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1. Introduction

The ionosphere is the ionized part of the earth’s atmosphere lying between about 50 km and
several earth radii (Davies, 1990) whereas the upper part above about 1000 km height up to
the plasmapause is usually called the plasmasphere. Solar extreme ultraviolet (EUV)
radiation at wave lengths < 130 nm significantly ionizes the earth’s neutral gas. In addition
to photoionisation by electromagnetic radiation also energetic particles from the solar wind
and cosmic rays contribute to the ionization. The ionized plasma can affect radio wave
propagation in various ways modifying characteristic wave parameters such as amplitude,
phase or polarization (Budden, 1985; Davies, 1990). The interaction of the radio wave with
the ionospheric plasma is one of the main reasons for the limited accuracy and vulnerability
in satellite based positioning or time estimation.

A trans-ionospheric radio wave propagating through the plasma experiences a propagation
delay / phase advance of the signal causing a travel distance or time larger / smaller than
the real one. The reason of the propagation delay can be realized considering the nature of
the refractive index which depends on the density of the ionospheric plasma. The refractive
index (n # 1) of the ionosphere is not equal to that of free space (n = 1). This causes the
propagation speed of radio signals to differ from that in free space. Additionally, spatial
gradients in the refractive index cause a curvature of the propagation path. Both effects lead
in sum to a delay / phase advance of satellite navigation signals in comparison to a free
space propagation.

The variability of the ionospheric impact is much larger compared to that of the
troposphere. The ionospheric range error varies from a few meters to many tens of meters at
the zenith, whereas the tropospheric range error varies between two to three meters at the
zenith (Klobuchar, 1996). The daily variation of the ionospheric range error can be up to one
order of magnitude (Klobuchar, 1996).

After removal of the Selective Availability (SA, i.e., dithering of the satellite clock to deny
full system accuracy) in 2000, ionosphere becomes the single largest error source for Global
Navigation Satellite Systems (GNSS) users, especially for high-accuracy (centimeter -
millimeter) applications like the Precise Point Positioning (PPP) and Real Time Kinematic
(RTK) positioning. Fortunately, the ionosphere is a dispersive medium with respect to the
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radio wave; therefore, the magnitude of the ionospheric delay depends on the signal
frequency. The advantage is that an elimination of the major part of the ionospheric
refraction through a linear combination of dual-frequency observables is possible. However,
inhomogeneous plasma distribution and anisotropy cause higher order nonlinear effects
which are not removed in this linear approach. Mainly the second and third order
ionospheric terms (in the expansion of the refractive index) and errors due to bending of the
signal remain uncorrected. They can be several tens of centimeters of range error at low
elevation angles and during high solar activity conditions.

Brunner & Gu (1991) were pioneers to compute higher order ionospheric effects and
developing correction for them. Since then higher order ionospheric effects have been
studied by different authors during last decades, e.g., Bassiri & Hajj (1993), Jakowski et al.
(1994), Strangeways & loannides (2002), Kedar et al. (2003), Fritsche et al. (2005), Hawarey et
al. (2005), Hoque & Jakowski (2006, 2007, 2008, 2010b), Hernandez-Pajares et al. (2007), Kim
& Tinin (2007, 2011), Datta-Barua et al. (2008), Morton et al. (2009), Moore & Morton (2011).
The above literature review shows that higher order ionospheric terms are less than 1% of
the first order term at GNSS frequencies. Herndndez-Pajares et al. (2007) found sub-
millimeter level shifting in receiver positions along southward direction for low latitude
receivers and northward direction for high latitude receivers due to the second order term
correction. Fritsche et al. (2005) found centimeter level correction in GPS satellite positions
considering higher order ionospheric terms. Elizabeth et al. (2010) investigated the impacts
of the bending terms described by Hoque & Jakowski (2008) on a Global Positioning System
(GPS) network of ground receivers. They found the bending correction for the dual-
frequency linear GPS L1-L2 combination to exceed the 3 mm level in the equatorial region.
Kim & Tinin (2011) found that the systematic residual ionospheric errors can be significantly
reduced (under certain ionospheric conditions) through triple frequency combinations. All
these studies were conducted to compute higher order ionospheric effects on GNSS signals
for ground-based reception. Recently Hoque & Jakowski (2010b, 2011) investigated the
ionospheric impact on GPS occultation signals received onboard Low Earth Orbiting (LEO)
CHAMP (CHAllenging Minisatellite Payload) satellite.

In this chapter, the first and higher order ionospheric propagation effects on GNSS signals
are described and their estimates are given at different level of ionospheric ionization.
Multi-frequency ionosphere-free and geometry-free solutions are studied and residual terms
in the ionosphere-free solutions are computed. Different correction approaches are
discussed for the second and third order terms, and ray path bending correction.
Additionally, we have proposed new approaches for correcting straight line of sight (LoS)
propagation assumption error, ie., ray path bending error for ground based GNSS
positioning. We have modelled the excess path length of the signal in addition to the LoS
path length and the total electron content (TEC) difference between a curved and LoS paths
as functions of signal frequency, ionospheric parameters such as TEC and TEC derivative
with respect to the elevation angle. We have found that using the TEC derivative in addition
to the TEC information we can improve the existing correction results.

2. lonospheric propagation effects

Quantitatively, the propagation of a radio wave through the ionospheric plasma is
described by the refractive index of the ionosphere (Appleton-Hartree formula). At high
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frequencies (> 100 MHz), the refractive index mainly depends on the electron density, the
strength and direction of the geomagnetic field in relation to the ray path. Thus, the spatial
distribution of the electron density along the ray path and corresponding geomagnetic field
relationships determine the ionospheric impact on the electromagnetic wave.

2.1 lonospheric refractive index

For high frequency (HF) radio waves with frequencies f > 100 MHz the phase refractive
index n can be derived from the Appleton - Hartree formula as (Appleton, 1932; Bassiri &
Hajj, 1993)

nzl_f?iﬁff‘gmsg_ﬁﬁ

2f2 2f3 4f4 + fg2 (1 + cos? @)} 1)

in which
fp2 =n,e® / (471250111)
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where f, is the plasma frequency, f; is the gyro frequency, & is the free space permittivity, B
is the geomagnetic induction, ® is the angle between the wave propagation direction and
the geomagnetic field vector B, and e, n,, m are the electron charge, density and mass,
respectively. The wave with the upper (+) sign in Eq. (1) is called the ordinary wave and is
left-hand circularly polarized, whereas the wave with the lower (-) sign is called the
extraordinary wave and is right-hand circularly polarized (Hartmann & Leitinger, 1984).
The GPS signals are transmitted in right-hand circular polarization (Parkinson & Gilbert,
1983).

Equation (1) indicates that the phase refractive index is less than the unity resulting in a
phase velocity that is greater than the speed of light in vacuum (i.e., phase advance).
Therefore, the integration of n along a signal path gives a measure of the range / travel time
between a receiver and a satellite that is smaller than the geometric distance / travel time in
the vacuum.

To compute group delay measurements, the group refractive index ng should be
considered. The expression for ng, can be determined by the relationship n,, = n+f(dn/ df).

g =1+ I 7 aft
Equation (2) indicates that the group refractive index is greater than the unity resulting in a
group velocity that is less than the speed of light. Therefore, the integration of n, along a
signal path gives a measure of the range / travel time that is greater than the geometric
distance / travel time in the vacuum. Therefore, when GNSS signals propagate through the
ionosphere, the carrier-phase experiences an advance and the code experiences a group
delay. The carrier-phase pseudoranges are measured too short and the code pseudoranges
are measured too long compared to the geometric range between a satellite and a receiver.

2 2 2 2
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Considering ionospheric refraction the geometric distance (Euclidean line) or true range p
between a transmitting satellite S and a receiver R can be written in units of length as

R
p=L+[(-n)ds—d;" ®)
S

R
where the optical distance L= Inds is the line integral of the refractive index between the
s

R
satellite and the receiver along the ray path, f(l —n)ds is the ionospheric group delay and
s

A" is the excess path length of the signal in addition to the geometric path length caused
by the ray path bending and defined by

R
df" =[ds-p @)
S

R

where Ids is the curved path length in the vacuum. The travel time of the signal can be
s

computed dividing the expression of p (Eq. 3) simply by the speed of light.

2.2 Group delay and phase advance

Assuming a right hand circularly polarized signal, the ionospheric group delay dj, and
carrier phase advance d; can be written in units of length as (using Egs. (1) and (2))

R
(1) p . q  u
dIgr = dlgr lgr Igr !( ) F + F + F (5)
1) T P9
d; =d; +—=+—" (6)
_! 2 2f3 3f4
p=K|[n,ds=K-TEC = K(TEC 45 + ATEC,,,,4) @)
q =2.2566x lolzjneB cos® -ds 8)
u=2437 [n}ds +4.74x 107 [ n,B*(1+ cos” @)ds ©)

where K = ¢2/(872¢om) = 40.3 m3s2, the integration of n. along signal paths |n,ds is called
the total electron content TEC and measured in TEC units (1 TECU = 1016 electrons/ m2). The
terms dfgg / dg ) , Eg / d( ) and d( / d§ ) in Eq. (5) / (6) are the first, second and third
order ionospheric group delays / phase advances, respectively. Due to the dispersive nature
of the ionosphere, satellite signals transmitted on different frequencies travel along different
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ray paths through the ionosphere on their way to a receiver and thus the TEC along a f; path
will be different from that along a f> path and also from that along the LoS path. Considering
this, TEC in Eq. (7) is separated into TECr,s and ATECyeng where TECy,s is the TEC along the
LoS and ATECyenq is the difference between TECs along a curved path and the LoS path. The
term ATECpenq represents TEC contribution due to ray path bending only, i.e., the second
and third order terms are not considered in TEC estimation by Eq. (7).

2.3 lonospheric effects on GNSS observables

The observables are travel time or ranges which are deduced from measured time or phase
differences based on a comparison between received signals and receiver generated signals.
Thus, the ranges are biased by satellite and receiver clock errors, instrumental biases and
atmospheric effects, and therefore, called pseudoranges. The code pseudorange (¥) and
carrier-phase pseudorange (®) at a selected frequency can be described by observation
equations in units of length as

¥ =ptc(dt—dT)+dy, +d, +(dyp), +dg+dQ+ &y (10)

@ =p+c(dt—dT)—d; +d, +(dyp), +dq+dQ+NAi+z, (11)

where p is the geometric distance between a satellite and a receiver, c is the velocity of light,
dt and dT are the satellite and receiver clock errors, respectively, d; and dj, are the
ionospheric effects on carrier-phase and code pseudoranges, respectively, d4 is the
atmospheric (tropospheric delay) effect, (dup)w and (dmp)o are multipath effects on code and
carrier-phase pseudoranges, respectively, dg and dQ are the instrumental biases of the
satellite and the receiver, respectively, A is the carrier wavelength, N is the integer carrier-
phase ambiguity, and ey and e¢ are the rest errors. The carrier-phase pseudorange is
expressed in units of length (meters) instead of cycles. However, it can be expressed in
cycles dividing simply by the signal’s wave length (1 meter/cycle).

For simplicity we confine our interest to only ionospheric effects. Thus, the code and carrier-
phase pseudoranges can be simplified as

W:“dw*d;m:p+%+%+%+d§” (12)
cn u en
@:p—dlﬂ’d} :p_%_zifg}_ﬁ"’d} (13)

where fis the signal frequency. In case of GPS L1, L2 and L5 signals f = 1575.42, 1227.6 and
1176.45 MHz, respectively. To take into account the ray path bending on observables, the
term d" is introduced in Eqs. (12) and (13).

2.4 Multi-frequency combinations
2.4.1 First order ionosphere-free combination

As already mentioned, ionosphere is a dispersive medium, i.e., the ionospheric propagation
delay is frequency dependent. Therefore, one very popular way to get rid of ionospheric
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effects is to compute the so called first order ionosphere-free combination of carrier-phase or
code pseudoranges measured on two frequencies. However, the second and third order
ionospheric terms and errors due to bending of the signal remain uncorrected in this
approach. Such a dual-frequency combination can be written in units of length as
(combining code / carrier-phase pseudoranges Eq. (12) / Eq. (13) measured on f; and f>
frequencies and substituting p by Eq. (7), for details see Hoque & Jakowski, 2008)

fi P, - fi WV, = p—Asype — 245, =345, — A 14
2 211 2 212~ P STEC Sy S3 Slen ( )
- fR-f =
g
flzczi— f22¢_ A Asy + Asy — A 15
2 2 1 2 2 ) = P+ ASppc + 45, + Ay Slen ( )
-7 R-f
P K(TEC, -TEC;) K(ATEC,,,;» — ATEC,,,.11) (16)
TEC — 2 2 - 2 2
(f2-£) (f2-£)
TEC,, = j”eds =(TECyp5 + ATECy01,2) 17)
q
Asy = ——F—— (18)
2f1f2(f1 +fz)
u
Asy =—5— (19)
3fifs
len (2 len 2
Aslen — d2 f2 _dl fl (20)

(f2-1£2)

where W1, W; and @, O; are the measured code and carrier-phase pseudoranges on f; and f»
frequencies, respectively, As; and Asj are the dual-frequency second and third order residual
terms, respectively. The TEC along a f; path will be different from that along a f> path due to
ray path bending. Due to the same reason the excess path length will not be the same for
both signals. Therefore, they will not be cancelled out in the ionosphere-free solution. Thus,
the terms Astec and Asp, in Eq. (14) and (15) refer to the dual-frequency residual errors due
to TEC difference and excess path length, respectively. Their expressions are given by Egs.
(16) and (20). The quantities ATECpena1 and ATECyenaz are the differences between TECs along
curved and LoS paths and the quantities d'* and d¥" are the differences between curved
and LoS path lengths for fi and f» signals, respectively. The RRE and RREq; are the total
residual range errors in the carrier-phase and code combinations, respectively.

The disadvantages of such combinations (Eqgs. 14, 15) are that i) the observation noise is
increased by a factor depending on frequencies involved in the combination, ii) the
ambiguity term of the carrier-phase combination is no more an integer value and iii) only
the first order term is eliminated, i.e., higher order terms remain uncorrected. Moreover, this
method cannot be applied to single-frequency receivers.
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Assuming the same measurement noise on each signal, it can be shown that the carrier-
phase or code noise will be amplified by a factor of 2.98 for the GPS L1-L2 combination,
whereas for the L1-L5 and L2-L3 combinations amplification factors are 2.59 and 16.64,
respectively (see Hoque & Jakowski, 2010a). The amplification factor is inversely
proportional to the separation of combination frequencies. Since the frequency separation is
relatively large for the L1-L5 combination, the amplification factor is the smallest.

Since the first order ionospheric effect on carrier-phase and code pseudoranges (see Eq. 12
and 13) is the same in magnitude but opposite in sign, computing the sum of carrier-phase
and code pseudoranges would theoretically eliminate the first order ionospheric term in
single frequency measurements. However, the resulting observable would inherit the high
code noise and the carrier-phase ambiguity and is therefore, practically not suitable.

2.4.2 Second order ionosphere-free combination

Receiving signals on three coherent frequencies will allow triple-frequency combinations to
eliminate the first and the second order ionospheric terms. The third order ionospheric term
and errors due to ray path bending are not fully removed in this approach. Such a triple-
frequency combination can be written as (combining code / carrier-phase pseudoranges Eq.
(12) / Eq. (13) measured on fi, f» and f; frequencies and substituting p by Eq. (7), for details
see Hoque & jakowski, 2010a).

%[A(Y’l f2 =)~ B(#y £ - ffﬂ =p +(dspec), +3(45y), +(4sp), (D)
(RRE,),
A(0f -0 f2) B -0 f3) |=p ~(ds1c), ~(45), + (), @D
(RRE),
In which
(ASTEC )tr = g[B(ATEChemB - ATEChendl) - A(ATECbendz - ATECbendl ):I (23)
_u (fz B f3)
(4s5), = 3 7f2f3 (24)
(Aslen )f‘r = %[B(fszdéfn _ f12dien)_ A(f22d126n _ f12dien )j| (25)
A= f‘lf2
hi-h
B= f1f3 (26)
fl - f3
C=filh-H)A+h+f)
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where K = 40.3 m3s2, ¥ and ® are the code and carrier-phase pseudoranges, and their
subscripts correspond to measured signals on fi, f» and f; frequencies, (As3)sr is the third
order residual term and (Astec)y and (ASen): are the residual terms due to TEC difference
and excess path length, respectively. The quantities ATECpens and dyer are the TEC and path
length differences between curved and LoS paths and and their subscripts correspond to
received signals on frequencies fi, f> and f3. The (RRE); and (RREgr)y are the total residual
range errors in the triple-frequency carrier-phase and code pseudorange combinations,
respectively.

However, as already mentioned, such a multiple frequency combination amplifies all
uncorrelated errors or noises (multipath and noise). Assuming the same measurement noise
on each signal, it can be shown that the noise will be amplified by a factor of 33.7 in the GPS
L1-L2-L5 combination (see Hoque & Jakowski, 2010a).

The Galileo system will transmit signals on four frequencies E2-L1-E1, E5a, E5b and E6
(1575.42, 1176.45, 1207.14 and 1278.75 MHz, respectively). Simultaneous reception of four
signals will allow quadruple-frequency combinations to eliminate the first, second and third
order ionospheric terms. Such a combination would theoretically eliminate higher order
ionospheric terms successfully from the range equation. However, the noise will be
amplified by a factor of about 626.13 in the E2L1E1-E5a-E5b-E6 combination (assuming the
same measurement noise on each signal) which is about two orders larger than a dual-
frequency factor. Therefore, a quadruple-frequency combination is barely pragmatic.
However, if the frequency separation is large (e.g., combinations between 4-8 GHz C band
and 1-2 GHz L band frequencies), the amplification factor will be small. In such cases,
measurements on four frequencies may be useful.

2.4.3 Geometry-free combination

When microwave signals are transmitted on two frequencies, all the nondispersive effects,
e.g., tropospheric delay, satellite and receiver clock offsets, antenna phase centre offsets and
variations etc., manipulate the signals on both frequencies in the same way - apart from the
ionosphere. Therefore, by differencing code / carrier-phase pseudoranges measured on two
frequencies, all non-dispersive terms including p will be cancelled out giving the estimate of
TEC along ray paths as (combining code / carrier-phase pseudoranges Eq. (12) / Eq. (13)
measured on f; and f, frequencies and substituting p by Eq. (7) and neglecting the second
and higher order terms)

TEC = i[(?& — ¥, )+ noisey _y J 27)
K(ff-17) o

fifs
TEC=—2112__[(@ - @,)+B
K(f? —ff)[( )+

in which Bambiguity = A2N>2 - N1 is the carrier-phase ambiguity constant where A1, A» are wave
lengths and Ni, N; are integer ambiguities measured on f; and f; frequencies, noisey, 4, and
noisep, _p,  are noises (e.g., thermal noise etc.) in code and carrier-phase combinations,
respectively. For simplicity different terms such as inter-frequency satellite and receiver
biases and multipath effects are not considered.

ambiguity + nozselpl—(ﬁz j| (28)
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Total Electron Content (TEC) 2010-06-28 00:00:00 UT
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Fig. 1. Examples of global TEC maps and corresponding ionospheric range errors at GPS L1
during night time (0 UT) and day time (14 UT) (http:/ /swaciweb.dlr.de). The dots represent

IPP locations
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In case of cycle slips (a jump in carrier-phase ambiguity constant due to loss of signal
tracking results in discontinuous arcs of phase data) in the phase data, the wide-lane
combination method of Blewitt (1987) can be applied for the correction. While the TEC
estimated by the carrier-phase difference Eq. (28) is precise and smooth but biased by an
unknown phase ambiguity constant, the TEC estimated by the code pseudorange difference
Eq. (27) is noisy and less precise but not ambiguous. In order to obtain an absolute and
precise estimate of TEC, the accurate phase measurements needs to be levelled to the
calibrated absolute code measurements by a least square method.

To derive an elevation independent vertical TEC from a slant TEC measurement, the
ionosphere is assumed to be composed of a single thin layer at a representative height of
about 350, 400 or 450 km from the earth’s surface. The intersection point between a slant ray
path and the thin layer is called an ionospheric piercing point (IPP). A mapping function is
used to convert the slant STEC to vertical VTEC at the IPP or vice versa (details of the
derivation is given in Hoque & Jakowski, 2008).

(h, +Rg)
\/(hm +Rg )’ = (R, + Ry ) cos? B

STEC / VTEC ~ (29)

where F,, is the height of maximum electron density (varies between 250 -450 km), R is the
earth’s mean radius (~ 6371 km), Ry is the receiver height above the earth’s surface and f is
the elevation angle.

Based on similar techniques using observation from more than hundred worldwide GNSS
ground stations, German Aerospace Center (DLR) Neustrelitz computes vertical TEC
estimates at numerous IPPs worldwide. Thus, TEC maps are produced by assigning IPP
measurements to homogeneous latitude and longitude grid points as shown in Fig. 1.
European and global TEC maps and 1-hour-ahead forecasts are distributed via the
operational space-weather and ionosphere data service SWACI (Space Weather Application
Center Ionosphere, http://swaciweb.dlr.de, see also Jakowski et al, 2011) to the
international community with an update rate of 5 minutes. The advantage of such services is
that single frequency GNSS users can correct the ionospheric propagation effect in near real
time.

3. Estimation of ionospheric effects
3.1 First- and higher-order ionospheric terms

Equations (12) and (13) indicate that the signal delay caused by the first order term is equal
in magnitude but opposite in sign on GNSS carrier-phase and code pseudoranges, i.e., the
carrier-phase pseudorange is advanced while code pseudorange is retarded. The first order
term is directly proportional to the TEC encountered by the satellite signal during its travel
through the ionosphere and inversely proportional to the square of the signal frequency.
The first order term includes about 99% of the total ionospheric effect. Therefore, if the
frequency and link related slant TEC are known, the first order propagation effect can
easily be computed and corrected. If the TEC map is available, the slant TEC can be
computed simply multiplying the vertical TEC at the IPP by the mapping function (e.g., Eq.
29).
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The vertical TEC may vary between 1 TECU and 300 TECU depending on a number of
factors such as local time, geographic location, season, solar activity level etc. The frequency
dependence of the first order ionospheric term has been plotted for elevations 5° and 30° in
Fig. 2 at different levels of ionospheric ionization characterized by vertical TECs such as i)
250 and 150 TECU correspond to TEC during extreme space weather conditions, ii) 50 TECU
corresponds to mid latitude day time and iii) 5 TECU corresponds to mid latitude night time
TEC.
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400 — — . 400 SR .
------ i | ====250 TECU i :
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Fig. 2. Frequency dependence of the first order term at different levels of ionospheric
ionization and elevation angles.

As Fig. 2 demonstrates, the first order ionospheric term can be more than 100 m at GNSS
L-band frequencies (1 - 2 GHz) during times of high TEC at low elevation angles.

3.1.1 Second order term

Higher order ionospheric terms include the second and third order ionospheric terms, and
the excess path length. Equations (5, 6, 8) indicate that the second order term depends on the
electron density n, and as well as on the geomagnetic induction B. The electron gyro
frequency f, = eB/(2mm) is usually less than 1.4 MHz. The value of B can be derived as ~5x10->
Tesla for f, = 1.4 MHz and considered constant throughout the propagation. Thus, for the
worst case condition with f; = 1.4 MHz and © = 0, the second order term can be simplified as
(using Eqgs. 5 and 8)

42) _11.28x107
Igr — 3
f
where dg,) is measured in meters, TEC in electrons/m? and f in Hz. Using the above

approximation, the frequency dependence of the second order term at different levels of
ionospheric ionization and elevation angles has been plotted in Fig. 3.

TEC (30)

Figure 3 shows that during the worst case conditions the second order ionospheric term on
code observables can be as big as about 500 millimeters at GNSS L-band frequencies. Due to
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the dependency on B field, the second order term depends on the receiver’s geographic /
geomagnetic position and direction of the signal reception. Such dependencies are given in
Fig. 4. The simulation has been made using a two dimensional ray tracing program (Hoque
& Jakowski, 2008) which includes International Geomagnetic Reference Field (IGRF)
(Mandea & Macmillan, 2000) model for magnetic field computation along ray paths. A
single layered Chapman profile (Eq. 40, see Rishbeth & Garriott, 1969) with a maximum
ionization of 4.96x1012 m-3 at 350 km altitude and atmospheric scale height of 70 km has
been used, and the corresponding vertical TEC is found 143 TECU.
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Fig. 3. Frequency dependence of the second order term dgg,) at different levels of ionospheric
ionization and elevation angles
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correspond to the geographic north, east, south and west directions, respectively
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For a GNSS user in the northern hemisphere the magnitude of the second order term is the
largest when the signal is received from a satellite in southward direction. However, for a
user in the southern hemisphere the scenario is reversed, i.e., the largest effect is observed
when the signal is received from a satellite in northward direction. Figure 4 shows that the
magnitude of the second order term and its sign differ depending on the user location on
the earth and direction of the signal reception. Therefore, such non systematic effects cannot
be cancelled out by averaging GNSS measurements over long period at a certain user location.

3.1.2 Third order term

The third order term depends on the integral Infds (see Eq. 9) which can be simplified as
0.6577N,,TEC (obtained by analytical integration of the Chapman layer, Hoque & Jakowski,
2008, see also Brunner & Gu, 1991; Hartmann & Leitinger, 1984; Leitinger & Putz, 1988)
where N,, is the maximum ionospheric ionization. Therefore, assuming the worst case
condition with f, = 1.4 MHz and © = 0, the third order term can be simplified as (using Eqs.
5and 9)

dd) = (1602.81N,, +2.37 10“):”?4C 31)

where dg,) is measured in meters, TEC is the slant TEC and measured in electrons/m?, f in
Hz and N,, is measured in m-3. If the vertical TEC is known, N, can be computed assuming a
Chapman profile for the ionosphere by the following expression (Hoque & Jakowski, 2007).

VTEC = 4.13HN,, 32)

where VTEC is the TEC in vertical direction and H is the atmospheric scale height. The
parameter H can be assumed as 70 km for a rough estimation of the third order ionospheric
term. Using the above approximations (Egs. 31 and 32) the frequency dependence of the
third order term at different levels of ionospheric ionization and elevation angles has been
plotted in Fig. 5.
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Fig. 5. Frequency dependence of the third order term dg;,) at different levels of ionospheric
ionization and elevation angles
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Figure 5 shows that the third order term on code observables can be as big as 50 mm at low
elevation angles during times of high TEC.

3.2 Estimate of LoS propagation assumption error

Due to the ray path bending satellite signals propagate through curvature paths instead of
straight line of sight paths. However, a curvature path length and the corresponding LoS
path length are not equal rather the curvature path is slightly longer than the LoS one. The
difference between them is defined as the excess path length and it can be computed by the
following formula given by Jakowski et al. (1994).

den = by 1 gl (33)

F (l —b, cos? ﬂ)l/z

where by = 2.495%108, b, = 0.8592 and f is the elevation angle. The excess path length dyer will
be estimated in millimeters when f is measured in radians, fis in MHz and TEC is in TEC
units. The frequency dependence of the excess path length has been plotted in Fig. 6.
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Fig. 6. Frequency dependence of the excess path length at different levels of ionospheric
ionization and elevation angles

Figure 6 shows that at the L2 frequency, the excess path length can be as big as 100 mm at
low elevation angles during times of high TEC such as VTEC = 250 TECU.

3.3 Estimates of residual terms in the ionosphere-free solution

Although residual terms in ionosphere-free solutions are less than 1% of the first order
ionospheric effect, they cannot be ignored if centimeter / millimeter level accuracy is
required in GNSS positioning and timing applications. A plot showing comparison of dual-
frequency GPS L1-L2 residual terms is given in Fig.7 for better understanding of their
relative influences on precise range estimation. For this, the ray tracing tool has been used in
which the ionosphere is modelled by a Chapman layer with a peak density of 7.75x1012 m3
at 350 km altitude and scale height of 78 km, and corresponding VTEC = 250 TECU.
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We see that at low elevation angle (< 15°), Astec is the largest and it decreases very rapidly
with increasing the elevation angle. The second order term As; is determined for an azimuth
angle 180° at a receiver position at geographic 50° N and 15° E. Although As; is less than the
Astec at low elevation angles, it exceeds Asrec at higher elevation angles (> 25°). The As,
does not reduce significantly with increasing the elevation angle and therefore, it cannot be
ignored even at zenith. The excess path length As,, decreases with increasing the elevation
angle very rapidly and vanishes at zenith. The third order term As; is small (< 5 mm) but it
can be bigger than Asrec and Asy, at very high (> 60°) elevation angles. We find that the
magnitude of the RREg, is much higher than the RRE. This is mainly due to different signs of
Astec and Aspe, in the RRE and RREg expressions. In case of the code combination Eq. (14),
Asyey is additive to other terms whereas it is subtractive in the carrier-phase combination Eq.
(15). Additionally, the As; and As; are two and three times higher in the code combination
compared to the phase combination.
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Fig. 7. Residual terms in the dual-frequency GPS L1-L2 combination for an ionospheric
ionization of VTEC = 250 TEC units

For the same ionospheric ionization, the residual terms in the triple-frequency GPS L1-L2-L5
combination (Egs. 21-22) are plotted in Fig. 8. It shows that the magnitude of (RREg): is
much higher than the magnitude of (RRE). The reason is already discussed for the dual-
frequency case.

We find that the GPS L1-L2 residual terms As3, Astec and Asy,, are about 2.4 times higher
than the GPS L1-L2-L5 residual terms (Ass)y, (Astec)y and Asjy. The sum of all residual
terms, i.e, RRE and RRE, are found to be more than three times higher for the L1-L2
combination than the L1-L2-L5 combination.

Comparing the dual- and triple-frequency carrier-phase combinations Eq. (15) and Eq.
(22), we see that the signs of Astec and As; are positive in the dual-frequency combination
whereas their signs are negative in the triple-frequency combination. However, the sign of
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Asjen is negative in the dual-frequency combination and positive in the triple-frequency
combination. Again, the magnitude of Asrec is higher than the magnitude of Asy,, for both
combinations. As a result, the triple-frequency (RRE) is found to be negative, i.e., the
corrected p is longer than the uncorrected one whereas the dual-frequency RRE is found
to be positive, i.e., the corrected p is shorter than the uncorrected p. Similarly, it can be
shown that (RREg); is positive in the triple-frequency combination and RREy; is negative
in the dual-frequency combination. These relations are true for combination frequencies

fi>f>f
100

GPS L1-L2-L5

Triple-freq. Res. Term /mm

60 70 80 90

-100, 10 20 30 40

50
Elevation /deg

Fig. 8. Residual terms in the triple-frequency GPS L1-L2-L5 combination for an ionospheric
ionization of VTEC = 250 TEC units

4. Correction of higher order ionospheric terms
4.1 Second order term correction

The estimation of the second order term requires computation of the geomagnetic induction
and its direction with respect to the propagation direction along ray paths. Since this
computation is very cumbersome, a common practice is to assume the ionosphere as a single
thin layer at a certain altitude and compute Bcos® at the IPP and consider it constant
throughout the propagation. Thus, the second order term coefficient g (Eq. 8) can be written
as

q~2.2566x10"?B" cos® TEC (34)

where TEC is the total electron content along ray paths, B* is the magnitude of B, and ©" is
the angle between the magnetic field vector and the wave direction at the IPP (the symbol *
denotes the values at the single layer).

Bassiri and Hajj (1993) were the first to propose such a single thin layered ionosphere for the
second order ionospheric correction; they choose the 300 km as a representative global
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average peak height. Later Kedar et al. (2003) assumed the ionosphere as a single layer at a
400 km altitude for estimating the effect of the second order GPS ionospheric correction on
receiver positions. Hernandez-Pajares et al. (2007) considered the ionosphere as a single

layer at a 450 km altitude to estimate the impact of the second order ionospheric term on
geodetic estimates.

The computation of Bcos® along ray paths requires the knowledge of the ionospheric
profile shape which is not available to the GNSS users; they only have TEC information
along ray paths. Therefore, assumptions of a thin ionospheric layer and Bcos® computation
at the IPP are very suitable for practical use. However, such assumptions lead up to 2 mm
errors in the second order ionospheric term computation (Hoque & Jakowski, 2008).

As an alternative approach, we (Hoque & Jakowski, 2007) assume an average value Bcos®
for the magnetic field component and consider it constant throughout the propagation.
Based on simulation studies we derived a correction formula for the Bcos® computation
along any receiver-to-satellite link geometries inside European geographic latitude 30 - 65°
N and longitude 15° W - 45° E.

_1.1283x10"

Asy =——————-Bcos®-TEC (35)
fifa(fi+ f)

In which

Bcos® =~y cosa +

1 - y? sin? a‘ —2r, cosa’ (36)

n= g(ﬂr¢/l/ai)
n=c(B8.4,b;) (37)
nh= g(ﬂ/¢/ci)

The parameters r;, 12 and y; are the functions of the receiver-to-satellite elevation angle f3,
geographic latitude ¢ and longitude A at the receiver position. The quantity a is the receiver-
to-satellite azimuth angle and o is the modified azimuth angle. The quantities a;, b; and c;
are the polynomial coefficients. Thirty polynomial coefficients have been derived for the
European region (30° - 65° N, 15° W- 45° E) by least squares fitting of ray tracing results.
Inside the ray tracing program, the IGRF model has been used to compute Bcos® along ray
paths. For details and values of the polynomial coefficients we refer to Hoque & Jakowski
(2007). Using such a correction formula and knowing the TEC value, the second order term
can be corrected to the 2-3 millimeter accuracy level for a vertical TEC level of 100 TEC
units. The formula can be adapted for other geographic regions too after deriving new set of
polynomial coefficients.

4.2 Third order term correction

It has been found that the second term of Eq. (9) is less than the first term by about 1-2
orders of magnitude. As already discussed in the section 3.1.2, the integral Infds can be
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simplified as 0.6577N,,TEC. Thus, the third order residual term can be approximated by the
first term only as (using Egs. 9 and 19)

534.27
As3=—5 5
fifs

N, TEC (38)

The third order term As; will be measured in meters when f is measured in Hz and the
maximum ionization N,, and TEC in m3 and electrons/m2, respectively.

4.3 New approaches for correcting LoS propagation assumption errors
4.3.1 Excess path length correction

As we have seen in the section 3.2, the excess path length dj» can be computed by Eq. (33).
There is another formula published by Hoque & Jakowski (2008) for the excess path length
computation.

7.5x107 exp(-2.138) TEC?

dien _
f“H(hm)l/8

(39)

where djer is measured in meters, TEC is in TEC units, frequency f in GHz, atmospheric
scale height H and maximum ionization height /im in kilometers and elevation f in radians.
Comparing both formulas we see that Eq. (33) requires only TEC and elevation information
as inputs whereas Eq. (39) additionally requires ionospheric parameters H and hm.
However, these parameters are not easy to estimate in practical cases.

Both the correction formulas are derived based on simulation studies using Chapman
profiles for the ionosphere. The Chapman profile (Rishbeth & Garriott, 1969) has been
proved very useful for modeling ionospheric correction. It describes the electron density
distribution . as a function of height & in the ionosphere as

n,(h) = Nmexp(0.5(1 — z — exp(-z))) (40)

where Nm is the maximum ionization and z = (h - hm)/H in which hm is the height of
maximum ionization and H is the atmospheric scale height.

We have found that the correction by Eq. (33) shows the best performance for the
atmospheric scale height H = 70 km. However, when the scale height is too low (e.g., H = 60
km) or too large (e.g.,, H = 80 km), its performance degrades especially at low elevation
angles (see Fig. 9). Our present investigation shows that its performance can be improved by
taking into account the df» dependency on the rate of change of TEC with respect to the
elevation angle. In order to find their dependencies, the excess path length has been
computed by the ray tracing program considering Chapman profiles with different H = 60
and 80 km. The signal frequency f = 1227.6 MHz, parameters hm = 350 km and Nm =
4.96x1012 m3 are kept constant in each case. The total electron content in the vertical
direction is found 123 and 164 TEC units, respectively. The obtained d', TEC, and the first
and second order TEC derivatives with respect to the elevation angle dTEC/df and
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d2TEC/ dp? have been plotted as functions of elevation angle in Fig. 9. The dTEC/dp has been
calculated dividing the TEC difference between two measurement epochs by the
corresponding elevation angle difference. Then, d2TEC/df? has been calculated dividing the
dTEC/ dp difference between two measurement epochs by the corresponding elevation angle
difference.

Comparing plots in Fig. 9, we see that although the dependency of d'e» on the dTEC/dp is not
straight forward, its dependency on the d2TEC/df? is obvious at low elevation angles
(< 20°). Thus, the magnitude of the di>» depends on the magnitude of TEC as well as on the
magnitude of d?TEC/dp2. Considering this, functional dependencies have been studied
separately for different parameters to develop correction formulas. For this, ray tracing
calculation has been carried out for different geometrical and ionospheric conditions
varying elevation and Chapman layer parameters H, Nm and hm. Thus, the following
formula has been obtained for the dje correction.

3 — ray tracing 4. — ray tracing
-=-Eq. (33) -=-Eq. (33)
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Fig. 9. Elevation angle dependence of dyen, TEC (see right scale), dTEC/dp and d2TEC/dp? for
the Chapman layer parameter H = 60 and 80 km

o 2
dien = 4 ;1/2—1 TEC2+a3[d TEC] cos B (41)
2 apg
f (1—a2cos ﬁ)
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where a1 = 2.6123x108, a, = 0.8260, a3 = 6.64. The dj» will be computed in millimeters when f
is measured in radians, fis in MHz, TEC is in TEC units and d2TEC/dp? in TECU/deg2 The
polynomial coefficients are derived based on a nonlinear fit with ray tracing results in least
square senses.

The elevation angle dependence of dje» has been plotted in Fig. 10 using the proposed
correction formula Eq. (41) as well as by Egs. (33) and (39). In addition, ray tracing results
are plotted for comparisons. Comparing dje* computed by the Eq. (33) and Eq. (41) with ray
tracing results, we see that at higher H values (e.g., H = 80 km) the correction given by the
Eq. (41) performs better. However, its performance degrades at lower H values (e.g., H = 60
km), especially around 7 - 21° elevation angle.

We find that the Eq. (39) gives the best performance. However, it requires ionospheric
parameters H and hm as inputs which are not known to the GNSS users. Inaccurate
assumption of ionospheric parameters may give erroneous estimation of dj». We see that at
H = 80 km the correction given by the new approach Eq. (41) is even comparable to the
correction given by Eq. (39).

——ray tracing,
-==Eq. (33)
~=Eq. (39)
—Eq. (41)
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Fig. 10. Comparison of excess path length correction formulas with ray tracing results

While using the proposed correction Eq. (41), it should be remembered that due to its
dependency on the d2TEC/df? term, it is very sensitive to TEC gradients or irregularities. In
such cases the correction given by Eq. (33) is recommended for use.

4.3.2 ATECyenq correction

Due to the ray path bending satellite signals propagate in curvature paths instead of straight
LoS paths. However, TECs along a curvature path and the corresponding LoS path are not
the same rather the TEC along the curvature path is slightly larger than the LoS one. The
difference between them is defined as the ATECyuq (see Eq. 7). The ATECppq can be
computed by the following formula given by Hoque & Jakowski (2008).
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1.108 x 10> exp(-2.1844 S)TEC?
fZHhmO.3

ATEC, 4 = (42)

where ATECyeq is measured in TECU, atmospheric scale height H is in km, the maximum
ionization height hm is in km, signal frequency f is in GHz, TEC is in TECU and elevation
angle f is in radians. Again, it requires the knowledge of the ionospheric parameters H and
hm. If actual parameters are not known, the formula may not be useful in practical purposes.
Therefore, in the present work, we have looked for a correction formula depending only on
the TEC, elevation angle and second order derivative of TEC with respect to the elevation.
We have found that the formula Eq. (41) can be used for such purposes multiplying simply
by f2 and determining new coefficients.

2
2
ATEC, g =1 — 1 _1|TEC?+¢, ( dd;ECj cos 3 (43)

f (1fc2 cos’ ﬂ)l/z ?

where c1 = 1.2963, c; = 0.8260, c3 = 0.0496. The ATECpeng will be computed in TEC units when
p is measured in radians, fis in MHz and TEC is in TEC units and d2TEC/dp? in TECU/deg?.
The polynomial coefficients are derived based on a nonlinear fit with ray tracing results in
least square senses as before.

—ray tracing
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Fig. 11. Comparison of ATECy. correction formulas with ray tracing results

The elevation angle dependence of ATECs has been plotted in Fig. 11 for the proposed
correction formula Eq. (43) as well as for the Eq. (42). Also ray tracing results are plotted for
comparisons. Comparing ATECe,s computed by the Eq. (43) and Eq. (42) with ray tracing
results, we see that at higher H values (e.g., H = 80 km) both correction results are
comparable. However, the performance of the new approach significantly degrades at lower
H values (e.g., H = 60 km).

As already mentioned, the derivative d2TEC/dp? is very sensitive to TEC gradients.
Considering this, another set of coefficients have been determined excluding the derivative
term in Eq. (43). In this case, we have found that ¢; = 1.4563, c; = 0.8260 and c3 is set to zero.
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The elevation angle dependency for such an approximation of Eq. (43) is also plotted in
Fig. 11.

As already mentioned, after removal of the Selective Availability, the ionosphere becomes
the single largest error source for GNSS error budgets. Fortunately, a dual-frequency
ionosphere-free combination can remove about 99% of the ionospheric effects; thanks to the
dispersive nature of the ionosphere. Although higher order residual terms are less than 1%
of the first order term, they can be many centimeters during times of high TEC and
represent large errors in geodetic measurements especially in precise point positioning. This
chapter gives estimation of higher order ionospheric terms at different level of ionospheric
ionization and discusses different correction approaches for them.
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