equations:

1. The first set includes only mechanical quantities and is given by:

(a) the 3 Navier-Stokes Equations of Motion for (Newtonian incom-
presaible) Fluida

du.
=7+ W0+ 0uby = 00 (14.105)
(b) the Incompressibility Condition
ek =10 (14.106)

2. This set represents s complete system of 4 equations into the following
4 unknowns:

o the velocity components vy, 3 unknowns;

s the thermodynamic pressure 7, 1 unknown.
3. The second set is given by:

(a) the Calorie Equation of State

w = u(p,,7) (14.107)
(b) the Energy Equation
g,,%?- =i+ KDy + por (14.108)
where
1 = ') = 2pudyddy;
and

1
dllj = 5(”!.; + ﬂ";.t’)

Once the first set ix solved in terms of v, this second sel represents a
complete system of 2 equations into the following 2 unknowns:

s the internal energy w, | unknown;
o the abgolute temperature 9, 1 unknown.
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14.5.1 The Poisson and Stokes pressure equations

It is possible to prove that the field variables (v, ) satisfying the first set of
equations in Eqs. 14.1056-14.106 governing the flow of an incompressible fluid
can be equivalently determined by solving the following set of equations:

L. the Peoisson Pressure Eguation
74 = 2albj = vikvi) (14.109)
2. the 3 Navier-Stokes Equations of Motion for (Incompressible Newto-
nian) Fluids
dv;
mi+ weyii + e0bj = pn—'{-ﬁh (14.110)
This set represents a complete system of 4 equations into the following 4
unknowns:
& the velocity components vy, 3 unknowns;
s the thermodynamic pressure 7, 1 unknown.

In fact, taking the partial derivative of the NavierStokes Equation in Eq. 14.105
with respect Lo x;, we obtain

0

dv;
'|" W = HUj4 = b ] -
[ dt ' "1

Lo [_L + "'.-:.H’i‘] s = W = Roby =
)

= 0 [...(.E"..a,) ('”j.k”k),.f] + g5 = #(*’j,j),-‘-‘ - ('nbj.;

which, according Lo the incompressibility condition in FEq. 14.101, can be
simplified into
0= 2o(05k0k),5 + 7 jj = Lol
proving, therefore, the Poisson Equation in Eq. 14.109,
It is immediate to verify that if the convective terms are negligible with
respect to the body forces, that is

b, = v,y (14.111)

for all = 1,2,3, then the above sel of aquations can be decoupled into the
following twe independent set of equations:
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1. the Stokes Pressure Fqualion
Ty = Edb}',j (14.112)
which represents a linear scalar equation for the only unknown 7.

2, the 3 Navier-Stokes Equations of Motion for (Incompressible Newlo-

nian) Fluids

du; :
g,a—: = Wi = =T, + ob (14.113)

which, for a given pressure field 7, represent a complete system of
equations for the 3 velocity unknowns v;.

14.5.2 Incompressible potential flow

In the case of potential flow, i.e. there exists a potential & for the velocity
such that
v=-V& (14.114)

the first set of equations in Eqs. 14.105:14.106 governing the flow of an
incompressible Newtonian fluid can be decoupled into:

1. The Laplace Equation
Q4 =0 (14.115)

which s obtained from the incompressibility condition in Eq. 14.106
expressing the velocity as the gradient of the potential . Once this
equation is solved for & we can then calenlate the velocity field as in
Eq. 14.114,

2. The Poisson Pressure Equation, Eq. 14.109,
i = 2albi = vjk0k),5 (14.1186)

which, for a given velocity field, allows to calculate the associated
pressure field .

We notice that the Laplace Equation in Eq. 14.115 coincide with the lin-
earized form of the Gas Dynamical Equation in Eq. 14.84, This implies
that the steady potential flow of a compressible fluid, in which the veloci-
ties are small compared to the local sound velacity e, can be approximately
degeribed by the Laplace equation governing the steady potential flow of an
incompressible fluid.
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14.6 Incompressible Inviscid Fluid

Although no fluids are actually incompressible or inviseid, in many important
gituations the compressibility and the viscosity of the fluid may be safely
neglected, Liguids may be considered incompressible for flow studies under
usual conditions, and we romarked in Section 14,52 that a gas may he
treated approximately as incompressible for flow studies at a speed very
small compared to the sonic speed.

Supported by similar considerations, enginesrs solve many practical Muid
problems assuming that:

o Inviscid and incompressible fluids, that is

po= 0 (14.117)
wp = 0 (14.118)

+ Potential (irrotational) flow, i.e. there exists a potential function © for
the velocity such that

v=-—%, (14.119)

According to the results presented in Sections 14.5 and 14.5.2, the field equa-
tons governing an incompressible potential flows are given by the following
3 uncoupled sets of equations:

L. The Laplace Equation, Eq. 14.115,
By =0 (14.120)

which represents a linear differential equation in the only unknown ®.
Once this equation is solved for ®©, we can then caleulate the velocity
field as

vy = = ; (14.121)
2, The Poisgon Pressure Equation, Eq. 14,116
T = Lolby = vyuve), (14.122)

which, for a given velocity field, allows to calculate the associated
pressure field.

3. the third set 15 given by:
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(a) the Caloric Equation of State, Bq. 14,107

= u(p,, M) (14.123)

(b) the Energy Equation, Eq. 14108,
du .
oy = Ky + por (14.124)
which represents a complete system of two equations in the 2 unknowns
t and .
We remark that if
® the fluid is inviscid ang incompressible,
s the body forces are conservative,

then the Bernoulli equation in Eq. 14,64, that is

ljg 511 sy i
P+ B+ o +/m’¢£ﬂh = (1) (14.125)

holds along any streamline. In [act, under the hypotheses of inviseid and
incompressible fluids, the Generalized Navier-Stokes Equation in Eq. 14.20
reduces to the Euler form in Eq. 14.50. We have remarked in Section 14.5
that the hypothesis of incompressibility implies also the barotropie condi.
Lions

0= p (14.126)

As i consequence, we ean establish that in a incompressible flow there exists
a pressure funetior

il
P(r) = L =1 + const (14.127)
e B Pa
such that
LR “4.1'.-35)

Thus, following the same mathematical procedure reported in Section 14.4.2
wé can derive the Bernoulli equation,

If we assume that the Potential Flow of an Incompressible [nviscid Flujd
respects also the condition of:
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s sleady flow, Section 14.3.1, so that in particular

vy i
—(,_ﬁ— = (14.129)

e body forces given by a uniform gravitational field, that is
by = a4 (14.130)

where g is the gravitational constant and y is the elevation above some
reference level;

ithen, we can reduce the Bernoulli Equation in the following form, Eq. 14.70,
h = conal (14.131)

where h is the fotal head defined as

2

i i
h=y+—+ —
Al g0 29



488 CHAPTER 14. FIELD EQUATIONS FOR SOLIDS AND FI, vins



Chapter 15

Coupled Solid-Fluid
Problems

15.1 Introduction

Depending on the scale of investigation, soil can be considered either as a
discrete or ag a continuous medium. In general, the scale of investigation
of a practical geotechnical engineering problem is so large with respect to a
single soil grain, that it is possible to consider the whole soil mass to behave
as a continuous medinm,

Under the hypothesis of continuity, geotechnical analysis can be per-
formed, as any other engineering problem involving solid materials, in the
framework of the well established Continuum Mechanics Theory.

The ouly peculiarity arises when the soil is saturated with water, or with
any other fluid, In this case, the soil is considered as a continuous two-
phases medium, that is, any field variable relative 1o each phase, solid and
fluid, is assumed to vary continuously within the soil spatial domain. Under
this hypothesis, all mathematical functions and their derivatives entering
in the theory are continuous and, as a result, they can be defined at each
geometrical point. Following this approach, it is possible to take advantage
of the whole Continuum Mechanics Theory just by extending some of its
aspects, in order to account for the interaction between solid and fluid phases,

The fundamental field equations governing a Coupled Solid-Fluid Prob-
lem were first established by Biot, [4, 5, 6, 7, 8, 9]. Biot essentially extended
Cauchy’s Equation of Motion to a fully saturated solid medium by introdue-
ing Terzaghi's Principle of Effective Stress, Section 15.4. In this way, the

389
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equilibrium problem involyes the additional field variable represented by the
eXcess pore pressure mobilized by the fluid phase. For the solution of this
kind of problems, Biot added ihe Flow Continuity Equation, Section 15.6,
to the traditional set of Canchy’s differentia) equations,

Maore recently, the all field of Mezture Theory was reviewad hy Truesde]l,
(92, 94], and many other researchers [11, 29, 45, 16, 47). Though these works
have provided new and more general basis for sl coupled theory, no mijor
changes have been introd uced to Biot’s theory,

In addition (o the Coy pled Solid-Fluid Theory, this Chapter reports the
so-called Uncoupled Theory of Coensolidation, Seciion 15.12, which is still the
ciirrent approach with which praclitioners use o golye geotechnical prob-
leins,

15.2 Preliminary Definitions

Let A be a porous medium of volume bounded by a surface o If we
distinguish with the subscript m and n the quantities related to {he solid
skeloton and to the pores, respectively, we can express

Q= 0,40,
I' = r‘m"‘r‘n

In geotechnical engineering, it is customary to refer to volume ratjo quarn-
tities snch as porosity, void ratio and specilic volume. We wil| adopt thejr
definitions in terms of the elemental volumes 80 that we can utiljze them
within the framework of the Continuum Mechanies Theory, namely:

* Porosily, defined as

" % (15.1)
s Void Ratio, defined as

&= ;_‘Qi‘:' (15.2)
o Specific Volume, dofined as

0= ot (15.3)
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It is simple to verify that the above volume ratios are inter-related as

4 v—1
n = =
] =8 v
A
¢ m= = -]
l=mn

= _I_+r:.—-!-—
l—mn

and that an elemental volume can be alternatively expressed as

ﬁﬂ = Isnm+ﬁﬂvll
= (14 )i,

Il

pdsl, = i%'i

since

8y, = (la—n)&ﬂ=f~£-l-'r'-=i§-£-'~'-

e p—=1

88, = ndll = ed, = (v- 1),

Similarly, we can express an elemental surface as

§F = 8y +46T, =
or
o (14 )T = vél = 22
ginee
iy = (1-mpr= 00 o S
&y = ndl = bl = (v = 1)815,

(15.4)

(15.6)

(15.7)

(15.8)
(15.9)

(15.10)

(156.11)
(16.12)

If M is fully saturated, the fluid phase occupies all the volume of the pores.

Thus, the mass of the solid-fluid mixture can be exprossed as

dmm = ity 4 diny

(15.13)

wliere dm,, is the mass of the solid skeleton while ém ¢ is the mass of the fluid
phiase. Accordingly, the density of the solid-fluid mixture can be expressed

as
am

0= 7 = (1= 2)pm + noy

(16.14)
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Hilu'u

dm,,
= m 1
o = el

_ bmy .
gy = i (15.16)

We recall from Sections 6.3.3 and 7.2, that

1 d i 1dp
—_—p) = 5 =t 5.1
P = divy i (15.17)

and that, in the hypothesia of smal deformation, Section (.6.3,

1 d _ e,
o dl bl = it

The siume relationships are applied in a coupled solid-fuid problem as well,
identifying in 2 the volume of the porous medium, i v the velocity field of
the solid skeleton and in ¢ the density of the mixed solid-fluid,

Finally, it is interesting to note that expressing #§2 as in Eq. 15.7, we
oblain

(15.18)

1 d 1ddv 1 .d

il L el S .

812 r:.'t'du v et L 80, d!é T (15.19)
In soils, 602, represents the volume of (he mineral grains and jts variation
ig by all means negligible compared to tlhat ol the soil skeleton, Hence, we

can set with sufficient accuracy

1 d L dv
m:’ﬂ = .T,R}_ (1.1.2“)
form which, in the hypothesis of small deformation, i follows that
de,  1dv ;
dt ~ vdl (15.21)

15.3 Seepage Law

In a fully saturated soil, the fluid phase flows through the interconnectied
pores hetween the soljd particles. Thus, on the microscopic scale the fluid
follows a very tortuous path but, at 4 Macroscopic level, the flow patl eay
be considered as linear.
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In the engineering practice, it is customary to refer to an average velocity
ot obtained by dividing the volume $2 of fluid flowing out per unit time
by the area I' of a cross section normal to the macroscopic direction of flow

o) = ‘l’_' (15.22)
Early experimental works done by Darcy (1856) established that, in a 1D
steady seepage state through a fully saturated soil, the average velocity i)
resulte to be equal, Darey’s law of permeability,

ol = —P,% (15.23)
where, Ilig. 15.1:
_-'j_-ﬁ"u
y [
4 A<

Figure 15.1: Seepage through a porous medium

¢ 7, is the coefficient of permeability whose value depends on the phys-
ical characteristics of the soll. Some typical values are reported in
Table 15.1.
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In the engineering practice, it is customary to refer to an average velocity
9" obtained by dividing the volume (3 of fluid Howing out per unit time
by the area I' of a cross section normal te the macroscopic direction of flow
2

o) = = (15.22)

Early experimental works done by Darcy (1856) established that, in a 1D
steady seepage state through a fully saturated soil, the average velocity ﬁLr)
results to be equal, Darey’s law of permeability,

Ah
As

) = —p, (15.23)

where, Fig, 15.1;

Figure 15.1: Seepage through a porous medium

s P, is the coefficient of permeabilily whose value depends on the phys-
ical characteristics of the soil. Some typical values are reported in
Table 15.1.
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Table 15.1: Typical values of the permeability coefficionts in soils

Soil type Coefficient of Permenbility
Ii:'mfm:c]

Clean gravel 1.0 and greater W

Clean sand (conrse) 1.0-0.01

Sand (mixiure) 0.01-0.003

Fine sand 0.05-0.001

Silty sand 0,002-0.0001

Silt 0.00056-0.00001

Clay 0.00001 or smaller

o h represents the lotal head pressure defined as

(f)z
T L
h = yd =—4 =
o2
=yt (15.24)
%

where y ia the clevation, also called head pressure, and 7 is the poTe
pressure. Finally, o) = |[vU| is the true velocity of the fluid phase
which is generally negligible,

e Ah represents the difference of the total head measured at the distance
As.

Further investigations have confirmed the validity of Darey's law provided

that the flow can be considered as laminar, that is; when

{r)
p="2Lo (15.25)
jt
where
o I is the Reynolds number, adimensionless;

s [ is average diameter of the soil grains, [em];
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s py is the density of the fluid, [g{mrws)/cm“]:
s 4 is the coeflicient of viscosity [s em/g(mass)).
More recently, Darey’s law lias been theoretically justified and loeated into
the framework of the Mixture Theory, [45, 48, 44]. Such extensions are based

on the following preliminary obhservations;

s Since the Muid ean eross only the area of the pores 'y = nl", Eq. 15,12,
we can define a local true velocity of the fluid as

o S e W)
&

I, ol n L4526}

8 u,s"’ and ’Hf.r’ are the projections on the normal n of the cross section
I' of the velocity vectors vI") and ¥0"), respectively, that is

o o= ATyl
W = a'vl

and, aceording to Eq, 15.26,

glr) = pylr) (15.27)

s I the solid skeleton is at rest, i.e v = o, then v{") represents the
velocity v/ of the fuid phase, While, if the solid skeloton undergoes
to a deformation process with a velocity field v # o, then v{") is the
relative veloeity between the fluid and the solid phase, that is

i) =yl g (15.28)

For the general case of
s 3D non steady flow;
e dynamic loading conditions;

s solid skeleton undergoing a deformation process;
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it hias been proposed that, the average relative velacity 711 of the outflowing
fluid from an elementary volume of soil may be calculated according to the
following genevalized Darey's law,

(1
o~ _p ( 9{?— + grad h) (15.29)
!
where
={r)
’ h v
= YWade —
b'x =
h 2 = =
i 17
and

& X is the coordinate vector of the point al which & is evaluated;
s b is the gravity vector;

o P isa permeability tensor, which in a CaORS, is represented by a 3% 3
positive definile matrix.

Note Lhat, since P is positive definite, it has three orthogonal principal per-
meability directions. In a CaORS coincident with these principal directions,
the permeability tensor is represented by a diagonal matrix of the type

Py 0 0
P=|0 P 0
O 0 Py

where P is the coeflicient of permeability in the i-th principal direction. For
any olher arbitrary cholce of CaORS, the relative permeability tensor can
be determined through the tensor transformation rule, Section 3.4,

P = AP'AT

where A is the orthogonal transformation matrix. In an isotropic soil,
Py = Py = Py and the permeability matrix keeps its diagonal form for
any arbitrary choice of CaORS.
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The total head pressure definition in Eq. 15,29 is merely a peneralization
of that one reported in Eq, 15.24, In fact, when one of CaORS axes is chosen
to coincide with the gravity direction, say y, so that

x = {z.,g0.2)"
b = {0,-40}"
it resulis
by
q

15.4 Principle of Effective Stress

In a fully saturated soil, because of the fluid component, only part of the
total stress o in equilibrium with the applied external forces is carried by the
aolid phase (soil skeleton), Fig. 15.2.  Since fluid cannot support shear, its

Figure 15.2: Total and effective stress in a porous media

presence affects only the normal stress component. In mathematical form,
this concept, known as Terzaghi's principle of effective stress, [89, 91, is
expressed by

o =o' - mr (15.30)

where
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s o' is the effective stress acting on the solid skeleton,

e # ia the pore pressure due to the fluid phase. The negative sign has
bheen introdueed since 7 acts in compression.

We recall that in our convention
m = {1,1,1,0,0,0,0,0,0}"

Lately, this principle has been extended to the more general case of multi-
Xi I ;

phases medium inclading partially saturated sofl. A fairly complete presen-
tation of the more tecent works on this topic can be found in [61].

15.5 Stress-Strain Relationships

It has been proposed to consider the rate of change of the total strain € of the
solid skeleton in a saturated soil as the result of three distinct contributions,
[96], namely ;

= i) 4 &lm ¥ A (15.31)
where:

o ¢ is the strain rate caused by a variation of the effective stress and
it may be expressed as
i) = ¢! (15.32)
where C is the tangent (elasto-plastic) stiffness mutrix of the solid
skeleton. This constitutive relationship is not affected by the fluid
phase and, consequently, it may be determined experimentally in dry
conditions. Clearly in this latter case, neglecting M el = & and
o =o.

o eU") is (he strain rate cansed by a variation of the pore pressure. Since
# acts on the single grain with an hydrostatic compression, the relative
strain tate may be expressad as

(. o
&™) = - (15.33)

l
where B, it the bulk modulus of the mineral particles.
o ¢ yepresents all others strain rates not directly related Lo stress

changes (creeps, swellings, thermal, chemical, ete.). Some time elh)
is called autogeneous strain,



15.5. STRESS-STRAIN RELATIONSHIPS 499

According Lo the above definitions and the Principle of Effective Stress in
b, 1530, the constitutive relationship for a saturated porous medium re-
sults to be of the following forms:

e Lffective stress constitutive equations,

& = (.'c_ =& ) = (& - &) 4 it (15.34)
where .
e Cm
= 33'"
 ‘Total stress constitutive equations,
6=0¢—im=0C (e' - &) - #q (15.35)
where
g=m-r

Note that, if the tangent stiffness matrix of the solid skeleton behaves as an
incrementally isotropic material with the Langent stiffness matrix defined as

= (T+ )= 2)

{1=w) @ , v u ]
# I- ] 0 0 . #
oty b o (15.36)
i 0 0 (1 =20) ]
(3 0 (', I:II {1 o 2u) (o)
then
r = rin (15.37)
B ) -
= l——]m 15.38
q ( I:"n"l'l ( )
where
v = B
B'ﬂl
if = 1=7r
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H.INI

= E
31 —2w)
ia the bulk modulusg of the solid skeleton.

In most soile, the bulk modunlus of the mineral grains is much greater
than that of the solid skeleton, that is 38,, = |Cm|, and, consequently,

4

T

I

-

q = m

Il in addition we neglect the autogeneous sirain rate & Fgs, 1534 and
15.35 reduce to
o' Ce (15.39)
& Cé — mr (15.40)

ll

The inversion of Eq, 15.39 gives
e=C o

which justifies the classical geotechnical engineering assumption which states
that the deformation of the soil structure depends only on the effective stress,
However, it is important to remark that the overall bulk modulus B of
lightly fractured rocks can be of the same order of magnitude of the bulk
modulus B, of the rock blocks. In this case, therefore, we cannot neglect
the eontribution of the r vector.

15.6 Flow Continuity Relation

According to the definition of relative fluid velocity reported in Section 15.3
and the Gauss Divergence Theotem, Section 2.5.2, we can establish that the
rate of change 2 of fluid volume lost or stored by a finite volume §2 of porous
medium is given by

_ [ are gt — — [ dive®
Qo /rnv ar =~ | divvtd (15.41)

where, according to Eq. 15.28, the divergence of the relative velocity vir)
can he expressed as

— divel) = n{ divv = div vl (15.42)
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We recall that in the small deformation theory, Eq. 6.109,
divv = ¢, (15.43)
Mostly based on physical intuitions, it has been proposed that, [95], in the
hypothesis of small deformation and fully saturated porous medium, the
rate of change of fluid storage volume per unit elementary volume can be
caleulated as
~ dive = ¢ (15.44)
where
i = ¢, = (elm) 4 én) (15.45)
and
8 ¢, is the volumetrie rate of change of the solid skeleton, that is
¢y = m'e (15.46)

o &i™ is the volumetric rate of change of the mineral grains caused by a

change of both effective mean pressure and pore pressure, namely

1 |m'e
{m) — ___ = {1 — n)# 4
“ B, [ 3 { “)’r] (1547)

where, we recall, By, is the bulk modulus of the soil mineral grains,

- ES;" ) is the volumetrie rate of change of the fluld caused by a change of
pore, namely )
& T
) = -y (15.48)
where By is the bulk modulus of the fluid phage.

From the above definition and the constitutive relationship in Eq. 15.35, we
can eventually derive the following Flow Continuity equations
~ divel?) = q7e 4 x7el) 4 (15.49)
.3

where ¥0") can be calculated according to the generalized Darcy Law in
Eq. 15.29. Assuming C gymmetric matrix,

~ Cim
"7 3B,
g = m-r
1 3(1=n)—m'r "

- =

B, 38, "By



402 CHAPTER 15. COUPLED SOILD-FLUID PROBLEMS

In fact,

C-Lt') = &, - "'=$1»I] = -{n) 2=

: 1 |[mife’ e
-I—LT s = — - 1g) =
clh e 1= [ el SR ] 1 "z-r

- =T i’ {m n) i -
= mMe€=: Cle - 3 e I A
=3B El o] + [ B .53,]

. i m’ l—=n) n
N~ TR B 6.5 e ) L

3 i [ ';Hm Blﬂ- H!
=7
- =1 m C m C “_1} N
[m 351'11 ] o 3B, * H';r

15.7 Steady Seepage Flow

Let M be a porous saturated medium of volume 2 bounded by a surface
I', Fig. 15.3.  Conditions of steady flow of the fluid phase in A4 are met

Figure 15.3; Steady seepage flow in a porous solid medium

when, for each elementary volume in M, the fluid phase does not present
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any acceleration component and the amount of fluid inflowing equals that
outflowing, unless local sources or sinks. Mathematically these conditions
are expressed by

alf =p and 9= i {15.50)

where g represents Lthe amount of [luid due to local sinks or sources.
Under the above hypothesis, the flow continuity relation in Eq, 15.49
takes the form

divPgrad h, = ¢ (15.51)
whero .
b %, T
i s

Usually, in geotechnical engineering, h, and 7, are called initial total head
and initial pore pressure, respectively. This becanse they usually represent
the initial conditions from which on it starts the stress-strain analysis due
to the application of an additional set of external load.

The biarmonic equation in Eq. 15.51, known also as the Laplace equation,
represents then the governing field equation for a steady seepage flow. Pro-
vided that all boundary conditions on I' are assigned, the Laplace equation
identifies a unique solution h,. These boundary conditions can be assigned
either in terms of imposed total heads pressure I, or in terms of imposed flow
§ = —n7ylr), Fig, 15.3. Incidentally, the condition of impervious boundary
Is assigned by imposing g = 0,

In geotechnical engineering, seepage problems are subdivided into:

s Confined seepage problems in which all the How region is known a
priori, Iig. 15.4a.

¢ Unconfined seepage problems in which the flow involves a free surface
whose location s an additional unknown of the problem, Fig. 15.4b.

In general, the available exact analylical solutions concern only homogeneous
isotrapic medinm with well defined and simple boundary conditions, For un-
confined flow, the geotechnical engineer has traditionally relied on graphical
methods, [15, 16]. In the analysis of wells in unconfined flow, groundwater
hydrologists have often based their theory on Dupuit’s assumptions. Exact
analytical methods Iul.ndling such Lype of problems have been developed,
butl they are often difficult to apply, Extensive treatments of these methods
can be found In [2, 51, 75]. For the general solution of both confined and
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10.- . L

a) Confined flow

b) Unconfined flow

Figure 15.4: Confined and unconlined seepage flow in a porous solid medium
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unconfined flow problems in nonhomogeneous porous medium, it is neces-
sary to relay upon numerical solution technigques such as the Finite Element
Methaod, [40].

15.8 The Physics in a Coupled Soild-Fluid Prob-
lem

In goneral, in & porous gaturated medium, the equilibrium to a set of extarnal
loads is provided by the total stress defined in Eq. 15.30. In particular, due
Lo the action of an additional set of external forces, the solid skeleton of
a porous saturated mediom deforms irying, therefore, to reduce also the
volume of its pores. Consequently, the fluid phase stored in these pores tries
to react to this volume reduction increasing its initial pore pressure value
T,. The difference between the current pore pressure value m and the initial
otie 7, is called excess pore pressure, namaoly

o= =7, {15.52)

Due to this increase of pore pressure, the total head value raises its initial
value h, to
h=hy+ =% (15.53)
Vs
This increment of total head establishes a new flow regime which, eventually,
allows the excess quantity of fluid to escape from the pore. Clearly, as the
fluid escapes from the pores, the pore pressure value decreases toward its
hydrostatic value and the fluid eventually regains its initial flow regime. On
the other hand, the value of the effective stress o’ increases in order to
compensale the reduction of w. This indueces additional deformations to the
rolid skeleton generating, therefore, to the so-called consolidation process.
It is of most interest to note that during a consolidation process, the flow
continuity equation in Bg. 1549 takes the form
()
divp (a,ru + grad E) = qTé+rTe 4 L 98 q (15.54)
s 14 B,

where g represents the amount of fluid due to local sinks or sources. In fact,
according to the generalized Darey law in Eq. 15.29 and the seepage flow
equation in Eq. 15.51

(N
~divel”) = dwr\%+ gral h] =
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(N
divp [J—" 24 giad (np E Eﬁ)] =
v T

(1)
div "Pgracl h-n =+t divP [F-L‘}-— + ]_!,l‘ild Eﬂl -
s Y7

(f)
g+ divp [E‘L + grad F—']
T 1

15.9 Undrained Conditions

I a coupled solid-fuid problem, undrained condilions denote that particular
condition in a deformation process in which the fluid phase is not allowed
to squeeze out from the pores. For example, such a condition is met at the
instant of the application of a set of external loads when the fluid does not
liave jet the time of escaping. Also, the deformation process that takes place
during a short period of dynamic loading conditions due to earthquake may
he considered to be in undrained conditions.
Henee, by definition, in undrained conditions

40 = qe 4 xrel 4 L (15.55)

it

and, consequently, the variation of the pore pressure can be evaluated as
# = —B, [q"e+ 7] (15.56)

The substitution of this expression of 7 into Eq. 15.35 yields to the following
tolal stress constitutive equation '

& =CW (e~ &) 4 g8, (15.57)

where
Cc) = C +B,qq"

can be called the undrained constitutive matriz and
.;IErﬁ) = m’eld)
In fact,

a = G(é—éw))nqﬁ':
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= C (é _E-{m) + qli, [qw'é + r-"‘éw‘] =

= [C+4 B,qq"|é~[C—B,qr"|e") =

= €W~ [C - Byq(” - q")) =

= €~ [C4 B.qq”) e 4 B.qm”¢) =
= Ci - el 1 B, qeld)

Note that, if C iz a symunetriec matrix, then also Clu) js 4 aymmetric ma-
trix. Moreove, if tangent stiffness matrix of the solid skeleton beliaves as an
incrementally isotropic material with the tangent stiffness matrix defined as
in Eq. 15,36, then civ may be writlen as

where

- Ell
()1 = 2uy)
{1 =wy) tiy , i 0 . i
(1] “ = ¥u 'l o 3 i
::“ l"llp “ E U’u) 4] b 1] ( 1'5"5H)
0 b 0 (1= 2uy) ]
0 0 0 0 . (1=2)
5 - -11 + ll““
By = & 14
T I =u
u 2 - H
i = k
(1=v)k+q*
i
E = =
B,
;o= B
> EHI
g = 1l=p
E
B o e—
3(1 - 20)

For most soils, as already mentioned, B, 2= H and also B, % B. In this
case, Lherefore, k= 0, r 22 0 and g = 1, Consequently, u = 0 and



408 CHAPTER 15. COUPLED SOLID-FLUID PROBLEMS

These results should appear very familiar to any geotechnical engineer since
they coincide with the conventional assumption on the behavior of saturated
soils for undrained conditions.

However, the important point is that in undrained conditions, coupled
solid-fluid geotechnical problems can be solved as any other engineering prob-
lem involving only one-phase solid materials, In fact, neglecting e spatie
problems can be solved in terms of total stress with a sel of equations by
all means analogous to that one used for the solution of one-phase solid
problems, Section 14,2,

For dynamic loading conditions, the inertial term, which in a one-phase
solid problem is defined as

= pv

in a coupled solid fluid problem has to be defined as
i=(l-n)pav +u-gf\'rm (15.50)

since v acts on the solid skeleton while 1) acts on the fluid phase. Taking
into account that, Eqgs. 15.27 and 15.28,

Ar)
AT IR ¢ B

n

it follows that Eq. 15.569 can be rewritten as
PR 'f"}
P vk oV (15.60)

wliers, in this case,
2= (1—n)om +npy

represents the mass density of the solid-fluid mixture. Fortunately, the term

0,9") may be generally neglected since its influence seems to be generally
small and it becomes important only at very high frequencies, [96]. Thus,
also dynamic problems can be solved in lerms of total stress with a sel of
equations by all means analogous to that one used for the solution of one-
phase solid problems, Section 14.2,

On¢e this system is solved, we can calculate the increase of the pore pres-
sure as in Bq. 15.56 and, then, the variation of the effective stress according
to the Principle of Effective Stress in Eq. 15.30.
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15.10 'The Coupled Theory of Consolidation

[n Section 10.9 we have shown that in the special case of undrained condi-
tions, we can solve explicitly the flow continuity equation in terms of excess.
pore pressure 7, and obtain a constitutive relationship relating total stress
a with the strain ¢ of the solid skeleton. This allows to a conpled undrained
problem to be solved i terms of total stress through a set of equations for-
mally identical to thai one reported in Seetion 14.2 for the solution of a

one-phase solid problem.

In general, howaver, the flow continuity equation cannot be solved alone
and, tharefore, the excess pore pressure represents the additional unknown
ol a coupled solid-fluid prablem. Thus, for a complete solution of a coupled
solid-fluid problem it is necessary to solve contemporaneously the following
field equations:

s The 3 Canchy Equation of Motions
iji + obi = pik; + oy (15.61)
where a;; are the Canchy total stress tensor components.
¢ The 6 Constitutive Relationships, Eq. 15,35,
boij = Cimilbes — 8¢j)) — Qijbre (15.62)

where ('] is the tangential stiffness matrix while [Q:] is the matrix
form of the vector q.

s The G Geomelrie Equations
|
G = lwy = uiy) (15.63)
» The Flow Continuity Equation, Eq. 15.54,

{fi x

: ora Te - , T
divP | 21— 4 grad = | = qTé+ vTelP) 4 £ _ 15.64
( ” £ '?f) q B. q (15.64)

which, neglecting pyal/), vepresents a system of 16 equations for the 16
unknowns: 6 o;; stresses, 6 ¢ strains, 3 u; displacements and | 7, excess
pore pressure.
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Although the mathematical problem is completely defined, the solution
of the above system of equations still remains a formidable task. As a result
of that, analytical solutions are rather limited and generally confined to
flexible foolings on homogeneois, isotropic and linear elastic semi-infinite
lialf gpace.

Some of these solutions have been published by Biot, [5, 6], Josselin de
Joung [54), Me Namee and Gibson, (65, 66, 42). Solutions for consolidation
problems involving finite depth have been proposed by Gibson et al. [43]
and Booker [12]. A discussion at length on the validity of this theory has
been presented by Shiffman et. al. [85],

The important feature of these solutions is the analytical confirmation
of the so-called Mandel-Cryer effect on the excess pore pressure by which,
[63, 20), on the contrary of what one might expect, the excess pore pressure
not necessarily monotonically decreases its value with time, Fig. 15.5. Since
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Figure 16,5 Excess pore pressure vs, time factor in the center of a spherical
sample loaded uniformly by Q

the excess pore pressure is affected by changes in the mean total stress, it
may, at some places within the soil mass, continue to increase for some time
after the application of load. The existence of this Mandel-Cryet effect is
now supported by a vast experimental evidence, Interesting, for instance, is
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the experimental study performed by Abashi, [1].

15.11 The Oedometer Problem

Consider the 1D consolidation problem shown in Fig, 15.6, known as the
vedometer problem, and assume that:

o * gn
1 |

4 ' N
ﬁ i \
Z N
;: | \
) Z ¢ [
1 Voo N 2H
Z \
ﬁ | a
f ' N
Z ' N

- N

| N
~ | T

Figure 15.6: 1D consolidation problem
* the porous medium is an isotropic and homogeneous soil in both me-
chanical and hydraulical sense;
» the solid skeleton behaves as an incrementally isotropic material;
s static loading conditions;
» negligible acceleration in the fluid phase;
# negligible autogeneous strain;

® 1o sources nor sinks,
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Under the above conditions, the Flow Continnity Equation in Iiq. 15.54 can
be reduced into

&*r,  am, g i
Guﬁf — W (.ld,ﬁ\l)

where #. 18 the excess pore pressure,

P
Gy = e
i
E(1 - v
i
' (1 +)(1 - 20)
and
z = vertical axis;
P = permeability coefficient;
37 = specific weight of the fluid phase.

The initial condition for the differential equation in Eq. 15.65 is given by
re(z,t=0)=0@Q (15.66)

for all z € [0,2H], where @ is the applied load. While, for all t > @, the
boundary conditions are given by

T(z=0,1) = 0 (15.67)
me(z = 2H,1) (15.68)

]
<

15.11.1 The mathematical derivation

In soils, as already remarked in Section 15.5, we ¢an sel r = o and q = m.
Thus, neglecting a? and &) the Flow Continuity Equation in Eq, 15.54
reduces to

div P prad 22 =il 4 ot (15.60)
1 B,

Morgover, since in an incrementally isolropic soil,

<
=
E.,—.B
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it resulis that

: i .
1) ﬂ:'ﬂ- E=l[”‘I --—]..
WS et TRYE TR YE™
o
= "‘g =ty
being in soils B, = H. Hence, Fq. 15.69, can be reduced to
div P grad :—' = d; (15.70)
1

and, in a 1D isotropic problem, it can be also expressed as

5Y4
LS. (15.71)

For an incrementally isotropic soil, the effective stress constitutive equation
has the form, Section 11,7,
o' = Cé (15.72)

where the tangent stiffness matrix C is of the type of that reported in
Eq. 15.36.
In the 1D problem shown in Fig. 15,6, the displacement fanction u(x, 1)
is of the type
ni =y =1
iy = ts(z.1)

This leads to the conclusion that the vertical strain ¢, is the only strain
component with non zero value. For such type of strain conditions, the con-
stitutive relationship in Eq. 15.72 identifies that the vertical and horizontal
effective stresses are related as

where
A

— ] =
while all the other stress components have null value. Then, according to
the Principle of Effective stress in Eq. 15.30, the vertical and horizontal total
stresses are related as

bn = &, = Ads + (A= 1)1, (15,74)
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Under the above stress conditions, the Cauchy Equations of Motion reduce
to

Opw =0

dyy =0

d.: =0

and the relative solution is of the type

ﬂ£=ﬂ'y=F{E|“ E =r
{ . = B(1) (15.75)

By imposing the boundary condition
¢:(z = 0,1) = =Q(1)

we find .
B(t) = =Q(1)

Hence, from Eqs. 15.74 and 15.75, it results that

by =6, = =AQ + (A= 1)1, .
A C 5.76
{ 7, = =0 ( J
which, in terms of effective stress, takes the form
d} =} = Ak = Q)
{ 15,77
B e R
Accordingly, the mean effective stress results to be equal to
af 9 i
P = ﬂ',-{: Oy _ (14 2!1)(#“ - Q) (15.78)
3 3
and the volumetric strain can be calculated as
¥ OI24) o Re— @
i ?1—?- = ( -:I;H )(ﬂ-e +Q) - rB‘ Q (157'9)
Thus, the flow continuity equation in Eq. 15.71 e¢an be written as
iy nl _f
PO _te-Q (15.80)

T az* B,

Then, let us consider the case of a constant load function, that is Q1) =
for all £ > 0. In this case:
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e At time [ = 0, we can assume undrained conditions, that is

=g=DC

f = =1
&y 7

Accordingly, we can establish that # = @ confirming therefore the
initial condition stated in Fqg. 1566,

o At fime t = 0, heing the load constant, we have Q= . Accordingly,
Eq. 1580 can be reduced into the differential equation in Eq. 15,65,

It is interesting to note that, as remarked in Section 15.9, i undrained
conditions we can set ¢ = 1, = /2. Consequently, 4 = 1 and, from
Eqs. 15.76 and 15.77, being 7, = @,

&L:d';:r'r’ =10

- 3 i o
#_f.' = &” = al = Q (]'J!Hl)
from whicli we can esiablish that
fj-:c”:ﬁg =0 {15182)
While, during the consolidation process, being @ = 0,
g, =a, = A,
{ i ,i.: (15.83)
and
COp =8y = (A= 1)k
{ g (15.84)
from whicli we can establisli thal
€& = ¢ =0 (15.85)
& = %‘I (15.86)

15.11.2 Analytical solution

Let assume the soil to be linear elastic and isotropic. In this case, ¢, = consl
and the 1D Flow Continuity Fquation in Eq, 1565 may be written in the
following adimensional form

d*n,  Or,
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which can be obtained by setting

, _ '
=
x = ZH

The relative initial condition is given by
(2,1, =0)=Q (15.88)
for all Z € [0,2]. while for all 1 > 0

rolZ = 0,T,)
“'u(z = 213\“)

Il

It is possible to prove that the relative analytical solution is given by, [88]
see also [40] Chapter 13,

1e(Z,T,) = E - sin (N 2) )e(=NiTv) (15.89)
k::]
where ( i
= HE=D

Under this hypothesis of linear elasticity, the modulus By in Eq. 15.86 results
to be constant and, consequently, the vertical strain mobilized during a
consolidation process can be ealeulated as

82,1, = 42T (15.90)
1
where
Ae(2,Ty) = «(24,1,) - (24,1, =0)
A’rd(thu) = W:(ziTu) —7we(Z, 1, =0) =

Fﬁ(leu) = Q

Accordingly, the vertical displacement p(Z, 7,) at depth Z and time T, can
be calculated as

F .- #
oZT,) = fm,(ﬁ,zuyw / A“—"ﬁ’l

s =

]

= [j; Te(Z,T0)dZ - Qzl (15.91)
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It is defined as the avernge degree of consolidation U(T,) at time T, the
displacement ratio

o(Z = 2,Ty)
(2=2T, = o)

U(Ty) = 3 (156.92)

According to Eq. 15.91, this ratio can be expressed in term of excess pore
pressure as

I 2
HT Y = | = - ;
(T,) =1 50 Jo me( 2,1, )dZ (15.93)

and, finally, substituting to x,(Z,7,) the analytical expression in Eq. 15,89,
wae obtaiy

U(T,) = |_i[1‘LW] o(<NITY) -

k=l NE
- L 2+

= | - E ---.i'f:(_N#L') “rl.-!]"l')
k=1 k

15.12 The Uncoupled Theory of Consolidation
Let consider the following consolidation problem in soils:
e solid skeleton hehavior representable by & variable moduli model:
o stitic loading conditions:
o negligible acceleration in the fluid phase;
o negligible autogencous strains;
& No sources nor sinks,

We hiave proved in Section 16.11.1 that under the above hypothesis, the Flow
Continuity Equation in Eq. 15.54 can be reduced to, Eq. 15.70

T, ;
div P grad :-;}- =g, (15.95)

where, depending on the type of problem to be solved, the volumetric strain
can be caleulated as follows



418 CHAPTER 15. COUPLED S0OILD-FLUID PROBLEMS

s |D problems,

i f .;I
LI 4 '
== = =X 15.96
\JIJ B J] ( )
where (1 - 1)

Bo= G- )

gince it is possible to prove that in this case, kiq. 15.83,

i = al = Ak,
&L = Th:
where
[
= 1=
s 2D plane strain problems,
. A DL 15.97
wlhera B
4

Ba = 2(1 4 v)(1 - 2v)

since it is possible to prove that in this case
ol = (&) +ay)

s 3D problems, y

i = % (15.98)

where, Section 11.7, -

B=si")

The Uncoupled Theory of Consolidation assumes that, analogously to the
11D problem:

s In a 2D plane strain problem,
wl ot
f.r_}fx = #, (15.99)
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# Ina 3D problem,
ph=, (15.100)

Accordingly, the Fluid Continuity Equation in Eq. 15.95 can be reduced into

tliv?gi'ncl:—! = % (15.101)

where
By 1D case, Bq. 15.96.

B=1{RB; 2D plane strain case, Eq. 15.97.
B, 3D caze, Iig. 15,98,

The solution of this differential equation may describe the whole dissipation
process of a given initial excess pore pressure distribution. The initial value
of re due Lo an additional set of external forces can he determined by salving
the Cauchy Equations of Equilibrium in undrained conditions, Section 15.9.
Knowing at any time the excess pore pressure value, we can then calculate
in sequence the effective stress field, the strain field and, eventually, the
displacement, [40] Sect. 14,11,

However, unless for the 1D case, the hypothesis of the Uncoupled The-
ory on the effective stress variation during consolidation are not supported
by physical reasons. One of the most evident wrong conclusion of the un-
coupled theory is to predict always a monotonically decrease of the excess
pore prossure. This can be easily understood by looking the mathematical
nature of Ilq. 15.96. As a consequence, we may obtain a false stress path
@' which for a nonlinear censtitutive equation is a very delicate point. In
fact, different stress paths, which even arrive to the same final value, may
produce completely different displacement field.

In spite of these theoretical limitations, the Uncoupled Theory still rep-
resents the most common approach in the engincering practice, The main
reason is beeause s use is by far more simple and economical than the al-
ternative Coupled Theory. Morcover, in the common engineering problems,
the Uncouplad approach produces sufficiently accurate results.
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Chapter 16

A Constitutive Equation for
Soils

16.1 Introduction

In this last Chapter' we present a constitutive model for soils, called SUQLO
Standard V1 [24, 25, 26], which satisfies the following assumptions on the
maechanical behavior:

pEb

The (effective) stress & and the specific volume v are the State Vari-
ables of the goil, that is: the mechanieal soil respouse fe for a given
der, and viceversa, is uniquely determined only by the current values
of (o, v), regardless the previous stress history.

Isotropic mechanical behavior.

soilg, subjected to eycles of loading and unloading, present accumula-
tion of irreversible deformations.

. There exists a single-value function

Ymar = Vmaz(P 0, 8) (16.1)

which bounds always the value of the specific volume v of a soil at a
stress state (p,q,#), that is

v £ Umax

"Chapter written in collaboration with A. De Crescenzo

421
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For any given #, Eq. 16.1 is the equation of a surface in the (p,q,v)
space, ealled Limil State Boundary Surfaee, LS5,

5. There exists a Critical State condition where indeterminate shear strain
¢, occurs with no change in the stress @ and in the specifie volume v.
In the & space, the locus of all the stress levels corresponding to critical
state conditions is called Critical State Surface, C55. For isotropic soils,
this CSS is represented by a function of the type

q=q(p#) (16.2)
At this eritical state condition:

s the value of v is the maximum compatible with the stress siate,
that is
n= ﬂm"’:{}.h (hg)

e for any given @, the locus in the (p,q,v) space of the soil states
under eritical state conditions is a line known as the Critical State
Line, CSL,

In this Chapter we will always indicate o as the stress acting on the solid
skeleton: thus, in a saturated soil & will indicale the effective stress.

16.2 Reference Soil Tests

The SUOLO Standard V1 model is based on some basic assumplions of the
goil response under triaxial test conditions which we will illustrate in this
Section, It is to be noted that the simple triaxial tests presented in this
Seetion are all the required tests to set-up the soil parameters needed by the
maodel,

16.2.1 Isotropic drained tests

Under cycles of isotropic loading and unloading drained tests there is no
distorsional strain; the material behavior is assumed to be of the type shown
in Fig. 16.1.  In this Figure we identify the following 3 parallel straight
lines:

s A Normally Consolidated Line, NCL, of equation

1= vper(p) (16.3)
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1

o

et

Figure 16.1: Material response in a isotropic loading drained test; p, is the
atmospheric pressure.

where
p =< 0
? 8
A

vwer(p) = wva=Aln

and ) is a material constant. The pair (pa,vy) identifies an arbitrary
point on NCL and must respect the conditions

po< 0
oy = 0

s A line CSL) projection in the v vs p plane of the Critical State Line
C5L, of equation
v = T.?Ng‘(p) = Va (16-4)

where the material parameter v, must respect the inequality

v, = Aln2
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ar, alternatively,
0

(A=x)In2
0

Pa

L

P

M

The above inequalities are assumed for mathematical reasons which
will be clear in Sections 16.10 and 16.12.

e An Elastic Left-hand-side Line, ELL, of equation

0= Unealp) - ve (16.5)

wliere
Ve £ [“i [’c]

15 a material parameter.

It is algo assumed the existence of a family of Swelling Lines, SWL, of equa-
tion

v = Vswe(p) (16.6)
where
s for p<0,
+
vewa(p) = vl (p) = o) = xln e
P o
and
o = 0
(16.7)
X € 0,4

are material constants, The pair {pz(,..]}, ﬂ,&n) identifies an arbitrary point
on a SWL and must respect the conditions

p&c" < 0
vi.” = 0



16.2. REFERENCE SOIL TESTS 425

s for p > 0,
(2)
; )= n
vaw(p) = t!_!,-ﬂ,,( p) = 'nf} - ;\"—FLL:
L

The pair (w,‘{”. v,tfl) identifies an arbitrary point on a SWIL and must

respect the conditions
piw >0

u{.ﬂ] = 0

Material siates (p,v) on the lefi-hand-side of the NCIL are impossible, T
the material state lies on the NCL, then the soil is said to be Normally
Consolidated, NCS. While, if the material state lies on the right-hand-side
of the NCL, then the soil is said to be Quver Conselidated, OCS. Then:

* The paths AB, F'G and IL on the NCL repregent the isotropie loading
(compression) of a NCS:

s The paths BCD and GH represent the isotropic unloading of a OCS;
# The paths DEF and HI represent the isotropic reloading of a OCS,

The lines ELL and ERL, the Elastic Right-hand-side Line, are assumed to
bound the region for purely elastic response of soils sithjected to isotropic
loading or unloading conditions. The unloading paths BC and GH and the
reloading path DE are assumed to be on SWL of equation of the type in
Eq. 16.6.

16.2.2 Undrained triaxial tests

A set of identical samples of NCS are isotropically loaded (compression) un-
der drained conditions up to a confining pressure p® point P, in Fig. 16.2a.
Then, they are isotropically unloaded, always in drained conditions, up to
different confining pressures p; < pg < ... < ps; points Py fori = 1,2,....,5,
in Fig. 16.2a,

These samples of OCS, subjected to triaxial (compression) undrained
conditions, are assumed to respond as shown in Fig. 16.2. We note that:

e All the material states (p,v) terminate on the CSLU), Eq. 16.4.
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Figure 16.2: Response of OCS in a triaxial loading undrained test.
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o All the material states (p,¢) terminate on the CSL#), projection in
the g vs p plane of the CSL. By definition the CSLO), may be seen also
as the intersection of the CSS with the ¢ v p plane, for 8 = 7 /6. We
assume that the CS5 is given by the Modified Mohr-Coulomb Surface,
Eq. 11.15,

7= q:(p,#) (16.8)
where
e = =M(0)p

o The stress paths (p,¢) of the OCS whose initial confining pressure p
lye within the elastic region first rise vertically and then bend toward
CSLir),

e The points where the stress path (p,q) of these OCS start to bend,
define an ellipse of center P. in the p vs. ¢ plane.

* Thestress path (p,q) of the OCS whose preconsolidation pressure coin-
cides with the center of this ellipse rises vertically toward the CSL(P0),
We will refer to this particular test as the TUDPO test which stands
for Triaxial Undrained ép = 0 test.

16.3 The Mathematical Framework

The SUOLO Standard V1 model is basad on the general theoretical frame
work presented in Chapter 13. In this case, the 10 main hypotheses listed
in Seciion 13.2 are spocialized as follows:

L. There exists a Bounding Surface
F=Fpq.0.p,) (16.9)

which, as the name indicates, bounds always the location of the current
atress point. Accordingly, if (p,q,0,p,) represents the current material
state, the only admissible alternative conditions are

F(p,q,0,5,) = 0; ie. o lies an T.
Flpg.0,5,) < 0; ie o lies inside T

while
T(P‘ 4,0, P =0
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is not admissible, Moreover, it is required that F i a convex simply
connected surface in the principal stress space and that it is a contin-
wous monotonically increasing funetion of 7, , namely

L1 NP (16.10)

The hardening parameter f, is a continuous manotonically increasing
function of the plastic specific volume #l?), that is

By = By (") (16.11)

with

dp
ﬁFT =0
dv'?

Accordingly, it incremental variation is given by

= _ﬂ?x_ (p) 16.12
i, dwh‘)ﬁu (16.12)
whete, Eq. 16.80,
L OG L aF .
s = véeP) = w,\ﬁh = uMﬁ_p (16.13)

where the function G and the scalar 6\ are defined as reported in
items 8 and 9, respectively.

There exists a Yield Surface
F = F(p.q.0,5,,py) (16.14)

which always follows the location of the current stress point. Accord-
ingly, the only admissible material condition is

E(pyq0,5y,py) = 0 (16.15)

while
chqlﬂvapy.) "lé 0
i& not admissible.

. The functional relationships for the hardening parameter py are given

by:
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{a) There exisis a scalar function, derived from FEq. 16.15, of the type

Py = py(pi .8, 5y) (16.16)
so that for any given material state (p, ¢, 8,7,) the current location
of the yield surface F(p,q,ﬂ,.‘ﬁw;}l,) can be uniguely determined,

(b) If plasticity occurs, then the incremental variation of the harden-
ing parameter py, is given by

dp () ap (n)
bpy = E—ﬁa | P Belr (16.17)
where
) = [ belr) (16.18)

is the total plastic shear strain and, Eq. 16.77,

el H.s,\‘/I“v el -aal(‘;) +-,_, (f},‘;)] (16.19)

Moreover,
E_;Bf% - &ﬂp (PusBy) (16.20)
fizl:) i a{p,(?m?’p) (16.21)
and
o E‘%T ks (16.22)
aule) ; % NI !
%’5’ 59 (16.23)

It is immediate to prove thal, being bl = 0, the properties in Fqs.
16,22 and 16.23 assure that, when plastic deformations take place, the
distance between F' and T always decreases, that is

_ iap dp. ap
& (F’u pv) = ﬁpy 4575” = ( i wm) Su\P “_Lf‘{, ]Ee. = ()
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5. The space region bounded by F is a subspace of F, that is

Fp,q.0,8,m) € Flp.q.0.5,) (16.24)

If the current stress point o lies on F, then F and F must coincide,
that ig

F(P.Q,ﬁ.}jy,PH) . T(f-’: q,0, py) (16.25)
adiel
P = 1y
ap, B djﬁﬂ
&”("’) = d-ﬂ(”]
ﬂ{"_ = )
HEP’)
. There exists an Elastic Surface
F=F(p,q,0.p,) (16.26)
defined as "
Fip, q'avﬁy) = F(P,ﬁ-ﬂﬂ_lpopu = ﬁp)
where

Py = py(Py) (16.27)
Note that the above definition implies that, if the current stress point
o lies on F, then F' coincides with ',

In geném], for p, == Py,

The definition of the Plustie Modulus A is postponed to item 9. If F
and F' always coincide, the above assumptions do not apply.

There exists a Potential Funelion & for plastic deformations which is
assumed to coincide with the yield surface (associative flow rule), that
i

G = F(p,4,0,5,,0y) (16.28)
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9. The infinitesimal strain increment de is given by
be = be') 4 el (16.29)
where:

e 6e'") represents the elastic (fully recoverable) component which
may be caleulated according to the generalized Hooke's law,

sl = (c) "V ber (16.30)
where
() = :
" =1 +u)EI =)

(1 =) i "] 0 0
" {1 =) v ] 0
¥ 1 {1-») 0 o
0 0 0 (L= 3w) 0
0 0 0 0 0-2) oy

is the tangential elastic symmelrie stiffness matrix. The Young
Modulus E and the Potsson Coefficient v may be, in general,
function of the state variables (p,¢,8,v), but the relationships of
Fand 12 must be of certain form so that the elastic bulk modilus,
defined as

E
) P
B 31 - 2r)
may be eventually expressed as

Bl = wB) (p) (16.31)
where B1¥)(p) is a continuous function of p only.

e 6P i5 the plastic (irreversible) component defined as
bel?) = §Ab (16:32)

where
{ =), if elasto-plastic response oceurs.
dA

=0, if elastic response occurs,
and, because of the associative flow rule G = I,
ar .
b=na= o (16.33)
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According to Eqs. 13.19-13.21 specialized for Lthe agsociative flow rule
assumption &' = F, the value of the plastic multiplier §A can be cal-
culated as:

e If der i nssigned

wfe it A0
oA = (16.34)
indeterminate, if A = (.

e il de iz assigned

albale) . b
2 it AL —aTel),
ii= | Aaarghs  IhAE=-ele (16.35)

indeterminate, if A = —aTel).

whera

dolt) = Clo)ge
AP~ olog

The Plustic Moduluz A, wlich according to q. 13.21, is defined as

1 |9F BF'
A= e
8\ [aﬁ Py + f?p ]
because of the relationships in Eqs. 16.12 and 16.17, results to be given
by
ar dp ar Opy ar OF ap
A= __ETF 16.36
[ (aru 20® ¥ 3p, 000 ) B oy | )
where

oy 2
(G +5(%)
iy gt \od
According to the above definition of elasto-plastic deformation, the

stress increment de resulting from strain increment de, starting from
a material state (p,q,#,v), can be calculated as, Fq. 13.22,

bo = Che (16.37)
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where C, the tangent elasto-plastic constitutive matrix, is a symmetric
miatrix defined as

{ e if a purely elastic responte oceurs.
L=

Cile) C(P); if plasticity develops.

and
t:”')g.( ES

G = Agarc?

indeterminate for A = —a%elF);

for A # —aTelF);

The type of mechanical response is established according to the follow-
ing criferion.

10, By definition, if w
Fip,q.0.5,) <0 (16.38)

the material response is always elastic, regardless the applied stross
increment éa or strain increment de. Instead, if

F(pq.0.9,) 2 0 (16.39)
the type of material response is established as follows:

e Stress Based Criterion. Let o be a stress increment applied on
any malerial state (p,¢,0,7,), then:

(a) Elasto-plastic response ocenrs if

A=0 ; a"éa =0
A=0 ;: a"ba=0
A< ; aba=0

(b} Elastic response occurs if
Az0 ; a'ba <0

(¢) Either elastic or elasto-plastic response may oceur if
A<0 ; a"da <0

This is the only ambiguous situation which this model does
not solve by itsell,
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(d) Stress increments by which
A0 ; a'be >0
are nol admissible; that is, according to the theory, the ma-
terial cannot sustain such type of stress increment.

o Strain Based Crilerion. Let dé be a strain increment applied on
any material state (p,q,ﬂ,}!y), then:

(a) Elasto-plastic response occurs if
A>—aTe®)  aTiel®) >
A=—aTel¥) . a%fgl®)l =9
A< —aTel?) o aTdal) =
(h) Elastic response occurs if
Az —acf) ; aTba') <0
¢) Either elastic or elasto-plastic response may oceur i
(¢) Either elasti | lasti if
A< —aTelf) . aTial?) < g
This is the only ambiguous situation which this model does
not solve by itself,
(d) Strain incrementas by which
A<—aTel?) | afsel) s
are not admissible:; that is, according to the theory, the ma-
terial cannol sustain such type of strain increment,
Moreover, SUOLO/Standard V1 assumes that the functional relationships
for T, G and A eventually satisly the following conditions:
1. The system of equations
F(p,q,0,,) =0

ac (16.40)
3_;,(;,1?1&|pylpﬁ) = 0

admits a solution (p,¢,#). For any given # this solution is unique
and satisfies the critical state surface equation, defined in item 5 of
Section 16.1,

q = q:(p,0)



16.4. THE BOUNDING, THE YIELD AND THE ELASTIC SURFACES435

2. For any soil state where

F(p,q.0,7,) < 0

; 16.41)
i (
"Ei;(ﬁ- i g'py-Py) = 0

the plastic modulus A, defined in Eq. 16.36, can not he equal to zero,
namely

A#0 (16.42)

It will be shown that the above 10 plus 2 mathematical conditions are suffi-
cient for assuring the respect of the physical hypothesis listed in Section 16.1.

16.4 The Bounding, the Yield and the Elastic
Surfaces

It is assumed that in the g vs. p plane the bounding, the yield and the elastic
surfaces in Eqs. 16.9, 16.14 and 16,26 are represented by the three homothetic
ellipses shown in Fig. 16.3. Their general mathematical description is given
by

F(p,a,0.9,) = [(p.a,0.pm = 5,5 B,) (16.43)
Flpa.8pp:By) = [(0g,0.pm = py, Bin B,) (16.44)
Fip,:0,8,) = [(p.4,0,pm = 1y, P B,) (16.45)

where

"T! (FU — Fc

2
2 .
J'vj(ﬂ)”‘ B, ) - (pm - 7}‘;) (‘.(),46)

1200, P PesPy) = (2 = B

and
o M(#) is given in Eq. 11.15;

o Geometrically, B, represents the intersection of smaller value of ' with
the p-axis, Fig. 16.3, and the hypothesis in item 2 in Section 16.3
requires that J, = }}u[vt"}). In Section 16.8 it will be proved that,
according to the material behavior reported in Section 16.2, the value
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Figure 16.3: The bounding, the yield and the elastic surfaces in the q vs. p
plane

of B, may be calculated as function of »® by inverting the functional

relationship
(9 = 5)(5.) = vy — Aln 22 4 yln 2P 16.47
» =1 n {
v (pp) A HP.&H‘-X Ps+ P ( )

Alternatively, the value of B, may be calculated as function of the
current values of (p,v) by solving the implicit equation, Section 16.9,

-+
v—c(p)=vy—=Aln g—? + x1n mp—p“ (16.48)
A

where
=xIn L}%&l: forp<0
il Po y B
-X [I“PA +Pu]: forp>0

s Geometrically, 7. represents the centre of the homothetic surfaces F, F'
and F, Fig. 16.3. In Section 16.10 it will be proved that, according to
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the material behavior reported in Section 16.2, the value of B, may be
calculated as function of B, by solving the implicit equation

+
- Aln Wr+'~‘lupl 2o =0 (16.49)
ﬁy ij" }' t'!
Alvernatively, the value of B, may be caleulated as Tunction of the
curient values of (p, v) by solving the implicit equation

?7.-

v=c(p)=mwy ~ Mn +xlIn P“': Pal_ e (16.50)
A

where e(p) is given in Bg. 16.48,

Geometrically, p, represents the intersection of smaller value of F' with
the p-axis, Fig. 16.3, and the hypothesis in item da in Section 16.3
vequires that p, = p,(p.¢.0,5,). 1t is easy to verify that from Eq. 16.44
it results that the value of p, may be ealeulated as funetion of the
current values of (p,¢,0,p,) as

R T

= q By = :

0y =P~ |(p=B) + ‘ ( ) ] (16.51)
L M@\ P

where, according to Eq. 16.49, p. = 7.(5,). Note that since p, may be

calculated as function of (p, v) we can indicate Eq. 16.51 as

Py = mylpag, 8iv) (16.52)

Geometrically, p, represents the intersection of smaller value of I with
the paxis, Fig. 16.3, and the hypothesiz in Fq. 16.27 requires that
fiy = ﬁu(ﬁu" In Section 16.11 it will be proved that, according to the
material behavior reported in Section 16.2, the value of p, may be
calenlated as function of iy by solving the implieit equation

By Pytpe o By

—Aln == 4 yln = =10 16.53

?7 \ py_l_ G Ve ( 1‘
Alternatively, the value of p, may be calculated as function of the
current values of (p, v) by solving the implicit equation

v=o(p) = vy = Aln :” + x1In I—Li-j:ﬁr (16.54)
A

where e(p) is given in Eq. 16.48.
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The surface F' is identified as the dashed line indicated in Fig. 16.2b. In
fact, in undrained conditions we have, Feq. 16.78,

b = B_‘fﬁ;)- + vﬁ.k%; =0
and since along the vertical paths in Fig. 16.2b
fp =10
it follows that
dA=0

This can be justified only if the vertical paths are inside the elastic surface
E,

The analytical expressions of the equations of the three surfaces F, F'
and I are then obtained imposing that:

o ', F and F are three homothetic surfaces, i.e. three ellipses with the
same center point P, and the same axis-ratio, Fig. 16.3.

s The point of intersection of 7 with CSLP? lies on the vertical line
crossing Lhe homothetic center.

It is worth mentioning that the elliptic form of these surfaces is not the
essential point of the proposed model. Other Lype of geometrical forms can
be employed; however, they must respect the following essential features:

e The three surfaces F, F' and F' must be convex and homothetic with
respect to a point P, lying on the poaxis.

¢ The point of intersection of F* with CSL¥) lies on the vertical line
crogsing the homothelic center.

o At the point of intersection of F' with the p-axis, the gradient ¥F
must have horizontal direction.

« AL the point of intersection of # with the vertical line drawn from the
homothetic center P, the gradient ¥ has vertical direction,

This agsures that:

s The requirements in Eqs. 16,24, 16.25 and 16.26 are respected.
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# At the point of intersection of F' with the paxis, the gradient ¥ #
lias horizontal direction. Consequently, in accordance with the exper-
imental evidences, Section 16.2.1, the plastic deformations mobilized
by pure isotropic loading conditions do not contain distortional com-
ponents, i.e.

sl = g (16.55)

s At the point of intersection of F' with the vertical line drawn from the
liomothetic center P, the gradient ¥F las vertical direction. Con-
sequently, in accordance with the experimental results, Fig. 16.2, the
undrained triaxial (effective) stress path starting from P, keeps always
a vertical direction, In fact, in undrained conditions év = 0 and, con-
sequently, Eq. 16.78,

fult) = —gp0)

On the other hand, at the point of intersection of F with the vertical
line crawn from the homothetic center Pu the gradient ¥ F has vertical
dirtection, i.e.

ar

ol B

ap
so that, Eq. 16.80,

fplr) = 'miAa—F =0 (16.56)
ip

This implies that 6!:&') = (), from which it follows, Eq. 16.79,

tp=10

s [t easy to verify that, according to the requirement stated in Iq. 16.40,
the system of equations

Fip.q.0) = 0
aF . i
?H‘- = 2(p=-pP.)=0

admits a unique solution (p.q.#). For any given # this solution lies on
the CSLIP7) and satisfies the €SS equation.
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16.5 Remarks on the Mathematical Formulation

From the mathematieal assumptions reported in the previous Sections 16.3
and 16.4, it is possible to derive easily the following important relationships
which are going to be useful for what it follows;

1. From the definitions of the NCL and of the Bounding surface I, it
follows that on the NCL
P, = p (16.57)
and, in any case,

B, <0 (16.58)

2, According to the elastic strain definition in Eq. 16.30, if follows that
the elastic strain, its deviatoric component and invariants result to be
defined as, Section 11.7,

op |

g T ag@

ol - (16.60)
261

ip
delt) = = (16.61)

sel?) (16.59)

bl = ﬁ(as‘fm‘” (16.62)
pLE)

whera
E
3(1 - 2v)
B
) = e
@ 0+ )
3. Since the potential-yield function F = G is a stress invariant function,
its gradient in the stress space ean be calculated as, Appendix A,

LT
{gﬂi} = ¢{m 4 0498 + v (16.63)
Lt

ar ap " - ‘
v,,.l“ = {"5;;5;:;} =¢ym (lﬁ.bfi)

Bl =

-
|

{H@

o
=8 o 6.6!
Do aa,-,-} £a8 + Cav (16.65)
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where
3dp
. 3 (0F sin300F
- ﬁ(W'Tﬁ)
9 aF

8= Qq*I cos 38 00

and .
aF 1 aF

il cosdf 0f
and the elements of v are function of 8. Moreover,

g[rarm? 1 rary Y2
||V-F||’={§[('5q) J‘F(W) ]} (16.66)

4. The scalar product a”ea can be expressed as in terms of invariant values

Ag
ar ar ar
A et g LT —— s

a'a = oy 5p 4+ i b + 56 &t (16.67)

H. The partial derivatives of [ = &' wilh respect to the siress invariants
are given by

% o (16.68)
% _ %(%)2 (16.69)
p : ; o g

% - cu:ilﬂ%gF_i{;; (p”mm) % 16T

and the expressions of dM /df and dM /d@ are reported in Section 11.4.

6. The partial derivatives of I’ with respect to the hardening parameters
7, and py can be calculated as

ar af . af dp,
— = | 2R 16.72
ap, [ﬂ’ﬁ, x ap, :ﬂ‘i‘,] imis ( )
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8F of )
oF _ (0] 16.73
ap” (ﬂpm Pm iy ( ]

where

af 2 (ﬁ,,-m)_l_

ap, M\ B e

O o o) 2 (BB B
- 2 (pm = 1) 72 %
L +-

m = -“,T’m P)

and the expression of dp. /dp, is reported in Fq. 16.127.

7. According to the a = b expression in Eq. 16,63, it follows that the
plastic strain, its deviatoric components and invariants result to be
defined as, Section 12.10,

bel?) = FA(eiim + e84 e3v) (16.74)
bel?) = dA(eas + eav) (16.75)
6P = ﬁA%—i (16.76)
elr) = M\/%HV.FH:

ar\? 1 raryiY? ,

#, The incremaental variation of the specific volume is given by

bv = 60 4 foi?) (16.78)
where
fv = wde,
s = i) = BTf;zf,-_-:) (16.79)
o = wsel?) = ”“%,GT = uﬁk%;: (16.80)
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and, from Eq. 16.90,

B —Pix&; for p < 0
Bl 2 (16.81)
3 —!f-(‘.*: for p = 0
Moreover, taking into account that p, < 0 and y = 0, Eq. 16.7,

B >0 (16.82)

9. The requirement on F in Eq. 16.10 has two important consequences:

s Being I a continuous monotonically increasing function of Py the
equation

F(p,q,0,p,) =0

admits only one solution 3, for any admissible stress atate (p, q.8).

* The value of the current p, of a soil at an admissible stress state
(p.q,@) is bounded as

-ﬁy E ﬁym_u;(p‘ﬁqlo) (16-33)

where B a, 18 the unique selution of the equation

ar
F(p,q.0.p,)=0
in terms of . In fact, by definition,
T(ﬂ. q'ral ﬂyrﬂu;‘) - T“) =0
while, according to the requirement in item 1 in Section 16.3,

F(?)'ql Hrﬁu} ——J F“) =0

Thus, hcing: F a continuous monotonically increasing funetion of
p, and thﬁ = Tm, it resulis

ﬁy < pymuw



A4 CHAPTER 16. A CONSTITUTIVE EQUATION FOR SOILS

16.6 The Kinematics of the Bounding Surface I

According to the requirernent in item 1 in Section 16.3, the bounding surface
equation

F = ‘F(quigrpy) (1ﬂ.84_)
must satisly the condition
ar 4
8_ﬁu =10 (16‘8.:)

With refence to Eq. 16.43, the partial derivative of ¥ with respect to its
hardening parameter i, can be caleulated as

aF af | af dp af

s i o e o o (16.86)
pr aﬁ" 3?3¢ dﬁ"‘ Bf'm P =]y

where the expressions for the partial derivatives of f are given in item 6 in
Section 16.5 while the expression for dp,/dp, is given in Eq. 16.127. It has
been verified numerically that, being fi; > 0, Section 16.12, the condition in
Eq. 16,85 is satlsfied. This mathematical condition implies that the bounding

surface expands or contracts itself as P, decreases or increases, Fig. 16.4. In

= £}
ern

'an'ﬁ

37
b BN o ) & if)
P'ln ) R p

Figure 16.4: Expansion of F in the ¢ vs. p plane
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fact, cansider an initial location of the bounding surface
@) = Flo,p, = ")

whose intersections with the p axis are equal to

I)‘xy = Lﬂ}
p —=
M= da)

Suppose that the hardening parameter is varied by an infinitesimal amount
dp,, 5o that the new location of the bounding surface has equation

(@) = T(a,p, = B = ) + dp,)

and, consequently, the intersections with the p axis result to be equal to
I
{», =i =+ dp,
p=

pa =1 =) + dp,
The value that 7 takes for any stress point &® lying on Tm. for which
Fa*) = T(o = a*,7, = P)) = 0
may be exactly evaluated as
P(a") = {T“’w Qggimﬂ] = (%‘j) dp,  (16.87)
v Pyt 1o 2k

From Eqgs. 16.87 and 16.85, it results that, in general,

Ny ey <0 fordp, <0,
F (@) = {} 0: for dﬁ: = 0. (16.88)

This implies that:

e Irom the 1st inequality in Eq. 16.88, it follows that if dj, < 0 the
stress point o results Lo be internal to the new loecation 'F"'”, g0 that

-F‘(F\ i, f, Tﬂi”) c -Fh}(f’i iy ‘91 pinﬂ])

adid
o <) =0+ dpy
from which
itﬁd =0



A6 CHAPTER 16. A CONSTITUTIVE EQUATION FOR S50ILS

e From the 2nd inequality in Eq. 16.88, it follows that if dp, > 0 the
atress point & results to be external to the new location 'pU)‘ so that

.00 € Fipoa,0,5)

and
i > 0 = o + iy

from which
dp; = 0

The above results show that ¥ expands or contracts as P, decreases or
increases and also that

dpy
0 16.89
dpy { ( )

16.7 The Elastic Parameters

According to the elastic material response remarked in Section 16.2.1, it
resulls that the elastic parameters E and v in the elastic constitutive malrix
C) in Bq. 16.30 are given by

E = E(v,p)= E,ve(p) (16.90)
v € |=1,0.5 (16.91)
where
g o _M0-2)
X

e(p)

1l

{ (p+ps); forp<0
Poi for p =0

and y and p, are the constant material parameters in Eq. 16.6. In fact, we
recall that according to the elastic constitutive equation in Eq. 16.30, the
elastic volumetric strain can be calculated as; Eq. 16.78,

ip b
§ut®) = uﬁg:} = B{:) (16.92)
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On the aother hand, we have observed in Section 16.2.1 that the elastic ma-
terial response under drained unloading isotropic stress path is governed by

an equation of the type, Eq. 16.6,

(1) . 4 ;
vy — xln —{’—B"— ¢ forp < 0.
A 2+ ;

1
@ p=p

ﬂx :

=X o |

o) —

for p > 0.
from which we can establish that
. —ﬁ'ﬁé;}; for p < 0.
bﬂ“'l =
- ﬁﬁp; for p = 0.
Equalizing BEgs, 16.92 and 16.93, we identify

-E-(-E—;{,f—lﬂ; for p < 0.
-EE'R; for p = (.

Bl =
from which
E =3(1 = 2:)B") =

proving therefore the expression of £ in Eq. 16.90.

16.8 Functional Relationship for ﬁy(v“’))

—gﬂl;i)v(p +p,); forp< 0.

- E—(L%Mvp“; for p = 0.

(16.93)

(16.94)

Geometrically, p, represents the intersection of smaller value of F with the p-
axis, Fig. 16.3. Also, it represents the p-value at the intersection of the NCL
with the SWL line crossing the current value of p, Fig. 16.5, see Section 16.9,

By definition, Eq. 16.11, Py 18 b monotonically inereasing function of the
plastie volumetric strain olP) This implies that it can be inverted to obtain

of?) ag a monotonically increasing function of p,, that is

M = T,
dvr)

——

¥

(16.95)

(16.96)
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(Pr)

Swl

&

_—

fa

Figure 16.5: Determination of Py

From the material behavior observed in Section 16.2.1, it results that

) = 9)(p,) = v = Aln 2L 4 yin Dt P 16.97
v (p,) = vy = Aln = oy xIn 2= (16.97)

and, accordingly,
du? i , S (16.98)

dp ¥ py + PD'

where the positive character can be pmwd taking into account the material
constant definitions in Eq. 16.6 and the inequality in Eq. 16.58.
Consequently, the function

By = By(v1*) (16.99)

defined in Eq. 16.11 ean be obtained inverting the functional relationship in
Eq. 16.97. Accordingly,

[m;(:?}

deazol
+ =0 (16.100)

u" By + po
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In fact, Iq. 16.78,
dol?) = fy = fpl7)

where 890°) ean be caleulated as in Eq, 16.79 and, according lo Eq. 16.95,
S0P ig only function of .ﬁ}']”. Sinee P, does not depend on the type of stress
path, we may consider the particular stress path on the NCL in which,
Fq. 16.58,

E=p
In this case,
80P (5,) = bowen(iy) - Py (16.101)
S LT B

The integration of this differential equation between [vip),??yp) and the cur-
rent soil state (007, 5,), yields to

o = 50 (p,) (16.102)
where

) 1

Tv}f’l(ﬁy) = 1,!5,"} " UN(-‘L(E.') = Oen(Pyo) = fﬁyu Wd?}

Accordingly, )

dm?  duye,(B,) L

W ) 16.103

dﬁy ﬁ!ﬂu B(t’(ﬁy) ( )

Then:

e expressing vno; and B® as in Bgs. 16.3 and 16.81, respectively,

s setting the arbitrary constants (u},m,pw) equal to (vy, pa),

wa obtain the functional relationships in Eqs. 16.97 and 16.98. It can be

verified that the values of ( \‘J.!J.p].iiw) do not enter in the constitutive equation.

16.9 Functional Relationship for p,(p,v)

The main hypotheses of the model listed in Section 16.3 lead 1o the conclu-
sion that ther exists a single-value and invertible function

v=v(p,p,) (16.104)
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where

P
- {P) iy — i)
h(p\}]y) =y + -/m. B(”(p)dp + 7y (f.\'-”) w7 (py)

From the funetional relationships presented in the Seetlons 16.7 and 16.8, i
results thal this single-value function is given by

Py Py + o
=v(p,p,) = vy +e(p) - Al + x In ~—— 16.105
v =v(p, ) = vy +e(p) il B x In o ( )

where
=xIn p—%ﬁﬂ‘ for p< 0.
~x[nde + £ for p>o.

This mmplies that, regardless the type of stress path;, we can caleulate the
current value of v as function of the current values of (p,p,). Moreover,
being v a continuous function of p and 7, and

clp) =

iy 1
du o (,)
— = T L i
5 = ) ==Y 0 (16.107)

where the inequalities are established in Eqs. 16.82 and 16.98, the functional
relationship in Eq. 16.104 can be partially inverted to obtain

p o= plpy,v) (16.108)
Py = Bylpv) (16.109)

In order to derive Eq. 16,104, we recall that, Eq. 16.78,
b = dvle) 4 gplp)

where, Egs. 16.79 and 16.95,

jole) = ;,gﬂ

Hm{p)
)
{’I, o dv{rﬂ (ﬂy)
e dp, Y
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Consequently, dv lias the general form
b0 = £y(P)ép + Jo(P, 0, (16.110)

and, since

afp(p) _ 5lpy)

dp,  dp
being hoth equal Lo zero, according to a well-known theorem of Differential
Calculug, we recognize that Fq. 16.110 is an ezact differential form. This
implies that there exists a scalar function » = u(p,ﬁ”} whose expression can
be obtained by the integration of the differential form in Eq. 16.110, so that

oo Py i) (B,)
] — PP, \_”..u.u—L ™
v Ty + v-/)")“ B{f](’)) ff‘P o+ fw dﬁ” fﬂju

P | :
'i-'”r.- + -[}!Pn Mdﬂ + ”Lp}(py} _— ﬂg”i(]?w) (“5.1 1 .1)

where (iw, vyo) represents an admissible soil state, Then, setting (ﬁu‘._,,'u,,n)
equal o (p_;,'u_\), which represents an admissible soil state on the NCL, we
obtain the general functional relationship in Eq. 16.104, According to the
expressions of B*) in Eq. 16.81, and taking into account that py < 0, it

results:

s forp< ()
r._ 1 b_¥ P+ e
————dp = —f —=—dp = —xIn —= =
i ﬂ{g)(p] A pa P Po 4 At P
Py
= elp)=xIn

s forp =10

» 1 LA P X
——dp = —f i —/ —dp =
*L\ B(EJ(P) ? py Pt o e o Pa !

= -']hnpn--_-."-‘-::
3 PAatPe Do
= ¢p)—xIn P:

F Ny 1
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Then, substituting the above expressions in Eqg. 16,104 and expressing lﬂf)(ﬁy)
as reported in Eq. 16,97, we obtain the extended foim in Eq. 16,105,

It is interesting to note that Eq. 16.106 can be alternatively derived
equalizing the NCL equation, Eq. 16.3, and the SWIL equation relative to
the current material state (p,v), Eq. 16.6, that is, for p < 0,

T=vy=Aln ;:\
(16.112)
ot e

F_ri-\]n T

This implies that p, represents geometrically the point of intersection of the
above two lines, Fig. 16.5.

16.10 Functional Relationships for 75,

The parameter B, is the value of p at P., the center of the homothetic
relationship among F, I and T'“, Fig. 16.3. From the material behavior
observed in Section 16.2.1, it resulis that the value of . is a monotonically
increasing function of Py that is

b = pe(”y) (16.113)
a, =0 (16.114)

where the functional relationship in Eq. 16.113 can be obtained by solving
the implicit equation

~Aln “+xln§‘+“—u¢=n (16.115)
¥

Thus, being P, & continuous monotonically increasing function of vP); Sec-
tion 16.8, il follows that

]

B, = P(o™) (16.116)
dp, dp, dp,
o —_—— & 16.117
m"l."l.lu.J [Iﬁy d”tﬂ‘; { J

where the functional relationship in Eq. 16.116 can be obtained by solving
the implicit equation
v) = 9{P(p,) (16.118)
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where

(1) - }.r _&_L Pa
v (Pe) = v\ = '““ + xln A+ P

Finally, equalizing Fe. 16,115 to Eq. 16.10._1 we obtain an implicit equation
for . in terms of (p,v) of the form

v=c(p) =1y = Aln == P 4y I e Dot o - v {(16.119)
p231 Py

In fact, we preliminary observe that p, is also the value of p at the point O
in Fig. 16.3, i.e. the point of intersection of F' with the CSL®), According
to Eq. 16.4, the specific volume of a soil whose state lies on the CSLU) may
be calculated as

v=vnen(p=Po) = ¥

On the other hand, according to Eq. 16.111, the specific volume of a soil,
wlhose state is characterized by (p = Bes Py ), may be calculated as

Pa 1
= vy -[iil,, H_t:mdp i FLP)(ﬁF) - ﬁi"‘)(f’pn)

where, being (P,,, vyo) an arbitrary material state, we may choose a state on
the NCL given by

Py = B
Vo = Vucu(Ps)

Hence, equalizing the above two aliernative expressions for ¢, we obtain
() = 9 () = ve =0 (16.120)

which, substituting the expression for D" (p,) and 'ﬁf,”’(ii,) in Eq. 16.97,
yields to the functional relationship in Eq. 16.115. Moreover,
plM = '”E‘”,(ﬂr) - ﬁiﬁ'){'m) — v (16.121)

which yields to the functional relationship in Eq. 16.118. It will be useful to
abserve that, according to Eq. 16.115,

s If

Pa

e

N A
R
=
X
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as required in Section 16.2.1, the quantity 7, /p, increases as the posi-
tive quantity ]Jc./'f’r increases and it is bounded by

ot w

e =X el o % (16:122)
By
Consequently,
P, < . (16.123)
o If

pa = 0 (16.124)
e > (A-x)In2 (16.125)
p o< 0 (16.126)

as required in Seetion 16.2.1, it results

Uy
EE = constanl =& X
a

from which, substituting v, as in Eq. 16,125, we obtain the inequality
in Eq. 16,123, The additional condition in Eq. 16.126 assures that the
elastic matrix C®) is positive definite. In fact, Eq. 16.90,

» ~v:-"'—(-1-:'jr£-'flp forp< 0

1] forp=0

o From Eqs. 16,117, 16.118 and 16.100, it follows that

. _ [do “(ﬂ_)":
dpy dpc dp'r

A =] 7
o o _k_] [_i.;. X ];-n (16.127)
Be Potio FH ?}J"-I'p"

Il

16.11 Functional Relationships for p,

Geometrically, fi, represents the intersection of smaller value of F with the P
axis, Fig, 16.3, and the hypothesis in Fq. 16.27 requires that p; is a function
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of 7, ony. From the material belavior observed in Section 16.2.1, it results
lhat the value of py, is a monotonically increasing function of B, that is

By = y(p,) (16.128)
{p
s (16.129)
dp,

whers the funetional relationship in Eq. 16,128 can be obtained by solving
Lhe implicit equation

— Aln {—f-!‘- +x1n Byt po pe =0 (16.130)
7y y T Pa

Thus, being P, a continnous monotonically increasing function of wlr) See-
tion 16.8, it follows that

By, = B,(v') (16.131)
dﬁp = d? ti‘ﬂ
m - dﬁy?—)' =1 “ﬁlaﬂ)

where the functional relationship in Eq. 16,131 can be obtained by solving
the implicit equation

ol = gL:ﬂ{f;y) (16.133)
where
() _ B Py + Po .
i (p P Mll In=——— -,
(Py) = v + X prtpa

Finally, equalizing Fq. 16.130 to Eq. 16.10& we obtain an implicit equation
for J3, in terms of (p,v) of the form

v—r2e(p) = vy —=Aln Py + xIn Pyt Ue (16.134)
2y 2y

The proof iz analogous to that in the previous Section 16,10 and it s based
on the fact that p, moves along the ELL. According to Eq. 16.5, the specific
volume of a soil whose state lies on the ELL may be calculated as

v = Uncilp = Py) = v



456 CHAPTER 16. A CONSTITUTIVE EQUATION FOR SOILS

16.12 Functional Relationship for p,

Geometrically, §; represents the intersection of larger value of T with the
p-axis, Fig. 16.3, and its value can then be calculated as

Pa = Pa(By) (16.135)
where
Ba(Py) = 2p.— By,

and P, may be caleulated as lunction of P, as reported in Section 16.10.
Taking into account the inequality in Fq. 16.123 it ia possible Lo state that

Paz=0 (16.1306)
Moreover, according to Eq. 1689, i, is a decreasing lunction of -
o dp, .
—=2-—S-1<0 (16.137)
dp, dp,

where dp_/dp, is given in Section 16.18. Thus, being p, a continuous mano-
tonic inereasing function of vlP) Section 16.8, it follows that

ba = Ba(v') (16.138)
Ay Wy By (16.139)

dol?) E do'"

16.13 Functional Relationship for py,

Geometrically, py represents the intersection of larger value of " with the
peaxis, Fig. 16.3. Because of the elliptical shape of F', it results that its value
can be calculated as

P = Pa(Py) (16.140)
where
Pa(Py,) = 2P. = by
and J, and p, are functionally related to p,, as reported in Sections 16.10 and
16.11, respectively. Thus, being B, a continuous function of ol?) Section 16.8,
it follows that
fa = pa(v?) (16.141)

In general, the sign of dii,;/n,'u("} cannot be determined.
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16.14 The v vs. p Plane

In a v®) vs, p plane we can draw the following five lines, Fig. 16.6;

Ba

Figure 16.6: Plane olP) vg, .

¢ A line Z, of equation, Section 16.8,

. (r)
ol = 5 () with ﬂ-’-— =0
on which p = 7;
s A line E‘P of equation, Section 16.11,
()
v® = 5P (p) with %}T =0
on which p = py;
e A line £, of equation, Section 16.10,
(»)
() = 30)(p) with T
v 7 (p) wi i =0

on which p = j;
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e A line E,; af equation, Section 16,13,
p= ﬁr,(,,(p))
on which p = i
s A line £, of equation, the inverse of Eq. 16.139,

(r)
du <0

o) = Fff'}(p) with

on which p = 7
I this graph, the zones denoted by Z indicate:
o 7y, 4y - impossible slates zones;
e 7y, 7y - elaslo-plastic zones;

& 73, 74 - elastic zones,

16.15 Functional Relationships for p,

Geometrically, p, represents the intersection of smaller value of F' with the
p-axis, Fig. 16.3. In accordance with the hypothesis in item 4(a) in Sec-
tion 16.3, the value of p, can be ealeulated as

Py = PPy 4, 0.5y) (16.142)

where, from Eq. 16.44,

2 q"' Py = b )4
Pl 0:8,9,) = P - [(’p—ﬂc)’z * M(6)* ( yfjn :) ]

and, according to Eq. 16.113, B, = p.(j,). We note that since p, = B, (p,v),
. 16.109, the functional relationship in Eq. 16.142 can be also expressed
as

Py = pylpaq.8.0) (16.143)
Moreover, according to the requirement in item 5 in Section 16.3, i F' = 3
then it results

Py =Dy
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as il can be easily verified solving Eq. 16.43 in terms of p,, = p,. The
hypothesis in item 4 (b) in Section 16.3 states that, if plasticity occurs, then
ihe incremental variation of the p, is given by

o= Oy sy P g )
bp!,_mﬁu + mlg;.&f, (16.144)

where the partial derivatives are function of (p,, i, ) only. Consequently, the
functional relationships for the partial derivatives can be found from any
experimental stress path. In particular:

o the functional relationship for p,/@e?) can be conveniently detetr-
mined refering to experimental stress paths in which

56£”J =)
gince in this case, Eq. 16,144,
6;)!! _ S'p!!

o) pulP)

Hence, we can refer to a drained isotropic loading test of the type
described in Section 16.2.1. in which the above condition is satisfied,
Eq. 16.55.

o the funciional relationship for Bpp/liff," ) can be conveniently deter-

mined refering to experimental stress paths in which

ol =0

gince in this case, Fq. 16144,

dpy _ Oy
,s)f,iv) belr)

Hanee, wa ¢an refer to an TUDPO test, triaxial undrained §p = 0, of
the type described in Section 16.2.2, stress path P‘:l"'.,g_” in Fig, 16.2b.
In this type of stress path, the above condition is satisfied, Eq. 16.56.



460 CHAPTER 16. A CONSTITUTIVE EQUATION FOR SOILS

16.16 Functional Relationship for dp,/dv?)

We have pointed oul in Section 16.15 that the law of the variation of p, with
respect 1o 0l? only, ean be experimentally determined from the response of
an OCS during an isotropic drained test. The analysis of the soil response
shown in Fig. 16.1 leads to the conclusion that the variation of p, with
respect to vl?) can be mathematically expressed as, Section 16.16.2,

BP fl (?)H:ﬁy]i for P= TJG-
aue) (16.145)
e fﬁ(?’rujsy)i for p > p..

A particular expression for fi and f; is reported in Section 16.16.3.

16.16.1 ¢” vs. p in an isotropic test

Figure 16.7 reports the qualitative diagram of the plastic component of the
specific volume which, according with the proposed model, is mobilized dur-
ing the isotropic test shown in Fig. 16.1. The values of olP) reported in
Fig. 16.7 are calculated from the value v reported in Fig. 16.1 taking into
account that, Eq. 16,78,

ﬁ-ufﬂ = v — Eé%
Ap

Figure 16.8 reports an extrapolation of the experimental response in Fig. 16.7
which resilts in accordance with the proposed model, [25]. The exirapolation
consiats in extending the unloading stress path CD until the L4 line is met,
From there, the soil is again loaded until the NCL is reached.

18.16.2 o” vs. p, in an isotropic Lest

Trom the experimental results reported in Fig. 16.8 it is possible to establish
that in an isotropie test, o1 is related to py a8 shown in Fig. 16.9. In fact,
we remark in Fig. 16.3 that the F' surface crosses the p-axis at two points of
coordinate g = 0 and

Py for p < B..
-1

pd = 2. = pyi for p> P,
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o

A

E
B
sl
..'E‘, .)‘?, s Ly

D

2y

Figure 16.7: Experimental graph v#) vs, pof an isotropic Lest

B / 51'75
4 A S

Figure 16.8: Extrapolated graph o) va. p, of an isotropic test

161
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S

Py

Figure 16.9: Extrapolated graph v*) vs. p, of an isotropic test

It follows that in an isotropic test p, may be calculated as

{m for p < P..

Py (16.146)

2p. - p; for p = P..

where, Section 16.10, , is function of vl?) only. Moreover, the graph in
Fig. 16.8 shows that plastic deformations take place on the atress path AB,
;DD Dy and E;Fy. Thus, for each of thess piecewise stress paths we may
eXpress

p=p(v)
and the relationship in Eq. 16.146 takes the form

Py = Pu('"m)

This relationship allows to map the experimental values (p,»*)) in Fig, 16.8
in the v vs, p, diagram in Fig. 16.9, This diagram shows also three lines
Ly, L and L. which have been obtained as follows:

s The line E,,, which results to be of equation
o) = vPl(p,) (16.147)

is the mapping of the lines Z, and L4, shown in Fig. 16.8.
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s The line £,, which resulls o be of equation

o) = ﬁf;”’(ml - “if’fﬂv) _— (16.148)

is the mapping of the lines £, and Ly shown in Fig. 16.8.
e The line £, which results to be of equation
- g‘t_ﬂwﬂ] = 'Fi-ﬂ(ﬂu) _— (16.149)

ia the mapping of the line 2, shown in Fig. 16,8,

where the function 8" is defined in Eq. 16.97.
The experimental reaults in Fig. 16.9 suggest the existence of two fam-
ilies of curves Ry and Wy for isotropic drained tesl, of the type shown in

Fig. 16.10. The functional relationships of these curves are of the type

U

fi

4
T

Iz

=

Py

Figure 16.10: Families of curves v vs, Py for isotropic drained test.

n’ (u("),f':) . on Ry, for p < 7,
Py = g (16.150)
PLE} (““’L Tw) . on Ry, forp > p..
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or, equivalently, taking into account Fq. 16.95,

?’L” (7—‘.,--. 7'1)  on Ry, for p <P,
L n (16.151)
Py } (ﬁya "2) ¢oon Re, forp =]
where #i and ry are the parameters of the families of curves. The main
geometrical properties of these curves are:

o The curves of the family Ry (and R2) do not intersect each others, This
implies that, for any pair of values (B, p, ), we can determine a unique
curve Ty (or Rz): consequently, there exists a unique correspondence
hetween the values (B, py) and the value 7y (or 7). Hence, it results

oy Jilpy.B, )i on R

k-

¥
s(r) =
o Jalpy By )i on Ry

in accordance with the requirement in Eq. 16.20 of item 4(b), Sec-
tion 16.3.

e The curves of the family %y, on which
sulP) < 0

keep always a positive bending and respect the property

djp, ap, ‘
0< 20 = 5,0 (16.152)

in accordance with the requirement in Eq. 16.22 in item 4(b), Sec-
tion 16.3.

s The curves of the family Ry, on which
svlP) =0

change the sign of their bending and respect the property
dp, - dpy
do®) = e

in accordance with the requirement in Eq. 16.22 in item 4(b), Sec-
tion 16.3.

(16.153)
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¢ The curves of the family R (and ﬁz) eventually overlay the line .E,,.
at the points Py and 1. Consequently, for p, = Pys

Opy _ By
ol rJ{;}' do'?)

in accordance with the requirement in item 5 in Seetion 16.3.

e The curves of Lhe family 'ﬁ.l (H.nti ﬁg) terminate on one end horizon-
tally, namely, for p, — p,,

L. - +oa; on Ry

{)Uh-*l
i =
L+ ERR e Ry

o)

in accordance with the requirement in item 7 in Section 16.3.

16.16.3 A mathematical expression for dp, /vl

Based on the functional relationships in Eq. 16.150 representing the families
of curves Ry and Ry in Fig. 16.10, the following mathematical expression
for the partial derivative of p, with respect to o) is proposed, [25):

ﬂ‘[—i \ ]_1* PAPE™: oo B (16.154)
p(P) Py Pyt e [Yo(X)]™"s for p = B |
where
" T
AX) = 1—[):4#"""]
b 1
3B xt
V(X) = {1- 57—t
?: By bk (v = X)F
=1

The independent variable X is defined as

¢ o Ko 0 i B i B P
X =X(pp) = Mnﬁy-lihlnﬂy'l"ﬂu
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or, alternatively, being ji, = p, (p, v), Section 16.9,

X = X(pivpy) = =M 2 Py Loy yln BT Fe P to-w (16.155)
The material parameters cuquuUing the Y;(X') function can be determined

as follows, [25):

e (n— 1), with n > 0, is the total number of experimental points
(v,p,dv/dp) measired on elasto-plastic isotropic reloading paths of
the type EF and HI in g, 16.1.

s A, for k=1,2,....n, are n constants which can be determined from
the solution of the linear system of n equations

n
S Agf =1
A (16.156)
ST AXE =1 =Xt
k=1

wherei= 1,...,n— 1,

e The values of Yy(X;) and X; ave given by, Eqs. 16.154 and 16.155,

A X dpy T
[(_(Pv).‘ Yoot m) (.f:lwfr*l)t]

+
X; = =Aln M+xluw 4wy = o
PA Pi Po

Yi(X;)

II

where, Eq. 16.146,
(py)i =P

and it can be proved that, [25],

apy ) (utv ¥ ) <,
Pl I + e
(ﬂu“” dp P+l
s To make sure that the experimental values do not belong to the elastic

region bounded by ELL and ERL, it is necessary to verify that

0<X; <
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However, once the systom of equation in Eq. 16.156 has been solved
for Ay, it is necessary Lo verify that, for all 0 < X < v, it results

1]
0 < E: Ay X% 2
[Th
If this condition is not satisfied, then the experimental points can-
nat be exactly interpolated by the proposed functional relationship in
Eq. 16,154, If one wants still to use this funetional relationship, he
mist adjust the experimental data,

The material parameters confrolling the Y3(X') lunction can be determined
as follows, [25].

o (my + my = 1), with mq,mz = 0, is the total number of experimental
points (v,p,;ﬁ-u/dp.), with p < 0, measured on elasto-plastic isotropic
unloading paths of the type CD in Fig. 16.1,

e I, Tor k= 1,2,....(my + mz), are (my 4 mg) constants which may
be determined from the solution of the linear system of (my + 1mig)
equations

Hrrn+ =1

Y Byt = {1- [}*‘u(x.u)]"}”"“ v Bopu (00 = X
k= k=1

(16.157)
where ¢ = 1,...,(my + mg) = L

s The values of Y3(X;) and X, are given by Eqs. 16.154 and 16,155,

T I (. . o, \ |
Ya(Xi) = [( (I’u)..' (Pp,}|+Pf’) (‘-)U{m)'.]

- [Pu). {Pu)[ + o
1 —_— — = Y —t = i P—
X = Aln : + xIn B o By =y

where, Tiq. 16,1406,
(), = (28 = p),

and it can be proved that, [25],

.97;,,) ( A \ )-T (dv I )*‘
= | —su= = | — A=
(ah:('” i R = i a0,
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where, according to Eq. 16.119, the value of (5,); can be calculated as
function of (p,v);.

& To make sure that the experimental values do not belong to the clastic
region bounded by ELL and ERL, it is necessary to verily that

0< X; <,

However, onee the aystem of equation in Eq. 16,157 has been solved
for By, it is necessary Lo verify that, for all 0 < X < v, it results that

i

> Buxt
Ty = > 0

kz_'% Bivinlos= XY (16.158)

s }‘
S Btk (e =X)* #£0

kml

and in any cage
LILEY

S Bt £0 (16.159)
k=1

If these conditions are nol satisfied, then the experimental points can-
not be exactly interpolated by the proposed functional relationship in
Eq. 16,154, If one wants still to use this functional relationship, he
st adjust the experimental data,

16.17 Functional Relationship for dp,/deV)

We have pointed out in Section 16.15 that the law of the variation of p, with
respect to ey only, can be experimentally determined from the response
of an OCS in a TUDPO test. The analysis of the soil response shown in

Fig. 16.2, stress path P.PUY) leads to the conclusion that the variation of Py

with respeci to " can be mathematically expressed as, Section 16.17.2,
dap, | ‘
Eﬂﬁ = falpy, B,) (16.160)

A particular expression for 3 is reported in Seetion 16.17.3.
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16.17.1 eﬁ” vE. ¢ in a triaxial test

Figure Fig. 16.11 reports the qualitative diagram of the total plastic shear
strain ef,” }, which, according to the model, i mobilized during the undrained

(compression) triaxial Lest P,_PE'” in Fig. 16.2. The values of (e,‘,"] —cf.ﬁ)j re-

1ef -2l
n
PC.?
o)
pt*) P
1]
F"ﬂ“
_'_._'_'_,_,_,--"
[{
Pe By q

Figure 16.11: Experimental graph (ci”)—ciﬁ}) vs. ¢, in the undrained triaxial
test TUDPO

ported in Fig, 16.11 are caleulated from the values of ¢, reported in Fig. 16.2
taking into account thal, by definition,

fey = 51'!."'} + 6:1(,”)

where for the particular stress path F’.J’i‘t ’, it is eagy to prove that
) = -t
btu = 3?_‘:{:’*54]'
(16.161)
ﬁiiﬂ = |6el?)

It follows that the plastic component e'f,”] - (E,ﬁl shown in Fig. 16.1]1 may bhe

calculated by integrating

d(gn’ -

1
de, + 3(}{')&?
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where fe,, dg can be [ound from the experimental values shown in Fig. 16.2c.
The quantity ¢!} represents the initial condition.

It is interesting to note that the stress path le’{” reaches the bounding
surface F in l’”". where A = 0 and the eritical siate conditions are met, Itis
easy lo verify that the diagram in Fig. 16,11 is consistent with the proposed

maodel.

16.17.2 ¢ vs. p, in a triaxial test

From the experimental results of the type in Fig, 16.11 it is puﬁslbtlv) Lo
establish that, along the TUDPO stress path P.PH) in Fig. 162, ¢ is
related to p, as shown in Fig. 16.12.  In fact, hmd.um of the hamothetic

2 |zl |5 -5

R B mO b

Figure 16.12: Experimental graph (Em tnn}) vi, py, in the undrained
triaxial test TUDPO

relationship between F' and * with respect to the point P, Fig. 16.3, we
may establish that
P . _ 4
ﬂe - f’u ﬁ: U

where, Fq. 16.8,
m
7= ‘?c(f’nal =-M (FJI - "'3') Pe
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and the value of @ is established because of the triaxial compression condi-
tion. Tt follows that, in this triaxial test, p, may be caleulated as

ﬁy = ch
7.

where Ji, and B, being only function of o) are constant values; conse-
quently, also §, is constant, Moreover, from the graph in Fig. 16.11 we note
that plastic deformation takes place on the stress path PL) 1‘5‘,'1’"5‘,';:' Thus,
for this stress path we may express

Py =Tt (16.162)

4= qe” - 1)
and the relationship in Eq. 16.162 takes the form
P = pole) = )
This relationship in Eq. 16.162 allows to map the experimental values (égm . q)
in Fig, 16.11 into the fgfl va. py dingram in Fig. 16.12. This diagram shows
three lines L, L, and L. which have been obtained as follows:

s The line fy, which results to be of equation

py = By = constant (16.163)
is the mapping of the line Pgﬂ}l"i‘g shown in Fig. 16.11.
# The line E“ which results to be of equation
py = Py = tonstant (16.164)
iz the mapping of the line P‘{.ﬁpﬂ shown in Fig. 16.11.
o The line L., which results to be of equation
py = P, = constant (16.165)

is the mapping of the line PP shown in Fig. 16.11,

The experimental results shown in Fig. 16.12 suggest the existence of the
family of curves Ry drawn in Fig. 16,13,  The functional relationship of
these curves s of the type

my = ol - 2. 5,) (16.166)

whore f, is the parameter of the family of curves. The main geometrical
properties of these curves are;
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2| & B & &|E s -

|| N
el
R AR B BRO

Figure 16.13: Family of curves () — ¢)) vs. p, for undrained triaxial test
TUDPO,

e The curves of the family Ry do not intersect each othars, This implies
tlm.f.. for any pair of values (p,.p,). we can determine a unique curve
Ra: consequently, there exists a unique correspondence between the

values (P, p,) and the value (Ef,"] = -E[.f,}) Henee, it resulis

dpy dpy
e T gely)
in accordance with the requirement in Eq. 16.21 in item 4(b), Sec

tion 16.3.

“"I.llpy)

& The curves of the family ‘f_z;, keep always a negative slope, namely
a]’n
o =
in accordance with the requirement in Eq. 16,23 in item 4(b), Sec-
tion 16.3.

(16.167)

s The curves of the family Ry eventually overlay the line L,, conse-
quently, for p, = 3,
ap

a_e-iﬁ‘} —_ “
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in accordance with the requirement in item 5 in Section 16.3.

& The curves of the family R terminate on one end horizontally, namely,
for py — Py
an T

in accordance with the requirement in item 7 in Section 16.3.

16.17.3 A mathematical expression for dp, /)

Based on the functional relationship p, = }Jy(ff.”—ﬁw,}’lu] in Eq. 16.166 rep-
resenting the family of curves Ry in Fig. 16.13, the following mathematieal
expression for the partial derivative of p, with respect to e is proposed,

[25]:

iy A X ]F1 ; i :
= |=-—++ Ya(X 16.168
el [ Py Py Pe v [a(X)) ( )

whare

2 i‘?f!'tT
BT

(%) = - |l

z(:'kxk

k=1
and the independent variable X is defined as in Fqg. 16.155. The material
parameters controlling the ¥Y3(X) function can be determined as follows, [25]:

e [(p1+p2) = 2], with py = 0 and pg = 1, is the total number of experi-
mental points (g, dq/de,) measured on a TUDPO elasto-plastic loading

path of the type PE'PY) in Fig. 16.2¢.

e Oy, for k= 1,2,....,(p + p3), are (py + p2) constanis which can be
determined [rom the solution of the linear system of (p; 4 p2) equations

Cpgr =1

LS
“_'C_!'“ k—l=u
J?;; Hiae) (16.169)

1!

ri
3 CpanX!! = [-Ya(X M 3 cext
=] k=1
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where ¢ = 1,,,.,(p; 4+ p2) = 2

o The valnes of X; and Ya(X;) are given by, Eqs. 16,155 and 16,168,

}1 ‘\') = ’\ + IH apﬂ )
W)= ot o) 5,

(I—'H (Fy)' + o
X =Aln — 4 yIn———
i i 7, + X B, + o

where, Fq. 16,162

(py); = Bt (%ﬁ) %:
M = M@ =r/6)
and, it can be proved that, [25),
ap . _ By — P 1
(iﬁl‘) ", (3§ it

‘sfn { 3Euu(p<: -+ Pﬂ)

Mareover:.

— (q,bq/beq); are the experimental values,

= Py is the preconsolidation value of p, that is the value of p at the
end of the isotropic compression, point P, in Fig. 16.2a. Note
that P, is a constant value during a TUDPO test.

~ P can be calculate as function of Py hy solving the implicit equa-
tion in Eq. 16,115,

=~ wvisg the specific voluine measured at the begin of the TUDPO test.
Note that v is a constant value during a TUDPO test.

— E, and p, are elastic material parameters, Section 16.7.

s In order to be sure that the experimental values (¢, dq/de,); are mea-
sured within the elasto-plastic region ol a TUDPO stress path of the
type ,l’.gﬂ.l’f-” in Fig. 16.12a, it is necessary to verify that

0< Xi<w



16.18. PLASTIC MODULUS 475

However, once the system of equation in Fq. 16,169 has been solved
for €', it i3 necessary to verily that, for all 0 < X < v, it results that
vz
E Ch +kxk-ll
k=1 =0

T
E CuXF
k=i

ji‘ Cr XA 40

fee

If this condition is not satisfied, then the experimental points can-
nol be exactly interpolated by the proposed functional relationship in
Fq. 16.168. I one wants still to use this funetional relationship, le
must adjust the experimental data,

16.18 Plastic Modulus

The general expression of the plastic modulus for the constitutive equation
presented in this Chapter is of the type, Eq. 16.36,

OF dp, | OF dp, \ OF | OF 9p
A = = |7 i ] Ll ‘ :
[U (aﬁy dﬂ'(‘“} + 330# (91,\“‘) ﬂp + ﬂp" f?fE'" EJ (13 l?n)

where
o= [(2) 4 4 (Y]
T \ag) T\
and
¢ The expressions ol the partial derivatives of F' with respect to p, ¢,

and @ are given in Eqs, 16.68-16.71.

The expressions of the partial derivatives of F' with respect to the
parameters Ji, and p, are reported in Eqs, 16.72 and 16.73, respectively.

The expression for dp, /dv\?) is veported in Eq. 16.100,

In general, the partial derivative of p, with tespect to v are of the
type, Sections 16,16 and 16,17,

rjpy { ft(pyif-’y): for P i 73‘_“
o Fa(Bys )i for p > B,
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ip ir
(,-j:f:y = fa(P,.m)

o

Particular expressions for fi, f3 and fy are reported in Sections 16.16.3
and 16.17.3.

It is possible to prove that the expression of A in Eq. 16.170 satisfies the
requirement stated in Eqs, 16,41 and 16.42.

Moreaver, looking back to the mathematical relationships presented in
the previous Sectiong, we can verify that the plastic modnlus A is eventually
function of the variables (p,q,8,v), that is

A= Alp,q,0,v) (16.171)

It can be proved that if F = F, then the plastic modulus expression in
. 16.170 reduces to, Section 134,

al' dp, dF

A= =V 3 bp

(16.172)

where
i B_{«"_ _y }
B]i' 2= (P — ”-:

and the expression for the partial derivative of F' with respect to Py s re

ported in Eq. 16.86. Since v and dp, /dv“” in Eq. 16.100 are always positive
quantities and Eq. 16.10,

it follows that

=0; for p=p..

=0; forp<p.
A
<0; forp= .

16.19 The Limit State Surface

It is simple to verily that the presented model leads to the conclusion that
there exists a Limit State Surface of equation

Uaay = "mur(f’; iy 5') (16.173)
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which bounds always the value of the specific volume ¢ of a zoil at an ad-
missible stress state (p,g,#), that is

v 5 uﬂ;ujﬂ(pl qi g)

This function can be obtained specializing Eq. 16,104 as

P 1 (») ()
vy + oM mdp + ﬂy (pwnu:rr) - Hyp (P.\) =

, L HEE.
va+e(p) = Aln E';:i + x In ?L"“;\-i-i (16.174)

[}

'”(pl i ﬂ)

I

where B, .. is the unique solution of Eq. 16.43 for the given stress state,
item 9 in Section 16.5,

In fact, Eq. 16.107 indicates that the value of v monotonically increases
with j,. Moreover, for any admissible material state (p,q.,p,), it results,
item 9 in Section 16.5,

i'iy = ﬁymur

Consequently, according to Eq. 16.104

v= v(puﬁy) v (?’lﬂymu:(pm‘h 0}) - '-’mnm(!’: ‘?:9)

For a given @, q. 16.173 describes a surface in the (p, g, v) space, Fig. 16.14,
called the Limil State Boundary Surface, LSS, since it bounds all possible
soll states, The intersection of the LSS with the v vs p plane, on which

g = 0
# = indeterminate
identifies the NCL
v = vyeu(p) (16.175)

in Eq. 16.3. Hence, extending the definition of Normally and Overconsoli-
dated Soils given in Section 16.2.1, we classily soils as [ollows:

e soils whose state (p,q,v) is on the LSS are defined as Normally Con-
solidated Soils, NUS,
V= UYnaelpy 4, @)

s soils whose state (p, ¢, ) is inside the LSS are defined as Overconsoli-
dated Soils, OCS,
v ”mum(}';f}'n 9)
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a) LS55 i the p,q,v space

&
¢ (14 q
~ H{_ 5L J’

b) LSS projected on the g vs. p plane,

impoasibile
ALAla

HCL

7
¢) LLS interseclion with the v va p plane.

Figure 16.14: The Limit State Surface, LS5
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16.20 Critical State Conditions

Consider a material state (p,q, 8, v) which satisfies both conditions

q= qup, @) )
16.176
{ w= TJ'F““{"'(?LI q'lg) ( ', )

that is the stress point lies on the Critical State Surface defined in Eq. 16.8
and the specific volume lies on the Limit State Surface defined in Eq. 16.173.
In this case, the presented model predicts the Critical Stale Conditions

g = constant
v = constani (16.177)
de, = indeterminate

In fact, by definition,
b = bl 4 gl
fo = e 4 fel?

If v = v, then the material state lies on F, Section 16.19; thus, the stress
point satisfies botl

q = 4e(p.0)
{ F(p,q,0.p,) =0 (16.178)

which then identifies the point € in Fig. 16.3. Al point € we have p = P,
and, consequently, Bq. 16.172,

ar
% =
A =0

Being A = 0, from Eq. 16.34 it follows
A = indelerminale

for any given éor. Hence, Egs. 16.80 and 16.75,
{ sulr) =0

$elP) = indeterminate
Consequently, for da = 0, il resulls
fp = )

e indeterminate
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being 60! = 0 and be!®) = a. This proves the critical state conditions stated
in Eq. 16.177. The proof lor the reverse proposition, that is the critical state
conditions oceur only al material states satisfying Eq. 16.177, can be found
in [24].

16.21 Verification of the Physical Hypotheses

The mathematical developments presented in the previous Sections indicate
that SUOLO Standard VI verifies all the physical hypotheses listed in See-
tton 16.1. In fact:

1. The mechanical behavior of the material is fully controlled by the state
variables (o, v) since:

s the elastic mechanical behavior depends on £ = E(v, p) and v is
assumed to be a constant, Section 16.7;

& the plastic mechanical behavior, items 9 and 10 in Seetion 16,3,
depends on A = A(p,q,0,v) and a = ale,py,p,. b, v), only,
Fiqs. 16.63 and 16.171, and all the hardening parameters (py,5,,7,)
eventually depend on the state variables (p,q,8,v) only, Sec-
tion 16.4.

2. The isotropicity requirement is satisfied since the material state is given
in terms of invariant quantities, so that the relative constitutive equa-
tion is- invariant under a change of reference frame,

3. The model predicts plastic deformations at any stress level go that,
subjected to cycles of loading and unloading, the soil presents accu-
mulation of irreversible deformations.

4, The value of the specific volume v associated with an admissible ma-
terial state is always bounded by the function value w,,,, delined in

Eq. 16.173.

5. Material states satisfying both the conditions

{ q = q(p.0)

¢ = umn.r('."a s 9)

are al Critical State Condilions, Section 16.20.
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SOIL MODEL PREDICTIONS

16.22 Soil Model Predictions

481

SUO[;O{SLmtdaﬂI V1 has been implemented in § which 15 a Finite Element
Code able to solve the Coupled-Solid Fluid problom on the basis of the theory

developed in [40, 11].

In this Section we present the numerical predictions of SUOLQ/Standard
V1 calculated by 1 on a sample of kaolin subjected to triaxial loading con-
ditions. The following material parameters have been established to fit at
best the available experimental tests reporied in Fig. 16.15, [3].

19 (%)

&

8

A (1)

Figure 16.15: Reference experimental tests

pyo= =211 Kglem?*;, vy =202, A=0.14

v=005 p,=-56.E~10Kgfem* v=018 v, =006

b= 26.5%

ve = 0.098

n=2; A;=7553 A;=1519

m=1 m=9%

O = 16.67; Cy = 1.0

Oy = —16.67

- @ ;5 ("‘J/M)
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Because of the lack of informations, we have then assumed the following
material parameter values:

8, = =257 0, =125"
mi=1 mg=1;, B = 10K B =1.0

The continuous lines in Fig. 16,15 represent the numerical interpolation of
the available experimental data, while:

s« Figure 16.16 shows the predicted response of the soil under a complete
loading/unloading/reloading isotropic drained test, with p < 0.

s Figure 16.17 shows the predicted response of three samples of soil sub-
jected to triaxial drained conditions, These samples have been pre-
viously subjected to isotropic compression drained stress paths up to
the confining pressures py > py > pa, Fig. 16.17a. Then, they have
been isotropically unloaded, always under drained conditions, up to
the same confining pressure pl@),

s Figure 16.18 shows the predicled response of four samples of OCS
soil subjected to triaxial undrained conditions. These samples have
been previously subjected to isotropic drained stress paths up to the
confining pressures py > pz > pa > pa, Fig. 16.184. Then, they have
been isotropically unloaded, always under drained conditions, up 1o
the same specific volume value v{®),

It is interesting to note that in triaxial undrained conditions the sign
of the mean stress increment is given by

=0 forp<p.
-!Jp{ (16.179)

<0 forp>7,

which can be also analytically verified from the equation év = 0, for
any undrained test, either triaxial, or not triaxial.

Moreover, the values of g, p at failure are uniquely determined as,

r = P (16.180)
q = §=-Mp, (16.181)
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where

=
Il

M(8 = 7 /6) (16,182)
B, = pyexp (-5%‘”‘) (16,183)

and v s the constant specific volume.

455 .

—_ — : T >
Ei'r 1 i|||:|wb T T I.-,.;" E‘"‘ll'(

Figure 16.16: Isotropic drained tost

16.23 Undrained Triaxial Cyclic Test Simulation

Figures 16.19 and 16.20 show the predicted response of two samples of fully
saturated NCS subjected to undrained triaxial eyclic loading, Both samples
have been previously isotropically compressed under drained conditions, up
to the same confining pressure pl?), Figs. 16.19a and 16.20a. Then, LMT

have been subjected to cycles of axial loads ranging betwesn g = [U,qw

and ¢ = [O,qﬁ}]. respectively, where

i <0 < <70
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i il T (/)
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Figure 16.17: Triaxial drained test

Ak B0z
Q‘. 1 ! ] ‘.r:'

4. 8, 2. -€a (1)

Figure 16.18: Triaxial undrained test
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and E}"“l and ?jm are two Lhreshold values calculated as, [25),

ﬁ(*l_plf]
A = QL
i = —Fip M Is-(- (16.184)

g = M) (16.185)
where
s M and }5‘[,‘-} are given in Eq. 16.181;

e the valueﬁ of the parameters pi) and fff,‘) can be found as function of
(p= 0 0) from the solution of the implicit equations in Eqs. 16.48
and 16.54, respectively;

s finally, being v constant during an undrained test, its value is that one
al the énd of the consolidation stage.

In both numerical tests we observe that thie stress path in the ¢ va. p plane
eventually reaches a stable condition along a straight line parallel to the ¢
axig, that is with ép = 0, Figs. 16.19b and 16.20b. At this stage there is
no mere permanent accumulation of exeess pore pressure, Figs. 16.19¢ and
16.20¢c. However:

o in the case ¢&) < 719, the stability is reached at p = p, wheie the value
py is the solution for p of the elastic surface equation, with g = i,
namely

2 qu Fg =T\ = 2
(pa—P)" + -H 7 =Py —P) =0
where i, . Ji, and p, are found as function of (p = ps,v) from the so-
lution of the implicit equations in Eqs. 16.48, 16.50 and 16.54. From
this stage, the material response is purely elastic, Fig. 16.194d.

o in the case ¢i2) > 719, the stability condition is reached at p = P,
From this stage, the material response continues to be elasto-plastic
with

sl = 0
bl > 0

and there is no bound for permanent deformations, Fig. 16.20d.
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Figure 16.19: Triaxial eyelic undrained test (qm < gt
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Figure 16.20: Triaxial cyclic undrained test (r;ﬁ
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16.24 Undrained Shear Cyclic Test Simulation

In a shear test, the soil sample is subjected to a uniform shear strain field of
the type shown in Fig, 16.21. Figures 16.22 and 16.23 show the predicted

Ty
Idrh qu XH Y
e ——ys j_ s
T= f B i
4 / 5
LY i
b} / \. i
—— 4 L 5
C ¥

Figure 16.21: Imposed pure shear strain

undrained response of two samples of fully saturated soils subjected to eyeles
of imposed pure shear strain.  Both samples have been previously isolropi-
cally compressed under drained conditions, up to the same confining pressure
p""‘), Figs. 16.22a and 16.23a. Then, tluT have been subjected to cycles of

pure shear strain ranging between 7 = ‘rﬁ’,‘r}u‘)] and 7 = [*Tﬁ)ﬁﬁllm
respectively, where

7”) = 0.1 %; "{53‘1 =1.0%
In both numerical tests we observe that, [25]:

e The stress path in the p va, ¢ plane eventually reaches a stable condi-
tion along a straight line parallel fo the g-axis at the value of p = ff'!:!}.
Figs. 16.22b and 16.23b, where ) can be calculated as reported

Eq. 16.181.
e The @ invariant keeps changing its value.

s The pore pressure keeps its initial value, that ix, there is no accumu-
lation of excess pore pressure.

e In general, the dynamical shear modulus Gy, defined as the slope of
the hyateresis loop in Figs, 16.22¢ and 16.23¢, slightly decreases with
the number of cyecles.
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Figure 16.22: Shear eyclic undrained test (Ymar = 15,’,3)
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Figure 16.23: Shear eyelic undrained test, {(Tmax = “rM /)
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e In general, the area of the hysteresiz loop in Figs. 16.22¢ and 16.23¢
slightly decreases with the number of cycles,

Finally, Figs: 16.24a and 16.24b report the variation of the dynamic modulus
Gy and of the damping coefficient A, with the maximum amplitude of the
imposed shear deformation, 7. The damping coeflicient A, according to
[50], i defined as

_ hysteresis loop area

A i 4‘&'1'\.-_:413

and OAB represents the triangle shown in Fig. 16.22¢.

4
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o 4 40 a0t a0t 7
i 4
1.4

Figure 16.24: Variation of &y and A with yas.

16.25 Conclusions

The simulation of SUOLO Standard V1 is in good agreement with the avail-
able experimental data which, however, regard only monotonic loading con-
ditions, Fig. 16.15.

With regard to eyelic loading, the soil behavior predicted by the model
shows the following main characteristics:
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e Soils subjected Lo isotropic loading/unloading/reloading drained tests
present an unclosed hysteresis loop and the reloading stress path reaches
the NCL for a finite value of p, Fig. 16.16.

s Strongly overconsolidated soils subjected to drained triaxial tests pre-
sent a peak and then a seftening in the g vs ¢, graph, Fig. 16.17.

s The belavior of a soil subjecied to undrained cyclic triaxial tests de-
pends on the maximum value of the imposed axial load, Figs. 16.19
and 16,20

— If the value of the applied ¢ is greater than the threshold value (')
given in Eq. 16,184, the soil presents an unbounded progressive
accumulation of irreversible (plastic) deformations, with no limit.

— On the other hand, if the value of the applied ¢ is smaller than 71",
the soil presents a bound for irreversible (plastic) deformations.

o In the behavior of a soil subjected to undrained eyelic shear tests we
ohserve, Fig, 16.24,

— The value of the dynamic modulus Gy decreases with the maxi-
mum amplitude of the applied shear strain and with the number
of cycles.

- The value of the damping coefficient A mcreases with the max-
imum amplitude of the applied shear strain while it slightly de-
creases with the number of cycles.

The above listed charvacteristics are in accordance with the ﬂxp&‘l‘immlliﬂ
behavior of clay soils, see for example [50, 84].



Appendix A

The Gradient of a Tensor
Function

A.1 Introduction

Let G = G(er) be a generie funetion of a vector
T
o = {011,093, 003,013, 013,021,023, 041, Tz }

which we will refer to as stress vector. The gradient vector and the Hessian
matrix of & with respect to & can be generally indicated as

G "
dai;
ﬂﬂlljaamn
In this Appendix we present the particular expressions that V,G and H

take on in the case that & can be expressed as & = G(p,q,#) where (p,q,0)
are the invariants of the symmetric stress lensor

Vali

T = [ay;]
We recall from Section 7.11 that
i == II
pe= 3
¢ = ()
g oo Lo 3V &
= garcmn —T}?ﬁ

491



192 APPENDIX A. THE GRADIENT OF A TENSOR FUNCTION

where
L = o
Jy = %3;33;3
Jy = detfs;;]
and

&5 = dij — Bijp

A.2 The Gradient of a Generic Stress Function

The gradient of a generic stress function

Gle)=10 (A.1)
can be expressed as
where
. [ee” ,
Vo0 = {H‘T_u} (A.3)
. fec ap "
VPG = {?};3}:} = fpm (.’\4)
. [ a6 sy aG 8y 06 1" .
Vo = {m.m} {5‘3,1 aa,m} (A5)
and

R T
The vector V,G hag clearly the direction of the spatial diagonal m; it is
possible to prove that the vector ¥,07 is orthogonal to ¥V,0 i.e.

(A.6)

V,GTV,G =0 (A7)

which implies that ¥, lies on the octahedral plane, The modulus of ¥,
is given by

19,61l = (9,67 9,6)"" = (19,61 + 19.61) " (A8)
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where
19,6 = (v,679,6)' = J_'f;z (A.9)
V.G = (V.6"v.6)'* = (ﬁ:} 6?:1 l(ﬁ;)ﬂ)m (A.10)

In fact, since

we have

oy = 8+ dup

aG- aG dp . 0G dsy
day;  Op By | B by
illl'd
06 0p 0G0 (0an) 00 bntin
ap doi; dpda; \ 3 ) dp 3
_ 500
T8 ap
while
G ds . BG D (v 3 mﬂ)_
1’}.9],; f)w;‘ = i ﬂﬂl; " " 3 B
ac

il

imbim
= Do (r.‘l;gﬁ_,; = c‘im 3 )
oG 8
P i1 N
A
"9'5*'.!' 3 Ospp

i

The orthogonality condition between V¢ and ¥V, is verified being

6,06 (06 _
3 ap \ s

6 96 _ _l__d_i‘_f_Z(ﬂ(" 15635 t)c,:)
J Dspi ) 3 3p \Dsps 3 e

From this orthogonality it follows that

V.G'Y,G

il

[]

(V6 + V.6 (VG + V,6) =
VoG V,G + 29,GTV,G + V,GTV,G =
19,61 + 17.G11°



49 APPENDIX A. THE GRADIENT OF A TENSOR FUNCTION

which proves the expression of || V.|| Finally, the expressions of || V,G]|
and of ||V, are verified being

(ﬁ?_@‘z) (&E) _ b 0G 106
39p/\8dp) 9 dp 30p

and

(iﬁ_ﬂi f)c:) (m.'; & ac?) _

s 3 dsps sy, 3 spn

O OG oG b, OG OG  b5dy; JEE aG

B mﬂ-"fi B Ti‘).ug',' D 9 Aspg Osp
oG a6 2 (9GN\  1 7 dG N

=5‘am‘3(m) T(m) -
oG ac 1 (G \?

- ﬂa.-a- ﬂa,-j = 5 ((’}Em‘)

A.3 'The Gradient of a Stress Invariant Function

The gradient of a stress invariant function

Glp,q. ) =0 {A.11)
can be expressed as
V.G =V, G+ V,G (A.12)
where
. [ea”
Vo = {9d£j} (A.13)
S A0 - |
VFCI' - {'5}:'5;:} = &y (AM)
1 ) L ;
V.G = {Eaﬂ'ij} = cp8 -} c3a (A.l.‘.\)
and
186G 8¢
£y =

3ap 0L,
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3 (z‘?(‘.’-‘ tan:iﬂﬂd) 1 (06‘ Lan!WBG)

@ W\ T W) T i gl T i e
SR T A M

20" cos30 00— 2757 counn D0

The elements of a are given by

B
aij = bij —f!um (A.16)
where
[ (822933 — 833) (s13823 — 33912) (812823 — s22813) ]|
(] = ﬂ'{l il (Su-‘-*:!a = 3?3) (#1281 — #11423)
M Ba,-_,
Symmetric (811922 — ¥¥)
ﬂif’]
b = e =
kil Hﬁkk 2

The modulus of ¥, 0/ is given by

19661 = (Vo G" 9,60 = (19,610 +IIv,61) " (aan)
where
; 1 &
19,6l = (v,,c,Tvpf,)”*-Tﬂp (A.18)
1/2
V.Gl = (V,6"v.a)"? = \/_[ %‘; %;)] (A.19)

In fact, in the previous Section we have proved that in general for ¢ = G(e)
VﬂG = Vp(; + VQG

where

ac ap T
VG = {-5;3}-:} = cypm

_Joc " [0G 8, 06
VJG m {aﬁ'“ aa‘ij‘} {BSIJ i aﬂkk}
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We now prave that for & = G(p,q,0) we have

9C _ gt ok (A.20)
Daij

, oG by 06 " |
v,,(_l = {m H.‘]kl } = 98 "' i (A.QJ.J

The proof of this relationship is based on the following main mathematical
steps:

a) Since p and s;; are independent variables

8¢ 8G g 06 a0

S5, w GE M |, ERAT, A.22
s O Bsy; 08 Dsy ( )

b) The g-invariant is by definition

1/2
q= \/_Jm (“‘-‘-‘HHH) (A.23)

from whieh it follows

iy 3 .
e T s A‘:g;i
dsy 2 b ( )
¢) The @ invariant is by definition
; 27 1y
sin 39=—~2—F (A.25)
from which it follows
a8 4 3 )
—_—= - tan 3s;; 4+ ———by; A.26
dsij 24° ( el B qeosdd (A.26)

d) The above relationships allow to prove first the relationship in Eq. A.20
and then that in Eq. A.21.

In fact,

ﬂq .= 8 ( )I‘”_lf U ¥ =
b = B =8Ik (8x1950) a i (Sr18pt) =

3
’Eﬁ,kb_,;ﬁm

2q’-
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Sinee 3 o0
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L 1 ] ’
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The Jy invariant is by definition
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Jy = S118208m + S12823831 + 513821832 — (8md92813 + 12823811 + Sansn s12)

consequently
and
aJs
XY

bll

byz

ity

aJy
= 2 S
r—- = = 89 Sy — 5
f?&n 22433 23
a.J3
= e = 881 + 81382
B34y :
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TR

2 2 2 ) =
(622333 = 523) P (4'11-1‘33 = Bm) -1 (ﬂnﬂaa ™ Sn) =
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2 2 4 -
= (#2283 + #1180+ HH-‘*TJ) - (*‘12 + 813 + -"2;1) =

_% (-‘-*?1 + 85 + 335) : (""% +8ly + "‘%3) =
1

L giige = =
3 1397 2

Hence,
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Do, — BqOsy T 08 Day
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= ¢38;; + caby,

and consequently
o6 by 00
ﬂs,-j 3 ﬂskj;

by
(ﬂgﬂ.‘j b G;jb-,'j) - -":f (dz\!me + f:Bhkk)

&
€28i) + €4 (bij - -_'.;E‘f’kk)

= ca8;; & catyy

Finally, in order Lo derive the expression of ||¥,G]| it is necessary to remark
that
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and consequently
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It follows that

'V,G""V,,G (52'51',]‘ + r:;;u,-_.,-) (ﬂg#.‘j + 'i.'!:;ﬂ..'j) =

e38;:8;; + 2egeasiiay + jagay =

2 445 ., 2 .
iq*c% = 5-’; sin $egey o ﬁq‘t.';‘;

and substituting the coeflicient values we eventually obiain the expression
of || V,&|.

A.4 Deviatoric Strain and Strain Invariants
If the strains are defined as

7
€= AV,G = 9

(A.27)

the deviatoric strains and the strain invariants result to be defined as

& = E- E%‘ = AV,G (A.28)
& = ap =2V, = A% (A.29)

& = ( -8 e)l Q—A\/T”V ol (A.30)

If ¢ = G(p.g.@) then

= AV,G = Aeym 4 e84 ¢aa) (A.31)
e = .-\V.G = Aegs + esn) (A.32)
G ¥)1/2
g = i [(%—;) 3 (‘;‘J) ] (A.33)
and if G = G(p,q)
C'r
e = A< (A.34)
i = A (A.35)
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In fact
(g = o= e=Am" V,0i= Aﬁ?l(vnc" + V.G) =
a0
= mt § = A =
Am'V G Tmey Aé]}:
cing 1 ﬂcr
e = £- m~1l’~ = AV,G- Am--.—ap =

= AMV,G+9,6=V,G)=Av,0

9 1% 9 /2
& = (ETE‘) A(,}V,GTV (]) =

= \/-”v.ncnr"

We recall that in case G = G(p,q,8) we have that

V.i = cg84can

V.6l = \/_[ %3)]1./-4

Finally, in case G = G(p,q), i.e. 6-independent, we have that ¢z = 0 and
consequently

a6 ity

g = )

05 T
06 s, 06\ _ [ 06
ds;;p 3 sy o] Ay

A.5 The Hessian Matrix

]

V.0

The Hessian matrix associated to stress invariant function, is defined as

| &6 .
H= [W] (A.36)

If G(p,q,08) = 0 then the Hessian matrix can be expressed as

H et HOY e HE 4 o H 4
C:]H“” + fJ.'3|H{m} = G‘z;H{M} -+
ST 10 (A.37)

=+ 4+
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In fact, we have already proved that
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The gradient of an isotropic stress function is given by
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where a = 1,2, 3. In general the derivative of the coeflicients ¢, with respect
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In particular
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