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Abstract. In this work we develop a model of catheter ablation based on electromagnetic and thermal
equations. This model allows the computation of the space and time evolution of temperature in the
surroundings of the ablation zone. This result is relevant, as excessive temperature values may cause
stream pops or esophageal ulcers. The resulting system of equations is solved using a Chebyshev spectral
collocation method. Special attention is paid to the effect of blood perfusion and electrical conductivity,
as there is no consensus in the literature concerning the modeling of these terms. In order to obtain the
conditions that give rise to safer ablations, a parametric study is performed, where the effect of discharge
time, discharge voltage and size of the electrode in the temperature distribution is analysed.

1 INTRODUCTION

Myocardial contraction and relaxation are produced through electrical impulses, which are transmitted
by means of pacemaker cells, as part of the cardiac conduction system. If they do not work correctly
spurious oscillations can be produced, which can lead to cardiac diseases as arrhythmias.

An arrhythmia is a disorder of the heart rhythm. There exist different types of arrhythmias, depending on
the affected zone and the changes in the heart rate, even though the most common one is atrial fibrillation.
Its prevalence in 2010 ranged from 2.7 to 6.1 million people in the USA, while in the European Union it
was estimated that it was present in 8.8 million adults older than 55 years [1]. These numbers rise every
year as a consequence of the increase in life expectancy and the improvements in detection methods.

Catheter ablation is a procedure to treat atrial fibrillation, in which a catheter is introduced into the
femoral vein, to then be advanced into the heart through the femoral vein and the inferior vena cava.
The process is monitorised at all times by the doctors, and the affected zone is identified by means of a
three dimensional map of the electrical activity of the heart. Once the catheter is placed there, an electric
shock is applied in order to destroy the abnormal tissue.

Despite the fact that catheter ablation has been recommended by experts in 2012 guidelines [2], the
procedure has several risks. If the temperature of the cardiac tissue is around 100 ◦C, stream pops
may cause cardiac perforation [3]. The reduced distance between the endocardium and the esophagus,
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which is around 5 mm [4], poses an additional risk, as ulcers can be produced if the temperature of the
esophagus is greater than 40 ◦C [5]. Currently, luminal temperature sensors are used, even though the
maximum admisible response time of the sensors should be limited to 4 s [6], and this condition is not
met by all of the current models [7]. Furthermore, luminal sensors do not to control esophageal damage
completely, as greater temperature values can be achieved in the walls of the esophagus [8].

In regards to numerical simulation of catheter ablation, first studies have been based on the develop-
ment of two dimensional models, considering different thermal conductivities and catheter lengths [9].
Three dimensional axisymmetric geometries have also been considered, and the influence of myocardial
properties [10] and ablator material [11] has been analysed. However, in these cases Robin boundary
conditions are proposed at catheter-tissue and tissue-blood interfaces, and the values of heat transfer
coefficients have not been validated. Numerical simulations in three dimensional geometries have been
also carried out [12], even though the obtained maximum temperatures are greater than 100 ◦C, so the
proposed cases carry a risk in terms of cardiac perforation. A recent work has proposed a more advanced
model [13], although the associated computational cost is high, as the mesh requires ∼ 106 elements. In
addition, to the authors knowledge, only one work takes into account the presence of the esophagus [14].

In view of the above, the main goal of this work is to give a first step towards a reliable and affordable
model of catheter ablation, in order to study the risks of the procedure. This will be done avoiding the
use of Robin boundary conditions, analysing the importance of the modeling of some terms of the model
and focusing attention on the damage to the esophagus. To that end, first of all, a mathematical model is
developed in Section 2, giving rise to a simplified system of equations that is solved numerically using
a high-order method. The results given by the numerical simulations are presented in Section 3, and
Section 4 contains some conclusions and future work.

2 PROBLEM STATEMENT

In this section a mathematical model is developed to obtain the temperature distribution in the cardiac
tissue. After explaining some general ideas about the model in Subsection 2.1, a simplified system of
equations is presented in Subsection 2.2. Then, initial and boundary conditions are deduced in Subsection
2.3. Finally, numerical implementation is explained in Subsection 2.4.

2.1 Overview of the model

As previously mentioned, catheter ablation consists of applying radiofrequency energy. This process
is governed by Maxwell equations and Ohm’s law. Moreover, resistors dissipate energy that leads to
temperature increase in the surroundings of the ablator, which is modeled by energy equation. This
system of equations is the starting point of the model.

The parameters of the problem vary between the cardiac tissue and the blood, so the domain of the
problem is split in two parts: Ω = Ω1 ∪Ω2. The cardiac tissue is identified with Ω1, while Ω2 defines
the zone where blood is present. The catheter is approximated as a sphere of radius ε, and each of the
subdomains is modeled a semi-spherical shell limited by the surface of the catheter, and r(Ωi∞)→∞, i =
1,2 (see Figure 1). Moreover, rotational symmetry is assumed (∂/∂ψ = 0) and three spatial coordinates
are considered: radial coordinate r ∈ [ε,∞) and polar coordinates θ,ϕ ∈ [0,π/2).

Furthermore, it is assumed that the ablation is performed near pulmonary veins [15], so as a first approx-
imation blood velocity is assumed to be constant in magnitude and direction,~v =−v~r.
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Figure 1: Domain of the problem

2.2 Equations

First of all, Maxwell equations and Ohm’s law are as follows [16]:

∇ ·~E =
ρe

ε0

∇×~E =−∂~B
∂t

∇ ·~B = 0

∇×~B = µ0

(
~J+ ε0

∂~E
∂t

)
~J = σ(~E +~v×~B)

,

(1)

(2)

(3)

(4)

(5)

where ~E is electric field, ρe charge density, ~B magnetic field, ~J current density,~v velocity, t time, σ elec-
trical conductivity, µ0 = 4π ·10−7 H/m vacuum permeability and ε0 = 1/(µ0c

2) F/m vacuum permittivity,
where c is the speed of light. The previous system of equations is completed with energy equation [17]:

ρ
∂e
∂t

+ρ~v ·∇e =−∇ ·~q− p∇ ·~v+φv + ~J ·~E +Q, (6)

being ρ density, e internal energy, ~q heat flux, p pressure, φv viscous dissipation function and Q heat
source. In order to obtain a simplified system of equations, the following assumptions are made:

• A low-frequency approximation is applied to Maxwell equations, so ∂~B/∂t = ∂~E/∂t = 0. This
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is because ε0ω/σc � 1 and µ0σcωε2 � 1. The parameter ω is the frequency of the ablator and
subindex c denotes a characteristic value.

• Magnetic effects are not considered in Ohm’s law, as vBc/Ec� 1.

• Blood is considered as an incompressible and calorically perfect liquid.

• Blood perfusion is the dominant effect of external heat transfer [18], and it is modeled by means
of Newton’s law of cooling [19], while Fourier’s law applies to the heat flux.

• All parameters are constant except from the electric conductivity of the cardiac tissue, σct = σ0 +
σ1(T −T0), which is a first order approximation of σct(t) = σ0eσ1(T−T0)/σ0 [20].

Taking into account the previous simplifications, the system of equations (1) - (6) reads:

ρctcct
∂T
∂t

= kct∆T +σct |∇V |2−ρbcbw(T −T0) in Ω1× (0, td)

ρbcb
∂T
∂t

+ρbcb~v ·∇T = kb∆T +σb|∇V |2 in Ω2× (0, td)

∇ · (σct∇V ) = 0 in Ω1× (0, td)

∆V = 0 in Ω2× (0, td)

,

(7)

(8)

(9)

(10)

where V is electric potential, T temperature, c specific heat capacity, k thermal conductivity, w perfusion
frequency, T0 human body temperature and td discharge time. Subindex b is referred to the blood.

2.3 Initial and boundary conditions

Initial values for cardiac tissue and blood temperatures have to be established. It will be considered that
both values are the same and equal to human body temperature:

T = T0 in Ω×{t = 0}. (11)

In regards to the boundary conditions, firstly, the symmetry condition at θ,ϕ = π/2 leads to:

∂T
∂θ

=
∂V
∂θ

= 0 on ∂Ω1s× (0, td);
∂T
∂ϕ

=
∂V
∂ϕ

= 0 on ∂Ω2s× (0, td). (12)

Considering that the catheter is refrigerated [21], its surface temperature is constant and equal to human
body temperature:

T = T0 on (∂Ω11∪∂Ω22)× (0, td). (13)

It will be assumed that when r→ ∞ the voltage vanishes, while the temperature on both boundaries is
equal to human body temperature:

T = T0 and V = 0 on (∂Ω1∞∪∂Ω2∞)× (0, td). (14)
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With respect to the voltage, defining V0 as voltage amplitude and α = k/(ρc) thermal diffusivity and
assuming that αct ∼ αb and αcω/ε2� 1, root mean square value is imposed at r = ε:

V =
V0√

2
on (∂Ω11∪∂Ω22)× (0, td). (15)

Finally, it is necessary to add four compatibility conditions on the cardiac tissue-blood interface: two
for the thermal problem and two for the electrical problem. This will be done imposing temperature and
voltage continuity:

T and V continuous on (∂Ω12∪∂Ω21)× (0, td), (16)

as well as equality of the heat and electric fluxes, where σct/σb ≈ 1 in order to avoid temperature-
dependent boundary conditions:

kct
∂T
∂θ

=−kb
∂T
∂ϕ

and
∂V
∂θ

=−∂V
∂ϕ

on (∂Ω12∪∂Ω21)× (0, td). (17)

In view of the above, if β = θ or φ as appropriate, the system of equations for temperature reads:



ρctcct
∂T
∂t

= kct∆T +(σ0 +σ1(T −T0))|∇V |2−ρbcbwT in Ω1× (0, td)

ρbcb
∂T
∂t

+ρbcb~v ·∇T = kb∆T +σb|∇V |2 in Ω2× (0, td)

T = T0 in Ω×{t = 0}
∂T
∂β

= 0 on (∂Ω1s∪∂Ω2s)× (0, td)

T = T0 on (∂Ω11∪∂Ω22∪∂Ω1∞∪∂Ω2∞)× (0, td)

T continuous and kct
∂T
∂θ

=−kb
∂T
∂ϕ

on (∂Ω12∪∂Ω21)× (0, td)

,

(18)

(19)

(20)

(21)

(22)

(23)

where β is the polar coordinate θ or ψ, depending on wheter subdomain Ω1 or Ω2 is considered. Now,
for the voltage the following model is considered:



∇ · [(σ0 +σ1(T −T0))∇V ] = 0 in Ω1× (0, td)

∆V = 0 in Ω2× (0, td)
∂V
∂β

= 0 on (∂Ω1s∪∂Ω2s)× (0, td)

V =
V0√

2
on (∂Ω11∪∂Ω22)× (0, td)

V = 0 on (∂Ω1∞∪∂Ω2∞)× (0, td)

V continuous and
∂V
∂θ

=−∂V
∂ϕ

on (∂Ω12∪∂Ω21)× (0, td)

(24)

(25)

(26)

(27)

(28)

(29)
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2.4 Numerical implementation

A Chebyshev spectral collocation method [22] is proposed for the spatial discretization of the system
of equations, being Chebyshev-Gauss nodes the collocation points. Moreover, DGESV subroutine is
used to solve the elliptic equations (24) - (29). It is part of the LAPACK library [23], and the numerical
method is based on LU factorization. Finally, the temporal discretization of the system of equations (18)
- (23) is done by means of a 4th order Runge-Kutta method [24].

3 RESULTS

In this section the results obtained by solving numerically the system of equations (18) - (29) are dis-
cussed. For that purpose, first of all, the results of a simulation of a case of practical application are
shown in Subsection 3.1, including a discussion about the modeling of two parameters of the problem.
Then, a parametric study is performed in Subsection 3.2.

3.1 Case of practical application

Symbol Parameter Value Units Reference

cb Blood specific heat capacity 4180 Jkg−1 K−1 [12]
cct Tissue specific heat capacity 4111 Jkg−1 K−1 [12]
kb Blood thermal conductivity 0.541 Wm−1 K−1 [12]
kct Tissue thermal conductivity 0.531 Wm−1 K−1 [25]
T0 Human body temperature 37 ◦C −
td Discharge time 60 s [10]
V0 Voltage amplitude 28 V [10]
v Blood velocity 4.5 ms−1 [26]
w Perfusion frequency To be defined Hz −
ε Catheter radius 1.3 ·10−3 m [10]

ρb Blood density 1000 kgm−3 [12]
ρct Tissue density 1000 kgm−3 [12]
σb Blood electrical conductivity 0.667 Sm−1 [12]
σ0 Tissue electrical conductivity at T0 0.5 Sm−1 [27]
σ1 Tissue increase of electrical conductivity To be defined Sm−1 K−1 −

Table 1: Parameters of the model

The values of the parameters of the model, except from w and σ1, can be seen in Table 1. There are
multiple approaches available in the literature, so numerical simulations will be performed for different
cases. The decision will be based on the values of three parameters:

1. Tmax: Maximum temperature.

2. rmax: Location of maximum temperature relative to the surface of the catheter.

6



Aitor Amatriain, Ignacio Parra, Gonzalo Rubio and Eusebio Valero

3. rsafe: Distance to r = ε from which T < 40 ◦C, due to the presence of the esophagus.

Furthermore, the numerical scheme has been validated, and a mesh independence study has been per-
formed [28], leading to time step dt = 2.5 ·10−4 s and Chebyshev polynomial order N = 15; that is, the
number of elements of the mesh is N2 = 225.

3.1.1 Electrical conductivity

Three different values of σ1 are considered in the literature. Constant electrical conductivity for the
cardiac tissue [14], σ1 = 0.015 Sm−1 K−1 [11, 12] and σ1 = 0.02 Sm−1 K−1 [9, 10]. This is the reason
why it is important to clarify the effect of σ1 in the results of the numerical simulations. In addition,
the case σ1 = 0 is particularly interesting, as the elliptic equations can be solved analytically, leading to
V =V0ε/(

√
2r). Perfusion is considered in these simulations with a value of w = 0.017 Hz [14].

σ1 (Sm−1K−1) Tmax (◦C) rmax (mm) rsafe (mm)

0 62.091 0.792 5.752
0.015 67.051 0.791 6.502
0.02 68.498 0.79 6.722

Table 2: Influence of the model for electrical conductivity

Based on the values presented in Table 2, it is necessary to consider a temperature-dependent electrical
conductivity, as the maximum temperature and the safe radius in the case of σ1 = 0 are a major deviation
wih respect to temperature-dependent models. Lower values of Tmax are caused because the source term
of the equation of conservation of energy (18) is proportional to σ. Moreover, σ acts in the elliptic
equation (23) as k in the steady heat equation; as σ increases, voltage distribution is smoother. The
difference between the second and the third values is not important, so σ1 = 0.02 Sm−1 K−1 is chosen.

3.1.2 Perfusion term

Blood perfusion is the process where blood passes from the circulatory system to an organ or tissue
through capillaries, in order to supply oxygen. In the case of catheter ablation it is a cooling process, so
a term arises in the equation of conservation of energy, and, in principle, it is not clear if it is dominant
or not. Most of publications neglect it as [10, 12, 13], while other authors consider it [14].

w (Hz) Tmax (◦C) rmax (mm) rsafe (mm)

0.017 68.498 0.79 6.722
0 78.696 0.896 8.506

Table 3: Influence of perfusion term
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Table 3 suggests that blood perfusion is an effective method to prevent from important temperature
variations in the cardiac tissue. This is because blood temperature is supposed to be equal to 37◦C inside
the capillaries, so the difference between tissue and blood temperatures is big, causing high rates of heat
transfer. If the temperature of the cardiac tissue increases, the cooling process becomes more effective,
and this is the reason why rsafe is higher in the case of the absence of the perfusion term. Consequently,
perfusion term is taken into account in the current model with w = 0.017 Hz.

3.1.3 Numerical results

Once setting values of the parameters, first of all, Figures 2a - 2d illustrate that blood temperature increase
is not important, while the maximum temperature is located near the surface of the catheter. At t = 60 s,
Tmax ≈ 68 ◦C, which is far from the limit temperature, so there are no risks associated with the occurence
of stream pops, while rmax ≈ 0.8 mm. Moreover, rsafe ≈ 6.7 mm, which is higher than the approximate
mean distance to the esophagus, 5 mm [4].

(a) t = 15 s (b) t = 30 s

(c) t = 45 s (d) t = 60 s

Figure 2: Temperature distribution
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3.2 Parametric study

Focusing attention on the ablation procedure, three parameters involved in the model can be modified:
discharge time td , voltage amplitude V0 and catheter radius ε.

3.2.1 Amplitude of the voltage and discharge time

Firstly, the effect of the voltage and the discharge time will be analysed separately. On the one hand, it
can be seen in Table 4 that the variations in maximum temperature and its location are negligible, while
the safe radius increases significantly as time increases; that is, at large times the zones far from the
catheter surface are the ones that suffer significant temperature changes.

t (s) Tmax (◦C) rmax (mm) rsafe (mm)

45 67.397 0.779 6.298
60 68.498 0.79 6.722
75 69.123 0.795 6.99

Table 4: Influence of discharge time (V0 = 28 V)

On the other hand, another variable parameter is voltage amplitude V0 . Considering three different val-
ues, Figure 3 shows that the curves of maximum temperature are similar in all cases. It is also important
to mention that small differences in V0 give rise to important variations in maximum temperature.

Figure 3: Maximum tissue temperature for different values of voltage amplitude

Finally, a combination of both variations can also be done. If Tmax is set to be approximately constant,
then it can be verified in Table 5 that higher values of V0 produce temperature distributions that are more
concentrated near the catheter. Consequently, if the esophagus is near the endocardium, the best choice
is to increase the voltage amplitude and reduce the discharge time as required.
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t (s) V0 (V) Tmax (◦C) rmax (mm) rsafe (mm)

30 29 67.797 0.754 5.817
60 28 68.498 0.79 6.722
90 27 66.789 0.801 6.917

Table 5: Influence of discharge time and voltage amplitude

3.2.2 Catheter radius

The last parameter of the procedure that can be modified is catheter radius. As the catheter has to be
inserted through a vein, there will be a maximum permissible value, while the catheter is not supposed
to be too small because of design limitations, so minor modifications will be considered.

ε (mm) Tmax (◦C) rmax (mm) rsafe (mm)

1.1 72.137 0.703 6.548
1.3 68.498 0.79 6.722
1.5 65.575 0.872 6.875

Table 6: Influence of catheter radius

Table 6 allows to deduce that higher values produce higher safe radii, while the value of the maximum
temperature decrease and its location increases. The reason behind this result can be explained analysing
the right hand side equation (18). The applied power P =

∫
Ω

σ|∇V |2, and making use of Stokes theorem
and the boundary condition (28), then P =

∫
Ω11∪Ω22

σV (∂V/∂r)|r=ε ∼ σV 2
0 ε; that is, if ε increases, then

the applied power increases. However, the source term σ|∇V |2 ∼ V 2
0 /ε, so higher catheter radius give

rise to a smoother voltage distribution. This variation leads to lower values of the source terms near the
surface of the catheter, as the heat flux due to perfusion qp ∼ ρcwT does not depend on ε.

4 CONCLUSIONS

In this work a mathematical model has been developed to study catheter ablation procedure. The obtained
results have shown that a temperature-dependent electrical conductivity of the cardiac tissue is necessary,
and it has been deduced that blood perfusion is an effective cooling process, even though further research
is needed concerning the modeling of this term. A case of practical application has been simulated, giving
rise to maximum temperatures that are far from dangerous values, even though temperature values should
be reduced near the esophagus. A parametric study has been performed, showing that high values of the
voltage and small values of catheter radius and discharge time are the best choice for safe ablations.

The work presented here provides a basis for the modeling of catheter ablation. As a first step towards
a more accurate model, the axisymmetry assumption can be relaxed, allowing to better understand the
blood flow, as well as to study the influence of the contact force between the catheter and the tissue.
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