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Abstract

Two apparently different forms of dealing with the numerical instability due to the
incompressibility constraint of the Stokes problem are analyzed in this paper. The first
of them is the stabilization through the pressure gradient projection, which consists of
adding a certain least-squares form of the difference between the pressure gradient and its
L? projection onto the dicrete velocity space in the variational equations of the problem.
The second is a sub-grid scale method, whose stabilization effect is very similar to that of
the Galerkin/least-squares method for the Stokes problem. It is shown here that the first
method can also be recast in the framework of sub-grid scale methods with a particular
choice for the space of sub-scales. This leads to a new stabilization procedure, whose
applicability to stabilize convection is also studied in this paper.
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1 Introduction

One of the most important problems in computational mechanics is the treatment of the
incompressibility. Even though this problem is well understood and there are several ways to
deal with it, it is still a subject of active research, mainly because incompressible situations
appear both in solid and in fluid mechanics together with other phenomena that are also
sources of numerical instabilities. A general stabilization technique applicable to all these
problems in still missing, and the incompressibility is revisited every time a new stabilization
method is proposed.

The objective of this paper is to analyze a stabilized finite element method originally
designed for the Stokes problem. However, rather than introducing a new method, the first
goal is to recast existing methods in a general framework. More precisely, it is shown here how
the method presented in [1], based on the pressure gradient projection, can be understood as
a sub-grid scale method as introduced for scalar equations in [2] and applied to systems of
convection-diffusion-reaction equations in [3].

This abstraction allows to go further and to consider the possibility of stabilizing other
classical sources of numerical instabilities, such as convection with low diffusive terms, using
the same ideas. This possibility is also investigated in this paper. However, the starting point

will be the Stokes problem, which can be written as

—vAu+Vp=f in{, (1)
V-u=0 in®, (2)

where wu is the displacement in an elasticity problem or the velocity field in a creeping flow
problem, p is the pressure, v is the shear modulus or the viscosity, depending on the problem,
f is the vector of body forces and €2 is the computational domain. For the sake of simplicity,

the simplest Dirichlet condition
u=0 on 08,

will be considered throughout in the paper.
Let us introduce now some notation. As usual, the space of square integrable functions in
a domain € is denoted by L%(f), and the space of functions whose distributional derivatives of
order up to m > 0 (integer) belong to L%() by H™(£2). The space H} () consists of functions
in H'() vanishing on 02. A bold character is used to denote the vector counterpart of these
spaces. The L? inner product in Q is denoted by (-,-) and the associated norm by |||
Using this notation, the velocity and pressure finite element spaces for the continuous

problem are

Vo = H§(Q), Q:{qeLZ(Q)l /(;msz:o}.



The variational statement for problem (1)-(2) can be written in terms of the bilinear forms
a'('u'a'v) = V(Vu)vv)a b(qav) = (vi : ’U),

where u, v € Vp and ¢ € Q.
Having introduced this notation, the variational form of the problem reads: find (u,p) €
Vo x Q such that

a(uav) - b(p,’l)) = (fav) Vv € VOv
b(qg,u) =0 Vq € Q.

For simplicity, we have assumed that the components of f are in L2(2).

The well posedness of this problem relies on the coercivity of the bilinear form a and the
inf-sup or Babuska-Brezzi condition (see [4]), which can be shown to hold for the continuous
problem. The first property is automatically inherited by its discrete counterpart, which can

be written as: find (wh,pn) € Vo X Q, such that

a(un, vp) — b(Pn, V) = (f,vn)  Yon € Vho (3)
b(gn,un) =0  Van € Cn, (4)

where Vo and Qp are the finite element spaces for the velocity and the pressure. However,
the inf-sup condition needs to be explicitly required. This leads to the need of using mixed
interpolations, that is, different for v and p.

The objective of stabilized finite element formulations for the Stokes problem is to modify
conveniently problem (3)-(4) so as to end up with a method for which the Babuska-Brezzi
condition is not necessary and, in particular, equal velocity-pressure interpolations are pos-
sible. Moreover, the resulting formulation must be able to be extended to cases with skew
symmetric terms in a(u,v) (such as convective terms or Coriolis forces), which may lead to
numerical instabilities (see [5] for a description of the numerical problems encountered when
the Coriolis force dominates).

In the next section, one of such stabilized formulations is described. This method was
presented in [1] and is briefly recalled here. In Section 3 an apparently different method is also
described. This method is based on the sub-grid scale concept [2] and, for the Stokes problem,
is very similar to the Galerkin/least-squares (GLS) method (see e.g. [6]). The connection
between both approaches is shown in Section 4. It is shown there that the method of Section 2
corresponds to a particular choice for the space of sub-scales, called here space of orthogonal
sub-scales. The next step is to apply this idea to a different problem with a different type of
numerical instability, such as the convection-diffusion-reaction equation in the case of small
diffusion. This is done in Section 5. Some numerical examples are presented in Section 6,

and the paper concludes with the summary of the most important results in Section 7.



9 Stabilization of the Stokes problem I: the pressure gradient

projection

In this section we briefly recall the stabilized formulation presented in [1], which in turn has
as main motivation to recover the stabilization effect of some fractional step methods, as
described in what follows.

2.1 Motivation: on a class of fractional-step methods

Let us consider the transient Stokes problem:

ou
—B—Z—VAquVp—f’
V- -u=0,

supplied with suitable initial and boundary conditions.
Let us consider also a partition of the time interval with time step size ot. If u' is a
known approximation to w at time step n, the classical fractional step or projection method

applied to this problem (7, 8] consists of finding w2yt and pnt! as the solution to the

problem:
'5}% (un+1/2 un) VAun—H/Q =f (5)
1
= (un—H _ un+1/2> + Vpn+1 =0, (6)
v-utt =0, (7)

with appropriate boundary conditions that are irrelevant for this discussion.
To uncouple (6) and (7) it is convenient to take the divergence of the first equation, which
yields
Ap™tt = Slgv a2, (8)
Once the finite element discretization has been performed, the discrete matrix form of
the previous equations is

1

— n+1/2 _ yn n+1/2 _
=M (u U ) + KU —F, (9)
l n+1 n+1/2 n+l _
&M(U —u )+GP -0, (10)
_Gtun+1 - 07 (11)
siLpmt! — GtuntY/2 =0, (12)

where capital letters U and P denote the vectors of velocity and pressure nodal unknowns and
M, K, G and L are the matrices coming from the temporal, viscous, gradient and Laplacian

terms, respectively.



From (10) and (12) it is found that
~GU™! 46t (L- G'M™IG) P! =, (13)

which is obviously different form (11). Therefore, it is seen that whereas at the continuous
level (5) 4+ (6) + (7) = (5) + (8) + (6), at the discrete level (9) + (10) + (11) # (9) + (12)
+ (10). The continuity equation has been modified to the stabilized equation (13). This fact
was observed in [9] and is the reason why this type of fractional step methods allow us to use

equal velocity-pressure interpolations.

Remark 1. The approach followed here and in [1] has been to analyze the stabilization
introduced by the use of the Poisson equation (8) on the end-of-step velocity. However, in
[10] it was shown that the problem can be considered as a stabilized one for the intermediate
velocity, with a stabilization effect similar to that of the GLS method. O

2.2 Stabilized finite element formulation

Let us consider now the stationary problem. In order to recover the previous stabilization
effect, problem (3)-(4) can be modified to

G(Uh,’Uh) - b(ph,vh) = (f’,vh) V'Uh € Vh,()a (14)
a(Vpr, Van) — a(€y, Van) +blgn,un) =0 Vg € Qp, (15)
_(vphanh) % (Eha nh) =0 V"?h S Vha (16)

where o > 0 is a given numerical parameter and V), is the velocity space without boundary
conditions (that is, the finite element space to approximate H'(Q)). It is observed from (16)
that &, is the L? projection of Vpj, onto V.

The matrix form of (14)-(16) is

KU + GoP = F, (17)
alP — aG'E — GjU = 0, (18)
—GP+ME =0, (19)

where subscript 0 accounts for the Dirichlet boundary conditions. If E is eliminated from

(18) using (19) it is seen that the continuity equation associated to this method is
a(L-G'M™'G) P -Gju =0,

which is very similar to (13).



2.3 Stability

Although it is not the purpose of this section to repeat the stability analysis presented in [1],
it is essential for the following to introduce the basic ideas of this analysis.

Consider the space:
Eh=Vh+ VO =10 E2®Epg3,

where & ;, 1 =1,2,3, are three mutually L? orthogonal subspaces defined as

En1 = Vho,
En2 = Vip N W,
gh,g = V}J{

Let Py ; be the orthogonal projection from &, to &4, Phij := Py + Py, i,7 =1,2,3 and
Enyij = En,i ® Ep,j. The way to show that the pressure solution of problem (14)-(16) is stable
is to decompose its gradient as

Vpn = Pp1(Von) + Pr2(Von) + Prs(Vpn).

As shown in [1], stability for P, ;(Vp,) can be obtained from the momentum equation, for
P 3(Vpp) it is provided by the new terms added to the Galerkin ones (those involving the
parameter «) and, finally, control over Py, 5(Vpy,) needs to be explicitly required through the

weakened inf-sup condition

inf  sup U)o oo g (20)
€% vhegn 13 [Vanllllvall
This condition is similar to the classical Babuska-Brezzi one but easier to satisfy (observe
that the space where vj, runs is larger than for the classical inf-sup condition). In particular,
it can be shown that equal interpolations satisfy it.
Let h be the element size of a quasi-uniform finite element partition. The following result

gives the stability estimate for the solution to problem (14)-(16):

Theorem 1. Suppose that the family of finite element partitions is quasi-uniform and the
weakened inf-sup condition holds. If a > agh? for a constant o, there exists a unique

solution to the discrete problem that verifies the stability estimate
[Vunll + Rl Vpall < C| £l (21)

for a constant C' independent of h.

Remark 2. Condition @ > agh? needs to be replaced by aih? > a > agh? to prove
convergence (with a1 a constant), that is, o must be of order O(h?). The convergence
estimates proved in [1] are optimal, both in the norm defined by the left-hand-side of (21)
and in L? norms of the velocity and the pressure. The proof-technique is similar to that used

in Section 5 for the convection-diffusion equation. 0



3 Stabilization of the Stokes problem II: sub-grid scale meth-

ods

3.1 Model problem

Let us discuss now an apparently different stabilization technique, which later on will be
shown to be related to that of the previous section.

Let us start taking as model problem the system of convection-diffusion-reaction equations

0 0 ou
i = i 22
LU) = 95, (A U) — 95, (KU a$j> +SU=F in Q, (22)
U=0 on 09, (23)

where U and F' are vectors of nyyi unknowns and A;, K;; and S are nyni X nyy, matrices
(4,5 = 1,...,ngq, the number of space dimensions).

For simplicity, assume that the bilinear form associated to K;; is positive definite. Let
W = (HY(Q))™nk, Wy = (H} ()™, The weak form of the problem is: find U € W, such
that

B(U,V)=L(V) YV eW,

where
ov't oU

t
B(U,V): /Va%(AU dQ+/ Kijs—

dQ+/ ViSU dQ,
L(V) ::/VthQ.
Q

The Galerkin finite element approximation is straightforward. If W, is a finite element

approximation to W and Wy, o to Wp, the problem is: find U}, € W), o such that

B(Uh, Vh) = L(Vh) YV, € Wh,O- (24)

3.2 The sub-grid scale approach

It is well known that the Galerkin approximation (24) may suffer from several instability
problems. In order to overcome them, we present in the following the sub-grid scale concept,

originally presented for scalar equations in [2] and extended to systems in [3].

3.2.1 Description of the method

Let W = W, @ W, where W is any space to complete Wy, in W. To avoid technicalities,
we may think of W and W as finite dimensional, with a large dimension. Likewise, let
Wo=Who® W, with W, any complement of Wj, o in Wj.



The continuous problem is equivalent to

B(Un, Vi) +B(U, V) = L(V}) VVj € Wy, (25)
B(U,,V)+B(U,V)=L(V) YV eW, (26)

where U = U, 4+ U and Up € Wy, Ue Wh. Let nel be the number of elements of the finite
element partition. Introducing the notation

Nl el
/::Z/e’ /BQ’ ::Z/ane’
el e=1

and integrating by parts within each element in (25)-(26), it is found that these two equations
can be written as

" 0
B(UW VW + | U'nk Vi

§ g A0+ [ TULr (Vi) e = L(vy), (27)
;1% 8.’1:] Qf

/ f/'tn,-Kij—a—(Uh +0)dT+ | ViL@)de= [ V'[P - £, 4o, (28)
o aZU] Q Q

where £* is the formal adjoint of £. Since diffusive fluxes must be continuous across inter-

element boundaries, the first term of (28) vanishes. This equation is equivalent to:

LU)=F - LU + Vhort in Q% YV o € Wi, (29)

U=0Ug ondQ°, (30)

for e = 1,...,n¢ and for a certain function U ske that we call the skeleton of U. Tt is important
to remark that (29) holds for any element V h,ort Orthogonal to Wo.

Up to now, no approximation has been introduced. The questions now are:

e How to choose Vihort?
e How to approximate ﬁske?

e How to solve for U?

3.2.2 Algebraic approximation to the sub-scales

This is the simplest answer to the previous questions. First of all W is taken as a space
of bubble functions, that is, vanishing on the boundaries of the elements (see [11, 12]). This
means that U ske = 0. The function Vo is also taken as 0 (recall that (29) was obtained
from (28)).

It only remains to solve for U in (29), now in the space of bubble functions. A simple

approximation, which can be motivated by approximating the effect of U in (27), is

l}f-‘o’T[F—[:(Uh)], (31)



where T is a nyx X nyne matrix defined within each element domain and referred to as the
matriz of stabilization parameters.

The final problem to be solved is

BULV+ [ T'L(Vy)aa = L(v,), (32)
QI
where U is given by (31) and the adjoint of the convection-diffusion-reaction operator is
BVh 0 a‘[h 2
(Vi) =-Ar2h 9 (gt OV | ouy, 33

3.3 Application to the Stokes problem

To simplify the notation, let us consider the 2D case. The Stokes problem can be written in
the form (22), now with

00 1 00 0 v 0 0
Ar=10 0 0], A2=0 0 1|, Ky=1|0 v 0],
100 01 0 00 0

fori=1,2,and § = K, = K3 = 0. The bilinear form associated to K ;; is only positive
semi-definite in this case, but the previous development is applicable now as well.

Let Up = [u1p, uap,pp)t, Vi = [v1,h, V2,1, qn]t and Wh,0 = Vi, X Q. The bilinear form
associated to the problem is

B(Up, V) :y/ Vu, : Vvth—/phV-vth+/ Y - up dS.
Q Q Q
Taking vy = uy, and pj, = ¢, it is found that
B(Up,Up) = v|| V|

It is seen that the pressure is out of control. This is why the discrete inf-sup condition is
needed.

The adjoint of the operator £ in this case is

—vAwvy, — th}

O e

The problem is how to take the matrix of stabilization parameters. For this particular
case it can be shown that

T = diag(r1, 11, 72) (34)

is effective. The resulting stabilizing term is then
- [ e watrewy) o - /Q,” (vAVY + Vap) - (—vAuy + Vpp) dQ

+/QI7'2(V ~vp)(V - uy) dQ.

10



The convergence analysis of this method (see [13]) shows that the parameters 7; and 7
can be taken as

civ\ ! h?
n=\|—-— T = Co==
h? ’ T’

where ¢; and ¢y are numerical constants. This completes the definition of the stabilization
method.

Remark 3. Tt is interesting to note that if the incompressibility condition (6) is penalized,
that is, it is substituted by ep+ V- u =0, the simple diagonal expression (34) for T is not
enough, unless the penalty parameter ¢ is sufficiently small. It turns out that the precise
condition on ¢ is similar to that that ensures convergence of augmented Lagrangian methods,
as that analyzed in [14]. O

4 The link between I and II.

In this section it is shown that the stabilization technique presented in Section 2 can be recast
in the framework of sub-grid scale methods. First, a general concept is introduced, which will
allow us to make this identification. This general concept is applied in Section 95 to stabilize

convection.

4.1 Orthogonal sub-scales

Recall that the basic decomposition of the sub-grid scale method is to take W =W, & W
and Wy = Wy, 0 ® W, and that the problem for the sub-scales is (29)-(30). If = denotes an
isomorphism between two vector spaces, what we always have is that
w:m@Wzﬁ@m¢mmmwm,
Wo=Wio® Wy, W, = Wiio N (Hg (§2))sak,

The election of W and W is still open. A legitimate choice is to take
W = Wik 0 (H(Q))"nk. (35)

To obtain a feasible numerical method we need to introduce some approximations. The first
concerns the choice for W, First, we assume that functions in W already vanish on 09, and
thus Wy ~ W. Additionally we assume that wikn (H(Q)) unk Wik, which can be thought
of as a non-conforming approximation for the sub-scales. Altogether, this amounts to saying
that

Wo m W ~ Wi, (36)

11



With this approximation, it follows from (29) that
Vh,ort € WdL ~ Wha (37)
U € Wy~ Wi, (38)
which means that Vhort is a finite element function and therefore numerically computable.
We refer to this particular choice for the space of U, motivated by the election (35) and the
approximation (36), as the space of orthogonal sub-scales.
We still have to approximate Uy, in (30) and solve for U in (30). For that we follow the

same steps as in the algebraic sub-grid scale method. First we assume that Uske ~ 0 and
therefore U can be written formally as

U= £ — LU+ Vi € Wi,

where L !is the inverse of L with homogeneous Dirichlet conditions and f/hmt =Ly lV,,‘Om.

From (32), which is also the stabilized equation in this case, it is seen that only the
component of U on L(Wy) is needed. As for the algebraic sub-grid scale method. this
suggests to approximate U as

U=7[F—LU)+Vhow € Wi (39)

that is, to take £y ~ .

Analogously to Section 3, let Py 19 be the L2 orthogonal projection onto Wh, with P, | the
projection onto Wi 0 and Py, 5 the projection onto W,f,o NWj,. Let also Py, 3 be the orthogonal
projection onto WhL Imposing that U must belong to WhL, it follows from (39) that

Vh,ort = —Ph,l2 {T [F - E(Uh)]}
that is,
U =Pig{r[F - LU} (40)

This is the expression that now has to be inserted in (32).

4.2 Application to the Stokes problem

The objective now is to show that the previous method is closely related to the stabilization
based on the projection of the pressure gradient presented in Section 2. Assume that:

® 7 =diag(71,71,0) (in 2D) is the same for all the elements (quasi-uniform meshes).

® P 3F =0 (the force vector belongs to the finite element space Wy,)

e Linear or bilinear elements are used, with AU, = AV}, = 0 within each element.

12



Under these conditions, the resulting stabilizing term is:

[ £ (va)Taa = | £ Vi) s {7 [F - £, a0
o 0%

= /Q,Tlv% “Pr,3 (Vpp) dQ = /QITIVQh “[Vpr = Pu1a (Vpy)] dQ
Calling &, = Py 15 (Vpy) and using the fact that
(Vo ma) = (€nmn) Vi, € W,
the bilinear form associated to the problem is
B (un, phs €45 01, ans 1) = alun, vn) — b(pp, vp)
+71(Vpr, Van) — 1€, Vap) + b(qn, up)
~T1(VDh, M4) + 71(€, M)
The problem can be formulated as: find (uy, pp, &) € Vh,o X Qp x V), such that
B(un, oy €45 v, anmp) = (F,08) (o, qn,my) € Vho X Qn X Vy,

which is ezactly the stabilized Stokes problem using the pressure gradient projection given
by equations (14)-(16) identifying o = 7.

5 An extension: stabilization of convection

In the previous section, it has been shown how to apply the idea of the stabilization with
orthogonal sub-scales to the Stokes problem. However, the same concept can be applied to
other problems as well, and in this section it is shown how to apply it to stabilize convection.
We start with the simple convection-diffusion-reaction equation and then move to the Navier-

Stokes equations as an example of problem involving both incompressibility and convection.
5.1 Convection-diffusion-reaction equation

Let us consider now the problem of finding a scalar function % such that:

L(u) := —kAu+a - Vu + sy = f inQ, (41)
u=0 on 0Q,

with @ a bounded and smooth solenoidal field (V - g = 0), and s >0, k > 0, constants.
The bilinear and linear forms associated to the problem are now

B(u,v) = k(Vu, Vv) + (a - Vu,v) + s(u,v),
L(v) = (f,v).
Consider finite element spaces V;, C H(0), Vho C HYQ). To introduce the method,

assume that

13



e Linear elements are used.

® 7 is the same for all the elements.

e feEV,.

Under these conditions, the stabilizing term coming from the orthogonal sub-scales is

Q,»c*(vh)Ph,S {7 [f = L(up)]} dQ

7'/ (=kAv, —a - Vo, + svp) Pos (f + kAuy, — a - Vuy, — suy) dQ
QI

7'/ (a-Vuy) Py3(a-Vuy) dQ
Q/
=7(a-Vuy, Py (a- Vuy)), (42)

and thus the bilinear form associated to the stabilized problem is
Bstab (un, vn) = B(un,vh) + 7 (a - Vo, Py s (a- Vuy)), (43)
which can be written alternatively as
Bstab (un, &n; vhy ) = Blun, o) + 7 (a - Voy, — 1y, - Vup — &), (44)

with By, now defined on (Vo x Vp)2. Clearly, this form can be also extended to (H{(Q) x
L?(Q2))? for the continuous problem. In the convergence analysis presented below we use (44)
to define the problem, since it highlights in which sense the method is consistent.

Remark 4. Even though (43) has been motivated by the use of orthogonal sub-scales and
making use of certain assumptions, it constitutes a stabilized variational equation that can be
applied in any case, since it is consistent. To avoid technicalities, we shall restrict ourselves to
quasi-uniform meshes, but this condition can also be relaxed by considering the stabilization
parameter 7 defined element-wise. O

The stabilized problem is then: find (un, &) € Vh,0 X Vy, such that
Bstab (Wh, En5 0, 10) = L(vy)  V(vp,mp) € Vho X V.

To prove convergence, we need a rather technical condition, which is analogous to (20)
but adapted to the present problem. The version of this condition employed below is: there
exists a constant C' > 0 such that

la- Vol < CllPyis(a- V)| Vo, € Vho. (45)

Using exactly the same analysis as in [1], it can be shown that this condition holds under a
mild regularity condition on the finite element mesh (all the possible macroelements have a
vertex interior to ) and also on the velocity field a.

14



The final ingredient needed is the following inverse estimate:

Cinv .
1700 < S o, (46)

which holds for any finite element function v, € V), if we consider quasi-uniform finite element
partitions of diameter A.

The proof of the following convergence result explains the stabilization mechanism intro-
duced by (42):

Theorem 2. Suppose that the family of finite element partitions is such that (45) and (46)
hold and the elements are of order p. Let

k -1
T= (clh—2 + CQ—la]‘zoo + 038> ) (47)

where c1, ¢y and c3 are positive algorithmic constants and la|o is the maximum of the
Euclidian norm of a. Then, if the solution u to the continuous problem (41) belongs to
H erl(Q), the solution uy, to the discrete problem verifies the error estimate:

Il = unll] < € (K207 4 572+t 4 lal3Phr1/2) (48)
where C'is a constant independent of h and [l - ]]] is defined as

lalll := B2 Vu] + 512)ju) +72)a . val), ue HY(Q).

Proof: From the definition (44) of By, the following stability estimate is found:
Batab(0,130,1) = IVl + sllol* + 7lla - Vo —nll? W(o,n) € B(Q) x 12(92). (a9)
On the other hand, the exact solution u satisfies
Bstab(ts @ - Vs 0p,10) = (£,08)  Y(vn, 1) € Vio X V.,
from where the following consistency condition follows
Bstab (U~ un, @ Vu— &y 0p,m) =0 V(vp, ) € Vh,o X V. (50)
From (49) applied to (v, n) = (u—up,a-Vu— €n) and from (50) we have that
KIVU = Vun|® + sllu — up|? + 7l - Vuy, — &l
= Bstab (U —un, @ Vu = &hsu — up,a - Vi — &)
= Bstan(t ~up, @ Vi~ &riu—vy,a- Vu— 1) W(uy, M) € Vio X V. (51)

Let @y, be the finite element interpolant of v in Vho and &, the finite element interpolant of
a-Vu in V. Using (51) with (Vh,1h) = (4, €,) and Schwartz’s inequality we have that

kIVU = Vup|® + sllu - up || + 7l - Vuy, — &nll?
S ElIVu — Vuy ||| Vi — V|l + sllu — up|[|lu — a4 + la:Vu—a-Vuy|||u - |
t7lla - Vuy —&illlla - Vg, — &,). (52)
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Let us introduce the notation
Bo(w) = llu—upll, To(w) := ||lu— iy,
By (u) == ||[Vu — V||, Ii(u) == ||[Vu — Vi,
Eo(u) :=|la-Vu—a- Vupll, Ii(u):=|a-Vu—-a- V||,
I(a-Vu):=lla-Vu-&ll, G:=a-Vu, —g|.
The finite element errors have been denoted by E and the interpolation errors by 7. Noting
that
la-Viy —&ill < la- Vi, —a- Vul| + a- Vi - &l
= Io(u) + Iy(a - Vu),
this notation allows us to write (52) as
KE?(u) + sE(u) + 1G2
< kE1(u) i (u) + sEo(u) Iy (u) + Eq(u)lo(u) + TG I, (u) + 7Gly(a - Vu). (53)
Note the presence of the finite element error of the streamline derivative Eq(u) in the right-

hand-side (RHS) of (53), which is absent in the left-hand-side. When 7 = 0 there is 0o way
to control this term. However, we shall see that the presence of 7G? is enough to have control

over E,(u).
Using the triangle inequality and the stability condition (45) we obtain
Ba(u) <lla-Vu = Pys(a- V)| + | Py a(a - Viy) — a - V|
<lla-Vu—Pyia(a- Viy)|| + || Py (a - Viip) = Ppi(a - Vuy)|
HPh2(a- Vi) = Poa(a- Vup)|| + | Pys(a - Vay)|
< Clla-Vu—Pyia(a- V)| + || Py (a - Vi) - Phi(a- V)|
tla - Van —a-Vul| + o Vu— Py 1a(a - Vi) + 1Ph,3(a - Vuy) 1}
< Clla- Vu = Pyiz(a- Vig)|| + ||Pyi(a - Vi) — Phila - Vuy)|
+1,(u) + G} . (54)
We have to bound now the first two terms in the RHS of this inequality. Observe first that
la-Vu—P,5(a- Viig)||
<lla-Vu = Piiz(a- V)| + [Py 1(a - Vu) = Py aa(a - V). (55)
Since Py, 15(a - Vu) is the projection of a - Vi onto V, we have
la - Vu— Py i5(a - V)|
=(a-Vu—Py,13(a- Vu),a- Vu— Fhaz(a-Vu) + Py 15(a - Vu) — &)
Slla-Vu—Py(a- Ve vu - &,
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which together with the fact that the norm of projection operators is < 1 applied to (55)
implies

la-Vu— Py 19(a - V)| < Iy(a - Vu) + I, (u). (56)
Let us deal now with the second term in the RHS of (54), which can be split as
1Pn1(a - Vun) = Py (a - Vi)

= (a . Vuh —a - V’u,, Ph,l(a J Vuh) — Ph,,l(a ¢ Vﬂh))
+(a-Vu—a- Vi, Ppi(a-Vuy) — Pyi(a - Viy)). (57)

The key point to bound the first term is to use the consistency condition (50) taking (v, ) =
(Pri(a- Vi) — Pyi(a - Vuy),0). Tt is also here where the inverse estimate (46) and the
expression (47) of 7 need to be used. This yields:

(@ Vu, —a - Vu, Pyi(a- Vuy) - Pyi(a- Viy,))
=k(Vu — Vuy, VP i(a- Vuy) — VP i(a-Viy))
+s(u —up, By1(a - Vuy) — Py1(a - Viy))
+7(ép —a - Vuy,a - VP i(a-Vu,) —a- VP 1(a- Viy))
< KBy (u)r V2| Py 1 (a - Vi) — Pyi(a- V)|
+s'2 Bo(u)7™V2||P, 1 (@ - V) — Pui(a- Vi)
+G|Pri(a- Vuy) — Py (a- Vi) (58)

The second term in (57) is easy to bound

(@ -Vu—a-Viy, Pyi(a- Vuy) - Pri(a-Viay,))
< La(uw)l|Phi(a - Vup) — Py i(a - Viy)|.

Using this and (58) it follows from (57) that

1Ph1(a - Vun) = Pop(a- V)| < 612 B, (u)r=12 4 sV2B ()12 1 o 4 Io(u).
This and (56) applied to (54) yields

2B, (u) < C {k1/2E1 (u) + 52 By(u) + 7V2 (G + I(w) + Iy(a - Vu)]} . (59)
Using this inequality in (53) yields

kE}(u) + sE2(u) + 71G% < C [(KY2 B4 (u) + 512 By (u) + TG 4o (h) + i(h)], (60)
where

Yo(h) := 772 [hI(u) + I (W] + 72 [I(u) + Iy(a - Vu)]
Y1(h) = Io(u) [I,(u) + I(a - Vu)].

17



Since
1 1
Yo(h) < 577 5 (u) + 57 [Lu(u) + Io(a - Vu))?,
from (60) we have that
K'2Ey (u) + Y2 By (u) + 712G < Cpo(h).

The theorem follows from this, (59) and the standard approximation properties of the inter-
polation functions. O

Remark 5. The convergence estimate (48) is the same as for the SUPG or the GLS meth-

ods [15], even in the presence of reaction [16]. This error estimate is optimal.

Remark 6. The stabilizing term (42) does not account for dominant reactive terms s, since
the orthogonal projection of suy, is obviously zero. Therefore, the localized oscillations near
boundaries appearing in these cases are not removed by the use of the stabilization with
orthogonal sub-scales (see [13] for further discussion in a more general problem). The reason
for this can be traced back to the fact that (36) tacitly implies that we seek the finite element
solution as the L? projection of the continuous solution u onto the finite element space. These
projections allow for boundary oscillations. ]

5.2 Navier-Stokes equations

The most important problem that combines convection and incompressibility is undoubtedly
the incompressible Navier-Stokes equations. The problem we consider here is

a-Vu—vAu+Vp=f in Q, (61)
Veu=0 inQ, (62)

where a is either given for the linearized Navier-Stokes equations (Oseen equations) or @ = u
for the original nonlinear problem,

The extension of the orthogonal sub-scale stabilization to problem (61)-(62) is straight-
forward once the convection-diffusion and the Stokes problems have been dealt with.

The adjoint of the linearized Navier-Stokes operator applied to the finite element test
functions is now

V.(a®wv,) —vAv, -V

LHV) = [ ( h) h %J '
-V vy

Assuming a to be divergence free, f in the finite element space, that linear interpolations are

used and taking the matrix of stabilization parameters as in (34), the stabilizing term to be

added to the Galerkin bilinear form of the problem is

/QIE*(Vh) 'Pus{T[F - L(U,)]} do
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= / T1 (a -V, + th) . Ph,3 (a - Vuy, + Vph) ds?
QI
+[ 72 (V o) P (V- up) o (63)

The parameters 7; and 7 proposed are the same as in [13]:
(cw N 1a]oo>—1 h?
M=|—+c—=2 Ty = c3—.

1 52 27, y T2 371
In the numerical examples, we have taken the algorithmic constants as c1 =4, ¢o =2 and
c3 = 1. Likewise, (63) has been employed even for quadratic interpolations and general

vectors of body forces, since the resulting method is consistent (an equation analogous to
(50) holds in this case).

Remark 7. Even though the stabilizing term (63) is the one that results in a natural way
from the sub-grid scale approach using orthogonal sub-scales, it is also possible to use a sort

of ‘term-by-term’ stabilization, which would lead to the stabilizing term
| @ Vo) - Pug (@ Vuy) a0+ /QIT{ (Ya) - Pz (Vpn) d9
+/Q/T2 (V-vp) Po3 (V- up) dO, (64)

instead of (63). The parameters 71 and 71 could even be taken different. Dropping the orthog-
onal projection Pp 3, the method reduces to that analyzed in [17], which has a consistency
error that makes it only applicable with Py elements. The possibility of using (64) needs to
be further explored. O

6 Numerical experiments

In this section, some tests are conducted to show the numerical performance of the orthogonal
sub-scale stabilization, hereafter referred to as OSS. It is compared with the algebraic sub-grid
scale method (ASGS), as described in Section 3.2.2. Therefore, the methods to be compared
both consist in introducing the stabilizing term (32), with

U=-7[LUx) - F] for the ASGS method,
U = —Pu3{TL(U)} = - {TL(UL) — Py 1y [TL(U)]}  for the OSS method. (65)

In both cases, the matrix of stabilization parameters is taken as indicated in (47) for the
scalar convection diffusion equation and as described in the previous section for the Stokes
and Navier-Stokes problems.

Concerning the 0SS method, it has been implemented iteratively, evaluating the projec-
tion Py 15 [TL(U})] at iteration i — 1 when the unknown at iteration 5 is sought. In all the
cases, the convergence tolerance has been taken as the 1073% of the initial residual. The
computational domain for all the examples is the unit square Q = (0,1) x (0,1).
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6.1 Convection-diﬁ‘usion-reaction tests

In this first series of tests, the convection-diffusion-reaction equation (41) is numerically
solved. In all the cases, the diffusion coefficient is taken as k = 1074, and different combina-
tions of the rest of coefficients are considered. The finite element mesh employed consists of
20 x 20 @ elements. If & denotes the boundary condition for u, the cases considered are:

1.

2.f=0,5=0,a=(3,2),a=1onT, =[0,0.25] x {0}, @=0o0n 00\ T,.

The elevation plots of the numerical solution in the first two cases are shown in Fig. 1 (in
this and the following figure the coordinates are measured in grid units). Both the ASGS
and the OSS yield very similar solutions in the interior of the computational domain, but the
former yields smaller overshoots near the boundaries. This however depends on the angle
formed by the velocity and the boundary. In particular, in the first case the overshoots near
the boundaries parallel to a are almost the same using both methods.

The next three cases are intended to analyze the effect of s in the numerical solution.
The elevation plots are shown in Fig. 2. The same behavior as before is consistently observed
now. In particular, when a = (0,0) (case 5) the OSS does not act, and the same localized
oscillations as in the Galerkin method remain.

To better observe the difference between the solutions obtained using the ASGS and the
OSS methods, they are plotted along a mid-section in Fig. 3 (corresponding to Fig.1) and
Fig. 4 (corresponding to Fig. 2).

6.2 Stokes flow in a cavity

Whereas in the previous example it has been shown that the ASGS yields less overshoots
near boundaries, the accuracy when a is parallel to the boundary (or zero) is higher using the
OSS method. This point was already discussed in [1] for the Stokes problem. Here, a very
simple and popular example is considered, namely, the Stokes flow in the leaky-lid cavity,
discretized now with a mesh of 20 x 20 Q1 elements as in the previous example. In this case,
(61)-(62) are solved, with F=0,v=114=(1,0) as boundary condition on y = 1 (@ =0 on
the rest of the boundary), and two different vectors a. The pressure contours for q — (0,0)
(standard Stokes problem) are shown in Fig.5 and for ¢ — (100,0) (Oseen equations) in

Fig.6. In both cases, results are more ‘diffusive’ using the ASGS method. This is observed
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| Method [ a = (0,0) | a=(100, 0) |
| ASGS [ 19.698 / -19.698 | 58365 / -22.168
0SS || 38.029 / -38.029 | 89.076 / -44.243

Table 1: Comparison of the pressure peaks using the ASGS and the 0SS methods

from the pressure peaks indicated in Table 1 as well as from the curvature of the iso-pressure
lines near the boundary, which in the ASGS case tend to be orthogonal to it.

It has to be remarked that, even though there are significant differences in the pressure
results, the velocity fields using the ASGS and the OSS methods are very similar.

6.3 Convergence test for the Navier-Stokes equations

In this final example we check the convergence properties of the scheme presented in Sec-
tion 5.2 when the solution of the continuous Navier-Stokes problem (61)-(62) (now with
a = u) is smooth. We anticipate that, contrary to the previous two cases considered, hoth
the ASGS and the OSS methods have a similar performance.

We take Q2 as the unit square and the force term so that the exact solution is p = 0
and u(z,y) = (f(2)g'(v), - f'(z)g(y)), with f(z) = 22(1 — 2)? and g(y) = y*(1 — y)2. This
velocity field vanishes on 6. The viscosity has been taken v = 0.001. We have used meshes
with different element sizes h, which once normalized range form 0.1 to 0.025. The resulting
values of the element Reynolds number are not very high and for this particular example the
standard Galerkin approach using a stable velocity-pressure pair works.

In Fig. 7 we have plotted the convergence of the velocities obtained with the OSS and the
ASGS methods as the mesh is refined in the discrete 2 norm and for both the Q; (bilinear)
and @, (biquadratic) interpolations (with the same set of nodes in both cases). This error is
defined as

Npts 2 /2 rnpes o —-1/2
b= [Z > (ug - Uz’(fv“))2J [Z X (Ui(w“))QJ ,
a=1i=1 a=1 =1

where np is the total number of nodal points, U¢ is the j-th component of the nodal velocity
at node a and % are the coordinates of this node.

The optimal convergence rate that should be expected is 2 for Q1 elements and 3 for
the Q2 case. From Fig. 7 it is seen that this is approximately what has been found. For 1
elements the absolute error of the ASGS method is smaller than for the OSS, whereas for (),

elements the situation is the opposite. In both cases the convergence rate is slightly higher
for the OSS method.
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7 Conclusions

In this paper we have introduced a particular sub-grid scale method, which consists of taking

as space for the sub-scales the orthogonal to the finite element space. Let us recall once more

that the bottom line is to introduce as stabilizing term

_/Q,ﬁ*(Vh) "TPysL(Uy)dQ = — Qlﬁ*(vh)tT [£UR) = Po2L(Uy)] 4O

where P 15 is the orthogonal projection onto Wy, (finite element space without boundary

conditions).

The most important features of this method are the following:

It has allowed us to recast within the sub-grid scale framework the stabilization of
the Stokes problem based on the pressure gradient projection presented in [1]. Recall
that this method was originally designed to explain the stabilization properties of some
fractional step methods for the transient Navier-Stokes equations. Therefore, the sub-
grid scale concept embraces also the stabilization effect of these techniques. It is likely
that it will serve to unify other stabilization strategies within the same concept.

The convergence analysis of the method (see [1] for the Stokes problem and Section 5
for the convection-diffusion-reaction equation) shows that its convergence properties
are optimal (in global norms).

The OSS method is less robust than the ASGS when dealing with sharp boundary
layers not parallel to the advection velocity. Numerical experiments have shown that
local overshoots near these boundaries are stronger using the first method.

Related to the previous item, the treatment of boundary values of the unknown is more
‘consistent’ for the OSS method that for the ASGS one. This is due to the fact that
it does not rely on the element residual, which has a low order of approximation near
boundaries. In particular, pressure boundary values for incompressible flows are better
treated with the OSS method.

For smooth solutions, the 0SS and the ASGS have a similar numerical performance.
The former is more expensive as it needs to deal with the projection of certain terms.
However, there is no need to compute (and store!) second derivatives to obtain a consis-
tent formulation when higher order interpolations are employed. Moreover, for transient
problems the projection onto the finite element space can be done explicitly [18]. This
makes the OSS especially appealing when dealing with these transient problems.
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Figure 1: Elevation plots of the unknown for

Example 1. Left: ASGS method; right: 0SS
method. Top: case 1; bottom: case 2.
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Figure 2: Elevation plots of the unknown for

Example 1. Left:
method. Top: case 3; middle: case 4; bottom:

case 5.

ASGS method; right: OSS
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Figure 3: Sections of the unknown for Example 1. Left: ASGS method; right: 0SS method.
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Figure 4: Sections of the unknown for Example 1. Left: ASGS method; right: OSS method.
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Figure 5: Pressure contours for the Stokes problem with aq = (0,0). Top: ASGS:; bottom:
0OSS.
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Figure 6: Pressure contours for the Stokes problem with @ = (100,0). Top: ASGS; bottom:
OSS.
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Figure 7: Discrete ¢2 errors for Example 3 using Q1 and Q5 elements
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