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Abstract
Optimization of reinforcing bar (rebar) design represents a preponderant factor in reducing material usage and wastes for 
reinforced concrete (RC) structures. The assessment of constructability of such rebar designs is crucial to improve their prac-
ticality and reduce construction costs, which makes the problem multi-objective (MO). However, when applying optimization 
methods for the design of rebar in RC structures, little attention has been paid on columns, in comparison to beams and slabs. 
Meta-heuristic algorithms (MA) have been the ones mostly deployed for these types of elements, which have proven to be of 
high computational cost. Additionally, an existing gap in the literature as to how to relate the design and construction stage 
of rebar in RC structures through constructability analysis is evident. In this regard, research has been focused mainly at 
the building level but not at the element level. This works presents a novel algorithmic framework using Machine Learning 
(ML)-enhanced meta-heuristics for the optimal design of rebar on rectangular RC columns. To assess the constructability 
of the resulting rebar layouts a Buildability Score (BS) model at the element level is proposed. The complexity analysis of 
rebar design under the constructability restrictions, through combinatorial optimization (CO), is used to assess the global 
time efficiency of the framework. The Non-Sorting Genetic Algorithm II (NSGA-II) was deployed for showcase and five 
different ML algorithms were used to enhance it, namely the k-NN classifier, SVM regression, ANN, Gauss Process (GP) 
regression, and Tree Ensembles (TE), where the latter three showed the best performance.

Keywords  Reinforced concrete · Buildability score model · Machine learning-enhanced meta-heuristics · Rebar design · 
Multi-objective optimization · Rectangular columns

1  Introduction

Global warming is nowadays more critical than ever and 
the construction industry plays an important role in it with 
approximately 33% of the total CO2 emissions (Chai et al. 
2022). Thus, architects, structural engineers, and construc-
tors are increasingly faced with new challenges to create 
more environmentally friendly building designs. In this 
regard, reinforced concrete (RC) is usually the preferred 
material in comparison to steel, mostly for tall buildings 

but also for many other types of civil infrastructure (Devenes 
et al. 2024). Approximately between 15 and 20 billion m 3 
of RC are produced annually in the world (Tanhadoust 
et al. 2023) with only a limited portion of it being reused 
(Devenes et al. 2024).

Under this context, new needs have been set in the area 
of RC design for the reduction of demolition waste and 
enhancement of construction productivity. This had led, 
in turn, to the emergence of new paradigms in the Archi-
tecture, Engineering and Construction (AEC) industry 
related to digital fabrication techniques, such as the Design 
of Manufacturing of Assembly (DfMA; Afzal et al. 2017). 
This paradigm promotes the development of new method-
ologies, frameworks and automation techniques for optimal 
Performance-Based Designs (PBD) of RC structures. In this 
regard, researchers highly suggest to pay special attention to 
the optimization of steel reinforcement (Afzal et al. 2020). 
One of the reasons is that reinforcing steel has proven to have 
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the highest share in the embodied energy of RC buildings 
of over 66% in comparison to the concrete of approximately 
60% (Moussavi Nadoushania and Akbarnezhad 2015).

Moreover, due to the remarkable development of com-
putational tools to conceptualize buildings, such as Build-
ing Information Modeling (BIM), nowadays architects are 
more inclined to propose very irregular geometries because 
of their esthetic nature (Afzal et al. 2020). However, such 
irregularities complicate the design process to ensure a 
proper mechanical behavior. Given that their geometry is 
irregular its stiffness is also irregular, with respect to any 
axis of reference. Such irregularity in stiffness promotes the 
development of asymmetrical bending loads on columns 
under any action considered (Fig. 1). To address this issue, 
the reinforcement in columns must be designed to guaran-
tee an efficient resistance and ductility level, while at the 
same time using the least possible material. An optimiza-
tion problem, thus, arises, which requires to take the design 
of such reinforcement to another optimal level, most likely 
with asymmetrical rebar configurations (Lee et al. 2009; Gil-
Martín et al. 2010).

It has been demonstrated in the literature that savings 
of approximately 50% of rebar volumes could be generated 
with optimal asymmetrical rebar (Gil-Martín et al. 2010; 
Aschheim et al. 2018; Carbonell-Márquez et al. 2014). How-
ever, despite of these facts, asymmetrical optimal reinforce-
ment remains an open study. The issue is that many uncer-
tainties arise when dealing with these designs for columns. 
For structural engineers and designers, the concern tends to 
be in regard to the reduction of axial resistance that short 
columns with asymmetrical rebar present (L’udovit et al. 
2013). However, such disadvantage could be balanced by 
adding heavy confinement. Hernández-Montes et al. (2004), 
for instance, demonstrated that asymmetrical longitudinal 
rebar designs in heavily confined rectangular cross-sections 

enhanced the curvature ductility capacity. For constructors, 
the problem with asymmetrical rebar designs in columns 
is more related to the increase of unit construction costs in 
comparison to symmetrical ones. Given that asymmetrical 
rebar configurations are more complex, it would take more 
time for workers to assemble it properly in-site, than con-
ventional symmetrical designs. Thus, their constructibility 
is compromised, which makes the optimization problem of 
rebar, multi-objective in nature, due to its trade-off relation-
ship with construction costs.

In this regard, constructability has become in recent years 
a crucial metric when moving toward industrialized con-
struction (Li et al. 2021; Fischer and Tatum 1997), as it ena-
bles to link more effectively the design process of structures 
with their construction. Even though these such labor tasks 
of rebar assembly will be more likely automated by robotics 
systems in future decades (García de Soto et al. 2018; Bock 
2015), there is still a long way ahead until they are fully inte-
grated into the standardized process of building design and 
construction. Until then, initial steps must be put forward to 
measure the constructability of rebar designs, not only for 
columns but for any RC structure, and optimize under this 
measure. Nevertheless, up to now, the research to measure 
constructability focuses mostly at the building level, not at 
the individual element level, and the lack of Buildability 
Score (BS) models specifically for rebar design is evident.

As for the solution of this multi-objective optimiza-
tion problem, meta-heuristics represent a very reliable 
approach (Afshari et al. 2019). However, it has been dem-
onstrated that such algorithms alone require usually a high 
computational cost demand (Afzal et al. 2020; Afshari 
et al. 2019; Sánchez-Olivares and Tamas 2017). To reduce 
such demand ML techniques could be used to enhance 
meta-heuristics. This algorithmic framework, however, 
remains up to this day unexploited for optimization design 

Fig. 1   Depiction of an irregular 
3D frame whose columns are 
subject to considerably asym-
metrical biaxial bending loads 
due to seismic actions
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of RC columns, in the literature. Even though some efforts 
can be found with Artificial Neural Networks (ANN) and 
Support Vector Machines (SVM), most of the research 
focuses on continuous beams, slabs (Li et al. 2021; Yuan 
et al. 2018), shear walls (Lou et al. 2021; Alanani et al. 
2024), or free clash optimization in joints (Zhao et al. 
2024), paying little attention to columns, for which usu-
ally only symmetrical rebar designs are considered.

This work presents the development of an algorith-
mic framework with Machine Learning Enhanced (ML-
Enhanced) Meta-heuristics for the optimization design of 
rebar in rectangular concrete columns subject to either 
uniaxial or biaxial bending. To approach the problem, a 
novel BS model, specifically for rebar in concrete columns 
at the individual level, is proposed. Such model enables 
to measure the constructability of rebar designs and its 
relationship to their construction costs. Five different ML 
algorithms are tested, namely the k-NN classifier, SVM 
regression, ANN, Gaussian Process (GP) regression, and 
Tree Ensembles (TE). Both Single Objective (SO) and 
Multi-Objective (MO) optimization algorithms are used 
to assess the efficiency of each ML technique to enhance 
meta-heuristics. For SO, the Particle Swarm Optimiza-
tion (PSO) and Genetic Algorithm (GA) are considered. 
Whereas for MO, the Non-Sorting Genetic Algorithm II 
(NSGA-II) is deployed. To assess the efficiency for SO 
optimization, a complexity analysis of rebar design has 
been developed based on combinatorial optimization 
(CO). This complexity analysis enables to determine the 
sample solution space of rebar designs as the cross-section 
dimensions of the columns change, through an average 
worst case complexity. Such average worst case scenario 
is considered as base of comparison to assess the time and 
convergence efficiency of the SO optimization processes 
here developed. As for the MO optimization algorithms, 
the Mean-Inverted Generational Distance (MIGD) is used 
to assess the convergence efficiency of each ML-Enhanced 
NSGA-II. Such comparison is made in relation to an opti-
mal Pareto Front (PF) of reference, determined through a 
Non-Enhanced two-stage NSGA-II.

This work aims at finally closing the gap between meta-
heuristic optimization and ML for the optimal design of 
reinforcement in concrete columns, in reasonable computa-
tional execution times. It is expected that with this research 
the state-of-the-art of asymmetrical optimal rebar for con-
crete columns may be broaden and therefore, its popularity 
in industrial practice, so that in the long term, commercial 
software of structural analysis and design can be capable to 
determine such optimal designs as part of their main func-
tions. This approach of optimization represents a key fac-
tor for more sustainable building and design practices of 
RC structures, to mitigate environmental impacts caused by 
material usage and wastes.

2 � Literature review

2.1 � Optimization methods for the design of rebar 
in RC structures

Regarding the development of computational methods 
for the optimal design of rebar for RC structures, meta-
heuristic algorithms rapidly became of the most deployed 
ones (Afzal et al. 2020), especially the GA (see for exam-
ples Lepš and Sejnoha 2003; Rafiq and Southcombe 1998; 
Coello et al. 1997; Koumousis and Arsenis 1998 corre-
sponding to works focused on columns and beams). Up to 
this day, however, with the new available technologies in 
computational software and programming interfaces, more 
refined analysis and optimal design procedures are pos-
sible. In Afzal et al. (2020), a state-of-the-art review was 
made to identify the types of RC structures most explored 
with optimization methods. It was found that most of the 
research has been focused on RC frames (see for instance 
Liu et al. 2020; Mangal et al. 2021; Xu et al. 2022 related 
to optimization design frameworks of RC frames with 
BIM software). Whereas related research for columns was, 
surprisingly, found to be of the least, despite their major 
importance for structural systems and the potential that 
optimization rebar techniques have for such elements. In 
Afzal et al. (2020) the most deployed optimization algo-
rithms for the design of RC structures were also identi-
fied. It was found that mostly pure meta-heuristics have 
been developed (see for examples of relevant works Jah-
jouh et al. 2013; Gandomi et al. 2015; Barros et al. 2004; 
Raue and Hahn 2005; Pierott et al. 2021, corresponding to 
optimal designs for concrete columns, beams, and retain-
ing walls). However, when it comes to the development 
and application of pure ML models up until 2020 only 
ANN have been used and with a limited number of stud-
ies. Some relevant works are Fernández-Ceniceros et al. 
(2013), Ahmadkhanlou and Adeli (2005), and Yeh and 
Chen (2012) in which ANN were used, although only 
focused on slabs and beams. More recent similar works 
after 2020 include Zhao et al. (2024) where Graph Neural 
Networks (GNN) were used, although only for shear wall 
structures.

The reason why meta-heuristics and stochastic opti-
mization methods became so widely popular is due to 
their versatility in adapting to problems of multiple vari-
ables. These types of problems is exactly what a structural 
designer faces when designing a RC section, especially 
for those subject to biaxial load combinations, such as 
columns (Sánchez-Olivares and Tamas 2017). Also, their 
higher likeliness to reach optimal global solutions in com-
parison with classical optimization methods makes them 
preferable (Wahde 2008). However, until now, practically 
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all the algorithms developed with meta-heuristics for any 
RC element have demonstrated to require a great compu-
tational demand (Afzal et al. 2020). The issue lies mainly 
on the great number of potential feasible solutions of rebar 
designs that can be found for a given concrete column 
section. It is of such complexity that several research-
ers have actually referred to it to be an NP-hard problem 
(Afzal et al. 2020). Even though some efforts have been 
made to decrease the computational effort of such algo-
rithms (as in Sánchez-Olivares and Tamas 2017 with the 
exploration of tuning parameters for different algorithms) 
there is still a lot to achieve when aiming toward their 
deployment for complex structural systems of numerous 
elements/columns.

2.1.1 � ML‑Enhanced meta‑heuristics for optimization 
design of RC structures

A key factor to reduce the computational power demand 
for optimization design of RC structures is the introduction 
of ML models as aiding techniques for optimization design 
algorithms. When referring to this optimization framework 
for structural engineering, in general, it is important to dis-
tinguish between ML-based optimization for estimation and 
ML-based optimization for design. When it comes, specifi-
cally, to the deployment of this framework for RC structures, 
most of the research in the literature is usually focused on 
optimized prediction and estimation. The existing research is 
diverse, both in the type of prediction and types of structures 
in question. The applications range from structural failure 
classification with ANN and the NSGA-II (Chatterjee et al. 
2007), bond strength and failure mode prediction with TE 
and GA (Mahmoudian et al. 2023), shear capacity predic-
tion for RC shear walls (Chou et al. 2022), and even for pre-
dictions of fundamental periods of vibration of RC frames 
(Latif et al. 2022).

However, when referring to ML-based optimization for 
design, the state-of-the-art research is considerably less than 
for prediction, especially for RC columns. Under this con-
text, only counted research works have been found in the lit-
erature in which some sort of previous knowledge was used 
to aid their optimization design procedures for columns. In 
Aschheim et al. (2007), for instance, optimal constrained 
domains for uniaxial bending were built. In Gil-Martín 
et al. (2011), the development of a theorem was made to 
approximate the optimal solution for a specific set of load 
combinations based on the construction of small databases. 
For the latter, however, many assumptions and simplifica-
tions were made making the theorem also only applicable 
for uniaxial bending actions. It has not been until this 2020s 
decade that the well-defined ML techniques have been used 
to aid meta-heuristics for optimal design of RC structures, 
although mainly focused on beam elements, floors, shear 

walls and free clash in column beam joints of RC frames. 
In Li et al. (2023), for instance, GNN were used to enhance 
an Exploratory Genetic Algorithm (EGA), demonstrating 
great advantages in relation to pure meta-heuristics, both in 
time and convergence efficiency. This approach, however, 
was mainly focused on free clash rebar design optimiza-
tion. Other related works of ML-based optimization of RC 
structures include Lou et al. (2021), where the Tabu Search 
algorithm was enhanced with SVM for the optimization 
design of shear walls in tall buildings, or Alanani et al. 
(2024) where ANN were used to enhance the NSGA-II for 
the optimization design of RC tall buildings, although con-
sidering only conventional symmetrical reinforcement on 
the column elements.

Aydın et al. (2023) and Nigdeli et al. (2023) have made 
some efforts in the last couple of years, for optimization 
design of columns with ML-enhanced meta-heuristics. They 
used the Harmony Search HS algorithm as the main opti-
mization procedure and several ML models were tested as 
enhancement. It was found that Tree-Ensemble models had 
the best performance, with quite high levels of accuracy. 
Their research, however, has only been focused on Single 
Objective optimization of columns under uniaxial bending 
and therefore, have not paid proper attention to the opti-
mal distribution of rebars in an asymmetrical fashion from 
a biaxial perspective. Moreover, their research is not fully 
focused on the optimization of the rebar itself, as it considers 
also the columns’ cross-section dimensions as optimization 
variables. Additionally, it does not present a proper analysis 
of time efficiency of the algorithms developed, neither in 
relation to the whole search space considered nor in relation 
to the required computational time for the meta-heuristics 
alone without ML enhancement. The last part of analysis, 
concerning time efficiency, is crucial for the promotion of 
this optimization design approach in commercial industrial 
software.

2.2 � Constructability analysis for rebar designs

Regarding that few research focused on RC column ele-
ments, however, the constructability of the resulting lay-
outs of rebar has not been yet fully addressed. Most of 
the research in this area applies for structural systems 
and buildings, focusing mainly on improving installa-
tion (Chen et al. 2010), resource availability (Pasandideh 
et al. 2015), logistics (Chen et al. 2017), or standardization 
(Lao et al. 2023). Among the few research works that have 
been found to have somehow addressed a constructability 
metric of rebar designs for individual structural RC ele-
ments, either focus on other types of elements, such as 
floors (Eleftheriadis et al. 2018) and beams (Mangal and 
Cheng 2018) with little attention to columns. In Mangal 
and Cheng (2018), for instance, the optimal designs for 



Constructability‑based multi‑objective optimization with machine learning‑enhanced… Page 5 of 41     29 

columns based on some sort of constructability metric 
only considered the asymmetry of rebar with respect to 
one reference axis, specifically the relationship between 
the amount of reinforcement in compression and that in 
tension. This uniaxial condition, however, would only exist 
for 2D RC frames without considering rebars in between 
those two edges. Due to the efficiency of confining rein-
forcement, such uniaxial asymmetrical rebar designs in 
columns do not represent a practical solution. In Lao et al. 
(2023), a constructability metric for the design of rebar in 
columns was also developed, although only symmetrical 
rebar designs were considered.

Additionally, to effectively assess the constructability 
of a rebar design in an RC structural element the devel-
opment of Buildability Score BS models becomes essen-
tial. It has been suggested in the literature that such BS 
models enable the integration between design and prac-
tice stages of infrastructure projects in the AEC industry 
(Adams 1989). Thus, through the development of these 
sort of models, specifically for rebar in concrete structures 
at the element level, more proper estimations of construc-
tion costs would be enabled, as well as the relationship 
with their practicality or with any other variable of inter-
est. Such control of variables has great potential for CO2 
emission optimization processes (Park et al. 2014; Yeo and 
Gabbai 2011), for which the relationship between environ-
mental impact and construction cost is of great relevance 
to promote optimization design. Lastly, by focusing on 
measuring constructability of rebar designs at the element 
level, through BS models, further ones could be developed 
at the building level, based on them. This would enhance 
the quality and practicality of reinforcement design in RC 
structures, in general, as well as their sustainability.

3 � Optimization design of rebar 
in rectangular concrete columns

Symmetrical conventional designs in columns do not 
represent a sustainable option anymore, just by means of 
environmental impact. They are only fit when symmetrical 
load combinations on columns are generated (Fig. 2, Left), 
with respect of each cross-section’s axis. In general, the 
higher the asymmetry between the load combinations, the 
most likely an asymmetrical rebar design would be the 
optimum solution (Sánchez-Olivares and Tamas 2017). In 
fact, asymmetrical biaxial loads on columns and similar 
types of structures are of the most common ones to be 
developed. Clear examples include columns in irregular 
buildings or piers in irregular bridges. Other examples 
include retaining walls and earth retaining piers, among 
others.

When asymmetrical biaxial loads are present and asym-
metrical rebar designs are the most fit option it is crucial 
to pay special attention to their practicality. Given their 
asymmetrical distribution of number of rebars and/or 
diameters in the column, it would take more time for work-
ers in-site to assemble them correctly than symmetrical 
conventional designs. In this sense, even though important 
savings of material could be generated with asymmetri-
cal rebar designs, their constructability would be com-
promised, which would affect, in turn, their construction 
cost. Thus, when designing asymmetrical optimal rebar in 
columns it is preponderant to consider certain restrictions 
of distribution. It is through such set of restrictions and the 
way in which the irregularity of the distributions of rebars 
are penalized, what would constitute a Buildability Score 
model, to measure their constructability.

Fig. 2   Biaxial loads on a rectangular concrete column with respect to each cross-section’s axis. Left: symmetrical loads. Right: asymmetrical 
loads
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3.1 � Constructability of rebar design in rectangular 
concrete columns

By definition, constructability is the optimum use of con-
struction knowledge and experience in the conceptual plan-
ning, engineering, procurement and field operations phases 
to achieve the overall project objectives (Adams 1989). One 
major problem in construction sites is the lack of integration 
of this practice through the interaction between the design 
and the construction stage. In Asia, Singapore has pioneered 
with the quantification of constructability for buildings 
based on a scheme known as the Buildable Design Appraisal 
System (BDAS), which culminated in a minimum require-
ment for building designs to comply with, known as the 
Buildability Score (BS). This BS model takes into account 
the level of standardization, simplicity, and extent of inte-
grated elements used in the design of a building (BCA 2004) 
to measure its easiness of construction. Even though it is 
specifically adapted on the building level, the same concepts 
and principles could be adopted to develop BS models on 
the structural element level. Here we attempt to extend such 
principles for constructability assessment of rebar designs 
in rectangular concrete columns.

In this context, it would be beneficial for constructabil-
ity purposes to take advantage of the column’s geometry 
itself. In similar works found in the literature for rectangu-
lar concrete columns, researchers have proposed implicitly 
and explicitly certain distribution constraints (Hernández-
Montes et al. 2004; Gil-Martín et al. 2010; Aschheim et al. 
2018; Lee et al. 2009; Sánchez-Olivares and Tamas 2017). 
Perhaps, the most common one adopted consists of limiting 
the number of rebar diameters over the cross-section to a 
max of four, with only one diameter size per cross-section’s 
boundary, as presented in Fig. 3. In this sense, the number of 
rebars to be placed at each of such boundaries would only be 
limited by the constraint of min rebar separation sepmin that 
may be considered from the applicable design code.

Hence, to measure the constructability of rebar designs 
in rectangular concrete columns, the previous set of 

restrictions of rebar distribution over the column’s cross-
section can be considered. This way, a certain level of 
practicality with respect to conventional symmetrical 
designs, of the resulting most likely asymmetrical ones, 
would be ensured. In this regard, the following variables 
for the BS model are proposed:

Uniformity of Number of rebars. For RC rectangu-
lar columns, the Uniformity of Number of Rebars (UNB) 
over the cross-section is a preponderant factor to estimate 
the buildability of a design, so that the asymmetry of the 
distribution of number of rebars at each cross-section’s 
edge with respect of each cross-section’s axis can be 
measured, as shown in Fig. 4. In such figure the variables 
nb1, nb2, nb3, nb4 are defined as the number of rebars at 
top, bottom, left, and right edges of the cross-section, 
respectively.

By code provisions, the total number of rebars in a 
rectangular column cross-section is at minimum four. 
Such restriction is expressed by nb1, nb2 ≥ 2 , so that 
nb3, nb4 ≥ 0 . A good estimator of this such uniformity fac-
tor of distribution of number of rebars could be formulated 
as follows (1):

As one can derive, UNB ∈ [0, 1] . In the extreme case of full 
symmetry ( nb1 = nb2 and nb3 = nb4 ), UNB = 1 , vice versa, 
when nb1 ≪ nb2 and nb3 ≪ nb4 , UNB → 0.

Uniformity of sizes of Rebar Diameters. Another 
important factor to consider is the total Number of distinct 
rebar Diameters over a single cross-section (ND), which is 
recommended to be a maximum of four, i.e., ND ∈ [1, 4], 
as shown in Fig. 3. Generally, fewer rebar diameters are 
more favorable to enhance the construction productivity, 
given that these rebar sizes are sold by tons. However, in 
certain cases, the diversity of rebar diameters could be 
preferred, for example, when it is required to reuse exist-
ing rebar cut wastes. Such preference could be expressed 

(1)UNB =
1

2

(
min(nb1, nb2)

max(nb1, nb2)
+

min(nb3, nb4)

max(nb3, nb4)

)
.

Fig. 3   Basic restriction of rebar distribution in rectangular concrete 
columns: a max of four sizes of rebar diameters can be placed. Only 
one size of diameter can be placed at each cross-section’s boundary

Fig. 4   Description of the variables involved for the estimation of 
the parameter Uniformity of Number of Rebars UNB to measure the 
asymmetry of the distribution of number of rebars over a rectangular 
column cross-section
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as weight factors when formulating the estimation model 
of the Buildability Score for rebar designs in columns, so 
that they can be adjusted for each particular design case.

Constructability Score. Thus, our final BS model com-
bines the two desired as follows:

where WUNB is the weight factor of the variable UNB and 
WND is the weight factor of the variable ND . It is through 
such weight factors that the preference between variability 
in number of rebars against variability of rebar diameters 
can be expressed in the BS model, according to the needs 
of each special construction project. A closer look at this 
such model shows that it can only take values between the 
following range [0, 2].

The more symmetrical and uniform the rebar design the 
higher the BS. As it could be inferred, the BS of each rebar 
designs affects only the assembly performance of that design 
executed by workers in site. In this sense, a rebar design with 
a BS value of 1 would indicate that it would take twice as 
much the time of assembling for a symmetrical conventional 
design. One efficient way to integrate the BS into the estima-
tion of construction costs of rebar designs is to normalize it 
so that the original assembly performance based on the most 
simple and symmetrical rebar design (with only one rebar 
diameter and symmetrically distributed number of rebars) is 
factorized by such normalized value, referred to as the Con-
structability Factor of rebar Assembly CFA. Thus, this factor 
could be estimated as 0 < [CFA = BS∕2] ≤ 1 . A numerical 
breakdown of this constructability model is presented, in 
detail, in “Appendix 7.”

(2)BS = UNBWUNB +
1

NDWND

,

3.2 � Optimization variables

When formulating an optimization design formulation for 
rebar design in columns, several optimization variables can 
be considered. In Sánchez-Olivares and Tamas (2017), for 
instance, the rebar diameters, the number of rebars at each 
cross-section’s boundary, the depth of the neutral axis, and 
angle of the neutral fiber were considered as the main opti-
mization variables. Such choice of design variables results 
in a high-dimensional search space, rendering it challenging 
to scale too many columns (Sánchez-Olivares and Tamas 
2017). However, when designing a column, the neutral axis 
depth is usually just sought to be constrained to a specific 
max value to ensure a certain level of desired column ductil-
ity, and not as a design variable. For this such scenario, the 
neutral fiber angle can be considered to be just a feature of 
the neutral axis itself. In this sense, the number of design 
variables for optimization design of reinforcement in col-
umns can be reduced to only eight, i.e., four for the number 
of rebars at each cross-section’s edge nb1, nb2, nb3, nb4 and 
four for the rebar diameter sizes db1, db2, db3, db4 . Nonethe-
less, the simplified problem itself is still NP complete and 
challenging to solve (Afzal et al. 2020) and as it is demon-
strated in “Appendix 1” and “2.”

Considering that our only focus is on rebar optimization, 
we set constant cross-section dimensions of the column b 
and h through the optimization design process. The com-
pressive strength of the concrete f ′

c
 , the modulus of elasticity 

of the reinforcing steel Es , and the yield stress of the rein-
forcing steel fy are also set as constant.

3.2.1 � Decomposed optimization problem with ML 
enhancement

As it could be easily derived, the max values for the discrete 
optimization variables nb1, nb2, nb3, nb4 (corresponding to 
the number of rebar diameters at each of the cross-section’s 

Fig. 5   Leveraging of meta-
heuristics with ML models for 
the optimal design of rebar in 
rectangular concrete columns 
through decomposed optimiza-
tion
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edges of a column) would be a function of the other set 
of discrete optimization variables db1, db2, db3, db4 (corre-
sponding to the rebar diameters at each edge), the rebar sepa-
ration code restrictions and the cross-section dimensions b,h 
of the column. As demonstrated in (17) from “Appendix 1”, 
the complexity of the number of possible combinations of 
number of rebars for each combination of rebar diameters 
is O(b4) . However, many of these possible design solutions 
would not even comply with the design restrictions imposed 
by code. Thus, for large cross-section dimensions, it would 
be beneficial, in regard to computational time, to decompose 
the optimization problem. This way, ML models could be 
built to aid a meta-heuristic optimization algorithm by tak-
ing care of the optimization set of variables concerning the 
number of rebars at each cross-section’s edge, as shown in 
Fig. 5.

Under this approach and as it could be easily deduced, 
the number of possible combinations of sizes of rebar 
diameters over a rectangular cross-section, based on our 
proposed BS model, has complexity O(ND4

com
) , where 

NDcom is the number of available commercial rebars in the 
market, to choose from. Such number of available commer-
cial rebar diameters is quite diverse nowadays, all around 
the world, and it ranges usually between 5 and 14 different 
sizes (McCormac and Brown 2013). Thus, by consider-
ing only the rebar diameters as optimization variables, the 
total number of possible design solutions that an optimiza-
tion process would deal with, for the worst case scenario, 
will be 144 = 38, 416 . This is just another reason why it is 
important to leverage meta-heuristics for the optimization 
of rebar design, so that they can focus entirely on the sizes 
of rebar diameters.

3.3 � Design constraints

The ACI-318 code (ACI 2019) is considered to set the design 
constraints of rebar design. The following main constraints (3), 
(4), (5) apply, concerning to the max and min rebar cross-sec-
tion area, the min rebar separation and the structural efficiency. 
For the latter, the computation of interaction surfaces was per-
formed, as depicted in Fig. 6 for reference, where MR = �Mn , 
with � being the reduction resistance factor defined as follows 
(6):

Additional constraints include the max neutral axis depth c 
(8) and the max separation of rebars in the tension faces (9):

(3)[0.01bh ≤ As ≤ 0.04bh], ,

(4)sepmin = max

{
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Fig. 6   Computation of the 
resistance efficiency for each 
column rebar design through 3D 
interaction surfaces
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3.4 � Formulation of the multi‑objective optimization 
problem

Differing with what happens in a SO optimization problem 
in which a comparison of f (x1) with f (x2) is made directly 
to determine if a solution set x is better than another, in 
MO optimization the term dominance takes place to com-
pare a variable set x of a function with another function. 
Thus, in a MO optimization problem not only one optimal 
solution of x can be obtained but a family of solutions 
through a Pareto Front mapping (Coello et al. 2007). For 
multi-objective optimization design of rebar in columns 
from a constructability point of view, the problem can be 
stated in terms of construction cost or rebar usage. When 
the problem is stated in terms of construction cost, it can 
be expressed mathematically as in Eq. (10), where x is 
the decision vector composed by the n = 4 variables just 
mentioned previously (namely the discrete variables cor-
responding the rebar diameters at each of the four cross-
section’s edges). S is the feasible objective space with 
m = 2 objective functions, namely the total construction 
cost Cs of reinforcement f1(x) and the constructability CFA 
f2 , under the i = 1,… , q = 5 constraints just mentioned 
(max and min rebar separation, structural resistance effi-
ciency, max/min rebar cross-section area, and neutral axis 
depth). For this case, there are two possible scenarios of 

(9)sepmax = min

⎧
⎪⎨⎪⎩
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3
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�
−
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�
.

.

PF, as shown in Fig. 7. In the left panel, the best case 
scenario is depicted, in which the potential reduction of 
rebar material with asymmetrical optimal reinforcement is 
of such degree that at the end, the total construction costs 
are also considerably reduced. This, despite the reduc-
tion of constructability decreases and increase of the unit 
construction costs. However, the previous case might not 
always take place. Instead, a worst case scenario may be 
the situation, as shown in the right panel of Fig. 7, where 
the rate of decrease of constructability is higher than the 
rate of decrease of rebar usage, and in which, a symmetri-
cal conventional design might actually have the lower total 
construction cost.

Fig. 7   Multi-objective Constructability-Based Optimization space of costs for rebar designs in rectangular concrete columns. Left panel: best 
case scenario. Right panel: Worst case scenario

Fig. 8   Multi-objective Constructability-Based Optimization space of 
cross-section area for rebar designs in rectangular concrete columns
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On the other hand, when the problem is stated in terms 
of rebar usage, the objective function f1(x) in Eq. (10), 
would instead, represent the cross-section rebar area or 
rebar weight, which are linearly proportional. For this 
problem, it would, most likely, be the case for any column 
design, that a reduction of rebar area is generated with 
asymmetrical optimal designs in comparison to symmetri-
cal conventional ones, as shown in Fig. 8.

3.5 � Proposed algorithmic framework for MO 
optimization of rebar design in columns

The previously proposed general ML-Enhanced algorithmic 
framework shown in Fig. 5, based on decomposed optimiza-
tion, could be adapted for any formulation, either for SO or 
MO optimization. For the MO formulation shown previously 
in Fig. 7, the NSGA-II of Deb et al. (2002) was used in this 
work. The algorithmic procedure with the ML enhancement 
is described as following in Fig. 9. It is to note, that for MO 
optimization more than one different optimum rebar design 
could be generated as output data, for better prediction of 
optimum PFs.

As it can be observed in this proposed framework, the 
meta-heuristic focuses entirely on the distribution of rebar 
sizes over the cross-section, without the need to initially 

(10)
min[F(x) = (f1(x), 1 − f2(x))],

S.T.: x = [x1, x2,… , xn] ∈ S,

under: gi(x) ≤ yi, i = 1, 2,… , q.

.

restrict the number of rebars, as it had been proposed in 
previous related research. In Sánchez-Olivares and Tamas 
(2017), for instance, the number of rebar diameters were 
treated as optimization variables, and restricted manually 
at the beginning of the process. In Gil-Martín et al. (2010), 
such restriction was done by stating a double symmetry 
restriction of number of rebars over the cross-section (same 
number for the top and bottom faces and same number for 
the side faces). For the present proposed framework, ML 
models deal with such number of rebars, by considering the 
optimal amounts at each of the four cross-section faces from 
the generated data. This way, the higher the available num-
ber of commercial rebar sizes, the more advantageous the 
algorithmic framework becomes.

3.5.1 � Step‑wise description of the algorithmic framework

(1)	 Before any algorithmic process is started, the train-
ing of the ML model takes place. For this purpose, 
a database must be generated with the proposed data 
structure architecture shown in Fig. 10. This model, 
then, can be used for any column model to be optimally 
designed, and for as many as desired.

(2)	 For any particular column model, with its design loads, 
dimensions and materials, the ML model is used to 
predict the optimal reinforcement quantities at each 
cross-section edge, for all constructability-based opti-
mum designs. These predicted values are saved and 

Fig. 9   Flow diagram of ML-Enhanced NSGA-II for Constructability-Based Multi-objective optimization of rebar design in columns



Constructability‑based multi‑objective optimization with machine learning‑enhanced… Page 11 of 41     29 

used once the meta-heuristic optimization algorithm 
begins.

(3)	 The meta-heuristic algorithm is executed. For every 
potential design—combination of rebar sizes over the 
cross-section—the predicted values of optimal rein-
forcement quantities from the ML model are used to 
determine the optimal number of rebars at each cross-
section edge. This computation is simply a linear 
transformation based on the corresponding rebar sizes, 
which have a respective cross-section area.

(4)	 The objective function(s) are computed for each poten-
tial design and the restrictions checked.

(5)	 The meta-heuristic optimization algorithm is then, fin-
ished, as for any other process, when a termination or 
convergence criteria is reached.

3.6 � Data generation for ML training

A quite reliable option for the architecture of the data struc-
tures to be generated to train the ML models would be like 
the one in Fig. 10. Such data architecture consists of six 
main input variables related to the compressive strength of 
the concrete f ′

c
 , the cross-section dimensions b, h, the axial 

load P—in terms of the percentage of total compressive 
strength of the cross-section—and the load biaxial eccen-
tricities ex , ey . The output variables on the other hand, would 
consist of four optimal reinforcement cross-section areas at 
each of the four column cross-section’s edges. The correla-
tion analysis of these variables with the output optimum 
areas is presented in Fig. 11. This way, for any combination 
of input variables of a column model an ML model would 
estimate the optimal distribution of required reinforcement 
quantity at each cross-section’s edge. Then, for any combi-
nation of rebar diameter sizes at each cross-section’s edge 
a simple linear transformation could be performed to deter-
mine the corresponding optimal combination of number of 
rebars to be placed, right after the ML model is executed. 
The training validation of the pure ML models is shown, in 
detail, in “Appendix 3.”

To determine the optimal reinforcement cross-section 
quantities in a MO optimization fashion, a two-stage NSGA-
II was used with the GA taking place in the second stage, 
instead of an ML model, as shown in Fig. 12. This way 
more than one constructability-based optimum designs can 

Fig. 10   Architecture of a tree-
like data structure to train ML 
models for the estimation of 
optimal reinforcing steel area 
for any rectangular cross-section 
geometry, concrete and combi-
nation of biaxial bending loads

Fig. 11   Correlation analysis of training data features
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be extracted from the optimum PF to enhance the training 
data, making it more fit for MO optimization.

4 � Results and discussion

4.1 � Generation of training data

The data generated to carry out the following experimenta-
tion is done by considering the input variables’ range shown 
in Fig. 13 with a Latin Hypercube Sampling LHS method. 
MATLAB software was used to carry out the experimen-
tation. The commercial rebar diameters considered for the 
experimentations and data generation are shown as following 

Fig. 12   Flow diagram of multi-objective optimization algorithm without ML enhancement with a two-stage NSGA-II for constructability-based 
rebar design in columns

Table 1   Considered commercially available rebar diameters

Every rebar diameter has been assigned a respective index i according 
to its size

i-index Rebar num-
ber ( #)

Diam (in.) Diam (cm) Area (cm2)

1 #4 0.500 1.270 1.266
2 #5 0.625 1.587 1.979
3 #6 0.750 1.905 2.850
4 #8 1.000 2.540 5.067
5 #9 1.125 2.857 6.413
6 #10 1.250 3.175 7.917
7 #12 1.500 3.810 11.400

Fig. 13   Range of values for the input variables considered for data 
generation to train the ML-Enhanced meta-heuristic algorithms 
for the optimization design of rebar in concrete columns. See ACI 

(2019), Babu and Mahendran (2013), McCormac and Brown (2013), 
and European Union (2004)
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in Table 1. A concrete cover of 40 mm is considered. For 
MO optimization, only one constructability-based optimum 
designs from the optimum PF with the two-stage NSGA-II 
from Fig. 12 were extracted for a total of 10,000 samples. 
The generalization of performance of the ML-Enhanced 
Meta-heuristics is presented, in detail, in “Appendix 3.” To 
assess such performance in a time efficient manner, a SO for-
mulation was developed, in which Combinatorial Optimiza-
tion (CO) was used for the output data generation with only 
one constructability-based optimum design as well, which 
results are shown in detail in “Appendix 4.” The mathemati-
cal derivation of this CO formulation is described in detail 
in “Appendix 1” through the definition of certain boundaries 
to discretize the search space. The corresponding numerical 
complexity is showcased in “Appendix 2” for three different 
scenarios of commercial rebar availability in the market, by 
considering all the previously exposed design constraints by 
construction code.

4.2 � Savings of rebar volumes and construction 
costs with optimal asymmetrical rebar 
through MO optimization

The decrease in constructability that asymmetrical designs 
may present in comparison to symmetrical ones is evident. 
However, the enormous portion of savings of rebar volumes 
that can be generated with optimal asymmetrical rebar in 
comparison to symmetrical designs can counteract such dis-
advantage, in such a degree, that at the end, the total con-
struction costs might also decrease, considerably. To dem-
onstrate this, the following column models of Fig. 14 were 
considered for experimentation through Constructability-
Based MO Optimization, in terms of construction cost. The 
unit construction costs for any rebar design were computed 
based on the unit cost card shown in Table 2 parameterized 
with respect to the CFA. The weight factors required for the 
computation of the CFA according to (2) were considered as 
Wunb = 0.5 and Wnd = 0.7 , in which there is no preference for 
the variability of number of rebars at each cross-section (see 
“Appendix 7” for more reference of these weight factors).

Fig. 14   Column models for 
experimentation of Constructa-
bility-Based MO optimization 
to demonstrate advantages of 
asymmetrical optimal rebar 
designs in relation to symmetri-
cal ones, in terms of construc-
tion costs. (Left) Biaxial case. 
(Right) Uniaxial case

Table 2   Parameterized Unit Cost Card for rebar design of a rectangular concrete column based on constructability

Concept Unit Unit price Quantity Total HKD
kg

Materials
 Annealed wire Cal. 16, 1.59 mm diam.) kg 10.28

HKD

kg
0.04 0.4112

 Rebar G-6000 of No. 3, ( 3
8
diam ), 0.557 KG

M
kg 7.71

HKD

kg
0.105 0.81

 Rebar G-6000 of Nos. 3 to 12, ( 1
2
diam ), 0.996 KG

M
kg 7.71

HKD

kg
1.07 8.25

 – Subtotal materials 9.47
Manpower
 1 Iron worker and 1 Assistant Workday 1097.1

HKD

Workday

1

214.74⋅CFA

Workday

kg

5.11

CFA

 – Subtotal manpower 5.11

CFA

Tools and equipment
 Minor tolls % 5.11

CFA

HKD

kg
0.03 0.1532

CFA

 – Subtotal tools 0.1532

CFA

 – Unit cost 9.47 +
5.2633

CFA
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The resulting PFs are shown in Figs. 15 and 16. It can 
be observed in both PFs that despite of the decrease in con-
structability of the asymmetrical rebar designs, at the end, 
a great portion of those dominating optimal ones in the PF, 
turned out to have a considerably lower construction cost 
than symmetrical ones (up to 20% for the biaxial case and up 
to 18% for the uniaxial case). This is due to the great savings 
of rebar volumes that were obtained with those asymmetrical 
optimal designs. Even for the case of uniaxial bending, with 
more standardized cross-section dimensions, a great amount 
of cost savings were generated. In general, the asymmetry 

of the rebar distribution on the cross-sections follows the 
pattern of the governing resultant asymmetry of the load 
combinations. That is, for biaxial load combinations, the 
asymmetry of the rebar distribution will be, more likely, 
biaxial. And for uniaxial load combinations, the asymmetry 
of the rebar will be, more likely, uniaxial. Although in some 
instances, the rebar separation restriction might get in the 
way, as it was the case here for the biaxial load case.

It is worth to stress, also, that the density of the opti-
mum PFs will depend greatly, on the BS model itself, that 
is, on the given weight factors. The less the asymmetry of 

Fig. 15   Pareto front of optimal rebar designs obtained for column model 1. Cross-section dimensions: b = 0.7m and h = 0.7m

Fig. 16   Pareto front of optimal 
rebar designs obtained for 
column model 4. Cross-section 
dimensions: b = 0.4m and 
h = 0.6m
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the rebar distributions is penalized the more dense the PFs 
will be. This fact can be observed in the number of feasible 
solutions behind the previous optimum PFs. The less the 
CFA value, the more feasible solutions on display. This is 
because the complexity of number of asymmetrical designs 
is considerably larger than that for symmetrical designs, as 
demonstrated in “Appendix 1.” Thus, when the asymmetry 
of rebar distribution is not that greatly penalized, the feasible 
solutions will shift to the right, closer to the symmetrical 
solutions, making the potential optimum PF of more density.

Analogous experimentations were carried out through SO 
optimization with CO, as shown in “Appendix 5.” For such 
experimentations a larger sample of column models were 
assessed for a more proper data analysis. For these experi-
mentations, different biaxial load cases of varying degree 
of asymmetry were considered. Even greatest findings were 
revealed in terms of construction cost and material savings 

and their relationship to the relative asymmetry of the mul-
tiple applied load combinations.

4.3 � Efficiency of ML‑Enhanced MO optimization 
algorithms

To showcase the efficiency of the ML-Enhanced MO opti-
mization algorithms with the NSGA-II, in terms of time and 
convergence, the following two column models of Fig. 17 
were considered for experimentation. For this purpose, to 
avoid the worst case scenario of a MO optimization for-
mulation in terms of construction costs [as depicted previ-
ously in Fig. 7 (Right)], the MO optimization procedure was 
computed in terms of rebar area usage (total rebar weight, in 
this case) to ensure that a well-defined PF of reference was 
obtained, for comparison. For a more complete assessment 
of efficiency and accuracy of the ML-Enhanced algorithms, 
refer to “Appendix 4.”

The parameters set for the NSGA-II are as in Table 3 for 
all ML enhancements. The Mean-Inverted Generational Dis-
tance (MIGD) was used for convergence criteria to termi-
nate the iterations when MIGD < 0.01% . To better compute 
the MIGD, the construction costs were normalized. In this 
sense, to obtain an optimal PF of reference, the two-stage 
NSGA-II optimization process from Fig. 12 was used, with 
the parameters shown in Table 4 (Left). This way, an optimal 
combination of number of rebars, in terms of rebar usage, for 
each given individual generated (combination of rebar diam-
eters) is determined. This same hybrid two-stage algorithm 
was used for performance comparison of time and conver-
gence efficiency, in relation to the ML-Enhanced NSGA-II, 
although with different parameters for the GA, as shown in 
Table 4 (Right).

4.3.1 � Convergence efficiency

The final PF obtained are shown in Figs. 18 and 19 for col-
umn models 2 and 3, respectively.

Fig. 17   Columns models 
considered for experimentation 
to assess the efficiency of the 
ML-Enhanced MO algorithms 
with the NSGA-II

Table 3   Algorithmic parameters 
for the NSGA-II algorithm

Scenario NSGA-II

1 Npopulation = 1500

2 pmut = 0.25

3 �crossover = 0.25

4 �mut = 20

Table 4   Algorithmic parameters for the GA into NSGA-II algorithm 
to determine a quasi-optimal PF of reference for each columns model 
of experimentation

Exhaustive Two-stage NSGA-II 
for PF of reference

Two-stage NSGA-II for per-
formance comparison with 
ML-NSGA-II

Npopulation = 80 Npopulation = 10

Ngenerations = 30 Ngenerations = 8

pmut = 0.06 pmut = 0.06

�crossover = 0.65 �crossover = 0.65

Ngemes = 80 Ngemes = 80

Tournamentselec = 0.8 Tournamentselec = 0.8
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In summary, TE, ANN, and GP performed the better for 
ML enhancement, for both column models, both in time and 
convergence. However, for all cases, in general, TE was the 
best of all. An important factor of this is because of the 
tree-wise architecture of the learning data itself. The SVM 
and k-NN, on the other hand, performed the worst. The non-
linearity of multi-dimensional feature of the problem and the 
data itself make the SVM regression to perform the worst of 
all. As for the k-NN, even though its application has advan-
tages in comparison to SVM for this problem, it enhances 
limited convergence performances. As it can be observed in 
their training/testing performance in Fig. 48, the models are 

just too simple to learn the complexity of the multi-dimen-
sional tree-wise data and tend to overfit/underfit for new 
predictions. This increases the likeliness of the estimations 
to also be far away from the true optimal estimation of rebar 
area. The farther the estimation the more likely that less 
feasible solutions of rebar designs will be found. This can be 
observed in the previous results from Figs. 18 and 19, where 
the PF corresponding to the k-NN and SVM, are not even 
close to the optimal PF of reference. In Figs. 20 and 21, the 
evolution of the PF for column models 2 and 3, respectively, 
are shown. For column model 3, not even a single solution 

Fig. 18   Final obtained PF with each ML-Enhanced NSGA-II, for column model 2 of dimensions b = 0.6m, h = 0.7m

Fig. 19   Final obtained PF with 
each ML-Enhanced NSGA-II, 
for column model 3 of dimen-
sions b = 0.65m, h = 0.7m
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was found with SVM, meaning that the predictions were 
negative cross-section rebar areas.

As for the Non-enhanced NSGA-II, a great quality in 
regard of the PF convergence was obtained, both in density 
of solutions and convergence, in relation to the PF of refer-
ence, although in a much higher amount of time. This high 
demand of computational time of a Non-ML-enhanced 
meta-heuristic demonstrates the need of ML techniques 
to reduce it. The convergence in time per generation is 
depicted in Fig. 22. It can be observed that usually, for the 
algorithmic parameters just exposed, the ML-Enhanced 
NSGA-II would finish even before the Non-Enhanced 
NSGA-II completes one single generation. The results of 
both time efficiency and convergence are summarized in 
Fig. 23, for both column models, for better appreciation.

5 � Conclusion

Several components of contribution were developed in this 
work. For the first time in the literature, a BS model for 
concrete columns was proposed through this research. In 

summary, the BS model turned out to be flexible and adap-
tive to any construction scenario. It was demonstrated that 
the development of these such models represent a novel 
and more accurate approach to assess the sensibility of 
any structural component of a infrastructure system with 
its respective construction cost.

A novel algorithmic framework based on decomposed 
optimization for the design of rebar in rectangular concrete 
columns was proposed in this work. It was demonstrated 
that under this framework, ML techniques can be deployed 
to aid meta-heuristic algorithms and reduce significantly 
the computational time demand to reach optimum solu-
tions with quite acceptable performance levels of conver-
gence. To demonstrate this, both SO and MO optimization 
algorithms enhanced with various ML models were devel-
oped and showcased.

To measure the general efficiency of the ML-Enhanced 
optimization algorithms, combinatorial optimization was 
used under a SO scenario as the comparison baseline, both 
for convergence and time performance, as shown in “Appen-
dix 4.” It was demonstrated that under this ML-based frame-
work, the search space of rebar designs can be reduced to 

Fig. 20   Evolution of PF in time for each ML-Enhanced NSGA-II for 
column model 2. Top-Left: Tree Ensembles ML-Enhancement. Top-
Right: Gaussian Process ML-Enhancement. Middle-Left: ANN ML-

Enhancement. Middle-Right: k-NN ML-Enhancement. Bottom-Left: 
Non-ML-enhancement (GA NSGA-II). Bottom-Right: SVM ML-
Enhancement

Fig. 21   Evolution of PF in time for each ML-Enhanced NSGA-II for 
column model 3. Top-Left: Tree Ensembles ML-Enhancement. Top-
Right: Gaussian Process ML-Enhancement. Mid-Left: ANN ML-

Enhancement. Bottom-Right: k-NN ML-Enhancement. Bottom-Left: 
Non-ML-enhancement (GA NSGA-II)
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proportions of no more than 2.5% and with levels of accu-
racy as high as 88% (Figs. 49 and 51).

For the last two showcased numerical models in the main 
part of the manuscript, under a MO optimization scenario, 
the ML-Enhanced algorithms demonstrated a reduction of 
execution time to proportions as small as 1.4% in relation 
to Non-ML-Enhanced algorithms, with even smaller con-
vergence performance levels [less MIGD values Fig. 23 
(Right)]. These benefits in time and convergence, however, 
were traded by sacrificing the density and uniformity of the 
optimal PF.

In all cases, for both SO and MO optimization process, 
Tree Ensembles had the best performance, in terms of con-
vergence efficiency, followed by GP regression and ANN. 
In this sense, the use of the PSO as the Meta-heuristic was 
demonstrated to work better than the GA (Fig. 53). It was 
also demonstrated that the use of TE, GP, and ANN gener-
ates the best quality of PF, in terms of density and distribu-
tion, for MO optimization. In contrast, k-NN and SVM are 
not recommended to be used for these algorithmic frame-
works, as their performance was, for all cases, the worst. 
These ML models tend to underfit and overfit the predictions 

of optimum rebar areas and thus, reducing their accuracy 
and increasing the MSE.

Additionally, it was demonstrated that the definition of 
BS models for rebar design are essential for complexity 
analysis of rebar design for RC elements through combina-
torial optimization. It is through such complexity analysis 
that better assessment of performance can be carried out for 
SO optimization algorithms related to this problem.

Finally, it was demonstrated during the MO optimization 
experimentations, that indeed, considerable amounts of sav-
ings in material can be generated with optimal asymmetrical 
rebar designs in comparison to symmetrical ones. Savings of 
material of as much as 32% were observed for such experi-
mentations. For these such savings of material usage, cor-
responding savings of constructions costs of as much as 20% 
were demonstrated to be enhanced, without significantly sac-
rificing the levels of constructability (see Figs. 15 and 16). 
In Figs. 18 and 19, savings of material usage of 17% and 18% 
were observed for column models 2 and 3, respectively. As 
for the SO optimization experimentations with CO, savings 
of material of as much as 72% were observed with similar 
amount of savings of construction costs of as much as 70% 

Fig. 22   Convergence of each ML-Enhanced NSGA-II in time in terms of the MIGD. Each dot represents a generation. Left panel: for column 
model 2. Right panel: for column model 3
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(as shown in Fig. 55 of “Appendix 6”). Under this context, 
a proper parameter tuning of the weight factors for the BS 
models is preponderant to be carried out for each construc-
tion project at hand, for better estimation of construction 
costs of rebar designs.

5.1 � Future work and limitations of this research

•	 Only one BS model was designed in this work for rec-
tangular concrete columns. Further development of new 
BS models could be carried out, not only for rectangular 
concrete columns, but for any other structural element. 
This way, new Multi-objective Constructability-Based 
experimentations could be developed for each specific 
model and its respective applicable structural element, 
for a variety of problem cases. One potential problem 
case scenario, highly relevant nowadays, for instance, 
would be for CO2 emission optimization for RC struc-
tures. To integrate BS models into this sort of problems, 
a more comprehensive relationship between the potential 
carbon footprint of optimal structural designs and their 

associated construction cost could be estimated, based 
on more proper constructability measurements.

•	 Up to this day, the existing metrics of constructability 
through BS models for RC buildings do not consider the 
quality of the reinforcement detailing, neither at the ele-
ment nor at the building level. With the development of 
new BS models for other types of structural elements, on 
a local system of reference, such as the one here devel-
oped for columns, the formulation of BS models at the 
building level on a global system of reference could be 
developed. Such BS models could complement the exist-
ing ones that only consider the element’s dimensions and 
overall geometry of the structures.

•	 When adapting and extending this algorithmic frame-
work to other structural elements, two main aspects must 
be considered: (1) to adapt the learning data architecture 
(used to train the ML part of the optimization process) 
to the mechanical behavior of the element in question, so 
that biaxial/uniaxial bending may be considered and/or 
shear and axial loads and (2) to adapt the meta-heuristic 
part (focused on the distribution of rebars) to the design 

Fig. 23   Left panel: comparison of required execution time for each 
ML-Enhanced NSGA-II to reach the convergence termination crite-
ria, for both column models of experimentation. Right panel: com-

parison of final MIGD convergence for each ML-Enhanced NSGA-II, 
for both column models of experimentation
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mechanism of the element, that is, considering one, two 
or three cross-sections to be designed simultaneously 
based on free clash detection.

•	 The demonstrated levels of accuracy of the algorithms 
of approximately 90% entails that they would not pro-
duce acceptable design solutions or no solution at all for 
approximately 1 out 10 column models, when, in fact, 
there might be acceptable solutions for such model. To 
mitigate this drawback, it is recommended to build the 
TE, ANN, and GP regression model before any optimi-
zation design and use the one that gives the better solu-
tion for each design at hand. This way, in case no output 
design is generated by one ML model for a specific col-
umn, there is a 90% probability that the other ML model 
will, indeed, provide an acceptable solution for such col-
umn.

Appendix 1: Breakdown of combinatorial 
formulations of rebar design 
under the constructability model

The following combinatorial formulations serve as basis for 
the computation of the rebar space complexity (described in 
detail in “Appendix 2”) under the hereby defined constructa-
bility model.

A.1 Max number of symmetrical conventional 
possibilities of reinforcement

From the rectangular cross-section of Fig. 24, it is easy to 
determine the max number of rebars of diameter db that can 
be fit into the width allowed space ( b − 2cover ) of a rectangu-
lar cross-section separated between each other by a minimum 
separation ( sepmin ) as (11):

Now, the min number of rebars that should be placed over 
a rectangular cross-section boundary is 2 (defined by codes 

(11)nmaxbbars =roundLower

(
b − 2cover

sepmin + db

)
+ 1.

to assure a good confinement), then the max number of 
reinforcement possibilities for a rebar diameter db would 
be given by (12), which could be transformed to (13) when 
substituting nmaxbbar of equation (24) in it:

Such quantity of number of evaluations Nevalmax would 
apply to every available rebar diameter i in consideration 
(see Table 1), so that the total number of evaluations would 
be the sum of (13) for each rebar diameter (changing the 
value db for its respective dbi).

A.2 Max number of symmetrical non‑conventional 
possibilities of reinforcement

This previous reinforcement formulation could be adapted 
for the case in which two rebar diameters were allowed to 
be placed over a cross-section such that only the opposite 
boundaries would be reinforced with the same rebar diam-
eter. This corresponds to a combinatorial problem in the 
form Vn

m
= m!∕(m − n)!, where m would denote the number 

of possible rebar diameters to choose from and n the number 
of the different rebar diameters allowed ( n = 2 ). Note that 
such expression could be also expressed as Vn

m
= mn − m . 

To illustrate this fact let us assume that a rebar design in 
individual rebar sets of a diameter index i = 2 from Table 1 
has been performed. In order to assure that the restriction 
sepmin is complied in every rebar combination, then only 
smaller rebar diameters could be exchanged with the already 
existing one i (that is, only rebar diameters of index i = 1 and 
i = 2 could be used). Therefore, the number of combinations 

(12)Nbasic
i

= nmaxbbars − 2 + 1 ,

(13)Nbasic
i

=roundLower

(
b − 2cover

sepmin + db

)
.

(14)Nbasic
eval-max

=

i=n∑
i=1

Nbasic
i

.

Fig. 24   Rectangular concrete cross-section used to illustrate the how 
to determine the max number of rebars that could bi fitted horizon-
tally along the upper/lower cross-section’s boundaries

Fig. 25   Set of rectangular concrete cross-sections symmetrically rein-
forced to illustrate the number of symmetrical designs combinations 
that could be generated with only two rebar diameters
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could be computed as i2 = 22 = 4 (see Fig. 25). However, 
the rebar designs with only one rebar diameter have already 
been evaluated, thus only two additional evaluations would 
take place, a quantity that could have been determined as 
V2
i
= i!∕(i − 2)! = i2 − i = 22 − 2 = 2 (which would apply 

for every design of diameter index i). This way, the total 
number of max evaluations to carry out for this reinforce-
ment option would be determined by multiplying the num-
ber of evaluations from Eq. (13) by the factor (1 + (i2 − i)) , 
applied and added up for every diameter index i as in (15).

A.3 Max number of asymmetrical non‑conventional 
possibilities of reinforcement

There is the possibility to extend the previous formulation 
of symmetrical non-conventional designs to asymmetrical 
ones. By considering that as many as four rebar diameters 
could be placed over the cross-section. Then, to define the 
max number of design evaluations, Eq. (15) could be re-
arranged by only modifying the term (i2 − i) → (i4 − i2) 
given that for this reinforcement option as many as four 
different rebar diameters are allowed to be placed simulta-
neously over the cross-section. Therefore, the max number 
of evaluations for a given asymmetrical rebar design from 
this prototype would be determined as (16), where i is the 
rebar diameter index. Note that the term i = 2 in the equation 
refers to the exclusion of those symmetrical rebar designs. 
Figure 26 illustrates this combinatorial formulation by con-
sidering i = 2.

Another alternative for an asymmetrical reinforcement 
that may take place from a basic conventional symmetrical 
design is with a homogeneous rebar diameter distributed 
asymmetrically over a cross-section, for which the max total 
number of evaluations for each symmetrical option could 
be determined as (17). Where nbb and nbh is the number of 
rebars at the upper/lower cross-section boundaries and at 
right/left cross-section boundaries, respectively. Note that 

(15)Neval-max =roundLower

(
b − 2coverx

sepmin + dbi

)(
1 + (i2 − i)

)
.

(16)Neval-max =roundLower (
b − 2coverx

sepmin + dbi
) ⋅ (i4 − i2).

nbb ≥ 2 must be always complied according to design codes. 
Figure 27 illustrates this case for nbb = 3 , nbh = 1 , and i = 2.

Now, let us imagine that for each design from the pre-
vious formulation of a homogeneous rebar diameter, new 
designs could be generated by only mutating the rebars’ 
diameter so that a max of four rebars diameters could be 
simultaneously placed over the cross-section (one diameter 
for each cross-section boundary). Thus, a new rebar design 
prototype could be generated by mixing the previous one 
with the design prototype corresponding to a max of four 
rebar diameters, so that the rebars could be placed asym-
metrically both in number and in rebar diameters. Hence, for 
this case, the max number of evaluations for each asymmet-
rical design of the previous reinforcement prototype could 
be determined as (19), in which only the combinatorial term 
(i4 − i) has been added:

Figure 28 illustrates this case for i = 2 from Table 1), by 
taking the top-left rebar design from Fig. 27, so that its pos-
sible number of rebar permutations is i4 − i = 24 − 2 = 14:

(17)
Nnon-conv
ev-max

= (nbb − 1)2(nbh + 1)2 − (nbb − 1)(nbh + 1) ,

(18)Nnon-conv
ev-max

= (3 − 1)2(1 + 1)2 − (3 − 1)(1 + 1) = 12 .

(19)
Nev-max = [(nbb − 1)2(nbh + 1)2 − (nbb − 1)(nbh + 1)] ⋅ (i4 − i).

Fig. 26   Potential combinations 
of asymmetrical rebar arrange-
ments from a symmetrical rebar 
design for the reinforcement 
prototype Asym-Sym4Diam by 
considering i = 2

Fig. 27   Potential combinations of asymmetrical rebar arrangements 
from a symmetrical rebar design for a rebar design of the reinforce-
ment prototype Asym1Diam 
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A.4 Assembly of sample sub‑spaces of rebar designs

All the previous sub-sample formulations for the optimal 
design of rebar could be assembled into only one sub-sam-
ple, to take the most advantage of each loop and reduce 
the number of iterations or evaluations required to traverse 
through the whole set of potential solutions. In such both 
subsamples, either asymmetrical or symmetrical rebar 
designs may take place. For this such case, the counting 
formula of max evaluations is given by (21), where Nsym

i
 is 

defined as follows (20):

Appendix 2: Numerical analysis of rebar 
complexity under the constructability model

B.1 Sub‑space characterization of buildable rebar 
design

The construction of a BS model makes it possible to 
execute a complexity analysis of rebar designs. Based on 
the restriction ND ≤ 4 , it is possible to estimate the max 
number of constructible design solutions through discrete 
combinatorial, as described in “Appendix 1”. The process 
to carry on such combinatorial evaluations starts from a 
very primal optimal symmetrical design composed of only 
one rebar diameter. This primal optimal basic design takes 
place by making a first reduction of the search space based 
on the design constraints corresponding to the max and 
min reinforcement cross-section area (3) and the struc-
tural efficiency demand 5. For this purpose, the Idealized 
Smeared Reinforcement (ISR) analogy (Verduzco et al. 
2022), is used as shown in Fig. 29 in which the reinforce-
ment is simulated as reinforcing steel laminates of uniform 

(20)N
sym

i
= roundLower(

b − 2cover

sepmin + dbi
) ,

(21)

N1pack-assem
ev-max

= Nbasic
ev-max

⋅

⎡
⎢⎢⎣
i4 +

N
sym

i�
j=1

((nbbj − 1)2(nbhj + 1)2

−(nbbj − 1)(nbhj + 1)) ⋅ (i4 − i)
�

.

thickness uniformly distributed over the cross-section’s 
boundaries.

This way, a max number of rebars can be determined for 
any given rebar diameter size so that Abars ≤ At(t) as shown 
in Fig. 30. Then, a combinatorial optimization approach 
takes place to determine the optimal distribution of such 
rebars over the cross-section. This basic combinatorial opti-
mization process was demonstrated in (14) of “Appendix 1” 
to be of linear complexity O(b).

From this point on, any different possible design derived 
from it is created by permuting either the number of rebars 
or the diameter at each cross-section boundary. Such permu-
tations can be grouped according to a certain pattern distri-
bution of number of rebars or diameters at the boundaries. 

Fig. 28   Potential combinations 
of asymmetrical rebar arrange-
ments from an asymmetrical 
rebar design of the prototype 
Asym1Diam from which the 
reinforcement prototype Asym-
4Diam takes place

Fig. 29   ISR analogy to simulate reinforcement for concrete column 
of rectangular cross-section

Fig. 30   Transformation from an optimal ISR to an optimal basic 
design of rebar composed of only one rebar diameter
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This grouping of patterns gives way to what is called here 
a Rebar Prototype (RP)1, as depicted in Fig. 31. Thus, the 
sum of all possible rebar patterns derived from a very basic 
symmetrical design would represent the whole search space 
of rebar designs in question. Each RP, then, would represent 
only a discrete sub-space set of design solutions.

In summary, five different RP’s were identified for the 
whole search space of constructable design outcomes, as 
shown in Fig. 32.

B.2 Complexity analysis of rebar design

When designing an algorithm there are two main issues to 
consider the correctness of the algorithm (that the algorithm 
performs the desired task correctly) and the complexity of 
the algorithm (how fast is the algorithm and how do the 

number of required computations grow as the input data 
grows). For the latter issue, time complexity is the most 
common approach used in computational science, although 
memory space or simply the number of basic representative 
operations might also be important, for which a Worst case 
complexity estimate or in many cases an Average worst case 
complexity estimate may be of great relevance. In this case, 
we are interested in computing how fast does the size of 
each RP sub-space grows as the column cross-section grows 
in dimension, so that when a new optimization algorithm 
is developed it would be possible to estimate the time effi-
ciency for optimum convergence in relation to the average 
number of potential solutions.

Fig. 31   Depiction of a set of discrete search sub-spaces representing different rebar design prototypes

Fig. 32   Alternatives of reinforcing bar designs for rectangular col-
umn’s cross-sections in individual rebars. a RP consisting of only one 
rebar diameter with an asymmetrical distribution of number of rebars, 
b RP consisting of one rebar diameter with a symmetrical distribution 
of number of rebars (most basic symmetrical design), c RP consisting 

of a max of four rebar diameters with an asymmetrical distribution of 
number of rebars, d RP consisting of a max of four rebar diameters 
with a symmetrical distribution of number of rebars, and e RP con-
sisting of a max two rebar diameters with a symmetrical distribution 
of number of rebars

Table 5   Scenarios of commercial rebar availability for the assessment 
of rebar designs complexity

Scenario Commercially available rebars ( i-index)

1 1, 2, 3, 4, 5, 6, 7
2 1, 3, 4, 5, 7
3 1, 3, 4

1  A rebar geometrical configuration that follows a certain pattern and 
complies with certain restrictions, such as number of different rebar 
diameters, spacing between rebars, and symmetry
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For this purpose, the cross-section dimension b could be 
considered as the parameter of reference, given that for any 
case, it would be smaller than the height dimension ( b ≤ h ) 
and therefore, it would govern the potential number of rebar 

designs. Of course, such complexity would also be in func-
tion of the available commercial rebars. For this reason, it is 
important to assess different scenarios of commercial avail-
ability of rebars to come up with a better complexity esti-
mate. Nowadays, innumerable diameters sizes and grades of 
steel reinforcing bars can be found in the market all around 
the world. For any reinforced concrete project at hand it is 
crucial to analyze the surrounding market way before the 
early design stages. In North America, for instance, it is 
common to find even more than 10 rebar diameter sizes, for 
which a huge rebar design solution space corresponds. A 
numerical complexity analysis of buildable rebar design is 
showcased next for three different scenarios of rebar avail-
ability, as shown next in Table 5, in which the rebar indices 
of all the possible rebar diameters from Table 1 are listed.

In practice, however, given the design constraints set by 
design code specifications the real sample size of feasible 
rebar designs is much more reduced than the original theo-
retical combinatorial one, as shown next. The same design 
constraints by code specifications from the ACI-318-19 
shown previously in (3), (4), and (5) concerning the max 
and min reinforcement area quantities, rebar separation, 
and the resistance efficiency, respectively, were used for 
this analysis.

The experimentations were carried out by executing 40 
runs for each commercial rebar availability scenario, each 
run consisting of 11 cross-section models ranging in cross-
section width dimensions b in increments of 0.05m from a 
minimum dimension of 0.3m and a max of 0.8m. For each 
cross-section dimension a set of asymmetrical biaxial load 
combinations in pairs would be generated randomly with a 
uniform distribution from the ranges in (22):

Once the data were gathered, linear regression was deployed 
to assess such complexity. The results are shown next in 
Fig. 33 and resumed in Table 6 in terms of complexity in 
asymptotic notation O(g(b)), in which it can be observed that 
the complexity growth is best characterized by exponential 
functions, for all scenarios:

Appendix 3: Validation of pure ML models 
training for enhancement

C.1 Validation of pure ML models for enhancement

The tuned parameters and testing/training validation, spe-
cifically for the data size of N = 10,000 samples used for 
the shown-case column models, are presented next, for 

(22)
Pu ∈ U[−1226.25 kN,−117.72 kN],

Mux1 ,Muy1 ∈ U[147.15 kNm, 1520.55 kNm],

Mux2 ,Muy2 ∈ U[−1520.55 kNm,−147.15 kNm].

.

Table 6   Resume of numerical 
sample sub-space size 
complexity for rebar designs 
in individual rebars and in 
packages of two in rectangular 
cross-section columns

Scenario Rebar sub-space 
Complexity 
O(g(b))

1 O(ef (b))

2 O(ef (b))

3 O(ef (b))

Fig. 33   Real number of representative rebar design evaluations as b 
increases, for 3 different cases of commercial rebar availability
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the pure ML models used for enhancement. For this pur-
pose, tenfold cross-validation was deployed to optimize 
the hyper-parameters for each model. The results here 
exposed can be related later to the general efficiency of 
the ML-Enhanced Meta-heuristics.

C.1.1. Tree Ensembles

•	 Least Squares boosting is used.
•	 One hundred trees compose the ensemble.
•	 The tree depth is composed of 5 for Minimum Leaf Size 

and 10 Minimum Parent Size.
•	 Bayesian optimization was used to find the following 

optimal hyper-parameters of the TE model:

–	 A max of 1683 splits compose the ensemble.
–	 Learning rate equal to 0.1788.
–	 Number of learning cycles equal to 10.
–	 The estimation of generalization MRE error is shown 

next for each learning cycle (Fig. 34).

The regression coefficient results and error histograms, 
with the previous optimized TE, are shown below (Fig. 35, 
36), respectively:

C.1.2 Gaussian process regression

For Gaussian Process regression, a Squared Exponential 
kernel function was used. After having performed Bayes-
ian Optimization, the optimum � value obtained was 
�opt = 6.1302 , as shown next for 30 function evaluations 
(Fig. 37). The corresponding regression coefficients and 
error histograms with the optimized model are shown in 
(Fig. 38, 39), respectively:

1.1.3 Artificial neural networks

Back-propagation ANN were used with the following initial 
parameters:

–	 Hidden layers equal to 10.
–	 N layers equal to 11.

Fig. 34   Cumulative MSE in function of number of learning cycles of 
Optimized Boosting TE

Fig. 35   Regression coefficient, in terms of rebar cross-section area 
(cm2), for optimized Boosting TE

Fig. 36   Error histogram for optimized Boosting TE

Fig. 37   Hyper-parameter optimization for Gaussian Process regres-
sion model
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–	 Maximum number of epochs equal to 1000.
–	 Maximum validation failures equal to 3.
–	 Test ratio and validation ratio equal to 0.15.
–	 Train goal equal to 1 × 10−9.

Fig. 38   Regression coefficient, 
in terms of rebar cross-section 
area (cm2), for optimized GP 
regression model

Fig. 39   Error histogram for optimized GP regression model

Fig. 40   Generalization error of Optimized Back-propagation ANN

Fig. 41   Regression coefficients of ANN, in terms of rebar cross-sec-
tion area (cm2)

Fig. 42   Error histogram for ANN

Fig. 43   Regression coefficient, in terms of rebar cross-section area 
(cm2), for optimized non-linear SVM model
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The MSE performance in function of epochs is shown next 
(Fig. 40):

The regression coefficient results and error histograms are 
shown below (Fig. 41, 42), respectively:

C.1.4 Support vector machines

For SVM, Sequential minimal optimization was used as 
solver, for a Gaussian Kernel. After Bayesian Optimization, 
the following optimum hyper-parameters were found:

–	 Box constraint equal to 70.22.
–	 Kernel scale equal to 0.0.5709.
–	 Epsilon equal to 0.000838.

The regression coefficients and error histograms are shown 
below (Fig. 43, 44), respectively:

Fig. 44   Error histogram for non-linear SVM model

Fig. 45   Model search for hyper-parameter optimization of k-NN 
model

Fig. 46   Regression coefficient, 
in terms of rebar cross-section 
area (cm2), for optimized k-NN 
with k = 8 and city-block dis-
tance metric

Fig. 47   Error histogram for optimized k-NN with k = 8 and city-
block distance metric
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C.1.5 k‑Nearest neighbor

For k-NN, after hyper-parameter optimization (Fig. 45), k 
= 8 and the city-block metric were set to train the model. 
The corresponding regression coefficients and error histo-
gram, with the optimized model, are shown in (Fig. 46, 47), 
respectively.

C.2 Summary of performance of pure ML models

Based on the optimized ML models just presented, with a 
data size of 10,000 samples, with a 7/3 training/testing pro-
portion, the performance of each model, in terms of MSE 
and regression coefficients is summarized in the following 
bar plots (Fig. 48):

As it can be observed, SVM has the worst performance 
when applying it to new data, but the best for training data. 
That is, when using the SVM for this problem, it tends to 
underfit for new predictions, in a great deal. This underfit-
ting can be appreciated in their corresponding regression 
plots, presenting a great bias, which in turn, can be related 
to the high obtained MSE values. Based on these results, it 
would be expected for the ML-Enhanced MA to perform 
in a similar way, especially in terms of these same metrics.

Appendix 4: Generalized performance 
of ML‑Enhanced optimization algorithms

To effectively assess the general algorithmic efficiency of 
ML-Enhanced Meta-heuristics for the optimal design of 
rebars in a reasonable amount of time, the problem should 
be formulated as SO. For such case, the objective function 
corresponding to the rebar cross-section area is to be mini-
mized. This way, after the optimization process is termi-
nated, a direct comparison of the optimal values found with 
ML-Enhanced Meta-heuristic can be made with those real 
optimal ones from the test data.

In contrast to MO optimization problems, for SO a solu-
tion x1 ∈ S is better than another solution x2 ∈ S if 
f (x1) < f (x2) , so that its formulation can be expressed as in 
(23). In such formulation, f(x) is the objective function, x is 
the compound of design variables (which for this formulated 
problem of rebar design k = 4 , namely the rebar diameters 
at each of the four cross-section’s edges, in a discrete form). 
Thus, xL

j
 and xU

j
 would represent the upper and lower range 

limits of each variables xj , under design i constraints gi(x).

The same design constraints stated for MO optimization 
were considered for SO to showcase. The objective function 
was considered as the cross-section rebar area to be mini-
mized. Two meta-heuristic optimization algorithms were 
used, the PSO and GA. Each of them were enhanced with 
the same ML techniques as for MO optimization. Scenario 
1 of commercial rebar availability described in Table 5, from 
“Appendix 2”, corresponding to 7 available rebar diameters 
was considered ( xL

j
= 1, xU

j
= 7 ). A detailed description of 

each ML-Enhanced SO algorithm is presented in “Appen-
dix 4”, in pseudo-code.

(23)

min[F(x) = f (x)]

S.T.: xL
j
≤ xj ≤ xU

j
, j = 1, 2,… , k

under: gi(x) ≤ yi, i = 1, 2,… , q.

.

Fig. 48   (Left panel) summary of MSE performance of pure ML models for enhancement. (Right panel) summary of Regression coefficients of 
pure ML models for enhancement

Table 7   Algorithmic parameters for the ML-Enhanced meta-heuristic 
optimization algorithms with the PSO and the GA

PSO GA

� = 1 Ngenerations = 25

c1 = 2, c2 = 2 Pmutation = 0.06

Δt = 0.5 selectiontournament = 0.8

weightinertia = 1.3 Npopulation = 30

� = 0.99 sizetournament = 2

Nparticles = 30 Pcross-over = 0.65

maxiterations = 25 Ngenes = 80

Nvariables = 4 Nvariables = 4

Rangevariables = [1, Ndiam] Rangevariables = [1, Ndiam]
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D.1 Time efficiency of ML‑Enhanced optimization 
algorithms for the shown‑case data size N = 10,000

One of the advantages of Combinatorial Optimization (CO) 
is that the time efficiency of any SO optimization algorithm 
for the design of rebar in rectangular concrete columns can 
be measured. This is achieved by the characterization of rebar 

design complexity from which the average worst case number 
of potential design evaluations is considered as reference.

The complexity characterization of scenario 1 of com-
mercial rebar availability corresponds to Fig. 33 (Top-Left) 
where the average worst case number of potential designs 
can be measured as (24), in function of the columns’ cross-
section width dimension b. To measure the accuracy of each 
ML-Enhanced algorithm the relative error formula was used 
as in (25), where Neval represents the total number of evalu-
ations needed for each ML-Enhanced algorithm to reach an 
optimum solution. In this sense, the algorithmic parameters 
for the PSO and the GA were set as shown in Table 7 so that 
both would have the same number of max possible evalua-
tions, for better comparison:

For the data size of 10,000 samples considered for the 
shown-case column models, a fraction of 70% was taken 
for training and 30% for testing. The efficiency obtained is 
resumed in Fig. 49 in terms of mean efficiency values, for all 
ML-Enhancement. It can be observed that TE had the best 
performance when used for the GA and the second best per-
formance when used for the PSO. In summary, a reduction of 
the search space could be reduced to approximately propor-
tions no more than 2.5% with the PSO and 0.4% with the GA.

D.2 Convergence efficiency of ML‑Enhanced 
SO optimization algorithms for the shown‑case data 
size N=10,000

To assess the convergence efficiency of the ML-Enhanced 
algorithms with this data size used for showcase, the accu-
racy (portion of good/bad optimal designs) and regression 

(24)Nd1
= e8.69706+0.037836⋅b, ,

(25)Neval = 1 −
Nd1

− Neval

Nd1

. .

Fig. 49   Mean time efficiency of each ML-Enhanced SO optimization 
algorithm for rebar design

Fig. 50   Definition of good/bad performance of an ML-Enhanced MA 
to measure its Accuracy for rebar optimization design

Fig. 51   (Left panel) Accuracy of convergence of each ML-Enhanced meta-heuristic optimization algorithm for a testing data size of 3000 out of 
a total of N = 10, 000 samples. (Right panel) Corresponding test regression coefficients
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Fig. 52   Regression test coef-
ficients, in terms of rebar 
cross-section area (cm2), for the 
ML-Enhanced Meta-heuristics 
for the shown-case data size 
N = 10,000. (Left) ML-PSO. 
(Right) ML-GA
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coefficient are used. The accuracy is based on the relative 
error criteria (26), as shown in Fig. 50, where ACO is the 
optimal rebar cross-section area obtained with CO and AML 
is the optimal rebar area obtained with the ML-Enhanced 
algorithm.

Under this criteria, the performance of the ML-Enhanced 
meta-heuristics for the data size of 10000 samples generated 
for the shown-case column models from Figs. 14 and 17 is 
shown next. The portion of 70%∕30% training/testing was 
considered. As it can be observed in Fig. 51 (Left), Tree 
Ensembles, Gaussian Process, and ANN demonstrated to 
have the best accuracy. The regression coefficients are shown 
next in Fig. 52, with their corresponding summary of results 
in Fig. 51 (Right). It can be observed that, in terms of regres-
sion coefficients, there is a great correlation in reference to 
the regression coefficients obtained for the pure ML models, 
that is, having the k-NN the highest performance as before 
and the SVM the lowest. However, the increase between the 
regression coefficient values of each pure ML model and its 
corresponding ML–MA enhancement is more than evident. 
The highest correlation coefficient that the k-NN provides 
for MA enhancement does not imply that it performs bet-
ter than the others, in general. This fact can be observed 
when looking at the accuracy results. Even though k-NN 
has the best performance, its accuracy is the lowest, which 
indicates a high variance, and therefore, overfitting for new 
data, which can be also observed in the high obtained MSE 
of their corresponding pure ML version in Fig. 48.

Another important observation from the regression plots 
is the high bias that the SVM, ANN, TE, and GP-enhanced 
MA have for higher optimum reinforcement cross-section 
areas. That is, the larger the cross-section dimensions and/

(26)MRE =
AML − ACO

ACO

.

or loads for a column, the higher the probability to obtain 
high errors of prediction.

D.3 Generalization of performance of ML‑Enhanced 
Meta‑heuristics

In this section, for generalized validation of performance of 
the ML-Enhanced optimization algorithms, in addition to the 
accuracy, regression coefficient, mean relative error (MRE), 
and mean squared error (MSE) as metrics for performance 
assessment, the R2 score is also considered. The results can 
be visualized in Fig. 53, as the data size increases, for both 
meta-heuristics. In summary, it can be observed that k-NN 
performed the worst, for all metrics and for both MA. The 
rest of ML enhancements demonstrated to be very competi-
tive between each other, for all cases, although TE, ANN, 
and GP demonstrated better performance for small data sizes 
of less than 10,000. In general, the use of the PSO demon-
strates to have better performance than the GA, for any case. 
To carry out these regularization experiments, a different 
ML model was trained for each data size, where for each 
ML model, three optimization processes where executed and 
averaged. The purpose of this experimentation scheme was 
to get rid of the stochastic property of the ML-Enhanced 
algorithms due to the meta-heuristics, as much as possible, 
and have more reliable estimates of the performance.

As it can be observed from these results, levels of accu-
racy above 85% were demonstrated for both MAs for data 
sizes as small as 1000 samples. The R2 score was considered 
as the metric of reference to establish a termination criteria 
of data size sufficiency for training (see third row from the 
previous plots). By considering a criteria of Δ(R2) ≤ 0.5% 
for every additional 1000 samples, the following maximum 
data sizes of Table 8 are obtained:
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Fig. 53   Test performance of ML-Enhanced algorithms as the data size increases. Left: ML-Enhanced GA. Right: ML-Enhanced PSO
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Appendix 5: SO optimization ML‑Enhanced algorithms in pseudo‑code

Algorithm 1: ML-Enhanced Genetic Algorithm for SO optimization of rebar design (ML-GA)

Table 8   Minimum data size (number of samples) required for train-
ing to reach the criteria of Δ(R2) ≤ 0.5% for every additional 1000 
samples 

ML/MA GA PSO

TE 11, 000 Samples 17,000 Samples
GP 11,000 Samples 11, 000 Samples
ANN 11, 000 Samples 11,000 Samples
SVM 8 000 Samples 11,000 Samples
k-NN 17, 000 Samples 11,000 Samples
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Algorithm 2: ML-Enhanced Particle Swarm Optimization algorithm for SO optimization of rebar design(ML-PSO)

Appendix 6: Potentials of savings of material 
and construction cost with asymmetrical 
optimal rebar

To fully appreciate the advantages of designing optimal 
asymmetrical rebar in rectangular concrete columns when 
subject to asymmetrical bending compression loads it is first 
necessary to establish a metric to measure how symmetri-
cal or asymmetrical a given pair of bending loads is. For 
this purpose, a Degree of Load Symmetry (DLS) concept 
has been developed, in which three main cases were identi-
fied according to the load eccentricities of any given pair of 
load combinations, as shown next in Fig. 54. The symmetry/
asymmetry is computed by considering only the bending 
loads and their components. A max value of 1 represents 
a purely symmetrical set of load conditions, that is, when 
the component of each bending load are mirrored with one 
another with respect to each of the cross-section axis. On 
the other hand, a min value of 0 would represent a pure 

asymmetrical set of loads—most likely when the compo-
nents of both bending loads have the same direction.

Once a measure of Load Symmetry has been stated, 
then the relationship and tendency of rebar volume sav-
ings and/or construction cost savings with respect to such 
DLS using asymmetrical optimal rebar designs could be 
assessed. For this purpose, 120 random columns with a 
given set of pair of load conditions were generated and 
optimally designed for five different levels of Constructa-
bility (CFA). The results are depicted in Fig. 55. Such 
experimentations were executed only for the Rebar Pro-
totypes (Assem-1rebar) described in “Appendix 2”, cor-
responding to designs in individual rebars. The unit con-
struction costs for any rebar design were computed based 
on the unit cost card shown in Table 2 parameterized with 
respect of the CFA. The weight factors required for the 
computation of the CFA for any rebar design were taken 
as Wunb = 1 and WND = 2.

A clear tendency can be observed in Fig. 55 (Left) for 
the rebar volume savings to increase as the DLS decreases, 
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that is, for highly asymmetrical loads. A similar pattern 
can be observed for the construction cost savings in Fig. 55 
(Right), although for the latter, a considerably large number 
of designs tuned out to be more expensive (negative saving 
values). However, such negative savings are observed to be 

mitigated for moderate levels of constructability (CFA lower 
boundary values higher than 0.6). Nevertheless, the positive 
potential savings, both of rebar volumes and construction 
costs, reached considerably higher values of more than 50% , 
even for higher constructability levels (Fig. 56).

Fig. 54   Measurement of the Degree of Load Symmetry. Three main cases are considered. Case 1: both components of both loads have opposite 
directions, Case 2: one component of both loads have the same direction, and Case 3: both components of both loads have the same direction

Fig. 55   Tendency of rebar volume savings (left panel) and construc-
tion costs (right panel) generated with optimal asymmetrical rebar 
designs in columns with respect to the Degree of Symmetry of the 

applied loads DLS. The higher the DLS, the more symmetrical the 
loads with respect to both axis of the cross-section. Five different lev-
els of constructability are depicted
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Appendix 7: Breakdown of the Buildability 
Score model

In the next figure, a 3D representation of the BS model for 
nine different weight factor ratios is presented, for better 
appreciation of the BS function, when asymmetrical rebar 
designs, are in general not desired. In this nine cases, both 
weight factors are larger or equal than 1, penalizing any form 
of asymmetrical distribution of the rebars (both asymmetry 
of distribution of number of rebars and asymmetry of distri-
bution of rebar diameter sizes) in their cost (Fig. 57).

As it can be observed, the higher the values of the weight 
factors the more concave the surface becomes, indicating the 
penalization feature as either of the variable values change. 
For small values of the weight factors, the surface tends to 
become flat.

It is to note that for those extreme cases (corners of the 
surface where ND = 4, UNB = 1 and ND = 1, UNB ≈ 0 ) 
to have the same value, then, the condition (27) must be 
satisfied:

In this sense, when the Non-Uniformity of Number of rebars 
(small values of UNB) is preferred, which would be usually 
the case instead of the Variability of Number of rebar Diam-
eters (high values of ND), then the ratio WUNB∕WND would 
be defined as follows (28:

(27)
1WUNB +

1

4WND
= min(UNB)WUNB +

1

1WND

−WND ⋅ ln(4) = WUNB ⋅ ln(min(UNB)).

(28)
WUNB

WND

≤ −
log(4)

log(min(UNB))
.

Fig. 56   Distribution of savings of rebar volumes (Left panel) and construction costs (Right panel) for different levels of desired constructability, 
using asymmetrical optimal rebar, in comparison with symmetrical conventional designs

Fig. 57   3D graphic depiction of the normalized BS parametric model (CFA) according to the Uniformity of Number of Rebars and Number of 
Rebar Diameters, for 9 different weight ratios, with weight factor values larger or equal than 1
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In general, a reasonable min value of the Uniform-
ity of Number of Rebars (UNB) could be considered as 
min(UNB) = 0.1 , as it was considered for this research, and 
for which

Meaning that, in order for the BS model to consider a pref-
erence on the uniformity of number of rebars, the weight 

(29)−
log(4)

log(min(UNB))
≈ 0.6.

factor WUNB∕WND is recommended to be less or equal than 
0.6. Otherwise, the BS model would penalize more those 
designs with variability of numbers of rebars at each cross-
section boundary and penalize less the designs that have a 
high variability of rebar diameters (which is not usually the 
preferred case, given that diameter sizes of rebars are sold by 
tons). The individual values of each weight factor, however, 
would depend on how flat (linear) or curved (non-linear) is 
the surface desired to be.

Fig. 58   3D graphic depiction of the normalized BS parametric model (CFA) according to the Uniformity of Number of Rebars and Number of 
Rebar Diameters, for 9 different weight ratios, with weight factor values less than 1

Fig. 59   3D graphic depiction of the normalized BS parametric model (CFA) according to the Uniformity of Number of Rebars and Number of 
Rebar Diameters, for 9 different weight ratios, with WUNB < 1 and WND > 1
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Figure 58 depicts the behavior of the BS model for both 
weight factors less than 1 (small penalization for the variabil-
ity of number of diameters and a preference for the asymme-
try of number of rebars). Note that, regardless of the weight 
factor individual values, when the ratio is less than 0.6, the 
constructability turns out to be slightly higher when ND → 1.

Finally, the next figure depicts the behavior of the BS 
function for the standard case, when the asymmetry of num-
ber of diameter sizes is penalized in a great deal WND > 1 , 
being the asymmetry of number of rebars the preferred case 
WUNB , when searching for asymmetrical rebar designs. In 
contrast the previous second case, the constructability of 
the rebar designs when ND → 1 and when WUNB∕WND ≤ 0.6 
tends to exponentially increase (Fig. 59).

Appendix 8: Abbreviations and notations

See Tables 9 and 10.

Table 9   List of abbreviations

 Abbreviations

AEC Architecture, Engineering and Construction
ANN Artificial Neural Networks
BDAS Buildability Design Appraisal System
BS Buildability Score
CAL-software Computer-Aided Learning software
CFA Constructability Factor of rebar Assembly
CIRIA Construction Research and Information Association
CO Combinatorial Optimization
DfMA Design of Manufacturing and Assembly
DLS Degree of Load Symmetry
GA Genetic Algorithm
GNN Graph Neural Networks
GP Gaussian Process
k-NN k-Nearest Neighbor
LHS Latin Hypercube Sampling
MA Meta-heuristic algorithms
MIGD Mean-Inverted Generational Distance
ML Machine Learning
MO Multi-Objective
MRE Mean Relative Error
NSGA-II Non-Sorting Genetic Algorithm II
PBD Performance-Based Design
PF Pareto Front
PSO Particle Swarm Optimization
TE Tree Ensembles
RC Reinforced Concrete
rebar Reinforcing bar
RP Rebar Prototype
SO Single Objective
SVM Support Vector Machines

Table 10   List of notations of variables

Notations for variables.

ALS
o

Optimum reinforcement area deter-
mined with combinatorial algo-
rithms based on Linear Search based

AML
o

Optimum reinforcement area obtained 
by a ML-Enhanced algorithm

As Cross-section reinforcement area
b Cross-section width dimension
c Neutral axis depth of a column cross-

section
cover Concrete cover
db1, db2, db3, db4 Diameter of rebars at the top, bottom, 

left, and right edge of a rectangular 
cross-section

db Diameter of bar
d Effective depth of a column cross-

section
ex Load eccentricity along the X axis
ey Load eccentricity along the Y axis
Eff Structural resistance efficiency
f ′
c

Compressive strength of concrete
Fev Scale factor of Number of design 

evaluations for the estimation of 
rebar complexity

Efconv Convergence efficiency
h Cross-section height dimension
Nar Number of available commercial 

rebars
nb1, nb2, nb3, nb4 Number of rebars at the top, bottom, 

left and right edge of a rectangular 
cross-section

NdLS Average Number of design evalua-
tions needed through Linear Search

NdML Number of design evaluations 
performed by a ML-Enhanced 
algorithm

ND Number of Diameters placed over a 
rectangular cross-section

NDcom Number of commercial rebar Diam-
eters available in a market

N
1pack-assem
ev-max

Theoretical combinatorial number of 
potential design evaluations of rebar 
designs in individual rebars

N
1pack-assem
ev

Numerical estimation of number of 
potential design evaluations of rebar 
designs in individual rebars

Ppoc Percentage of axial resistant force in 
compression

sepmin Minimum rebar separation set by code 
specifications

UNB Uniformity of Number of Rebars
WUNB Weight factor for the variable UNB
WND Weight factor for the variable ND
�t Max steel strain in tension
� Resistance reduction factor
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 Replication of results 

(1)	 Automate the efficiency analysis process for concrete col-
umns, according to the applicable design hypothesis, following a linear 
mechanical behavior and linear distribution of stresses over a cross-
section. For this purpose, the computation of interaction surfaces as 
shown in Fig. 6 is suggested. At this stage, make sure to implement all 
the applicable design restrictions as in (3) to (9). Various Open Source 
software could be used for this purpose, in MATLAB or Python, such 
as CALRECOD https://​github.​com/​calre​cod/​CALRE​COD.
(2)	 Train the ML model using the data architecture as shown 
in Fig. 10 and its corresponding variables’ range values, as shown in 
Fig. 13. For this purpose, deploy combinatorial optimization to find 
an optimal rebar design for each data sample (column) for efficiency 
analysis under SO. Follow the formulation established in “Appendix 1” 
and the criteria established in “Appendix 2” with the corresponding 
design restrictions. Choose the scenario 1 of commercial rebar avail-
ability from Table 5. For MO optimization, compute the two-staged 
NSGA-II from Fig. 12 and extract the optimum design with the lowest 
rebar cross-section area, from the PF. Once the optimum rebar design is 
determined for each column sample, use the rebar cross-sectional area 
quantities at each of the four column’s cross-section’s boundaries to 
feed the training data. These rebar cross-sectional areas are the values 
to be predicted by the ML model.
(3)	 Compute the constructability of rebar designs according to 
the BS model here proposed in (2). Choose the weight factors as ap-
propriate, according to the results of this research.
(4)	 Compute the unit cost of rebar designs in rectangular con-
crete columns according to the unit cost card shown in Table 2.
(5)	 Implement the NSGA-II so that the optimization variables 
are set merely as the rebar diameter sizes, for any given column to be 
designed. Set the objective functions as shown in (10). Any public re-
pository of this algorithm can be used, such as https://​www.​mathw​orks.​

com/​matla​bcent​ral/​filee​xchan​ge/​52869-​non-​domin​ated-​sorti​ng-​genet​
ic-​algor​ithm-​ii-​nsga-​ii. Adjust the algorithmic parameters as appropri-
ate according to the results of this research.
(6)	 For each combination of rebar diameter sizes use, the trained 
ML model by passing it the corresponding features of the column to 
be designed (cross-section dimensions b, h, compressive strength of 
concrete f ′

c
 , axial compression load Pu , biaxial load eccentricities 

ex, ey ). The ML model’s prediction of optimum rebar cross-sectional 
area, is then, used to determine an optimum combination of number of 
rebar diameters at each of the four column’s cross-section boundaries, 
according to the sizes of rebar diameters.

Open Access   This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adapta-
tion, distribution and reproduction in any medium or format, as long 
as you give appropriate credit to the original author(s) and the source, 
provide a link to the Creative Commons licence, and indicate if changes 
were made. The images or other third party material in this article are 
included in the article's Creative Commons licence, unless indicated 
otherwise in a credit line to the material. If material is not included in 
the article's Creative Commons licence and your intended use is not 
permitted by statutory regulation or exceeds the permitted use, you will 
need to obtain permission directly from the copyright holder. To view a 
copy of this licence, visit http://​creat​iveco​mmons.​org/​licen​ses/​by/4.​0/.
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